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MIXING TIMES OF RANDOM WALKS ON DYNAMIC
CONFIGURATION MODELS

BY LUCA AVENA∗,1, HAKAN GÜLDAŞ∗,1, REMCO VAN DER HOFSTAD†,1,2

AND FRANK DEN HOLLANDER∗,1,3

Leiden University∗ and Eindhoven University of Technology†

The mixing time of a random walk, with or without backtracking, on a
random graph generated according to the configuration model on n vertices,
is known to be of order logn. In this paper, we investigate what happens
when the random graph becomes dynamic, namely, at each unit of time a
fraction αn of the edges is randomly rewired. Under mild conditions on the
degree sequence, guaranteeing that the graph is locally tree-like, we show
that for every ε ∈ (0,1) the ε-mixing time of random walk without back-
tracking grows like

√
2 log(1/ε)/ log(1/(1 − αn)) as n → ∞, provided that

limn→∞ αn(logn)2 = ∞. The latter condition corresponds to a regime of
fast enough graph dynamics. Our proof is based on a randomised stopping
time argument, in combination with coupling techniques and combinatorial
estimates. The stopping time of interest is the first time that the walk moves
along an edge that was rewired before, which turns out to be close to a strong
stationary time.
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CONSISTENCY OF MODULARITY CLUSTERING
ON RANDOM GEOMETRIC GRAPHS

BY ERIK DAVIS1 AND SUNDER SETHURAMAN1

University of Arizona

Given a graph, the popular “modularity” clustering method specifies a
partition of the vertex set as the solution of a certain optimization problem.
In this paper, we discuss scaling limits of this method with respect to ran-
dom geometric graphs constructed from i.i.d. points Xn = {X1,X2, . . . ,Xn},
distributed according to a probability measure ν supported on a bounded do-
main D ⊂ R

d . Among other results, we show, via a Gamma convergence
framework, a geometric form of consistency: When the number of clusters,
or partitioning sets of Xn is a priori bounded above, the discrete optimal mod-
ularity clusterings converge in a specific sense to a continuum partition of the
underlying domain D, characterized as the solution to a “soap bubble” or
“Kelvin”-type shape optimization problem.
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We give estimates of the critical parameter for random loop models that
are related to quantum spin systems. A special case of the model that we
consider is the interchange- or random-stirring process. We consider here the
model defined on regular trees of large degrees, which are expected to ap-
proximate high spatial dimensions. We find a critical parameter that indeed
shares similarity with existing numerical results for the cubic lattice. In the
case of the interchange process, our results improve on earlier work by Angel
and by Hammond, in that we determine the second-order term of the critical
parameter.
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ORDER STATISTICS OF VECTORS WITH DEPENDENT
COORDINATES, AND THE KARHUNEN–LOÈVE BASIS

BY ALEXANDER E. LITVAK AND KONSTANTIN TIKHOMIROV

University of Alberta

Let X be an n-dimensional random centered Gaussian vector with inde-
pendent but not identically distributed coordinates and let T be an orthogonal
transformation of Rn. We show that the random vector Y = T (X) satisfies

E

k∑

j=1

j - min
i≤n

Xi
2 ≤ CE

k∑

j=1

j - min
i≤n

Yi
2

for all k ≤ n, where “j - min” denotes the j th smallest component of the corre-
sponding vector and C > 0 is a universal constant. This resolves (up to a mul-
tiplicative constant) an old question of S. Mallat and O. Zeitouni regarding
optimality of the Karhunen–Loève basis for the nonlinear signal approxima-
tion. As a by-product, we obtain some relations for order statistics of random
vectors (not only Gaussian) which are of independent interest.
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BEATING THE OMEGA CLOCK: AN OPTIMAL STOPPING
PROBLEM WITH RANDOM TIME-HORIZON UNDER

