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Abstract

We consider a gradient interface model on the lattice with interaction potential which is a non-
convex perturbation of a convex potential. Using a technique which decouples the neighboring
vertices into even and odd vertices, we show for a class of non-convex potentials: the uniqueness
of ergodic component for V¢- Gibbs measures, the decay of covariances, the scaling limit and
the strict convexity of the surface tension.
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1 Introduction

1.1 The setup

Phase separation in R**! can be described by effective interface models, where interfaces are sharp
boundaries which separate the different regions of space occupied by different phases. In this class
of models, the interface is modeled as the graph of a random function from Z? to Z or R (discrete
or continuous effective interface models). For more on interface models, see the reviews by Funaki
[20] or Velenik [27]. In this setting we ignore overhangs and for x € Z%, we denote by ¢(x) € R the
height of the interface above or below the site z. Let A be a finite set in Z¢ with boundary

d
ON ={x ¢ A, ||z —y|| =1 for some y € A}, where ||z — y|= Z |z — yi| for z,y € 74 (1)
i=1

and with given boundary condition v such that ¢(x) = ¥ (x) for = € OA; a special case of boundary
conditions are the tilted boundary conditions, with Y(x) = x-u for all z € OA, and where u € R? is
fixed. Let A := AUOA and let dgp = [[,c, do(z) be the Lebesgue measure over R*. For a finite

region A C Z4, the finite volume Gibbs measure VA O RZ" with boundary condition i for the field
of height variables (¢(z)),cza over A is defined by

A pld6) = 7 —exp (~BHAu(6)} doady(dzas). ®)

)
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with
Zpngp = /de exp {—BHn y(})} doady(ddga\a),

and where dy(dgza\n) = [ [ ez0\a Op(z) (dd(2)) and determines the boundary condition. Thus, vp
is characterized by the inverse temperature 8 > 0 and the Hamiltonian Hj , on A, which we assume
to be of gradient type:

Hyg(@)=>_ > UVip@)+2> > U(Vig()), (3)

i€l x.x+e;€EA i€l xeN,x+e; EON

where the sum inside A is over ordered nearest neighbours pairs (z,x + ¢;). We denoted by
I={-d,—d+1,...,d} \ {0}
and we introduced for each = € Z¢ and each i € I, the discrete gradient

Vig(z) = ¢(x + ;) — o(x),

that is, the interaction depends only on the differences of neighboring heights. Note that e;,7 =
1,2,...d denote the unit vectors and e_; = —e;. A model with such a Hamiltonian as defined in
(3), is called a massless model with a continuous symmetry (see [20]). The potential U € C?(R) is
a symmetric function with quadratic growth at infinity:

Ulm) > An>-B, neR (A0)

for some A > 0, B € R.

1.2 General definitions and notation
1.2.1 ¢-Gibbs Measures
For A C Z%, we shall denote by F4 the o-field generated by {¢(x) : z € A}.

Definition 1.1 (¢-Gibbs measure on Z%) The probability measure v € P(RZd) is called a Gibbs
measure for the ¢-field with given Hamiltonian H = (HA#})ACZd VeRZ (¢-Gibbs measure for short),
if its conditional probability of Fae satisfies the DLR equation

v(-|Fae) (W) = vay(s), v—ae 1,
for every finite A C Z¢.

It is known that the ¢-Gibbs measures exist under condition (A0) when the dimension d > 3,
but not for d = 1,2, where the field ”delocalizes” as A Z? (see [15]). An infinite volume limit
(thermodynamic limit) for vy ,, when A 7 7% exists only when d > 3.

1.2.2 V¢—Gibbs Measures
Notation for the Bond Variables on Z?

Let
(24 = {b = (xy, ) | T, € Z%, ||z — vs]| = 1,b directed from ;, to yp};

note that each undirected bond appears twice in (Z?)*. Let
A= (Z9) N (A x A), ON* == {b = (zp,9) | w5 € Z7\ A, yp € A, ||z — | = 1}

and
A = {b= (zp,1) € (Z9)* | 2, € Aor y, € A}.



For ¢ = (¢(2))yeza and b = (4, y5) € (Z9)*, we define the height differences V¢ (b) := ¢(yp) —
#(xp). The height variables ¢ = {¢(z);z € Z9} on Z¢ automatically determines a field of height
differences Vo = {Vé(b);b € (Z%)*}. One can therefore consider the distribution p of V¢-field
under the ¢-Gibbs measure v. We shall call i the V¢-Gibbs measure. In fact, it is possible to
define the V¢-Gibbs measures directly by means of the DLR equations and, in this sense, V¢-Gibbs
measures exist for all dimensions d > 1.

A sequence of bonds C = {b(l),b(2), e ,b(”)} is called a chain connecting = and vy, =,y € Z¢,
if 2y, = z, Y500 = Ty for 1 < ¢ < n—1 and yym) = y. The chain is called a closed loop if
Ypn) = Tpy. A plaquette is a closed loop A = {60 53 p3) pH} such that {zp,1 = 1,...,4}
consists of 4 different points.

The field = {n(b)} € RED" b e (Z4)*, is said to satisfy the plaquette conditions if

n(b) = —n(=b) for all b € (Z%)* and Y _n(b) = 0 for all plaquettes A in Z¢, (4)
be A

where —b denotes the reversed bond of b. Let
x=1{n¢€ RZ)" which satisfy the plaquette condition} (5)
and let L2 r > 0, be the set of all 5 € REZD" such that

7 =Y In)Pe? el < oo,
be(Zd)*

We denote x, = x N L2 equipped with the norm | - |.. For ¢ = (¢(2)),cz¢ and b € (Z4)*, we define
n?(b) := V¢(b). Then Vo = {Vp(b)} satisfies the plaquette condition. Conversely, the heights
¢?0) ¢ RZ can be constructed from height differences  and the height variable ¢(0) at = = 0 as

o0 () = Y n(b) + ¢(0), (6)

bECo,m
where Cp , is an arbitrary chain connecting 0 and . Note that ¢"?(?) is well-defined if n = {n(b)} € x.
Definition of V¢-Gibbs measures

We next define the finite volume V¢-Gibbs measures. For every ¢ € x and finite A C Z¢ the
space of all possible configurations of height differences on A* for given boundary condition ¢ is
defined as

Xame = {n=(b))yez=in V& € x}
where 1V € € y is determined by (1 V €)(b) = n(b) for b € A* and = £(b) for b & A*.
Remark 1.2 Note that when Z4\ A is connected, X4+ ¢ 1s an affine space such that dim x5+ = [A[.

Indeed, fixing a point z9p ¢ A, we consider the map Xire = RA, such that n — ¢ = {¢(x)} € RA,
with ¢(z) defined by

olz)= Y (Ve

bECzO T

for a chain C, , connecting zo and x € A. This map then well-defined and an invertible linear
transformation.

Definition 1.3 (Finite Volume V¢-Gibbs measure) The finite volume V ¢-Gibbs measure in A
(or more precisely, in A*) with given Hamiltonian H := (HA¢)xcz4,cc, and with boundary condition
& is defined by

1
pae(dn) = TP > UmD) ¢ dnag € Plxgee),
’ beA*

where dny ¢ denotes the Lebesgque measure on the affine space XA ¢ and Zy ¢ is the normalization
constant.



Let P(x) be the set of all probability measures on y and let P»(x) be those u € P(x) satisfying
E*[|n(b)|?] < oo for each b € (Z4)*.

Remark 1.4 For every £ € x and a € R, let ¢ = ¢5? be defined by (6) and consider the measure
VA, Then pip ¢ is the image measure of vy 4 under the map {¢(z)}zen — {n(b) := V(6V¥Y)(0) }yere
and where we defined (¢ V ¢)(z) := ¢(z) for z € A and (¢ V¢)(z) := 9(x) for = ¢ A. Note that the
image measure is determined only by & and is independent of the choice of a. Let K}f H{o() } peza —

{n(0) }oe(zay-, with (b) := V(o V )(b).

Definition 1.5 (V¢-Gibbs measure on (Z9)*) The probability measure u € P(x) is called a
Gibbs measure for the height differences with given Hamiltonian H = (Ha¢)pczacey (V-Gibbs
measure for short), if it satisfies the DLR equation

(- |f(zd)*\P)(§) =pae(t), p—ae & (7)
for every finite A C Z2, where Fzay\n+ stands for the o-field of x generated by {n(b),b € (Z4)*\A*}.

Remark 1.6 Proving the DLR equation (7) is equivalent to proving that for every finite A C Z¢
and for all F' € Cy(x) we have

/X () /X

(For a proof of this equivalence, see Remark 1.24 from [21]).

i (dn)F(n) = / u(dn)F (). (8)

A% ¢ X

With the notations from (3) and Definition 1.3, let
Gs(H) := {u € Py(x) : 1 is V¢ — Gibbs measure on (Z%)* with given Hamiltonian H}.

Remark 1.7 Throughout the rest of the paper, we will use the notation ¢, to denote height vari-
ables and n,& to denote height differences.

Shift-invariance and ergodicity

For z € Z%, we define the shift operators: o, : RZ" — RZ’ for the heights by o,¢(y) =
d(y —x) for y € Z and ¢ € RZ and o, : RED" — RED” for the bonds by (o.m)(b) = n(b — ),
for b € (Z%)* and n € x. Then shift-invariance and ergodicity for p (with respect to o, for
all € Z9) is defined in the usual way (see for example page 122 in [20]). We say that the shift-
invariant 1 € Py(x) has a given tilt u € RYif E,(n(b)) = (u, yp—ap) for all bonds b = (x4, yp) € (Z9)*.

1.3 Results

Our state space RZ* being unbounded, gradient interface models experience delocalization in lower
dimensions d = 1,2, and no infinite volume Gibbs state exists in these dimensions (see [15]). Instead
of looking at the Gibbs measures of the (¢(x)),cz¢, Funaki and Spohn proposed to consider the
distribution of the gradients (Vi¢(2));cs ,cz¢ under v (see Definition 1.5) in the gradient Gibbs
measures j, which in view of the Hamiltonian (3), can also be given in terms of a Dobrushin-
Landford-Ruelle (DLR) description. Note that infinite volume gradient Gibbs measures exist in all
dimensions, in particular for dimensions 1 and 2, which is one of the reasons that Funaki and Spohn
introduced them. For a good background source on these models, see Funaki [20].
Assuming strict convexity of U:

0<01§U”§CQ<OO, (9)

Funaki and Spohn showed in [19] the existence and uniqueness of ergodic gradient Gibbs measures
for every fixed tilt u € R?, that is, if E,(V;¢(x)) = u; for all nearest-neighbour pairs (z,z + ¢;)

4



(see also [26]). Moreover, they also proved that the corresponding free energy, or surface tension,
o(u) € CY(R?) is convex in u; the surface tension, defined in section 7 of our paper, physically
describes the macroscopic energy of a surface with tilt u, i.e., a d-dimensional hyperplane located
in R with normal vector (—u, 1) € R9*!. Both these results (ergodic component and convexity
of surface tension) were used in [19] for the derivation of the hydrodynamical limit of the Ginzburg-
Landau model.

