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GLASSY PHASE AND FREEZING OF LOG-CORRELATED
GAUSSIAN POTENTIALS

BY THOMAS MADAULE, RÉMI RHODES1 AND VINCENT VARGAS1

Université Paris-13, Université Paris-Dauphine
and Ecole Normale Supérieure de Paris

In this paper, we consider the Gibbs measure associated to a logarithmi-
cally correlated random potential (including two-dimensional free fields) at
low temperature. We prove that the energy landscape freezes and enters in
the so-called glassy phase. The limiting Gibbs weights are integrated atomic
random measures with random intensity expressed in terms of the critical
Gaussian multiplicative chaos constructed in [Ann. Probab. 42 (2014) 1769–
1808 and Comm. Math. Phys. (2013) To appear]. This could be seen as a first
rigorous step in the renormalization theory of super-critical Gaussian multi-
plicative chaos.

REFERENCES

[1] ALLEZ, R., RHODES, R. and VARGAS, V. (2013). Lognormal �-scale invariant random mea-
sures. Probab. Theory Related Fields 155 751–788. MR3034792

[2] ARGUIN, L.-P. and ZINDY, O. (2014). Poisson–Dirichlet statistics for the extremes of a log-
correlated Gaussian field. Ann. Appl. Probab. 24 1446–1481. MR3211001

[3] ARGUIN, L.-P. and ZINDY, O. (2015). Poisson–Dirichlet statistics for the extremes of the two-
dimensional discrete Gaussian free field. Electron. J. Probab. 20 no. 59, 19. MR3354619

[4] BARRAL, J., JIN, X., RHODES, R. and VARGAS, V. (2013). Gaussian multiplicative chaos and
KPZ duality. Comm. Math. Phys. 323 451–485. MR3096527

[5] BARRAL, J., RHODES, R. and VARGAS, V. (2012). Limiting laws of supercritical branching
random walks. C. R. Math. Acad. Sci. Paris 350 535–538. MR2929063

[6] BISKUP, M. and LOUIDOR, O. (2013). Extreme local extrema of the two-dimensional discrete
Gaussian free field. Preprint. Available at arXiv:1306.2602.

[7] BRAMSON, M., DING, J. and ZEITOUNI, O. (2015). Convergence in law of the maximum of
the two-dimensional discrete Gaussian free field. Preprint. Available at arXiv:1301.6669.

[8] CARPENTIER, D. and LE DOUSSAL, P. (2001). Glass transition of a particle in a random
potential, front selection in nonlinear RG and entropic phenomena in Liouville and sinh-
Gordon models. Phys. Rev. E 63 026110.

[9] DERRIDA, B. and SPOHN, H. (1988). Polymers on disordered trees, spin glasses, and traveling
waves. J. Stat. Phys. 51 817–840. MR0971033

[10] DUPLANTIER, B., RHODES, R., SHEFFIELD, S. and VARGAS, V. (2014). Renormalization of
critical Gaussian multiplicative chaos and KPZ formula. Comm. Math. Phys. 330 283–
330.

MSC2010 subject classifications. 60G57, 60G15.
Key words and phrases. Gaussian multiplicative chaos, supercritical, renormalization, freezing,

glassy phase.

http://www.imstat.org/aap/
http://dx.doi.org/10.1214/14-AAP1071
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=3034792
http://www.ams.org/mathscinet-getitem?mr=3211001
http://www.ams.org/mathscinet-getitem?mr=3354619
http://www.ams.org/mathscinet-getitem?mr=3096527
http://www.ams.org/mathscinet-getitem?mr=2929063
http://arxiv.org/abs/arXiv:1306.2602
http://arxiv.org/abs/arXiv:1301.6669
http://www.ams.org/mathscinet-getitem?mr=0971033
http://www.ams.org/mathscinet/msc/msc2010.html


[11] DUPLANTIER, B., RHODES, R., SHEFFIELD, S. and VARGAS, V. (2014). Critical Gaussian
multiplicative chaos: Convergence of the derivative martingale. Ann. Probab. 42 1769–
1808. MR3262492

[12] FYODOROV, Y., LE DOUSSAL, P. and ROSSO, A. (2009). Statistical mechanics of logarithmic
REM: Duality, freezing and extreme value statistics of 1/f noises generated by Gaussian
free fields. J. Stat. Mech. P10005.

