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ON METEORS, EARTHWORMS AND WIMPS

BY SARA BILLEY1, KRZYSZTOF BURDZY1, SOUMIK PAL1

AND BRUCE E. SAGAN

University of Washington, University of Washington, University of Washington
and Michigan State University

We study a model of mass redistribution on a finite graph. We address
the questions of convergence to equilibrium and the rate of convergence. We
present theorems on the distribution of empty sites and the distribution of
mass at a fixed vertex. These distributions are related to random permutations
with certain peak sets.
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DEGREE DISTRIBUTION OF SHORTEST PATH TREES AND BIAS
OF NETWORK SAMPLING ALGORITHMS
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In this article, we explicitly derive the limiting degree distribution of the
shortest path tree from a single source on various random network models
with edge weights. We determine the asymptotics of the degree distribution
for large degrees of this tree and compare it to the degree distribution of the
original graph. We perform this analysis for the complete graph with edge
weights that are powers of exponential random variables (weak disorder in
the stochastic mean-field model of distance), as well as on the configuration
model with edge-weights drawn according to any continuous distribution.
In the latter, the focus is on settings where the degrees obey a power law,
and we show that the shortest path tree again obeys a power law with the
same degree power-law exponent. We also consider random r-regular graphs
for large r , and show that the degree distribution of the shortest path tree is
closely related to the shortest path tree for the stochastic mean-field model of
distance. We use our results to shed light on an empirically observed bias in
network sampling methods.

This is part of a general program initiated in previous works by Bhamidi,
van der Hofstad and Hooghiemstra [Ann. Appl. Probab. 20 (2010) 1907–
1965], [Combin. Probab. Comput. 20 (2011) 683–707], [Adv. in Appl.
Probab. 42 (2010) 706–738] of analyzing the effect of attaching random
edge lengths on the geometry of random network models.
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This paper deals with asset price bubbles modeled by strict local mar-
tingales. With any strict local martingale, one can associate a new measure,
which is studied in detail in the first part of the paper. In the second part, we
determine the “default term” apparent in risk-neutral option prices if the un-
derlying stock exhibits a bubble modeled by a strict local martingale. Results
for certain path dependent options and last passage time formulas are given.
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ON GERBER–SHIU FUNCTIONS AND OPTIMAL DIVIDEND
DISTRIBUTION FOR A LÉVY RISK PROCESS IN THE PRESENCE

OF A PENALTY FUNCTION

BY F. AVRAM, Z. PALMOWSKI1 AND M. R. PISTORIUS2

University of Pau, University of Wrocław and Imperial College London

This paper concerns an optimal dividend distribution problem for an in-
surance company whose risk process evolves as a spectrally negative Lévy
process (in the absence of dividend payments). The management of the com-
pany is assumed to control timing and size of dividend payments. The objec-
tive is to maximize the sum of the expected cumulative discounted dividend
payments received until the moment of ruin and a penalty payment at the mo-
ment of ruin, which is an increasing function of the size of the shortfall at
ruin; in addition, there may be a fixed cost for taking out dividends. A com-
plete solution is presented to the corresponding stochastic control problem. It
is established that the value-function is the unique stochastic solution and the
pointwise smallest stochastic supersolution of the associated HJB equation.
Furthermore, a necessary and sufficient condition is identified for optimal-
ity of a single dividend-band strategy, in terms of a particular Gerber–Shiu
function. A number of concrete examples are analyzed.
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CRITICAL POPULATION AND ERROR THRESHOLD ON THE
SHARP PEAK LANDSCAPE FOR THE WRIGHT–FISHER MODEL

BY RAPHAËL CERF

Université Paris Sud and IUF

We pursue the task of developing a finite population counterpart to
Eigen’s model. We consider the classical Wright–Fisher model describing
the evolution of a population of size m of chromosomes of length � over an
alphabet of cardinality κ . The mutation probability per locus is q. The repli-
cation rate is σ > 1 for the master sequence and 1 for the other sequences.
We study the equilibrium distribution of the process in the regime where

� → +∞, m → +∞, q → 0,

�q → a ∈]0,+∞[, m

�
→ α ∈ [0,+∞].