In fact under the strict convexity assumption (9) of U, much more is known for the gradient field.
At large scales it behaves much like the harmonic crystal or gradient free fields which is a Gaussian
field with quadratic U. In particular, Brydges and Yau [8] (in the case of small analytic perturbations
of quadratic potentials), Naddaf and Spencer [25] (in the case of strictly convex potentials and tilt
u = 0) and Giacomin, Olla and Spohn [22] (in the case of strictly convex potentials and arbitrary tilt
u) showed that the rescaled gradient field converges weakly as € N\, 0 to a continuous homogeneous
Gaussian field, that is

S(f) = €3> (Vid(e) —w) filex) = N(0,55(f)) as e =0,  feC(RERY),  (10)

zeZd i€l

where the convergence takes place under ergodic p with tilt u (see Theorem 2.1 in Giacomin, Olla
and Spohn [22] for an explicit expression of ¥2(f) in (10) in the case with arbitrary tilt and see
Biskup and Spohn [3] for similar results in the non-convex case). This central limit theorem derived
at standard scaling €%/2, is far from trivial since as shown in Delmotte and Deuschel [11], the gradient
field has slowly decaying, non-absolutely summable covariances of the algebraic order

C

|Covy (Vig(z), Vid(y))| ~ 1+ |z —yll

(11)
All the above-mentioned results are proved under the essential assumption of strict convexity of the
potential U, which assumption is necessary for the application of the Brascamp-Lieb inequality and
of the Helffer-Sjostrand random walk representation (see [20] for a detailed review of these methods
and results). While strict convexity is crucial for the proofs, one would expect some of these results
to be valid under more general circumstances, in particular also for some classes of non-convex
potentials. However, so far there have been very few results on non-convex potentials. This is where
the focus of this paper comes in, which is to extend the results known for strictly convex potentials
to some classes of non-convex potentials.

We will briefly summarize next the state of affairs regarding results for non-convex potentials,
in the different regimes at inverse temperature §. At low temperature (i.e. large /) using the
renormalization group techniques developed by Brydges [6], Adams et al. [1] show in on-going work
for a class of non-convex potentials, the strict convexity of the surface tension for small tilt u. At
moderate temperature (5 = 1), Biskup and Kotecky [2] give an example of a non-convex potential
U for which uniqueness of the ergodic gradient Gibbs measures pu fails. The potential U can be
described as the mixture of two Gaussians with two different variances. For this particular case of
U, [2] prove co-existence of two ergodic gradient Gibbs measures at tilt v = 0 (see also Figure 4
and example 3.2 (a) below). See also the work of Frohlich and Spencer ([17], [18]) in relation to the
Coulomb gas, and the theory based on the infrared-bound (e.g. Frohlich, Simon and Spencer [16]).
For high temperature (i.e. small 3), we have proved in a previous paper with S. Mueller [9] strict
convexity of the surface tension in a regime similar to (A2) below. Our potentials are of the form

U(Vig(x)) =V (Vid(x)) + g(Vig(z))
where V, g € C*(R) are such that
Ch < v <0y 0<Ci<Cy and - < g” <0, with Cy > (.

Specifically, we assumed in [9] that

DO =

£(12d0)1/2\/5010i||g”||L1(R) < =, where C' = max <C° Gy 1,1> .
™ 1

Ci'Ci
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The method used in [9], based on two scale decomposition of the free field, gives less sharp estimates
for the temperature than our current paper as the estimates also depend on Cy. However, at this
point it is not clear whether the method introduced in [9] could yield any other result of interest
than the strict convexity of the surface tension.

The aim of our current paper is to use an alternative technique from the one we used in [9)]
and relax the strict convexity assumption (9) to obtain much more than just strict convexity of
the surface tension; more precisely, we also prove uniqueness of the ergodic component at every
tilt u € R?, central limit theorem of form as given in (10) and decay of covariances as in (11). As
stated above, the hydrodynamical limit for the corresponding Ginzburg-Landau model should then
essentially follow from our results. Our main results are proven under the assumption that

01§V”§CQ,0<01<CQ and —oo<g"§0 (Al)

and that the inverse temperature 3 is sufficiently small, that is if

1 (C1)?
BEHQNHM(R) < fl, for some ¢ > 1, (A2)
20,%" (2d)2a
or if s
3 (01)5
BRI oy < — o (43)
PO 50t el

The condition (Al) with ¢” < 0 may look a bit artificial, but as we elaborate in Remark 3.12 in
section 3 below, any perturbation g € C? with compact support can be substituted for the ¢” < 0
assumption in (A1). Note that in contrast to the condition in our previous paper [9], ||g"|| 1 (r) can
be arbitrarily large as long as ||¢”|| ra(r) is small. Note also that using an obvious rescaling argument
(see Remark 3.8), we can always reduce our assumption (Al) to the case § = C1 = 1; then (A2),
respectively (A3), states that our condition is satisfied whenever the perturbation ¢” is small in the
L4(R), respectively ¢’ is small in the L?(R) sense.
Our main result is the following

Theorem 1.8 (Uniqueness of an ergodic p,) Let U =V + g, where U satisfy (A0) and V and
g satisfy (A1) and (A2) or (A1) and (A3). Then for every u € R?, there exists at most one ergodic,
shift-invariant p, € Gg(H) with a given tilt u € RY.

Let F € C}(x;), where C}(x,) denotes the set of differentiable functions depending on finitely many
coordinates with bounded derivatives and where x, was defined in subsection 1.2.2. For n,7" € ¥,

let
. F(77—|—€77,)—F(77)7 no_ /
lim - = (DF(n),ny = > ) ().
be(Zd)*
We denote by
OF () = a(b) and [|0F o0 = sup [0, F'(1)]. (12)
neX

Another result we prove for our class of non-convex potentials is

Theorem 1.9 (Decay of Covariances) Let u € RY. Assume U =V + g, where U satisfies (A0)
and V and g satisfy (A1) and (A2) or (A1) and (A3). Let F,G € C{(x,). Then there exists C > 0

such that
106 F |00 |10 Glloo

‘COVHu(F(T])aG(n))‘ S C Z 1 -+ be — xb/Hd ’

b,b'€(Z4)*

(13)

where b = (zp,yp) and b/ = (xy, yy ).

We also prove



Theorem 1.10 (Central Limit Theorem) Let u € RY. Assume U =V + g, where U satisfies
(A0) and V and g satisfy (A1) and (A2) or (A1) and (A3). Set

S(f) =€ 3" > (Vid(w) —wi) filex),

zezd i€l
where f € C(RYRY). Then
Se(f) = N(0,%2(f)) as €—0,

where Y2(f) can be identified explicitly as in Theorem 2.1 in [22], X2(f) # O for f # 0, and =
signifies convergence in distribution.

Moreover, we extend in Theorem 7.3 the results of strict convexity of the surface tension from [19]
and [14] to the family of non-convex potentials satisfying (A0), (A1) and (A2).

Even though our results are obtained for the high temperature case, previously only our results
in [9] were known for the non-convex case. Also, the proofs of this paper require some crucial
observations not made before. Moreover, in our main result Theorem 1.8, we prove uniqueness of
ergodic gradient Gibbs measures p with a given arbitrary tilt « € R? for the class of non-convex
potentials satisfying (A0), (A1) and (A2). To the best of our knowledge, this is the first result where
uniqueness of ergodic gradient Gibbs measures pu is proved for a class of non-convex potentials U.
For potentials that are mixtures of Gaussians as considered in Biskup and Kotecky [2], they prove
non-uniqueness of ergodic gradient Gibbs measures for tilt u = 0 in the § = 1 regime. For the same
example, we prove uniqueness of ergodic gradient Gibbs measures for given arbitrary tilt « in the
high temperature regime. Therefore, our result also highlights the existence of phase transition for
these models in different temperature regimes.

The basic idea relies on a one-step coarse graining procedure, in which we consider the marginal
distribution of the gradient field restricted to the even sites, which is also a gradient Gibbs field.
The corresponding Hamiltonian, although no longer a two-body Hamiltonian, is then obtained via
integrating out the field at the odds sites. We can integrate out the field ¢ at all odd sites, using the
fact that they are independent conditional on the field ¢ at even sites, which is a consequence of the
bi-partiteness of the graph Z¢ with nearest-neighbor bonds. The crucial step, which is similar to the
idea of our previous paper [9], is that strict convexity can be gained via integration at sufficiently
high temperature (see also Brascamp et al. [5] for previous use of the even/odd representation). The
essential observation is that we can formulate a condition for this multi-body potential, which we call
the random walk representation condition, which allows us to obtain a strictly convex Hamiltonian,
and implies the random walk representation, permitting us to apply the techniques of Helffer and
Sjostrand [23] or Deuschel [13]. The random walk representation condition, and implicitly the strict
convexity of the new Hamiltonian, can be verified under our assumptions as in (A0), (A1) and (A2).
Note that the method in [9] is more general and could be applied to non-bipartite graphs.

A natural question to ask is whether we can iterate the coarse graining procedure in our current
paper and find a scheme which could possibly lower the temperature towards the critical 3., which
marks the transition from a unique gradient Gibbs measure p (as proved in Theorem 1.8 in our
paper for arbitrary tilt u) to multiple gradient Gibbs measures p (as proved in [2] for tilt u = 0).
Note that iterating the coarse graining scheme is an interesting open problem. One of the main
difficulties is that, after iteration, the bond structure on the even sites of Z? changes, and we no
longer have a bi-partite graph. Currently, we could use our method as detailed in sections 2 and 3,
to keep integrating out lattice points so that the new Hamiltonian at each step, always of gradient
type, can be separated into a strictly convex part and a non-convex perturbation; however, at this
point, our technique for estimation of covariances as given in section 3, is not robust enough to allow
us to keep coarse graining the lattice points for more than a finite number of steps, before we stop
being able to improve the assumptions on our initial perturbation g.

The rest of the paper is organized as follows: In section 2 we present the odd/even characteri-
zation of the gradient field. In section 3 we give the formulation of the random walk representation



condition, which is verified in Theorem 3.4 under conditions (A0), (A1) and (A2). Section 3 also
presents a few examples, in particular we show that our criteria gets close to the Biskup-Kotecky
phase co-existence regime, both for the case of the zero and the non-zero tilt v (see example 3.2 (a)).
In section 4 we prove Theorem 1.8, our main result on uniqueness of ergodic gradient Gibbs measure
with given tilt u, which is based on adaptations of [19], assuming the random walk representation
condition. Section 5 deals with the decay of covariances and the proof is based on the random walk
representation for the field at the even sites which allows us to use the result of [11]. Section 6
shows the central limit theorem, here again we focus on the field at even sites and apply the random
walk representation idea of [22]. Section 7 proves the strict convexity of the surface tension, or free
energy, which follows from the convexity of the Hamiltonian for the gradient field restricted to the
even sites. Finally, the appendix provides explicit computations for our one-step coarse graining
procedure in the special case of potentials considered by [2] (see also example 3.2 (a)).

2 Even/Odd Representation

There are two key results in this section. The first one is Lemma 2.10, where we are restricting
the height differences to the even sites, which induces a V¢ measure on the even lattice with a
different bond structure. The second main result of this section is Lemma 2.11, where we give a
formula for the conditional of a V¢-Gibbs measure on the height differences between even sites.
These two results will be essential for the proof for one of our main results, that is for the proof of
the uniqueness of ergodic component of Theorem 1.8.

In Subsection 2.1 we introduce the notation for the bond variables on the even subset of Z¢, in
Subsection 2.2 we define the ¢-Gibbs measure and the V¢-Gibbs measure corresponding to the even
subset of Z¢ and in Subsection 2.3 we present the relationship between the V¢-Gibbs measures for
the bonds on Z¢ and the V¢ for the bonds on even subset of Z¢, when their corresponding finite
volume ¢-Gibbs measures are related by restriction.