[13] FYODOROV, Y. V. and BOUCHAUD, J.-P. (2008). Freezing and extreme-value statistics in a
random energy model with logarithmically correlated potential. J. Phys. A 41 372001, 12.
MR2430565

[14] KAHANE, J.-P. (1985). Sur le chaos multiplicatif. Ann. Sci. Math. Québec 9 105–150.
MR0829798

[15] LACOIN, H., RHODES, R. and VARGAS, V. (2015). Complex Gaussian multiplicative chaos.
Comm. Math. Phys. 337 569–632. MR3339158

[16] MADAULE, T. (2015). Convergence in law for the branching random walk seen from its tip.
Preprint. Available at arXiv:1107.2543v5.

[17] MADAULE, T. (2015). Maximum of a log-correlated Gaussian field. Ann. Inst. Henri Poincaré
Probab. Stat. 51 1369–1431.

[18] MANDELBROT, B. (1974). Multiplications aléatoires itérées et distributions invariantes par
moyenne pondérée aléatoire. C. R. Acad. Sci. Paris Sér. A 278 289–292. MR0431351

[19] MÖRTERS, P. and PERES, Y. (2010). Brownian Motion. Cambridge Univ. Press, Cambridge.
MR2604525

[20] PITT, L. D. and TRAN, L. T. (1979). Local sample path properties of Gaussian fields. Ann.
Probab. 7 477–493. MR0528325

[21] RHODES, R. and VARGAS, V. (2014). Gaussian multiplicative chaos and applications: A re-
view. Probab. Surv. 11 315–392. MR3274356

[22] ROBERT, R. and VARGAS, V. (2010). Gaussian multiplicative chaos revisited. Ann. Probab. 38
605–631. MR2642887

[23] SHEFFIELD, S. (2007). Gaussian free fields for mathematicians. Probab. Theory Related Fields
139 521–541. MR2322706

[24] WEBB, C. (2011). Exact asymptotics of the freezing transition of a logarithmically correlated
random energy model. J. Stat. Phys. 145 1595–1619. MR2863721

http://www.ams.org/mathscinet-getitem?mr=3262492
http://www.ams.org/mathscinet-getitem?mr=2430565
http://www.ams.org/mathscinet-getitem?mr=0829798
http://www.ams.org/mathscinet-getitem?mr=3339158
http://arxiv.org/abs/arXiv:1107.2543v5
http://www.ams.org/mathscinet-getitem?mr=0431351
http://www.ams.org/mathscinet-getitem?mr=2604525
http://www.ams.org/mathscinet-getitem?mr=0528325
http://www.ams.org/mathscinet-getitem?mr=3274356
http://www.ams.org/mathscinet-getitem?mr=2642887
http://www.ams.org/mathscinet-getitem?mr=2322706
http://www.ams.org/mathscinet-getitem?mr=2863721


The Annals of Applied Probability
2016, Vol. 26, No. 2, 691–721
DOI: 10.1214/15-AAP1098
© Institute of Mathematical Statistics, 2016

DYNAMIC RANDOM NETWORKS AND THEIR GRAPH LIMITS

BY HARRY CRANE1

Rutgers University

We study a broad class of stochastic process models for dynamic net-
works that satisfy the minimal regularity conditions of (i) exchangeability
and (ii) càdlàg sample paths. Our main theorems characterize these processes
through their induced behavior in the space of graph limits. Under the as-
sumption of time-homogeneous Markovian dependence, we classify the dis-
continuities of these processes into three types, prove bounded variation of
the sample paths in graph limit space and express the process as a mixture of
time-inhomogeneous, exchangeable Markov processes with càdlàg sample
paths.
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THE MEAN EULER CHARACTERISTIC AND EXCURSION
PROBABILITY OF GAUSSIAN RANDOM FIELDS WITH