SPECTRALLY NEGATIVE LÉVY MODELS

BY NEOFYTOS RODOSTHENOUS1 AND HONGZHONG ZHANG

Queen Mary University of London and Columbia University

We study the optimal stopping of an American call option in a random
time-horizon under exponential spectrally negative Lévy models. The random
time-horizon is modeled as the so-called Omega default clock in insurance,
which is the first time when the occupation time of the underlying Lévy pro-
cess below a level y, exceeds an independent exponential random variable
with mean 1/q > 0. We show that the shape of the value function varies
qualitatively with different values of q and y. In particular, we show that for
certain values of q and y, some quantitatively different but traditional up-
crossing strategies are still optimal, while for other values we may have two
disconnected continuation regions, resulting in the optimality of two-sided
exit strategies. By deriving the joint distribution of the discounting factor and
the underlying process under a random discount rate, we give a complete
characterization of all optimal exercising thresholds. Finally, we present an
example with a compound Poisson process plus a drifted Brownian motion.
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MUTATIONS ON A RANDOM BINARY TREE WITH
MEASURED BOUNDARY1

BY JEAN-JIL DUCHAMPS∗,† AND AMAURY LAMBERT∗,†

Sorbonne Université∗ and Collège de France†

Consider a random real tree whose leaf set, or boundary, is endowed
with a finite mass measure. Each element of the tree is further given a type,
or allele, inherited from the most recent atom of a random point measure
(infinitely-many-allele model) on the skeleton of the tree. The partition of the
boundary into distinct alleles is the so-called allelic partition.

In this paper, we are interested in the infinite trees generated by supercrit-
ical, possibly time-inhomogeneous, binary branching processes, and in their
boundary, which is the set of particles “coexisting at infinity”. We prove that
any such tree can be mapped to a random, compact ultrametric tree called the
coalescent point process, endowed with a “uniform” measure on its boundary
which is the limit as t → ∞ of the properly rescaled counting measure of the
population at time t .

We prove that the clonal (i.e., carrying the same allele as the root) part
of the boundary is a regenerative set that we characterize. We then study the
allelic partition of the boundary through the measures of its blocks. We also
study the dynamics of the clonal subtree, which is a Markovian increasing
tree process as mutations are removed.
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N -PLAYER GAMES AND MEAN-FIELD GAMES WITH
ABSORPTION
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We introduce a simple class of mean-field games with absorbing bound-
ary over a finite time horizon. In the corresponding N -player games, the evo-
lution of players’ states is described by a system of weakly interacting Itô
equations with absorption on first exit from a bounded open set. Once a player
exits, her/his contribution is removed from the empirical measure of the sys-
tem. Players thus interact through a renormalized empirical measure. In the
definition of solution to the mean-field game, the renormalization appears in
form of a conditional law. We justify our definition of solution in the usual
way, that is, by showing that a solution of the mean-field game induces ap-
proximate Nash equilibria for the N -player games with approximation error
tending to zero as N tends to infinity. This convergence is established pro-
vided the diffusion coefficient is nondegenerate. The degenerate case is more
delicate and gives rise to counter-examples.
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The FitzHugh–Nagumo is a well-known neuronal model that describes
the generation of spikes at the intracellular level. We study a stochastic ver-
sion of the model from a probabilistic point of view. The hypoellipticity is
proved, as well as the existence and uniqueness of the stationary distribution.
The bi-dimensional stochastic process is β-mixing. The stationary density
can be estimated with an adaptive nonparametric estimator. Then we focus on
the distribution of the length between successive spikes. Spikes are difficult
to define directly from the continuous stochastic process. We study the distri-
bution of the number of up-crossings. We link it to the stationary distribution
and propose an estimator of its expectation. We finally prove mathematically
that the mean length of inter-up-crossings interval is equal to its up-crossings
rate. We illustrate the proposed estimators on a simulation study. Different
regimes are explored, with no, few or high generation of spikes.
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In this paper, we introduce a network model which evolves in time,
and study its largest connected component. We consider a process of graphs
(Gt : t ∈ [0,1]), where initially we start with a critical Erdős–Rényi graph
ER(n,1/n), and then evolve forward in time by resampling each edge inde-
pendently at rate 1. We show that the size of the largest connected component
that appears during the time interval [0,1] is of order n2/3 log1/3 n with high
probability. This is in contrast to the largest component in the static critical
Erdős–Rényi graph, which is of order n2/3.
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WHICH ERGODIC AVERAGES HAVE FINITE
ASYMPTOTIC VARIANCE?1
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We show that the class of L2 functions for which ergodic averages of a
reversible Markov chain have finite asymptotic variance is determined by the
class of L2 functions for which ergodic averages of its associated jump chain
have finite asymptotic variance. This allows us to characterize completely
which ergodic averages have finite asymptotic variance when the Markov
chain is an independence sampler. From a practical perspective, the most im-
portant result identifies a simple sufficient condition for all ergodic averages
of L2 functions of the primary variable in a pseudo-marginal Markov chain
to have finite asymptotic variance.
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A STOCHASTIC STEFAN-TYPE PROBLEM UNDER FIRST-ORDER
BOUNDARY CONDITIONS