2.1 Notation for the Bond Variables on the Even Subset of Z¢

As Z% is a bipartite graph, we will label the vertices of Z% as even and odd vertices, such that every
even vertex has only odd nearest neighbor vertices and vice-versa.
Let

d
78, = {a = (a1,az,...,aq) € 7% | Zai =2p,p €L}
i=1
and
d
78y = {a = (a1,ay,...,aq) € 77 | Zai =2p+1,peZ}.
i=1
Let Aoy C Z&, finite. We will next define the bonds in Z&, in a similar fashion to the definitions for
bonds on Z%. Let
(Z&,)" = {0 = (z,3) | 2,45 € Ziy, ||z — ]| = 2,b divected from z; to gy},

(Ae)* == (Z8 )" N (Aey X Aey), (Aey)* = {b= (zp, ) € (Z%,)" | 2 € Aoy OF Yy € Aoy},
6(Aev)* = {b = (xbayb) ‘ Ty € ng \ Aeryb € Aeva be - ybH - 2}

and
Oy 1= {y € Z3\ Aoy |, |ly — || = 2 for some z € Aev}

Note that throughout the rest of the paper, we will refer to the bonds on (ZZ )* as the even bonds.



Figure 1: The bonds of 0 in Z2,

An even plaquette is a closed loop Aey = {b(l),b@), . ,b(”)}, where b € (ng)*, n € {3,4},
such that {z,,i =1,...,n} consists of n different points in ZZ . The field n = {n(b)} € RZ&)" s
said to satisfy the even plaquette condition if

n(b) = —n(=b) for all b € (Z%,)* and Z n(b) = 0 for all even plaquettes in Z2 . (14)
bEAev

Let xeov be the set of all n € R(Z&)" which satisfy the even plaquette condition. For each b =
(zp, ) € (Z4,)* we define the even height differences ney(b) = Veyd(b) = ¢(yp) — ¢d(13). The
heights ¢"v%(©) can be constructed from the height differences 7e, and the height variable ¢(0) at
z =0 as

¢ O () := Y ney(b) + 6(0), (15)

beCgY,

where z € Z%, and 0w is an arbitrary path in Z¢, connecting 0 and x. Note that ¢™?()(z) is
well-defined if 7ey = {Nev(b)} € Xev. We also define xey,, similarly as we define x,. As on 74, let
P(xev) be the set of all probability measures on e, and let Py(xev) be those p € P(xeyv) satisfying
EF[|ney (b)[?] < oo for each b € (Z&,)*. We denote Xey, = x N L2 equipped with the norm | - |,..

Remark 2.1 Letn € x. Using the plaquette condition property of n, we will define ney, the induced
bond variables on the even lattice, from n thus: if by = (z,2 + €;), by = (z + ej,z) and bey =
(x +ej,x + e;), we define ney(bey) = n(b1) +n(ba2). Note that Ney € Xev-

Remark 2.2 Throughout the rest of the paper, we will use the notation ¢ey, ey either for a stand
alone configuration on the even wvertices, or in relation to the restriction of ¢ to the even vertices.
Nev, oy Will denote configurations on the even bonds. Similarly, Ae, will either be a stand alone
subset of Z&, or will be used in relation to the restriction of a set A C Z% to Z&,. For A C 7%, we
will denote Aoq := ng NA.

2.2 Definition of V¢-Gibbs measure on (Z%))*

For every &uy € Yev and finite Ao, C Z& , the space of all possible configurations of height differences

on (Agy)* for given boundary condition &, is defined as
meev = {"7ev = (nev(b))bemﬂkv Vv éev € Xev}a

where ey V ov € Xev 18 determined by (Ney V &ev) (D) = nNev(b) for b € (Aey)* and = ey (b) for
b (Aev)*.

The ¢-Gibbs measure v°¥ on Z¢, and the V- Gibbs measure ¥ on (ZZ,)* with given Hamiltonian
H® can be defined similarly to the ¢-Gibbs measure and the V¢-Gibbs measure in Subsections 2.1
and 2.2.2. They are basically a ¢-Gibbs and V¢-Gibbs measure on a different graph, with vertex
and edge sets (ZZ,, (Z2)*). They are defined via the corresponding Hamiltonian HYY .., assumed

ev)

of even gradient type, via the finite volume Gibbs measure Ve ey O 72 and the finite volume
V-Gibbs measure py’ , on (zd )*.



Let
HY = (sz,éev)AevCZZV,EeVexev
and let

Gev (H®) := {iey € Pa(Xev) : p¥ is Ve — Gibbs measure on (Z% )* with given Hamiltonian H"}.

Remark 2.3 Similar to Remark 1.2, when Z v \ Aey is connected, s X(Aoy)* is an affine space such

) 75
that dim Xho) ow = |Aey|. Fixing a point xg ¢ Ay, we consider the map J Aef

that Nev — {¢ev (x)}a with

d
D Xev — RZv  such

$@) = Y (v Ver)(b), 7€ Aey

bECSY
for a chain Cg} , connecting xg and z and for fixed ¢ (o),
qb(x) = ,llz)&ev,d)(éto Z gev + ¢ xO) X ¢ Aev-
bECag .

Remark 2.4 For every &, € Yev and a € R, let 1oy = ¢%v® be defined by (15) and consider the
measure V., ... Lhen pa,, 4, is the image measure of vy, ., under the map {¢(x)}zer,, —
{Nev (D) 1= V(¢ey V Yoy ) (b )}be o) Note that the image measure is determined only by &, and is
independent of the choice of a.

2.3 Induced V¢-Gibbs measure on (Z2)*

Throughout this section, we will make the following notation conventions. For ¢, € de, we define
Pev 1= (9(2))geza, + Yev = (Y(¥))geza - For n,§ € x, we define ney and &y according to Remark 2.1.

Definition 2.5 Let Ao, be a finite set in ng. We construct a finite set A C 74 associated to Aoy as
follows: if x € Aey, thenx € A and x+e; € A foralli € I = {—n,—n+1,...,n}\{0}. Note that by
definition, ON = Oy, where the boundary operations are performed in the graphs (Z¢,(Z%)*) and
(78, (74,)%), respectively. (see Figures 2 and 3).

Lemma 2.6 (Induced finite volume ¢-Gibbs measure on Z%) Let Aoy C Z% and let A be
the associated set in 72, as defined in Definition 2.5. Let vy be the finite volume Gibbs measure
on A with boundary condition v and with Hamiltonian Hy 4 defined as in (3). We define the
induced finite volume Gibbs measure on 7Y, as Vi tbey = VA Wl zd,)- Thenvy ., has Hamiltonian
HYY .. > where

HYY oy (Pev) =D en,, Ful(O(z + €))icr),
with (16)
Fo(((x + €))ier) = —log [ ™2 Lier UVio®) dg().

Figure 2: The graph of Ay Figure 3: The graph of A as-
sociated to Ay

10



Remark 2.7 Note that for any constant C' € R, by using the change of variables ¢(x) — ¢(x) + C
in the integral formula for F((¢(x + €;))icr) in (16), we have

Fo((¢(z + ei))ier) = Fo((9(x + €i) + Cier).

In particular, this means that for any fixed k €

Fo((o(z + €))icr) = Fe((¢(z + €i) — o(x + ex))ier)- (17)

Therefore we are still dealing with a gradient system. However, it is in general no longer a two-body
gradient system. Fy((¢(z + €;))icr), and consequently HY' . are functions of the even gradients
by (17) and (16).

Remark 2.8 We formulate next more explicitly the dependence of F, and Hf{‘gv,wev on the even
gradients. Let k € I be arbitrarily fixed. For any = € Z%, let

Bz, k) ={(x + e,z + €) }icr-

For all Aoy C ZZ , take the set A associated to Aey, as defined in Definition 2.5. We define here

ev)
ev .__ ev
H® :=(H Aev,fev) AevCZ4, oy Exey A5 follows

eiv,sev (n) = Z Fy ((neV(b))beB(x,k)) . (18)

TENq

Note that, via Remark 2.3, one can easily obtain the equivalence between the corresponding finite
volume ¢-Gibbs and V¢-Gibbs measures.

Remark 2.9 By definition, F,((¢(z + €;))icr) only depend on sites within distance 2 of x. Note
that the new Hamiltonian Hy,, ,, depends on 3 through the functions F,((¢(x + €;))icr).

Proof of Lemma 2.6 The idea of this proof is just integrating out the height variables on the odd
sites, conditioned on the even sites. The Gibbs property and specific graph structure imply that the
odd height variables are independent conditional on the even sites.

Set

Ho(9) = > U(Vid(x). (19)
i€l
Let Ae, be a finite set in Z¢, and let A € Z? be the associated set as defined in Definition 2.5. Note

now that due to the symmetry of the potential U, to the specific boundary conditions on A and by
(3), we have

Hyy(¢) =D Hyo(¢) =2 > Hy(e). (20)

:EG/_\ xEAod

Let A € Fpa C Fza, dda,, = [l en., dé(z) and dop,, = [[,ep,, do(x). Recall that A=AUOA
and take Aey = AN ng and Agg = AN ng. Then, by integrating out the odd height variables
conditional on the even height variables, due to the Gibbs property of v, (see Definition 1.1) and

11



to the fact that OA = A4y, we have for every ¢ € RZ*

VA (A)

1 _

_ — / 1a(@)e PO 5y (dga )
Ay JRA

by 20) L / La(g)e 20 2wenoa 0 agy dgn,, 0, (dda )

- ZA,w RA
1 N

- Zny / » / _ La(@)e P e O dgy  dén,, 0 (ddgann)
A,T,D RAev ]RAod
1 _

as A gfzgv L / 14(¢) </ e 282 wen g He(9) d¢/\od> d¢Aev5¢(d¢Zd\A)

- ZA,’L[J RAeV RAod
1 / / o~ 28Ha(6)

- — v d¢ d¢Aev6 (d¢ d A)

ZA,w RAod xjel:\[d x!;{d v 2
_ 1
asOA =00~ [ 1,400) [] < / e 2PH:=(9) d¢<x>) g0y (ddz A, )
ZA,U’ RAev :EEA . R ev
by i16) ZL — Daenyy Fr((d(@tei))icr) d%ev%(d%d \er) = VA% e (A), (21)

Aw 9 ev

where for the last equality we used that Zj ,, = Za., u.,, Which is due to the fact that OA = OA.,.
O

Lemma 2.10 (Induced V¢-Gibbs measure on (Z%,)*) Let u € Gg(H). We define the induced
V¢-Gibbs measure on (Z4,)* as pu = 1 Feza,y-- Then p® € Gey(H®), where HYY . s defined as
in Remark 2.8.

P . Let * *
ROOF. Le Fay- =0 (n(b),b e (z%) ) and Fzd )« =0 (nev(b),b e (z2) ) .

To prove the statement of the theorem, we need to prove that for all A € Fzd yr 1 satisfies

(A| (74,)* (Aev)*)(gev) :H?\‘;Wgev(A).

In order to prove the above equality, we will first show that for all A € F(z4 ). and for any Aey finite
set in Z4, with associated set A C Z? as defined in Definition 2.5, we have

png(A) = px, g, (A)- (22)

Then using F —+ C F, v 7+, the definition of the V¢-Gibbs measure and (22), we have

(Zd,)*\(A€) (ZA)\(A)
M(A|f(zgv)*\m*)(§) = Eu ( (1A| (Zd)* )*) |‘7:(ng)*\m*> (f) = N?\\;v,éev(A)'

The key point in the above equation is that when we condition further, we get pip ¢ where & is
random and being integrated over, and £ all have &, as its restriction on the evens, and for all such
¢, by (22) pa e all equal pg’ . (A). To prove (22), first we start with the finite volume V¢-Gibbs
measure f1p ¢. Then we construct a finite volume ¢-Gibbs measure v, 4 using the map K}f defined
in Remark 1.4. Next we restrict v , to the even vertices by means of Lemma 2.6, and then we pass
to the finite volume V¢-Gibbs measure Mivev,fev by applying the map J}" A £ Jefined in Remark 2.3.

The details in the derivation of (22) follow below.