STATIONARY INCREMENTS1

BY DAN CHENG AND YIMIN XIAO

North Carolina State University and Michigan State University

Let X = {X(t), t ∈ R
N } be a centered Gaussian random field with

stationary increments and X(0) = 0. For any compact rectangle T ⊂ R
N

and u ∈ R, denote by Au = {t ∈ T :X(t) ≥ u} the excursion set. Under
X(·) ∈ C2(RN) and certain regularity conditions, the mean Euler character-
istic of Au, denoted by E{ϕ(Au)}, is derived. By applying the Rice method, it
is shown that, as u → ∞, the excursion probability P{supt∈T X(t) ≥ u} can
be approximated by E{ϕ(Au)} such that the error is exponentially smaller
than E{ϕ(Au)}. This verifies the expected Euler characteristic heuristic for a
large class of Gaussian random fields with stationary increments.
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CONDITIONED, QUASI-STATIONARY, RESTRICTED MEASURES
AND ESCAPE FROM METASTABLE STATES

BY R. FERNANDEZ∗, F. MANZO†,1, F. R. NARDI‡,
E. SCOPPOLA†,2 AND J. SOHIER‡,3

University of Utrecht∗, University of Roma Tre† and
Eindhoven University of Technology and EURANDOM‡

We study the asymptotic hitting time τ (n) of a family of Markov pro-
cesses X(n) to a target set G(n) when the process starts from a “trap” defined
by very general properties. We give an explicit description of the law of X(n)

conditioned to stay within the trap, and from this we deduce the exponen-
tial distribution of τ (n). Our approach is very broad—it does not require re-
versibility, the target G does not need to be a rare event and the traps and the
limit on n can be of very general nature—and leads to explicit bounds on the
deviations of τ (n) from exponentially. We provide two nontrivial examples to
which our techniques directly apply.
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A SYSTEM OF QUADRATIC BSDES ARISING IN A PRICE
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We consider a financial model where the prices of risky assets are quoted
by a representative market maker who takes into account an exogenous de-
mand. We characterize these prices in terms of a system of BSDEs with
quadratic growth. We show that this system admits a unique solution for ev-
ery bounded demand if and only if the market maker’s risk-aversion is suffi-
ciently small. The uniqueness is established in the natural class of solutions,
without any additional norm restrictions. To the best of our knowledge, this
is the first study that proves such (global) uniqueness result for a system of
fully coupled quadratic BSDEs.
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A WEAK APPROXIMATION WITH ASYMPTOTIC EXPANSION
AND MULTIDIMENSIONAL MALLIAVIN WEIGHTS1

BY AKIHIKO TAKAHASHI AND TOSHIHIRO YAMADA

University of Tokyo, University of Tokyo and MTEC

This paper develops a new efficient scheme for approximations of expec-
tations of the solutions to stochastic differential equations (SDEs). In partic-
ular, we present a method for connecting approximate operators based on an
asymptotic expansion with multidimensional Malliavin weights to compute a
target expectation value precisely. The mathematical validity is given based
on Watanabe and Kusuoka theories in Malliavin calculus. Moreover, numeri-
cal experiments for option pricing under local and stochastic volatility models
confirm the effectiveness of our scheme. Especially, our weak approximation
substantially improves the accuracy at deep Out-of-The-Moneys (OTMs).
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A NEW COALESCENT FOR SEED-BANK MODELS