We obtain an equation αψ(a) = lnκ in the parameter space (a,α) separat-
ing the regime where the equilibrium population is totally random from the
regime where a quasispecies is formed. We observe the existence of a crit-
ical population size necessary for a quasispecies to emerge, and we recover
the finite population counterpart of the error threshold. The result is the twin
brother of the corresponding result for the Moran model. The proof is more
complex, and it relies on the Freidlin–Wentzell theory of random perturba-
tions of dynamical systems.
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BRANCHING RANDOM WALKS AND MULTI-TYPE
CONTACT-PROCESSES ON THE PERCOLATION CLUSTER OF Z

d

BY DANIELA BERTACCHI AND FABIO ZUCCA

Università di Milano–Bicocca and Politecnico di Milano

In this paper we prove that, under the assumption of quasi-transitivity,
if a branching random walk on Z

d survives locally (at arbitrarily large times
there are individuals alive at the origin), then so does the same process when
restricted to the infinite percolation cluster C∞ of a supercritical Bernoulli
percolation. When no more than k individuals per site are allowed, we obtain
the k-type contact process, which can be derived from the branching random
walk by killing all particles that are born at a site where already k individ-
uals are present. We prove that local survival of the branching random walk
on Z

d also implies that for k sufficiently large the associated k-type contact
process survives on C∞. This implies that the strong critical parameters of
the branching random walk on Z

d and on C∞ coincide and that their com-
mon value is the limit of the sequence of strong critical parameters of the
associated k-type contact processes. These results are extended to a family of
restrained branching random walks, that is, branching random walks where
the success of the reproduction trials decreases with the size of the population
in the target site.
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JIGSAW PERCOLATION: WHAT SOCIAL NETWORKS CAN
COLLABORATIVELY SOLVE A PUZZLE?

BY CHARLES D. BRUMMITT1, SHIRSHENDU CHATTERJEE,
PARTHA S. DEY2 AND DAVID SIVAKOFF3

University of California, Davis, New York University,
University of Warwick and Ohio State University

We introduce a new kind of percolation on finite graphs called jigsaw
percolation. This model attempts to capture networks of people who inno-
vate by merging ideas and who solve problems by piecing together solutions.
Each person in a social network has a unique piece of a jigsaw puzzle. Ac-
quainted people with compatible puzzle pieces merge their puzzle pieces.
More generally, groups of people with merged puzzle pieces merge if the
groups know one another and have a pair of compatible puzzle pieces. The
social network solves the puzzle if it eventually merges all the puzzle pieces.
For an Erdős–Rényi social network with n vertices and edge probability pn,
we define the critical value pc(n) for a connected puzzle graph to be the
pn for which the chance of solving the puzzle equals 1/2. We prove that
for the n-cycle (ring) puzzle, pc(n) = �(1/ logn), and for an arbitrary con-
nected puzzle graph with bounded maximum degree, pc(n) = O(1/ logn)

and ω(1/nb) for any b > 0. Surprisingly, with probability tending to 1 as the
network size increases to infinity, social networks with a power-law degree
distribution cannot solve any bounded-degree puzzle. This model suggests a
mechanism for recent empirical claims that innovation increases with social
density, and it might begin to show what social networks stifle creativity and
what networks collectively innovate.
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AN INTEGRAL EQUATION FOR ROOT’S BARRIER AND THE
GENERATION OF BROWNIAN INCREMENTS

BY PAUL GASSIAT1, ALEKSANDAR MIJATOVIĆ2

AND HARALD OBERHAUSER1,3

Technische Universität Berlin, Imperial College and University of Oxford

We derive a nonlinear integral equation to calculate Root’s solution of
the Skorokhod embedding problem for atom-free target measures. We then
use this to efficiently generate bounded time–space increments of Brownian
motion and give a parabolic version of Muller’s classic “Random walk over
spheres” algorithm.
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Mathematics, Budapest and University of Edinburgh

In a continuous-time model with multiple assets described by càdlàg pro-
cesses, this paper characterizes superhedging prices, absence of arbitrage,
and utility maximizing strategies, under general frictions that make execu-
tion prices arbitrarily unfavorable for high trading intensity. Such frictions
induce a duality between feasible trading strategies and shadow execution
prices with a martingale measure. Utility maximizing strategies exist even if
arbitrage is present, because it is not scalable at will.
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We here investigate the well-posedness of a networked integrate-and-fire
model describing an infinite population of neurons which interact with one
another through their common statistical distribution. The interaction is of
the self-excitatory type as, at any time, the potential of a neuron increases
when some of the others fire: precisely, the kick it receives is proportional
to the instantaneous proportion of firing neurons at the same time. From a
mathematical point of view, the coefficient of proportionality, denoted by α,
is of great importance as the resulting system is known to blow-up for large
values of α. In the current paper, we focus on the complementary regime and
prove that existence and uniqueness hold for all time when α is small enough.
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We study optimal stochastic control problems for non-Markovian
stochastic differential equations (SDEs) where the drift, diffusion coefficients
and gain functionals are path-dependent, and importantly we do not make any
ellipticity assumptions on the SDE. We develop a control randomization ap-
proach and prove that the value function can be reformulated under a family
of dominated measures on an enlarged filtered probability space. This value
function is then characterized by a backward SDE with nonpositive jumps
under a single probability measure, which can be viewed as a path-dependent
version of the Hamilton–Jacobi–Bellman equation, and an extension to G-
expectation.
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ON WELL-POSEDNESS OF FORWARD–BACKWARD
SDES—A UNIFIED APPROACH
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In this paper, we study the well-posedness of the Forward–Backward
Stochastic Differential Equations (FBSDE) in a general non-Markovian
framework. The main purpose is to find a unified scheme which combines all
existing methodology in the literature, and to address some fundamental long-
standing problems for non-Markovian FBSDEs. An important device is a de-
coupling random field that is regular (uniformly Lipschitz in its spatial vari-
able). We show that the regulariy of such decoupling field is closely related
to the bounded solution to an associated characteristic BSDE, a backward
stochastic Riccati-type equation with superlinear growth in both components
Y and Z. We establish various sufficient conditions for the well-posedness
of an ODE that dominates the characteristic BSDE, which leads to the exis-
tence of the desired regular decoupling random field, whence the solvability
of the original FBSDE. A synthetic analysis of the solvability is given, as
a “User’s Guide,” for a large class of FBSDEs that are not covered by the
existing methods. Some of them have important implications in applications.
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THE VERTEX-CUT-TREE OF GALTON–WATSON TREES
CONVERGING TO A STABLE TREE