Let £ € x. Fixing ¢(0) € R, for all A € Fz4). we have by Remark 1.4 that

pag(A) =E,, (lao K}\p), with ¢ given as in (6) by ¥ (x Z £(b) ,x ezt (23)
bECo T

12



For all B € ]:ng and A., finite sets in Zd with Zd \ Aey connected, we have by Remark 2.3

V8 p(B) =Eue  (1po Jﬁzf), with &y (b) := Vap(b), b e (Z4)*. (24)

HAev éev

Let A € F(za y» C F(za); then by using Lemma 2.6, (23) and (24), we have for every £ € x such
that &y € Xev (recall Remark 2.1)

MA,E(A) = EVA,w(lA o K}\b) = V/e\\;v,wev((K}\p)_l(A)) = EM?\‘;V’EW( (Kw) 1(4) o J/e\:f)
= [, gor (4), (25)

where for the last equality we used the fact that 1 (K Y)-1(4) © J/‘i‘e’f =14 g

The following statement is a consequence of the Markov property of the Gibbs measures.

Lemma 2.11 (Conditional of V¢-Gibbs measure on (Z%)*) Let G be a F(zay-measurable and
bounded function. Then for all i € Gg(H) and all £ € x, we have

B, (G1Fzs)) © = | G(V0) T] veu(do(@)os(doz,), (26)

Rz4 p
acEZod

where we use vy 4 to denote vp 4 with A = {x} and 1 is given by ¢(x) = Zbecg" Eev(D) +1(0), x
72, for a fized 1(0) € R and with &, given as in Remark 2.1.

PROOF. It is enough to prove (26) for bounded functions G depending on finitely many coordinates.
Fix such a G arbitrarily. Note first that the right-hand side of (26) is F(zg )--measurable and
depends only on the even gradients, as proved in Corollary 30 below. Therefore, to show (26) we
only need to prove that for any F(z4 ).-measurable and bounded function F' depending on finitely

many coordinates in (ZZ )*, we have

/ F(Vboy)G(V)u( V) = / F(Vib) [ / G(V9) T] vew(do())du(dizg )| n(dVe).

d
TELS

Take now an arbitrarily fixed F(zq4 ).-measurable and bounded F, depending on finitely many coor-
dinates in (Z4,)*. For n € N let S¢ = {z € Z% : ||z|| < n} such that F is ]:( 59 -measurable and let

A, == 8¢NZ%,. Then from (8) we have
/ Pl )G dn) = [ (@) [ pin, eldm) ) G (27)
X X(]\n)*,g

Using Remark 1.2, we switch now from the finite V¢-Gibbs measure p, ¢ to the corresponding
finite ¢-Gibbs measure vy, . Then

/ fa e dNFe)G) = [ F(V0)G(V0) [] vews(do(2))dp(dbzna,)
X(Rn)* . 7 z€A,
— F(Viy,) / G(V0) T] vew(dd@)dp(ddnny,), (28)
€A,

as F' only depends on the even gradients. Since by the Kolmogorov extension theorem we have

G(Vo) [] vew(do(@)dy(dozy) = lim [ G(Ve) || vew(do(@))dy(ddzan,),

RrRZ4 d RZ4
:EEZOd €A,
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the statement of the theorem follows now from (27), (28) and Lebesgue’s dominated convergence
theorem. 0

In the next Corollary, we reformulate Lemma 2.11 to remove the dependence on the height field
1, and to make it more explicit that everything in the formula for E,, (G \]—'(Zgzv)*) (&) depends only
on the even gradients.

Corollary 2.12 Let k € I be an arbitrarily fized element in I and let G be a Fza)--measurable and
bounded function. Then for all p € Gg(H) and all £ € x, we have with the notations from Remark
2.8 and from Remark 2.1

E, (G ) (€)= [ G ((6a®) = @hesiioeny,) [ Man(aole), @9

d
:vGZOd

where

phen(10(@) = —r—exp =8 3 Ulals) ~ o@)) | dofa), (30)

z,ev beB(x,k)

and Z :if £y U8 the normalizing constant.

PROOF. Note first that for alli € [ and all z € Z<,, V;¢(z) = d(z+e€;)—p(x+e)—d(x)+d(z+ex) =
Eev(D) — @(z) + d(x + ex), with b € B(x, k). The statement of the corollary follows now immediately,
by making in (26) the change of variables ¢(x) — ¢(x) + ¢(z + ei) for all x € ZZ,. O

3 Random Walk Representation Condition

In this section, we prove that under suitable conditions on the perturbation g, the new Hamiltonian
H® = (HY 4 )AeCZd, ipoyezg, Induced on 74 and defined in (16), is strictly convex. More precisely,
we will prove that H¢ satisfies the so-called random walk representation condition (see Definition 3.1
below). This will allow us to adapt results known for strictly convex potentials, such as uniqueness
of ergodic component and decay of covariance, to our non-convex setting.

Subsection 3.1 contains the main result of this section, Theorem 3.4, in which we prove that under
assumption (A2) on g, the Hamiltonian H¢" satisfies the random walk representation condition. Note
that, in contrast to the condition in our previous paper [9], [|g"||z~®) can be arbitrarily large as
long as ||g”||pa(r) is small. In subsection 3.2, we present some examples of non-convex potentials
which fulfill assumption (A2); our first example is the particular class of potentials treated both in
[2] and in [3].

3.1 Definition and Main Result

For i € I, let : 0
DlFx(ylw Y Y-1, - 7?/—d) = @Fx(yh e Yd, Y-1y - - 7?/—d)'
1

We will next formulate a condition on the multi-body potential, which we call the random walk
representation condition, such that F) satisfies this condition, and we will adapt earlier results
known for strictly convex two-body potentials to this setting.

Definition 3.1 We say that H®Y satisfies the random walk representation condition if there
exist ¢,¢ > 0 such that for all x € Z2,, for all (¢p(z + ek))xezdmkel € RZ& gnd alli,j €1

DY E((d(x + ex)her) = = Xjer i DV Fo((d(2 + k) ker)

¢ < —DYF,((¢p(x + ex))ker) < € fori # j.
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Remark 3.2 Note that for each z € ng, if H® satisfies Definition 3.1, then F), is uniformly convex
(with respect to the even heights). More precisely, for all a = (ar, ... as) € R?? we have

c Z (ai —aj)? < Z a;a; DY Fy((¢(x + eg))per) < € Z (i — o).

i el i ijel i.jEli#]

Remark 3.3 Potentials satisfying the random walk representation condition fulfill the random walk
representation which is explained, for example, in [14] or [20]. For two-body gradient interactions
which are uniformly convex with respect to heights, the random walk representation gives an ex-
tremely useful representation of the covariance matrix, with respect to the measure pp ¢, in terms
of the Green function of a specific random walk.

The main result of this section is:

Theorem 3.4 (Random Walk Representation Condition) Let U € C?(R) be such that it sat-
isfies (A0). We also assume that V,g € C*(R) satisfy (A1). Then, if for some q > 1,g" satisfies
(A2), more precisely, if
3
1 Ch)2
591119 ey < — L,
20,2 (2d)%

then there exist c,¢ > 0 such that H® satisfies the random walk representation condition.

Remark 3.5 The main idea behind the proof of Theorem 3.4 is that one can gain convexity by
one-step integration, which is possible if ||g”|[q(r) is sufficiently small compared to V"

What is crucial as regards the bounds ¢, ¢, is that they are uniform in x € ng and that they
are independent of the possible values of ¢o, € Z%,. This is necessary for us to adapt the argu-
ments known for uniformly strictly convex potentials with two-body interaction to our setting of a
generalized random walk representation condition for multi-body potentials.

Note that we only need ||g”||ra(r) to be small for the lower bound ¢, as the upper bound ¢ only
requires the perturbation to be finite, not small.

The first step in proving Theorem 3.4 is to prove the following lemma

Lemma 3.6 Suppose x € ng. Then for all j € I, we have

DIF((p(x + er)ker)) = — Dierizy D' Fal($(x + ex))rer)), a1
DHE,((p(x + ex)wer) = —Xierizy D Fe((0(@ + €x))rer);
and for alli € I,i #
D Fy((p(x + ex)ner) = —46°Covy, , (U'(Vig(2)),U'(V;0(x))) , (32)

where vy p, is as defined in Lemma 2.11, with boundary condition ¢4(y) := ¢(y) for y # x, and
E,,z!% and Cov,,m,% are respectively the expectation and the covariance with respect to the measure

Vxﬂl}df

PROOF. Let a = (a1,as,...asq) € R?. Since Fy(ay,...asq) = Fplai +t,...,a5q +t) for all t > 0,
differentiating with respect to t in it, gives the first identity in (31). The second assertion in (31)
follows from the first, by differentiation. By differentiating now with respect to ¢(x+e;) and ¢(x+e;)
in the formula for F,, we have for all 4,5 € I,i # j

DY F,((¢(x + ex)ker) = —48°Cov,, , (U'(Vig(x)),U'(V;6(x))) - (33)
0

The next lemma follows by Taylor expansion and will be needed for the proof of Theorem 3.4:
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Lemma 3.7 (Representation of Covariances) For all L?-functions F,G € C*(R;R) with bounded
derivatives and for all measures v € P(R), we have

Cov, (F,G) = % / / [F(¢) — F(¥)] [G(¢) — G(v)] v(de)v(d)
1
= 5 [[ 10— 01FG.0) 0 - D160 s an),

where we denote by
1 1
Flou) = [ F0+t0=0) dt, 16(6.0) = [ 6 @ s(0-v) ds

Remark 3.8 (Scaling Argument) A simple scaling argument shows that it suffices to prove The-
orem 3.4 for

f=1C =1 (34)

Indeed, suppose that the result is true for 8 =1 and C7 = 1. Given 3, V and g which satisfy (A1)
and (A2), we define

06) = V(s) + g(e), where V() = 8V (=== ) a(e) = o

VBCy \/W)

l\.’)‘,_‘

~ 1
1< (V)<= o S (@) < 0,119)"l| o) = (BCL)? o ||9//||L‘1(1R)a 19) 1122) = (8°/C1)* (19l 12wy -

Hence V, § satisfy the assumptions of Theorem 3.4 with 8 =1 and C; = 1. On the other hand, the
change of variables ¢(z) = /BC1é(z) yields U (V@(ac)) = BU(V;¢(z)) and thus
Eo(8(e + e))ier) = — log / e ? et VY90 4z
R

— B g [ e B Dier VT dga) = — L 4 B (0 + e)ier)
2 R 2

Proof of Theorem 3.4 From Definition 3.1 and Lemma 3.6 it follows that, in order to prove that
the random walk representation condition holds for H¢, all we need is to show that there exist
1, ¢y > 0 such that for all 4,5 € I,7 # j, and uniformly in x and

¢ < Covy, , (U'(Vig(x)), U'(Vjp(x))) < cq. (35)

Recall that we have U = V + g, where 1 < V" < (5 and therefore we can split the initial covariance
term into four resulting covariance terms. More precisely, we have

covy, , (U, Uj) = covy, ,(Vi, V) + covs, ,(Vi, gj) + covy, ,(V}, gi) + covy, , (g, 5),

where for convenience of notation we denote by

covyx,d)(UZ-’, UJ/) 1= couy, , (U’(Viqb(x)), U/(ngb(x))) o ,covyx,¢(g§,g}) 1= couy, , (g’(Vi¢(x)),g’(Vj¢(x))) )

We will first show in (36), (37) and (38) below, by means of Lemma 3.7, that the resulting
Covy, ,(V/,V)) and Cov,, (g, g;) terms are positive and that the resulting Cov,, ,(g;,V}) and
Cov,, w(gj, V/) terms are negative. We will then obtain lower and upper bound estimates for the
Covy, ,(V/,V)) terms, and upper bound estimates for the Cov,, ,(¢;,9;) and the —Cov,, ,(g;, V)
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and —Cov,, , (g], ) terms. These bounds will determine the conditions on the perturbation ¢” such
that (35) holds. To estimate an arbitrary Cov,, ,(V/,V]) term, we will bound it in (36) from above
and below by bounds proportional to Cov,, , (¢, ]) To estimate an arbitrary Cov,, ,(g;, gJ) term,
we will bound the respective term in (37) from above by a bound proportional to Cov,, , (¢, V). To
estimate an arbitrary —Cov,, ,(V/, g;) term, we will first express it in (40) in terms of Cov,, (¢, V})
and Var,,_  (g;); the Var,_ (g;) term will then also be bound in (41) from above by a bound propor-
tional to Cov,, (¢, V). We will then proceed to find upper and lower bounds for the Cov,, (¢, V})
terms. The upper bound will be derived in (46) by means of (43), (44) and (45), and the lower
bound will be derived in (47) by means of (44). The explicit computations follow.