BY JOCHEN BLATH1, ADRIÁN GONZÁLEZ CASANOVA2,
NOEMI KURT1 AND MAITE WILKE-BERENGUER3

Technische Universität Berlin

We identify a new natural coalescent structure, which we call the seed-
bank coalescent, that describes the gene genealogy of populations under the
influence of a strong seed-bank effect, where “dormant forms” of individu-
als (such as seeds or spores) may jump a significant number of generations
before joining the “active” population. Mathematically, our seed-bank coa-
lescent appears as scaling limit in a Wright–Fisher model with geometric
seed-bank age structure if the average time of seed dormancy scales with the
order of the total population size N . This extends earlier results of Kaj, Krone
and Lascoux [J. Appl. Probab. 38 (2011) 285–300] who show that the geneal-
ogy of a Wright–Fisher model in the presence of a “weak” seed-bank effect
is given by a suitably time-changed Kingman coalescent. The qualitatively
new feature of the seed-bank coalescent is that ancestral lineages are inde-
pendently blocked at a certain rate from taking part in coalescence events,
thus strongly altering the predictions of classical coalescent models. In par-
ticular, the seed-bank coalescent “does not come down from infinity,” and the
time to the most recent common ancestor of a sample of size n grows like
log logn. This is in line with the empirical observation that seed-banks dras-
tically increase genetic variability in a population and indicates how they may
serve as a buffer against other evolutionary forces such as genetic drift and
selection.

REFERENCES

[1] BERESTYCKI, N. (2009). Recent Progress in Coalescent Theory. Ensaios Matemáticos 16.
Sociedade Brasileira de Matemática, Rio de Janeiro. MR2574323

[2] BLATH, J., GONZÁLEZ CASANOVA, A., ELDON, B. and KURT, N. (2014). Genealogy of a
Wright Fisher model with strong seed-bank component. Preprint.

[3] BLATH, J., GONZÁLEZ CASANOVA, A., KURT, N. and SPANÒ, D. (2013). The ancestral
process of long-range seed bank models. J. Appl. Probab. 50 741–759. MR3102512

[4] DONG, R., GNEDIN, A. and PITMAN, J. (2007). Exchangeable partitions derived from Marko-
vian coalescents. Ann. Appl. Probab. 17 1172–1201. MR2344303

[5] ETHERIDGE, A. (2011). Some Mathematical Models from Population Genetics. Lecture Notes
in Math. 2012. Springer, Heidelberg. MR2759587

[6] ETHIER, S. N. and KURTZ, T. G. (2005). Markov Processes: Characterization and Conver-
gence, 2nd ed. Wiley, New York.

[7] FELLER, W. (1968). An Introduction to Probability Theory and Its Applications. Vol. I, 3rd ed.
Wiley, New York. MR0228020

MSC2010 subject classifications. Primary 60K35; secondary 92D10.
Key words and phrases. Wright–Fisher model, seed-bank, coalescent, coming down from infinity,

age structure.

http://www.imstat.org/aap/
http://dx.doi.org/10.1214/15-AAP1106
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=2574323
http://www.ams.org/mathscinet-getitem?mr=3102512
http://www.ams.org/mathscinet-getitem?mr=2344303
http://www.ams.org/mathscinet-getitem?mr=2759587
http://www.ams.org/mathscinet-getitem?mr=0228020
http://www.ams.org/mathscinet/msc/msc2010.html


[8] FISHER, R. A. (1930). The Genetical Theory of Natural Selection. Oxford Univ. Press, London.
MR1785121

[9] GOLDSCHMIDT, C. and MARTIN, J. B. (2005). Random recursive trees and the Bolthausen–
Sznitman coalescent. Electron. J. Probab. 10 718–745 (electronic). MR2164028

[10] GONZÁLEZ CASANOVA, A., AGUIRRE-VON WOBESER, E., ESPÍN, G., SERVÍN-
GONZÁLEZ, L., KURT, N., SPANÒ, D., BLATH, J. and SOBERÓN-CHÁVEZ, G. (2014).
Strong seed-bank effects in bacterial evolution. J. Theoret. Biol. 356 62–70.

[11] HERBOTS, H. M. (1994). Stochastic models in population genetics: Genealogical and genetic
differentiation in structured populations. Ph.D. dissertation, Univ. London.

[12] HERBOTS, H. M. (1997). The structured coalescent. In Progress in Population Genetics and
Human Evolution (Minneapolis, MN, 1994). IMA Vol. Math. Appl. 87 231–255. Springer,
New York. MR1493030

[13] JANSEN, S. and KURT, N. (2014). On the notion(s) of duality for Markov processes. Probab.
Surv. 11 59–120. MR3201861

[14] JENKINS, P. A., FEARNHEAD, P. and SONG, Y. S. (2014). Tractable stochastic models of
evolution for loosely linked loci. Available at arXiv:1405.6863.