BY MARVIN S. MÜLLER1,2
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Moving boundary problems allow to model systems with phase transi-
tion at an inner boundary. Motivated by problems in economics and finance,
we set up a price-time continuous model for the limit order book and con-
sider a stochastic and nonlinear extension of the classical Stefan-problem in
one space dimension. Here, the paths of the moving interface might have
unbounded variation, which introduces additional challenges in the analysis.
Working on the distribution space, the Itô–Wentzell formula for SPDEs al-
lows to transform these moving boundary problems into partial differential
equations on fixed domains. Rewriting the equations into the framework of
stochastic evolution equations and stochastic maximal Lp-regularity, we get
existence, uniqueness and regularity of local solutions. Moreover, we observe
that explosion might take place due to the boundary interaction even when the
coefficients of the original problem have linear growths.
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DISTRIBUTIONS ON COMPACT SPACES AND APPLICATIONS
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Institut de mathématiques, Université de Montpellier and Université d’Angers

As a continuation of a recent paper, dealing with finite Markov chains,
this paper proposes and analyzes a recursive algorithm for the approxima-
tion of the quasi-stationary distribution of a general Markov chain living on
a compact metric space killed in finite time. The idea is to run the process
until extinction and then to bring it back to life at a position randomly cho-
sen according to the (possibly weighted) empirical occupation measure of its
past positions. General conditions are given ensuring the convergence of this
measure to the quasi-stationary distribution of the chain. We then apply this
method to the numerical approximation of the quasi-stationary distribution
of a diffusion process killed on the boundary of a compact set. Finally, the
sharpness of the assumptions is illustrated through the study of the algorithm
in a nonirreducible setting.
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We consider random fields indexed by finite subsets of an amenable dis-
crete group, taking values in the Banach-space of bounded right-continuous
functions. The field is assumed to be equivariant, local, coordinate-wise
monotone and almost additive, with finite range dependence. Using the the-
ory of quasi-tilings we prove an uniform ergodic theorem, more precisely,
that averages along a Følner sequence converge uniformly to a limiting func-
tion. Moreover, we give explicit error estimates for the approximation in the
sup norm.
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[6] LENZ, D., MÜLLER, P. and VESELIĆ, I. (2008). Uniform existence of the integrated density

of states for models on Z
d . Positivity 12 571–589. MR2448749

[7] LENZ, D., SCHWARZENBERGER, F. and VESELIĆ, I. (2010). A Banach space-valued ergodic
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Polynomial jump-diffusions constitute a class of tractable stochastic
models with wide applicability in areas such as mathematical finance and
population genetics. We provide a full parameterization of polynomial jump-
diffusions on the unit simplex under natural structural hypotheses on the
jumps. As a stepping stone, we characterize well-posedness of the martin-
gale problem for polynomial operators on general compact state spaces.
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We introduce a Markov chain for sampling from the uniform distribution
on a Riemannian manifold M, which we call the geodesic walk. We prove
that the mixing time of this walk on any manifold with positive sectional
curvature Cx(u, v) bounded both above and below by 0 < m2 ≤ Cx(u, v) ≤
M2 < ∞ is O∗(