Fix z € Z% and i,j € I,i # j, arbitrarily. We will next check which covariance terms are positive

and which are negative. Using Lemma 3.7 for V'(V;¢(z)) and V'(V,;¢(x)), we see that

1
Cov, o (V(Vi(o). V(V0(0)) = 5 [ [ Ga)=vta))* [ V7 ((1=00@) = oo + ) +to(w)

1
/ V(1 = s)d(x) — bz + ;) + 50(x)) dsva( dg)ve(dab).

0

By comparing the above equality with the similar one for Cov,,  (é(z),V'(V;¢(r))) and with the
bound 1 < V" < Oy, we have for all 4,5 € I

Covy, ,(V!(Vi(2)), V!(V;i¢(x))) = Cov, ,(6(x), V'(V;o(x))) = Vary, ,(4(x)) = 0,
Covy, ,(V!(Vig(2)), V!(V¢(x))) < CaCovy, , (¢(), VI(V;(x))).

(36)

Since —Cjy < ¢” < 0, by similar reasoning

0 < Covy, , (¢ (Vid(2)),'(V(2))) < CiVary, ,(¢(z)) < CGCovy, ,(6(2), V'(Vj6())),  (37)
and
—CoCovy, ,(6(2),V'(V;6(2))) < Covy, ,(V'(V;0(2)), g'(Vie(2))) <O0. (38)
Given (36), (37) and (38), we have the following upper and lower bounds for Cov,, ,(U’,U’)

Cov, , (8(2), V'(V;(x))) + Cov, , (¢ (V;6(2)), V/(Vid(2))) + Covy, , (¢ (Vid(2)), V!(V6()))
< Covy, ,, (U'(Vig(x)), U'(V;¢())) < (C2 + CF) Covy, , (6(x), V' (V;6(x))).  (39)

Of more importance are the lower bound estimates, as they will determine the conditions on our
perturbation ¢” which give us convexity after the one-step integration. We will next get a lower
bound for the Cov,, ,(g;,V}) terms in (39), which shows that the upper and lower bounds in (39)
are all in terms of Cov,, , (¢, V]). Using (38), the Cauchy-Schwarz inequality and (36), we have

0 < ~Cov,, ,(V/(V;6(2)), ¢ (Vi) < \/Var,, , (V/(V;6(x))y/ Var, , (¢/(Vid(x))
< \/CgCovynw(qb( ), V!(Vo(x \/Varw (Vip(z))). (40)
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Let now ¢ > 1 be arbitrarily fixed. By Lemma 3.7 and Jensen’s inequality, we get

Vary, ,(¢'(Vid(x)))

2

1
= 3 [ @@ - v | [ " o) - oo )+ tot) ~ @) €| vadovian)
< 3 [ - v [ 1" 0w~ ote + e + o) - v @] watasatan)
(&) —dates) ‘
= 5 [[16@ - v [/ |g”<s>|qu] (Al )
Y(z)—¢(z+ei)
< llo" B / 6(2) — (@)1 vy (dp)w(dy) < i;ug Bogey [Vars, , (6(2)]

q—1

< 2_;"9””LQ(R) [Covy, ,(¢(x),V'(Vjé(x)))] (41)

where for the second equality we made the change of variable s = ¥(z) — ¢(z + ¢;) + t(p(x) — P (z)),
in the penultimate inequality we used Lemma 3.7 and for the last inequality we used (36). The
lower bound in (39) becomes by (41)

Covy, , (U'(Vig(x)),U )
> [Covi,, (6(0), V!(V 6z >>>} 5

[[Covyz,w(qf)(x),V’(Vjéf)(fv)))] % 2(2q71)/2q\/c_2||9//||Lq(R)] :
(42)

We now proceed to find upper and lower bounds for Cov,, ,(¢(z), V'(V;¢(x))). From (36), we have
by repeated application

Covy, , (¢(x),V'(Vjd(x))) < %Covuz,w (V’(qub(w)),zV’(Vm(fv)))) : (43)
el
Recall now that

Cov,, , ( ), Y V' (Vid(x )

el

1
o V/ 72Hz
[Zmb / (V e }

where Z, , is the normalizing constant and H,(¢) has been defined in (19). Using integration by
parts in the above, we have

/ (ZV Vig(x ) e M@ dg()

el

<Z V/<vi¢<x>>> eQHf<¢>d¢<x>] :

el

Cov,, , ( ), V'(Vig(x ) E,, , (V'(V;é(x)))
el
— Cov,, , < ), g (Vi(x > — Cov,, , <V'(Vj¢($))azg'(vi¢(x))> - (44)
el el
From (43), (44) and (41), we now get the upper bound
Cy \/C_2 , 2g—1

Covy, ,(6(x), V'(Vjd(x))) < 1 + m“g Lar) [Covy, , (0(2),V'(V;¢(x)))] 2,

which is equivalent to
[Covy, , (6(x), V(@) 5 [[Covs, , (8(a), V!(V6())] 7 ~b] <a, (45)
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N

where a = g—; and b = W%Hg//”LQ(R)‘ Depending on if [Cov,, ,(¢(x),V'(V;d(x)))] 2 < b or

> b, (36) combined with simple arithmetic in the above inequality gives

2q 2q
Taw = Vary, ,(6(2))) < Covy, ,(6(2), V/(V;é(2))) < max {52"7 < — +b> ] = ( N +b> :
b 24 b 2

(46)

The upper bound on Cov,, , (U'(Vi¢(x)),U'(V;¢(x))) follows now from (39) and (46). To find a
lower bound, note now that from (36) we get

Covs, ,(6(2),V!(V;9(2) 2 57=Covs., (vxvjqb(w)),z v’<vi¢<x>>> .

el

By using (44) and (38), we have

Covi, , (#(x), V'(V6(x))) >

= (47)

From (47) and (42), the lower bound becomes

Cov,,,, (U'(Vi6(@)), U'(V,6(0))) > ——
(4d02) 2q

L2y CQHQHHL‘I(R)]
(4dCs) 2%

To summarize, we obtain the following upper and lower bounds, uniform with respect to x and ¥

2q
1 a
o= ———5—€ < Covy, , (U'(Vig(2)),U'(V;p(x))) < (C2+ CF) <T + b) =c,, (48)
(4dCy ) 2a b 2
for e = —L— — 2\/072““(’1/“”(@ > 0 by (A2). O
(4dCy) 24 22q

Remark 3.9 Another possible condition, (A3), is obtained if we use Lemma 3.10 below to replace
(41) by
Var,, (¢ (Vig(@))) < B, ((¢'(Vio(2)))?) < 2¢/B8dCo||g'|[ 72wy

Lemma 3.10 If h € LY(R), then we have

|E., , (h)| < 2:/dBCallh|| 11 (r)-

Proovr. Using integration by parts and Cauchy-Schwarz, we have

B ] = [Boy (2 ([ pera2))|=2[B.. (o0 ([ nere:) )|

o\ 71/2
< 28[E,., (H.)*)]"* [Ew <</y h(z) dz) )]
» ” 571/2
= V28 [E,,  (H))] / [EVW (/ h(z) dz) ] < 24/dBCa| ||| 11 ry-
Note that we also used property (Al) in the above formula. O
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Remark 3.11 Note that if we consider the case where U is strictly convex with C; < U” < Oy
(that is U = V and g = 0), in view of (36) and (45), the one step integration preserves the strict
convexity of the induced Hamiltonian as

ct
4dBCy

02
< Covy, , (U'(Vig(2)), U'(V;o(x))) < 4dﬁ201.

Remark 3.12 (Perturbation with Compact Support) Note that we can extend the results
from Theorem 3.4 to the case where we have a perturbation g such that ¢” has compact support
(see also example (b) below). More precisely, assume that U = Y + h, where U satisfies (A0),
Dy <YY" < Dy and =Dy < h” <0 on [a,b] and 0 < h” < D3 on R\ [a,b], with a,b € R and
h"(a) = h"(b) = 0. Then we just need to replace

Ci:=Dy,Cy := D1 + D5, and g" = hﬂl{h"go}-
A sketch of the argument follows next. Set

9(s) = h(s)L{sefaply + [Ab) + R (0)(s = b)] Lenpy + [h(a) + B (a)(s — a)] Lscay

and

V(s) =Y (s) + h(s) 1 {sgapy — [P(B) + W (b)(s = b)] 1gsnpy — [hila) + P (a)(s — a)] 1jsca}-

Thus, we have V,g € C?(R), with —Dy < h"(s) = ¢"(s) < 0 for s € [a,b] and ¢"(s) = 0 for
s € R\ [a,b] and Dy < V"(s) = Y"(s) + h"(s)1{s¢[ap)y < D2+ D3. Note that this procedure can
also be extended to the case where h” changes sign more than once.

3.2 Examples
(a) Let pe (0,1) and 0 < ko < ky. Let

52 52
U(s) = —log (pe—’w +( —p)e"“) |

Take % > % in order that the potential U is non-convex. Let 8 =1,d =2 and k; > k. In
this particular case, as Christof Kiilske pointed out to us, we are dealing entirely with sums
of Gaussian integrals, so we can compute Cov,, , (U'(V;é(z)), U’ (V;¢(x))) directly, which

explicit computation is not possible in general; the random walk representation condition holds

1/2
then if ﬁ <0 ((ﬁ—i) ) (see the Appendix for a sketch of the explicit computations).

This particular example is of independent interest and has been the focus of two other papers
in the area (see [2] and [3]). For the case d = 2 and 8 = 1, it was proved in [2] that at the

ko
k1

this example of potential U and there are multiple ergodic, invariant V¢-Gibbs measures with
zero tilt; the same example is also treated in [3], where they prove CLT for the this particular
class of potentials in the case of V¢-Gibbs measures with zero tilt.

1/4
critical point p := p., such that % = ( ) , uniqueness of ergodic states is violated for

Note that we can use (A3) to show that the random walk representation condition holds if

2/3
p <O ((Z—f) ) To show this, take V' and ¢ even, with V(0) =0, ¢(0) = 0, and such that

52
v phie ™7 + (1= plhge ™2 = p(1 = p) (k1 — ko)*s”
(s) = 2 2 (s) = 2 2
pe M7 + (1 —ple*z pPe” Bk L op(1 - p) 4 (1 — p)Zelbi=h2)s

(49)
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Then
b < V7(8) < by (1= )k, 196Vl < O (T2 = k).

p (kg)3/2 _ (k2)3/2
ﬂ(kl - k2)1/4 <0 ((pkl a —p)k2)5/4> =0 <(pk:1)5/4> )

Uls)r
}
0 S i =
-4 4 s
Figure 4: Example (a) Figure 5: Example (b)
(b) U(s) = s> +a—1log(s> +a), where 0 <a<1. Let0<fB< m. This example is

interesting, as it has two global minima.