[15] KAJ, I., KRONE, S. M. and LASCOUX, M. (2001). Coalescent theory for seed bank models.
J. Appl. Probab. 38 285–300. MR1834743

[16] KINGMAN, J. F. C. (1982). The coalescent. Stochastic Process. Appl. 13 235–248.
MR0671034

[17] LENNON, J. T. and JONES, S. E. (2011). Microbial seed banks: The ecological and evolution-
ary implications of dormancy. Nature Reviews Microbiology 9 119–130.

[18] LEVIN, D. A. (1990). The seed bank as a source of genetic novelty in plants. Amer. Nat. 135
563–572.

[19] NEUHAUSER, C. and KRONE, S. M. (1997). The genealogy of samples in models with selec-
tion. Genetics 145 519–534.

[20] NOTOHARA, M. (1990). The coalescent and the genealogical process in geographically struc-
tured population. J. Math. Biol. 29 59–75. MR1083665

[21] NUNNEY, L. (2002). The effective size of annual plant populations: The interaction of a seed
bank with fluctuating population size in maintaining genetic variation. Amer. Nat. 160
195–204.

[22] PITMAN, J. (1999). Coalescents with multiple collisions. Ann. Probab. 27 1870–1902.
MR1742892

[23] SCHWEINSBERG, J. (2000). A necessary and sufficient condition for the �-coalescent to come
down from infinity. Electron. Commun. Probab. 5 1–11 (electronic). MR1736720

[24] TAKAHATA, N. (1988). The coalescent in two partially isolated diffusion populations. Genet.
Res. 53 213–222.

[25] TELLIER, A., LAURENT, S. J. Y., LAINER, H., PAVLIDIS, P. and STEPHAN, W. (2011). In-
ference of seed bank parameters in two wild tomato species using ecological and genetic
data. Proc. Natl. Acad. Sci. USA 108 17052–17057.

[26] TEMPLETON, A. R. and LEVIN, D. A. (1979). Evolutionary consequences of seed pools.
Amer. Nat. 114 232–249.

[27] VITALIS, R., GLÉMIN, S. and OLIVIERE, I. (2004). When genes got to sleep: The population
genetic consequences of seed dormancy and monocarpic perenniality. Amer. Nat. 163
295–311.

[28] WAKELEY, J. (2009). Coalescent Theory. Roberts and Co, Greenwood Village, Colorado.
[29] WRIGHT, S. (1931). Evolution in Mendelian populations. Genetics 16 97–159.
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QUANTITATIVE PROPAGATION OF CHAOS FOR
GENERALIZED KAC PARTICLE SYSTEMS

BY ROBERTO CORTEZ1 AND JOAQUIN FONTBONA2

Universidad de Chile

We study a class of one-dimensional particle systems with true (Bird
type) binary interactions, which includes Kac’s model of the Boltzmann equa-
tion and nonlinear equations for the evolution of wealth distribution arising
in kinetic economic models. We obtain explicit rates of convergence for the
Wasserstein distance between the law of the particles and their limiting law,
which are linear in time and depend in a mild polynomial manner on the num-
ber of particles. The proof is based on a novel coupling between the particle
system and a suitable system of nonindependent nonlinear processes, as well
as on recent sharp estimates for empirical measures.
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Given a continuous time Markov Chain {q(x, y)} on a finite set S, the
associated noisy voter model is the continuous time Markov chain on {0,1}S ,
which evolves in the following way: (1) for each two sites x and y in S,
the state at site x changes to the value of the state at site y at rate q(x, y);
(2) each site rerandomizes its state at rate 1. We show that if there is a uniform
bound on the rates {q(x, y)} and the corresponding stationary distributions
are almost uniform, then the mixing time has a sharp cutoff at time log |S|/2
with a window of order 1. Lubetzky and Sly proved cutoff with a window of
order 1 for the stochastic Ising model on toroids; we obtain the special case of
their result for the cycle as a consequence of our result. Finally, we consider
the model on a star and demonstrate the surprising phenomenon that the time
it takes for the chain started at all ones to become close in total variation to
the chain started at all zeros is of smaller order than the mixing time.
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MULTI-LEVEL STOCHASTIC APPROXIMATION ALGORITHMS