BY DAPHNÉ DIEULEVEUT
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We consider a fragmentation of discrete trees where the internal vertices
are deleted independently at a rate proportional to their degree. Informally,
the associated cut-tree represents the genealogy of the nested connected com-
ponents created by this process. We essentially work in the setting of Galton–
Watson trees with offspring distribution belonging to the domain of attraction
of a stable law of index α ∈ (1,2). Our main result is that, for a sequence of
such trees Tn conditioned to have size n, the corresponding rescaled cut-trees
converge in distribution to the stable tree of index α, in the sense induced by
the Gromov–Prokhorov topology. This gives an analogue of a result obtained
by Bertoin and Miermont in the case of Galton–Watson trees with finite vari-
ance.
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We consider the random walk Metropolis algorithm on R
n with Gaus-

sian proposals, and when the target probability measure is the n-fold product
of a one-dimensional law. In the limit n → ∞, it is well known (see [Ann.
Appl. Probab. 7 (1997) 110–120]) that, when the variance of the proposal
scales inversely proportional to the dimension n whereas time is accelerated
by the factor n, a diffusive limit is obtained for each component of the Markov
chain if this chain starts at equilibrium. This paper extends this result when
the initial distribution is not the target probability measure. Remarking that
the interaction between the components of the chain due to the common ac-
ceptance/rejection of the proposed moves is of mean-field type, we obtain a
propagation of chaos result under the same scaling as in the stationary case.
This proves that, in terms of the dimension n, the same scaling holds for
the transient phase of the Metropolis–Hastings algorithm as near stationarity.
The diffusive and mean-field limit of each component is a diffusion process
nonlinear in the sense of McKean. This opens the route to new investigations
of the optimal choice for the variance of the proposal distribution in order to
accelerate convergence to equilibrium (see [Optimal scaling for the transient
phase of Metropolis–Hastings algorithms: The longtime behavior Bernoulli
(2014) To appear]).
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We propose a new probabilistic numerical scheme for fully nonlinear
equation of Hamilton–Jacobi–Bellman (HJB) type associated to stochas-
tic control problem, which is based on the Feynman–Kac representation in
[Kharroubi and Pham (2014)] by means of control randomization and back-
ward stochastic differential equation with nonpositive jumps. We study a dis-
crete time approximation for the minimal solution to this class of BSDE when
the time step goes to zero, which provides both an approximation for the
value function and for an optimal control in feedback form. We obtained a
convergence rate without any ellipticity condition on the controlled diffusion
coefficient. An explicit implementable scheme based on Monte Carlo sim-
ulations and empirical regressions, associated error analysis and numerical
experiments are performed in the companion paper [Monte Carlo Methods
Appl. 20 (2014) 145–165].
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LIMIT SHAPES FOR GROWING EXTREME
CHARACTERS OF U(∞)
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We prove the existence of a limit shape and give its explicit descrip-
tion for certain probability distribution on signatures (or highest weights for
unitary groups). The distributions have representation theoretic origin—they
encode decomposition on irreducible characters of the restrictions of certain
extreme characters of the infinite-dimensional unitary group U(∞) to grow-
ing finite-dimensional unitary subgroups U(N). The characters of U(∞) are
allowed to depend on N . In a special case, this describes the hydrodynamic
behavior for a family of random growth models in (2 + 1)-dimensions with
varied initial conditions.
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