Then, using the notation from Remark 3.12, take Y (s) = s? and h(s) = —log(s%>+a). We have
Y"(s) =2, so Dy = Dy = 2; also h/(s) = 2(;22T“)2, with —2 < 1(s) < 0 for s € [~/a,/d]
and 0 < h"(s) < 52 otherwise. Then Cy = 2, C1 = 2,Cy = 2+ 5= and ||g"(s)|| 2 r) =

By using condition (A2) with ¢ = 1, the random walk representation condition holds.

2
N

4  Uniqueness of ergodic component

In this section, we extend the uniqueness of ergodic component result, proved for strictly convex
potentials in [19], to the class of non-convex potentials U = V' + g which satisfy (A0) such V and g
satisfy (A1) and (A2). Note that existence of an ergodic ., is guaranteed for our class of non-convex
potentials by Theorem 4.6 below.

The proof of Theorem 1.8 will be done in two steps. First, in subsection 5.1 we will prove the
uniqueness of ergodic, shift-invariant xS’ € Ge, (H®) with a given tilt « € R?, when the potentials F},
are of form as defined in (18) and therefore H®" satisfies the random walk representation condition.
For that, we will be adapting earlier results for two-body potentials under uniformly strictly convex
condition, to multi-body potentials satisfying the random walk representation condition. Then we
will use this result combined with Lemma 2.11 in subsection 5.2, to extend the result to pu,, € Gg(H).

4.1 Step 1: Uniqueness of ergodic component for (Z¢ )*

For z € Z4,, we define the even shift operators: o, : RZ& — RZ& and O - R(Z&)" 5 R(Z&)
similarly as for € Z?. Then shift-invariance and ergodicity for u®¥ (with respect to o, for all
r € 7)) are defined similarly as for x. The main result in this section is:

Theorem 4.1 For every u € RY, there exists at most one us € Goo(H®), shift-invariant and
ergodic with tilt u.

We will prove Theorem 4.1 by coupling techniques. We will follow the same line of argument as in
[19], by introducing dynamics on the gradient field which keeps the measure in Ge, (H¢") invariant.
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Suppose the dynamics of the even height variables ¢y = {¢t(y)}yezgv are generated by the family
of SDEs

A== Y GasPlete)en)dt + VI, yeTh, 60

T€LGyllo—yl|=1
where for all z € Z4,, F, are the functions defined in Lemma 2.6, satisfying the properties in
Definition 3.1, and {W;(y),y € Z& } is a family of independent Brownian motions. Using standard
SDE methods and due to the fact that V" is bounded, one can show that equation (50) has a unique
solution in L? for some 7 > 0.

We denote by Sey the class of all shift invariant p € Py(xey) which are stationary for the SDE
(50) and by ext Se, those jiey € Sey which are ergodic. For each u € RY, we denote by (ext Sev),, the
family of all " € ext Sey such that Eev (nev(b)) = (u,yp — a3) for all bonds b = (zp,y3) € (Z%,)*.
Note that all translation invariant measures in Ge,(H®") are stationary under the dynamics (see
Proposition 3.1 in [19]).

The next theorem is a key result in the proof of Theorem 4.1.

Theorem 4.2 For every u € R?, there exists at most one uc¥ € (ext Sev)y-

Theorem 4.1 now follows from Theorem 4.2 and Proposition 3.1 in [19], which shows that if u$¥ €
Gev (H®) is shift-invariant and ergodic, then S’ € ext Sey.

The proof of Theorem 4.2 is based on a coupling lemma, Lemma 4.4 below; a key ingredient
for the coupling lemma is a bound on the distance between two measures evolving under the same
dynamics. The main ingredients needed to prove it are Lemma 4.3 below and a non-standard ergodic
theorem (see (58) below). The deduction of Theorem 4.2 from the coupling lemma follows the same
arguments as the proof of Theorem 2.1 in [19] and will be omitted.

Dynamics We will first derive a differential inequality for the difference of two solutions evolving
under the same dynamics, which will be a key ingredient in the proof of the coupling Lemma 4.4
below.

Lemma 4.3 Let ¢; and bt be two solutions for (50), coupled via the same Brownian motion in
(50), and set ¢(y) = ¢¢(y) — d(y), where y € Z%,. Then for every finite Aoy C Z&,, we have

;Z(@ <-c ) [V@ ]+25 > e IVi(b)]- (51)

YEAev bE(Aev) bea(Aev)*

PROOF. The proof of Lemma 4.3 is an adaptation of an earlier result by [19], where we replace the
uniform strictly convex condition on the two-body potential V' with the random walk representation
condition on a multi-body potential of gradient type.

Let y € Aey. Then from (50), we have

9 G)? = — 9 et eNier) — =2 F(Bule + eier) | 6
GUP=-2 5 |Gt en - gasFa((e + ehen)| ). 62

z€Moa,|lz—y||=1
By summing now in (52) over all y € Aqy in (52), we get
Sy G2y Y {Dinm(Hei)»g)—DjFx<<¢t<:c+ei>>ia>} bi(o+es), (53)

YEAey TENGq {j€1]
ztej€Aev}

where Agg = AN ng and A is the associated set to Aey, as defined in Definition 2.5. To prove (51),
we expand now D7 F,((¢(x + €;))ier) around (¢ (x + €;))ies by the Mean Value Theorem to get

D Fy((¢e(x + €3))ier) — DV Fo((e(x + €))ier)

= Z¢t T + ey / DI*Ey ((s¢e(x + €i) + (1= 8)d(x + €))ies) ds.  (54)

kel
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Plugging (54) in (53), we have

yeAev

= -2 Z Z Z¢t x + ep) i (z + e / DIk E ((spe(z +€;) + (1 — s)pu(z + €:))icr) ds

€A {s€1, kel
ztej€Aev}

1
= -2 )" > [(qgt(x + €j))2/0 DWE, ((s¢r(z + i) + (1 — 5)dr(x + €i))ier) ds

€A {sel,
ztejC€hev}

Y Gt b+ o) / DI*F, (sr(a+ e) + (1 — )@+ €)ier) ds|.

kel k]
Using now (31) for each term D77 F, ((s¢¢(x + €;) + (1 — 5)¢¢(z + €;))icr) in the above, we get

oY G

YEAey

=2y Y Y [Fere) - dtaldiate)

€N q {jel, kel k#j
T+e; EAev}

1
/0 DIRF, ((sgr(x + ;) + (1 — 8)de(w + €;))ier) ds
=2Y Y [Fere)-dltalb+e)

€N q {4, k€T, j#k,
ztej,xt+ep€Nev}

1
/0 DI*E, ((su(w + ) + (1 — $)fu(w + €))ier) ds
+2 Z Z Z [Qth(x+€j) Gu(z + ex) by (95‘“33)}

vehga Ll (ke
x+€]’€/\ev} z+ep €0Aev }

1
/o DIRE, ((s¢e(x + €i) + (1 = 5)ér(x + €))ier) ds, (55)

where for the second equality we differentiated between k € [ such that =+ e € Aoy and k € I such
that « + e, € OAey. Taking account of the fact that D?*F, = D¥JF, in the first sum in the last
equality above, (55) becomes

0 ~
5 > G
YyEAey
~ ~ 1 . —
= Z Z {qﬁt(x +ej) — ¢z + ek)r/ DIkE, ((s(bt(x +ei)+ (1 —s)p(z+ ei))ie[) ds
e I °
2Y Y Y [Fete) - detadiate)
2€hoa z+¥§11\;v} m+eikeealz‘\ev}
1
/0 DV E, ((spu(x + ei) + (1 — 8)u( + €:))ier) ds
< e 3 [Vam] v 3 jaIvae) (56)

bE(Aev)* bEA(Aey )*
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where we used Theorem 3.4 and Definition (3.1) in the equality in (56) to estimate the terms
DIFE, ((sp(z + €;) + (1 = 8)d(x + €:))ier)- O

Coupling Argument Suppose that there exist y® € (ext Sev), and % € (ext Sev), for u,v €
R?. For r > 0, recall the definition of Xev,r as given in subsection 3.1. Let us construct two
independent Xey-valued random variables ey = {7ev(b) bpe(za 1+ and fley = {7ev(b) tpe(z4 )+ on a
common probability space (€2, F, P) in such a manner that 7, and 7., are distributed by p® and
A respectively. We define ¢y = ¢ and ¢y = ¢ using the notation in (15). Let ¢; and ¢;
be two solutions of the SDE (50) with common Brownian motions having initial data ¢g and ¢.
Let 7ey,t and 7ey,s be defined by ney (b)) := V@ (b) and 7ey (b)) = Vo(b), for all b € (Z2)*. Since
pu, g € Sev, we conclude that 7ey ¢ and 7y ¢ are distributed by p® and p® respectively, for all
t>0.

Change of Basis To adapt the coupling argument from Lemma 2.1 in [19] to the even bonds, we
will use the generator set in ZZ outlined below:

eq —e1 deven,

€ev,i:ei+ei+lv i—1’27...d—1andeev,d—{ €d+€1 dodd

Once we have defined this generator set, we can proceed with our arguments. We claim that:

Lemma 4.4 There exists a constant C > 0 independent of u,v € R? such that
. 1 [T
lirnT%oo_ / Z EP [(nev,t(eev,i) - ﬁev,t(eev,i))Q] dt < CHU - U||2' (57)
T) =

PROOF. To prove (57), we apply Lemma 4.3 to the differences {¢;(x) := ¢y () — ¢¢(z)} to bound,
with the choice Ay = [~N, N]¢, the term

/0 S EP (G ()t

QCEAN

By using shift-invariance in the resulting inequality, we will obtain an upper bound for the term on
the left of (57). We will next use a special ergodic theorem for co-cycles (see for example Theorem
4 in [4]), which we can use in our case because Z¢, is a sub-algebra; we apply it to ¥ € (ext Sey)u
to obtain
. 1
lim —
lel—oo, |||
erg\/

@7 0(x) — - ul| g2 (yevy = 0. (58)

This ergodic theorem will allow us to further estimate the upper bound we have obtained for the
term on the left of (57), and to obtain the statement of the lemma. The details of the proof, following
the same arguments as Lemma 2.1 from [19], will be omitted and are left to an interested reader. [J

4.2 Step 2: Uniqueness of ergodic component for (Z¢)*

Proof of Theorem 1.8 Let u € R%. Suppose now that there exist u,fi € Gg(H) ergodic and
shift-invariant such that E,(n(b)) = Ez(n(b)) = (u,y, — xp) for all bonds b = (x4, ) € (Z¢)*. Note
now that Eev (ney (b)) = E, v (nev (b)) = (u, yp — a3) for all bonds b = (x4, y5) € (Z2,)*.

From Lemma 2.10 and with the same notation as there, we get that u®, i € Gey (HY). As for
all 7oy € Xey, With 7y (b) = d(ys) — (x6), b = (x3, 1) € (Z&,)*, we can write ney (b) = 1(b1) + n(ba),
b1, by € (Z%)*, shift-invariance and ergodicity under the even shifts for p®, i follow immediately
from the similar properties for p, . Therefore pv, i € (ext Sev)u, so we can apply Theorem 4.1
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to get p® = p%. Then for any A € F(z4)«, we have from Lemma 2.11 that E,(1a|F(z4)-) =
E;u(14|Fza y-) and we have

pw(A) = Eu(lA) = Eu(Elt(lA‘]:(Zglv)*)) = Eﬁ(Eu(lA‘]:(Zglv)*)) = Eﬁ(Eﬁ(lA‘]:(Zglv)*)) = E;I(A) = ﬁ(A)-

O

4.3 Existence of ergodic component on (Z%)*

Tightness of the family {4a ¢} Aczd ¢c, is known for strictly convex potentials with quadratic growth
at oo (see for example Section 4.4 in [20]). Therefore a limiting measure exists in this case by taking
|A| — oo along a suitable sub-sequence. For non-convex potentials satisfying (A0) and such that
U'(s) < Cy for all s € R, tightness of the family {{n¢}acziee, and existence of the limiting
measure are shown in [10] in a more general situation (see Lemmas 3.6 and 3.7 and Proposition 3.8
from [10]).