BY NOUFEL FRIKHA
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This paper studies multi-level stochastic approximation algorithms. Our
aim is to extend the scope of the multi-level Monte Carlo method recently
introduced by Giles [Oper. Res. 56 (2008) 607–617] to the framework of
stochastic optimization by means of stochastic approximation algorithm.
We first introduce and study a two-level method, also referred as statistical
Romberg stochastic approximation algorithm. Then its extension to a multi-
level method is proposed. We prove a central limit theorem for both methods
and give optimal parameters. Numerical results confirm the theoretical anal-
ysis and show a significant reduction in the initial computational cost.
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CONNECTIVITY OF SOFT RANDOM GEOMETRIC GRAPHS
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Consider a graph on n uniform random points in the unit square, each
pair being connected by an edge with probability p if the inter-point distance
is at most r . We show that as n → ∞ the probability of full connectivity is
governed by that of having no isolated vertices, itself governed by a Pois-
son approximation for the number of isolated vertices, uniformly over all
choices of p, r . We determine the asymptotic probability of connectivity for
all (pn, rn) subject to rn = O(n−ε), some ε > 0. We generalize the first result
to higher dimensions and to a larger class of connection probability functions.
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[6] ERDŐS, P. and RÉNYI, A. (1959). On random graphs. I. Publ. Math. Debrecen 6 290–297.
MR0120167

[7] GUPTA, P. and KUMAR, P. R. (1999). Critical power for asymptotic connectivity in wire-
less networks. In Stochastic Analysis, Control, Optimization and Applications 547–566.
Birkhäuser, Boston, MA. MR1702981

[8] GUPTA, P. and KUMAR, P. R. (2000). The capacity of wireless networks. IEEE Trans. Inform.
Theory 46 388–404. MR1748976

[9] KRISHNAN, B. S., GANESH, A. and MANJUNATH, D. (2013). On connectivity thresholds in
superposition of random key graphs on random geometric graphs. In Information Theory
Proceedings (ISIT), 2013 IEEE International Symposium on 7–12 July 2013 2389–2393.
IEEE, New York.

[10] MAO, G. and ANDERSON, B. D. O. (2012). Towards a better understanding of large-scale
network models. IEEE/ACM Transactions on Networking 20 408–421.

[11] MEESTER, R. and ROY, R. (1996). Continuum Percolation. Cambridge Tracts in Mathematics
119. Cambridge Univ. Press, Cambridge. MR1409145

MSC2010 subject classifications. 05C80, 60D05, 05C40, 60K35.
Key words and phrases. Random graph, stochastic geometry, random connection model, connec-

tivity, isolated points, continuum percolation.

http://www.imstat.org/aap/
http://dx.doi.org/10.1214/15-AAP1110
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=2830612
http://www.ams.org/mathscinet-getitem?mr=1864966
http://www.ams.org/mathscinet-getitem?mr=3143590
http://www.ams.org/mathscinet-getitem?mr=2930579
http://www.ams.org/mathscinet-getitem?mr=1841124
http://www.ams.org/mathscinet-getitem?mr=0120167
http://www.ams.org/mathscinet-getitem?mr=1702981
http://www.ams.org/mathscinet-getitem?mr=1748976
http://www.ams.org/mathscinet-getitem?mr=1409145
http://www.ams.org/mathscinet/msc/msc2010.html


[12] PENROSE, M. (2003). Random Geometric Graphs. Oxford Studies in Probability 5. Oxford
Univ. Press, Oxford. MR1986198

[13] PENROSE, M. D. (1991). On a continuum percolation model. Adv. in Appl. Probab. 23 536–
556. MR1122874