To automatically ensure shift invariance, we will construct below shift-invariant Gibbs measures
through the use of periodic boundary conditions. For this reason, take N € N and let T, = (Z/NZ)?
be the lattice torus in Z%. As before, (T%)* denotes the set of directed bonds in T%, and X14, denotes

the set of all n € R(TA)" which satisfy the plaquette condition.

Lemma 4.5 Let U be such that it satisfies (A0) and such that U"(s) < Cy for all s € R. Then for
every u € R? there exists at least one shift-invariant pi, € Gg(H) with a given tilt u € R<.

PROOF. For the proof of existence of shift-invariant V¢-Gibbs measures we proceed as in the proof
of Theorem 3.2 from [19]. To avoid that only the state with tilt « = 0 could be constructed, we note
that boundary conditions with definite tilt u are identical to boundary conditions v = 0 but with
the shifted potential U(- + u;) for a bond directed along e;,i € I.

Fix u € R? and let

fin,u(dij) = exp(—8 > U(i(b) +up)) dijy. (59)

ZNu
’ be(T4,)*

Here d7y is the uniform measure on the affine space XT4,» Z N is the normalization and uy, := Fu;
for b = (z £ e;,x),2 € Z4 i € {1,...,d}. The law of {n(b) := 7i(b) + up} under fin,, is denoted by

KN, u-
Consider

tog v (exp (7 D ((0))?), (60)

be(TY,)*

I !
imsup ——
Ntoo  |T%l

where v > 0 will be chosen later. We will find next an upper bound for this expression.

) ] S exp(—8 Saena- UGO) + ) +7 S r, - (7(0)) dity
AN (eXp(’Y Z (n(b))2)> - [ exp(—8 > be(rdy- U(71(b) + wp) ) dijn

be(T)*

Using the assumption on the potential, U(s) < Cos? + U(0) and U(s) > As? — B, this expression is
bounded from above by
s vioyret P8 Sheng AGD) + w)? +7 ey (10)?)dily

f exp(—ﬁ Zbe(ﬂr]dv)* Ca(7(b) + ub)Q)d’ﬁN

(&
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By Remark 1.4, we can express the uniform integration over gradient fields as an integration over
the fields ¢(x) = ¢(x) — u - x, and the above expression is equal to

S(BB=BU(O)ITY,| ! _ _
Jexp(=BC2 3 ccra (0(x) — Gz + €i) + 1i)?) dpra \ 03 00(db(0))

iel

« [ exp(-45 Z Ba + )+ u)? + 9 Z ) = (@ + €)2)dbrg 0y 90(dB(0)).
1 Z (61)
But
_AB Z {L‘ + ez) + uz + v Z é(x + ei))Q)
= —(48-17) D (d(z) — d(z +€:))* — AB|ITH|D ul. (62)
xeﬂ“]i\, el

i€l
Let v < Af be arbitrarily fixed. Plugging (61) and (62) in (60) and integrating out, we obtain for
some C'(8,A,Co,u) >0

lim sup crlogina(ep(y Y (1)) < O(8. A Co.u) < oo
Nt [Ty be (T2 )"

In particular, due to the shift-invariance of the family (fin ., )ven on ']I‘ﬁlv, we get from the above for
all bonds b

limsup fin,u((7(b))%) < C(8, A, Ca,u) < oo,
Ntoo

which implies tightness of the family (fin.)~en- O

Theorem 4.6 (Existence of ergodic component on (Z%)*) Let U = V + g, where U satisfy
(A0) and V and g satisfy (A1) and (A2). Then for every u € RY, there ewists at least one ergodic,
shift-invariant p, € Gg(H) with a given tilt u € RY.

PROOF. Existence of shift-invariant y € Py() with given tilt u € R? is assured for our non-convex
class of potentials by Lemma 4.5; nevertheless, existence of an ergodic and shift-invariant p,, € Py(x)
with given tilt u € R? is not assured for non-convex potentials. However, due to the strict convexity
of the I} potentials, we can use the Brascamp-Lieb inequality and a similar reasoning to the one of
Theorem 3.2 in [19], to easily show the existence, for every u € RY, of at least one y, € Gs(H)
ergodic and shift-invariant and with tilt v € R O

5 Decay of Covariances

In this section, we extend the covariance estimates of [11] to the class of non-convex potentials
U =V + g which satisfy (A0) such V and g satisfy (Al) and (A2).

Recall that F € C}(x;), where C}(x,) denotes the set of differentiable functions depending on
finitely many coordinates with bounded derivatives and where y, was defined in subsection 1.2.2.
Using now 7,1’ € Xey in (12), we define 0y, F' and |0y, F||o similarly for be, € (Z%,)* as we did for
b € (Z%)*. Before proving Theorem 1.9, we make a remark which we will use in our proof.

Remark 5.1 Take bey = (2 + ¢, 2 + ¢;) € (Z&,)*. In view of the definition, we have
100, Flloo = sup [0b F)| < > supldpF ()= > |0F||ee, (63)

ME€Xev be(Z4)* brobey TN be(Z)* brobey

where b ~ bey, are those b = (2, + e5) € (Z%)*,z € Z%,, such that s € {I,j}.
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Proof of Theorem 1.9 We have

Covy, (F(n),G(m)) = By, |Covy, (F(n), G| Fizg, )
+Covi, (B[P0 F )} B GO Fig, 1) (64)

where by Corollary 2.12 and with the same notations, we have for a fixed k € I

B, (FIZea)) 00 = [ F (1)~ 60Deropynez,) TT (0002

d
TELS 4

a similar formula holds for G. Note that under pi,,( - |F(zg ), the gradient vectors ((V¢;())ie I)erdd
are independent for all x € ZZ;. In view of this and of the above formula, under 1,,( - | Fza,)+) the

gradients (Vo¢;(z),i € I,z € ng) are pairwise positive quadrant dependent. That means that for
all z,y € ng,i,j € I, with either z # y or ¢ # j, we have

EHu (1(v¢i(x)>aivv¢j(y)>a1)’F(ng)*) (n)
> E,, (1(V¢>¢(x)>ai)‘f(2glv)*> (ME,., (1(v¢> y>a;) [ F(zd,) ) (n), Vn € x and Va;,a; € R. (65)

To show this, note first that the inequality is true with equal sign for all z,y € ng, i,j€l,x#y,
due to the independence of the gradient vectors. For the case with x = y € ng,i, j € I, the
left-hand side of (65) becomes

By, (1906050076, Fizg, ) 01

k
= /1(¢(:v+ei)—<b(ac+ek)—¢(:v)>ai,¢>(:v+ej)—(b(x+ek)—¢(:v)>aj)(¢(x)) H Hx,nev(d¢(x))

d
TELLY

k
= / L((a)<min{o(a-es) —p(o-rer)—asd(oe,) —daren)—a ) (B@) [ 155 (do(2))

d
:vGZOd

= min ( / Lg(a)<d(aten—saren)—an (@@) T 1, (de(2)),

d
z€Ll,

/ L(g(2)<(a+e;)—plater)— ) 1T i (dé(a )>

ergd

= min (Euu (1(Vi¢>(:v)>ai)|‘F(ng)*> (), Ep, (1(vj¢(x)>aj)|f(zgv)*> (77)>

E,., (1(v¢>i(x)>ai)\f(zgv)*) (MEy, (1(v¢j<y)>aj)!7’(zgv>*) (1),

Y

so the inequality holds. Note now that Lemma 3.1 from [12] can be adapted to the case with pairwise
positive quadrant dependent random variables. The reason for this is that the main ingredient used
in Lemma 3.1, Rosenthal’s inequality, holds for the case with pairwise positive quadrant dependent
random variables (see, for example, Corollary 1 from [24] for a statement of Rosenthal’s theorem in
this case). Given (64), the rest of the argument from Lemma 3.1 can be easily adapted to our case;
therefore, there exists ¢ > 0 such that

Covy, (F(), GO Fza )| < ¢ D 110FloollOGll oo Var,, (Vo (b)| Fiza, 1)
be(Zd)*
< 7 ) 106F ol G oo (66)
be(Zd)*
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where the first inequality is an application of the adaptation of Lemma 3.1 in [12], and for the
second inequality we used (46). Note that, due to the fact that the random walk representation
holds, Theorem 6.2 from [11] can be adapted to the case of the infinite even lattice with strictly
convex potential; thus, a decay of covariance statement, similar to the one in Theorem 1.9, holds
for the even setting. In view of Lemma 2.10, there exists ¢ > 0 such that

< C” Z

beV 7bév € (ng ) *

[1bey F 100195, G0

Cov,, (F, G
e 126) T Tites = ]

; (67)

where I = E,,, [F'(n)|F(za )] and G =E,, (G(1)|Fza )-]. We need to estimate now O, F' and 9, G.
But

8bevp - abev:E)Hu [F(n) "F(ng)*] - EHu [abevF(/rl)‘f(ng)*]

Cov [Fmo [ S U tned) — 6(a)) ‘]’(zgv)* L (69)

IGng bGB(I,k)

from which, by using also (63)

Oo F1 <Y NlOpFlloo + ‘COVM (Fm), > U (evlbey) — 6(2)) ‘f(zgv)*) : (69)
b:b~bey meng,
bev €B(x,k)

Applying (66) to the covariance in (69) and using |U”| < Cy + C3 and (46), we get for some ¢” > 0

Covu, [ FTD.00 [ T 3 U (alb) — 6(2) ‘f(zgv)*

xGng beB(z,k)
< 2dc"(Co + C2) |0y, F'l| oo Vary, (n(b)| Fza y+) < &[0, Flleo.  (70)

The statement of the theorem follows now from (69), (70), (66), (67) and (63). O

6 Central Limit Theorem

We will extend next in Theorem 1.10 the scaling limit results from [22] to our class of potentials.
Proof of Theorem 1.10 It suffices to prove that for all ¢ € T

Sei(f) =€ " f(ze)(Vig(x) — u;) = N (0,00 ,(f)) as e— 0.

xeZd
Note that
Sei(f) = €Y flae) [pla+ei) — d(x) —w] = €72 D" f(xe) [p(x + 26;) — d(x) — 2uj]
€LY T€LY,
—e2 Y flae) (oo + 260) — S+ ei) —wi] + €2 Y7 fze) [b(x +ei) — él) — ui]
r€Z4, xGng
= Y flae) [z +26i) — d(a) - 2ui]
r€Z4,
e N7 @+ ee) = f(e)] [6(e + 26) = dla + i) — wi] = SE(S) + Relf).
r€Z4,
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We can show the CLT for S¢,(f) since the summation is concentrated on the even sites; the proof
uses the same arguments as in [22] and is based on the random walk representation, as explained in
Remark 3.3. Also, since by Theorem 1.9

Cov, (Vi(e). V,00)| < T
we have
Var,, (Rei(f)) < € Y |Vif (@e)||Vif(ye)l|Covy, (d(x + &) — ¢(2), d(y + e5) — 6(y))]
x,yeLd,
d f(ze f (ye ¢
< e x’ygzgv ‘vlf( )Hvlf(y )‘ (”x — Z/H T 1)d’

where V; f(ze) = f((x+e;)e)— f(xe). Expanding f((z+e;)e) around xe by the Mean Value Theorem,
we have V, f(ze) = Dif(a)e, for some a € R%. As f € C§°(R?), there exist M, N > 0 such that for
all z € R? with |ex| < N we have f(ex) < M, |D'f(ex)| < M and both functions equal to 0 for
lex| > N. Therefore

_ 1 d
x,yEZg\,, (Hx y” + ) yEZeV € _% (Z,Ld:]_ ‘xz - yZ’ + 1)

lex|<N,|ey| <N ley| <N

< éC(d,N,M)log (1+2dN/e) < 2dNC(d,N, M )e,

MO YooY dmda...d
Var,, (Rei(f)) < Z T <220 Z /N. / x1 dwy xq

where C'(d, N, M) is a positive constant depending on d, M and N. It follows that R.;(f) — 0 in
probability as € — 0. O

7 Surface tension

We will extend here the surface tension strict convexity results from [19] and [14] to the family of
non-convex potentials satisfying (A0), (A1) and (A2).

Take N € N and let T% = (Z/NZ)? be the lattice torus in Z¢ and let u € R?. Then, we define
the surface tension on the torus T% as

B
1 Z

Td (u)

2 2y = [, (B 0w) [ dola)

€T \{0}

and where HT]dV is given by

d
Hrg (6,0) S YU )= 3 S V(Vibla) + ) + o(Vibla) + ).

:vG’]I‘d =1 :vG’]I‘d =1

We define u_; = —u; for i = 1,2,...,d. Take now N to be even. Just as in the previous sections, let
us label the vertices of the torus as odd and even; let the set of odd vertices on the torus be T]d\, od

and the set of even vertices be ']I‘ﬁlv ov- Then we can of course first integrate all the odd coordinates
and:

Z%V (v) = /R " /R o exp(=fHye (0,u) [ do(x I do

fod 2€TY o veT4 . \{0}
= [ ewtomg @) [] deta),
R ey ’ €T, \{0}
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where, similarly to (16)

m,, (9u) = Y. E(d(z+e)ieru), T ={~d,...,d}\{0},

d
xeTN,od

with

Fo((¢(x + ei))ier,u) = —log / o~ T VT ).
R

Then, defining the even surface tension on Tﬁl\, oy 85

B
B 1 ZT;{, (u) 3 .
- ,ev . . _ v
JT?V,ev (u) - |T1d\f | log B ( )’ with ZT?v,ev (u) - /RT?V,ev eXp( B T(]i\f,ev (¢7u)) H d¢($),
ev Tﬁl\,,ev :EET‘Ii\,’eV\{O}

we obtain the following result by integrating out the odds

Lemma 7.1 .
B _ B
7 ) = 301, ()
We will next prove strict convexity for the even surface tension, uniformly in N even.

Theorem 7.2 (Strict convexity of the even surface tension) Suppose thatV,g € C?*(R) such
that they satisfy (A0), (A1) and (A2). Then, for all N = 2k, we have

D%0%, (u) = 2D%%, (u) >4dB%Id, ¥ u € R, (71)
N N,ev
where ¢; is given in (48). That is, the even surface tension is uniformly strictly convex in u € RY,
uniformly in oll N even.

PRrOOF. Since H® fulfills the random walk representation condition by Theorem 3.4, F, are uni-

formly convex and we can apply Lemma 3.2 in [9] to 01’51,111V (u), to get the statement of our theorem.
D ,ev

Note now that by the same reasoning as in [19], we can prove the existence of

P (u) = dlim Uqﬁrd (u).
TS| =00 N

Together with Theorem 7.2, this gives

Theorem 7.3 (Strict convexity of the surface tension) Suppose that V,g € C?(R) such that
they satisfy (A0), (A1) and (A2). Then the surface tension o®(u) is strictly convex in u € RZ.

8 Appendix

Due to the fact that Example 3.2 (a) has been the subject of two other papers in the area (see
[2] and [3]), we will provide here a sketch of the explicit computations for this example, which

1/2
provide us with the £ < O (%) > order. The explicit computations are worth separate
P 1

consideration, as they don’t follow from Theorem 3.4. As before, it is sufficient to estimate
Cov, , (U'(Vid(x)), U (V;¢(x))), for all z € Z¢; and i,j € 1,i # j.

Denote by 0y := ¢(x +e), k =1,...,4. Let 2 := {(a,a)|a = (1, ..., a4),a = (1 —aq,...,1 —
ay)}, with ap € {0,1},k=1,...,4}.

. _ . . F F ~ _
Since U > ¢ ko outside of a domain [—m, m], for some ¢ > 0 and for some ¢ > 0, we
take V,g to be defined as in (49) on [——== ¢ ] and V := U,g := 0, on the complement

ki—k2’ Vki—ka
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set. By the same reasoning as in (36), (37) and (38) from Theorem 3.4, we know that the terms
Cov,, ,(V', V') and Cov,, ,(¢',g’) are positive terms, while the terms Cov,, ,(V’,¢') are negative
terms. Using the same reasoning as in example 3.2 (a), we get that

Cov,, , (V'(Vig(x)),V'(Vjo(x))) > € ka. (72)

We will next try to bound from below the negative part of Cov,, , (U'(Vié(z)), U’ (V;¢(x))). Note
first that, by a reasoning similar to (44), we get for the negative part

Covy, , (' (Vio(2)), V' (Vig(x))) = Covy, , (9’(Vj¢(fv))az V/(Vm(ﬂﬂ)))

kel
1 1
= 5Bu. . (9"(Vio(x))) = Covy, ( ), )9 (Vid(a > v, (0" (Vjo(2) . (73)
kel

We next bound E,, , (—¢"(V;¢(x))) from above, where by (49)
_ _ 242 _ 242
§'(s) = — Sgp(l p) (k1 — k2)*s - p(k1 — k2)*s :
pe RS L op(1 - p) 4+ (1—p)eliih)y T (1 p)et Tty

on [— ] and 0 otherwise. Therefore

VEki—ke’ Vki1—ks

f\/kl ko 9])2 —(k1— kz)%e Zile(s—Gk) ds

Ey _NV’ <Lk_k i k2 ’
x,d)( g ( J¢(x))) = 1_p( 1 2) fR - U s=0k) (g

32 32
where U(s) = —log (pe]“? +(1- p)ek22>. Then

E,,, (-9"(V;é(2)))

é

JTE (oot I (k!

_g )2

< 1 —— (k1 — ko)? not
- P

(s—6;)°
+ (1 —pe _kQTk) ds

NG 81&2 o (=02
fH‘,izl(pek (1= et )ds

. P
D (aaez ) 1 (s —05)%e MR I (ky koo, ) ds

p 2 Vki—ko
= — (ki1 —k , 74
1—p( 1~ k) Z(a,a)ezfl(klvk%av@) ds (74)

_(qe)2

where I(ky, ko, o, @) := = pi- 19% (1 — p)zk 1k ek Sk @ -k S , and where (74) is
a sum of sixteen Gaussian integrals. Define for (a,a) € arbltrary

pZizlak(l—p)Zizlak *%[klzk | 02 +k22k - (k14 1@k9k+k22k 1 a501)2 ]

) ) e k1o akth2 Xh_g Gk
(k1 Yy e + k2 Dy ) 1/?

which is the denominator in (74). Next, by the change of variables

Z(a,a) =

)

\/k1 S et @ k2 Yy @k + ki — ke \/k'l Shoy ko ey Ak + ki — ko
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in each of the sixteen ensuing Gaussian integrals of E,_, (—¢"(V;¢(x))), we obtain after integration
Ey,, (—9"(V;é()))

4 4
)*1(]51 k‘2)2p2k 10‘k(1_ )Ek:lak

< —

< p(1 —p)/2rkiky + ——= kl—kg E Z

a@)EE (k‘l Zk 1Oék—|—k‘22k 1Oék+k‘1 k‘g)l/Q

ley Sy (O — 0;) + ko 3oy ae (0, — 0))
kq Zi:l oy + ko Zi:l o + ki1 — ko

2
) o~ (k1—k2)0F k1 375y 00 —k2 Sojy Ak}

2
(kl SF ROtk SF_ g &k9k+(k1—k2)8]-)
4 4 5 _
e k12— aptke 2 aptki—ko

Using inside each of the sixteen («a, @) sums the lower bound Z > Z(«, &), we get in the above

E,, ., (-9"(V;jé(2)))

4 4 = \1/2
< p(1 —p)\/2mkiks +ép(l—p (k1—k2)3/2 Z (kIZk: 1ak+k22k 10%)/
(a,)€ E(klzkz lo‘k+k22k L O + ky — k) 1/?

2
2 k1S4 e 0p ko SE a0+ (ky—ko)6
4 4 2 (1Ek=1 KOk tha g q gt (kg 2)])
k1 Zkzl ak(Qk - ‘9]') + ko Zk:1 O‘kz(ekz - ‘93') e_(kl_k2)0j+ k1A aptho Sp_  apth—ka
4 4 _
kyd poion+kad g ap+ ki — ko

(R h g agfthe SE g ap0p)>

e kqy 22:1 ay,+ko 22:1 ap (75)
Note now that (k1 > p_, canbp + ko Sp_ @rby + (k1 — k2)8;)> < (1 + M, @)) (k1 Y gy arby +
4 = 2 1 _1.)202 ~ 14+ (a,&)
ko> g aibr) +(1+>\(a7&) ) (k1—k2) 07, where x;ve choose A(a, @) > 0 such that T8 S SRV S S w— <
1 (k1—k2)(A4+1/A(a,@)
k1 Zé:l gtk Ei:l Qg and k1 Zé:l aptk2 Zi:l aptki—k2 < 1. Then

_ 2 _
( — k)02 + (k1 Yoy kb + ko Sopy anbp + (ki = k2)05)"  (ka Sohy 0wl + ka Yopy Gil)?
! fey oy a + ke Spq G+ — ko fer Y op_q o + k2 3y ai
2 (1 + AMay, o¢))(k.1 o k2)20]2
S _(kl - k2)0j + 1 —
ky Zk:1 ap+kod o+ k1 — ko
" (1 + )\(Oé, O_é))(kl Zi:l a0 + ko Zi:l O_ékek)Q B (k‘l Zi:l a0 + ko Zi:l O_ékek)Q
ky Zi:l ap + ko Zi:l ap + k1 — ko k1 Zi:l ap + ko Zi:l Qg

ki S% O + ko Sty arbp)?
< —erlon ok, ko) (ks — Ba)62 — ex(on 6y, ) L2 000 K2 D OO0
ki D por o+ k2 D oh g Oy
for some €; (o, @, k1, k2), €2(av, @, k1, ka) > 0. Then (75) becomes

E,,, (-9"(V;é(2)))

4 4 = \1/2
< p(1 —p)V2rkiks +ép(l—p (k1—k2)3/2 Z (k1D gy ok + koD pq Q)
(@ayez (k1 > ke QO+ ko Yooy G 4 k1 — ko) /2

2
9 k1 Zi:l i + ko Zi:l by, (4(k1 + ko) > 2
1 TR T2 -

ky Zk:lak+k2 Zkzlak-l-kl—kg ki — ko

0]2 ef(klfkg)el(a,d,kl,kg)ejz

4 4
*62(05 a,ky kg) (k1 Ek:}lakek+k2 Ek4=1 aka)
e ky Sp_q aptko 35 ag < p 1 - \/M'F €3p 1 — m’ (76)

for some €3 > 0 and where for the last inequality we have used ze™" < 1, with £ > 0, to bound the
exponential part. Combining (72), (73) and (76), the conclusion follows.
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