[14] PENROSE, M. D. (1997). The longest edge of the random minimal spanning tree. Ann. Appl.
Probab. 7 340–361. MR1442317

[15] PENROSE, M. D. (1999). On k-connectivity for a geometric random graph. Random Structures
Algorithms 15 145–164. MR1704341

[16] TSE, D. and VISWANATH, P. (2005). Fundamentals of Wireless Communication. Cambridge
Univ. Press, Cambridge.
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A CONSISTENCY ESTIMATE FOR KAC’S MODEL OF ELASTIC
COLLISIONS IN A DILUTE GAS

BY JAMES NORRIS1
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An explicit estimate is derived for Kac’s mean-field model of colliding
hard spheres, which compares, in a Wasserstein distance, the empirical ve-
locity distributions for two versions of the model based on different numbers
of particles. For suitable initial data, with high probability, the two processes
agree to within a tolerance of order N−1/d , where N is the smaller particle
number and d is the dimension, provided that d ≥ 3. From this estimate we
can deduce that the spatially homogeneous Boltzmann equation is well posed
in a class of measure-valued processes and provides a good approximation
to the Kac process when the number of particles is large. We also prove in
an appendix a basic lemma on the total variation of time-integrals of time-
dependent signed measures.
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STOCHASTIC PERRON FOR STOCHASTIC TARGET GAMES1

BY ERHAN BAYRAKTAR AND JIAQI LI

University of Michigan

We extend the stochastic Perron method to analyze the framework of
stochastic target games, in which one player tries to find a strategy such that
the state process almost surely reaches a given target no matter which action
is chosen by the other player. Within this framework, our method produces a
viscosity sub-solution (super-solution) of a Hamilton–Jacobi–Bellman (HJB)
equation. We then characterize the value function as a viscosity solution to
the HJB equation using a comparison result and a byproduct to obtain the
dynamic programming principle.
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ON THE CONVERGENCE OF ADAPTIVE SEQUENTIAL
MONTE CARLO METHODS
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NIKOLAS KANTAS‡ AND ALEXANDRE THIERY†,1
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and Imperial College London‡

In several implementations of Sequential Monte Carlo (SMC) methods
it is natural and important, in terms of algorithmic efficiency, to exploit the
information of the history of the samples to optimally tune their subsequent
propagations. In this article we provide a carefully formulated asymptotic
theory for a class of such adaptive SMC methods. The theoretical frame-
work developed here will cover, under assumptions, several commonly used
SMC algorithms [Chopin, Biometrika 89 (2002) 539–551; Jasra et al., Scand.
J. Stat. 38 (2011) 1–22; Schäfer and Chopin, Stat. Comput. 23 (2013) 163–
184]. There are only limited results about the theoretical underpinning of
such adaptive methods: we will bridge this gap by providing a weak law of
large numbers (WLLN) and a central limit theorem (CLT) for some of these
algorithms. The latter seems to be the first result of its kind in the litera-
ture and provides a formal justification of algorithms used in many real data
contexts [Jasra et al. (2011); Schäfer and Chopin (2013)]. We establish that
for a general class of adaptive SMC algorithms [Chopin (2002)], the asymp-
totic variance of the estimators from the adaptive SMC method is identical
to a “limiting” SMC algorithm which uses ideal proposal kernels. Our re-
sults are supported by application on a complex high-dimensional posterior
distribution associated with the Navier–Stokes model, where adapting high-
dimensional parameters of the proposal kernels is critical for the efficiency of
the algorithm.
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RATE OF CONVERGENCE AND ASYMPTOTIC ERROR
DISTRIBUTION OF EULER APPROXIMATION SCHEMES FOR

FRACTIONAL DIFFUSIONS

BY YAOZHONG HU1, YANGHUI LIU AND DAVID NUALART2

University of Kansas

For a stochastic differential equation(SDE) driven by a fractional Brow-
nian motion(fBm) with Hurst parameter H > 1

2 , it is known that the existing

(naive) Euler scheme has the rate of convergence n1−2H . Since the limit
H → 1

2 of the SDE corresponds to a Stratonovich SDE driven by standard
Brownian motion, and the naive Euler scheme is the extension of the clas-
sical Euler scheme for Itô SDEs for H = 1

2 , the convergence rate of the

naive Euler scheme deteriorates for H → 1
2 . In this paper we introduce a

new (modified Euler) approximation scheme which is closer to the classical
Euler scheme for Stratonovich SDEs for H = 1

2 , and it has the rate of conver-

gence γ −1
n , where γn = n2H−1/2 when H < 3

4 , γn = n/
√

logn when H = 3
4

and γn = n if H > 3
4 . Furthermore, we study the asymptotic behavior of the

fluctuations of the error. More precisely, if {Xt ,0 ≤ t ≤ T } is the solution of a
SDE driven by a fBm and if {Xn

t ,0 ≤ t ≤ T } is its approximation obtained by
the new modified Euler scheme, then we prove that γn(Xn − X) converges
stably to the solution of a linear SDE driven by a matrix-valued Brownian
motion, when H ∈ ( 1

2 , 3
4 ]. In the case H > 3

4 , we show the Lp convergence
of n(Xn

t −Xt), and the limiting process is identified as the solution of a linear
SDE driven by a matrix-valued Rosenblatt process. The rate of weak conver-
gence is also deduced for this scheme. We also apply our approach to the
naive Euler scheme.
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We are interested in stochastic control problems coming from mathe-
matical finance and, in particular, related to model uncertainty, where the un-
certainty affects both volatility and intensity. This kind of stochastic control
problem is associated to a fully nonlinear integro-partial differential equation,
which has the peculiarity that the measure (λ(a, ·))a characterizing the jump
part is not fixed but depends on a parameter a which lives in a compact set A

of some Euclidean space R
q . We do not assume that the family (λ(a, ·))a is

dominated. Moreover, the diffusive part can be degenerate. Our aim is to give
a BSDE representation, known as a nonlinear Feynman–Kac formula, for the
value function associated with these control problems. For this reason, we in-
troduce a class of backward stochastic differential equations with jumps and
a partially constrained diffusive part. We look for the minimal solution to this
family of BSDEs, for which we prove uniqueness and existence by means of a
penalization argument. We then show that the minimal solution to our BSDE
provides the unique viscosity solution to our fully nonlinear integro-partial
differential equation.
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OPTIMAL STOPPING UNDER MODEL UNCERTAINTY:
RANDOMIZED STOPPING TIMES APPROACH

BY DENIS BELOMESTNY∗,† AND VOLKER KRÄTSCHMER∗

Duisburg-Essen University∗ and Higher School of Economics†

In this work, we consider optimal stopping problems with conditional
convex risk measures of the form

ρ

t (X) = sup

Q∈Qt

(
EQ[−X|Ft ] −E

[



(
dQ

dP

)∣∣∣Ft

])
,

where 
 : [0,∞[→ [0,∞] is a lower semicontinuous convex mapping and
Qt stands for the set of all probability measures Q which are absolutely con-
tinuous w.r.t. a given measure P and Q = P on Ft . Here, the model uncer-
tainty risk depends on a (random) divergence E[
(

dQ
dP )|Ft ] measuring the

distance between a hypothetical probability measure we are uncertain about
and a reference one at time t . Let (Yt )t∈[0,T ] be an adapted nonnegative,
right-continuous stochastic process fulfilling some proper integrability con-
dition and let T be the set of stopping times on [0, T ]; then without assuming
any kind of time-consistency for the family (ρ


t ), we derive a novel repre-
sentation

sup
τ∈T

ρ

0 (−Yτ ) = inf

x∈R
{

sup
τ∈T

E
[

∗(x + Yτ ) − x

]}
,

which makes the application of the standard dynamic programming based
approaches possible. In particular, we generalize the additive dual represen-
tation of Rogers [Math. Finance 12 (2002) 271–286] to the case of optimal
stopping under uncertainty. Finally, we develop several Monte Carlo algo-
rithms and illustrate their power for optimal stopping under Average Value at
Risk.
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