M2
m2

). In particular, this bound on the mixing time does not
depend explicitly on the dimension of the manifold. In the special case that
M is the boundary of a convex body, we give an explicit and computationally
tractable algorithm for approximating the exact geodesic walk. As a conse-
quence, we obtain an algorithm for sampling uniformly from the surface of a
convex body that has running time bounded solely in terms of the curvature
of the body.
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CONVERGENCE AND QUALITATIVE PROPERTIES OF MODIFIED
EXPLICIT SCHEMES FOR BSDES WITH POLYNOMIAL GROWTH
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The theory of Forward–Backward Stochastic Differential Equations
(FBSDEs) paves a way to probabilistic numerical methods for nonlinear
parabolic PDEs. The majority of the results on the numerical methods for
FBSDEs relies on the global Lipschitz assumption, which is not satisfied
for a number of important cases such as the Fisher–KPP or the FitzHugh–
Nagumo equations. Furthermore, it has been shown in [Ann. Appl. Probab.
25 (2015) 2563–2625] that for BSDEs with monotone drivers having polyno-
mial growth in the primary variable y, only the (sufficiently) implicit schemes
converge. But these require an additional computational effort compared to
explicit schemes.

This article develops a general framework that allows the analysis, in a
systematic fashion, of the integrability properties, convergence and qualita-
tive properties (e.g., comparison theorem) for whole families of modified
explicit schemes. The framework yields the convergence of some modified
explicit scheme with the same rate as implicit schemes and with the compu-
tational cost of the standard explicit scheme.

To illustrate our theory, we present several classes of easily implementable
modified explicit schemes that can computationally outperform the implicit
one and preserve the qualitative properties of the solution to the BSDE. These
classes fit into our developed framework and are tested in computational ex-
periments.
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UNIFORM CONTROL OF LOCAL TIMES OF SPECTRALLY
POSITIVE STABLE PROCESSES1

BY NOAH FORMAN ∗, SOUMIK PAL∗, DOUGLAS RIZZOLO†

AND MATTHIAS WINKEL‡
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We establish two results about local times of spectrally positive stable
processes. The first is a general approximation result, uniform in space and
on compact time intervals, in a model where each jump of the stable process
may be marked by a random path. The second gives moment control on the
Hölder constant of the local times, uniformly across a compact spatial in-
terval and in certain random time intervals. For the latter, we introduce the
notion of a Lévy process restricted to a compact interval, which is a varia-
tion of Lambert’s Lévy process confined in a finite interval and of Pistorius’
doubly reflected process. We use the results of this paper to exhibit a class
of path-continuous branching processes of Crump–Mode–Jagers-type with
continuum genealogical structure. A further motivation for this study lies in
the construction of diffusion processes in spaces of interval partitions and R-
trees, which we explore in forthcoming articles. In that context, local times
correspond to branch lengths.
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[12] CSÖRGŐ, M. and RÉVÉSZ, P. (1986). Mesure du voisinage and occupation density. Probab.
Theory Related Fields 73 211–226. MR0855223

[13] DELAPORTE, C. (2013). Lévy processes with marked jumps II: Application to a population
model with mutations at birth. Preprint. Available at arXiv:1305.6491 [math.PR].

[14] DELAPORTE, C. (2015). Lévy processes with marked jumps I: Limit theorems. J. Theoret.
Probab. 28 1468–1499. MR3422939

[15] DEMBO, A. and ZEITOUNI, O. (2010). Large Deviations Techniques and Applications.
Stochastic Modelling and Applied Probability 38. Springer, Berlin. Corrected reprint of
the second (1998) edition. MR2571413

[16] DONEY, R. A. (2007). Fluctuation Theory for Lévy Processes. Lecture Notes in Math. 1897.
Springer, Berlin. MR2320889

[17] ETHIER, S. N. and KURTZ, T. G. (1981). The infinitely-many-neutral-alleles diffusion model.
Adv. in Appl. Probab. 13 429–452. MR0615945

[18] ETHIER, S. N. and KURTZ, T. G. (1986). Markov Processes. Characterization and Conver-
gence. Wiley, New York. MR0838085

[19] FORMAN, N., PAL, S., RIZZOLO, D. and WINKEL, M. (2017). Diffusions on a space
of interval partitions with Poisson-Dirichlet stationary distributions. Available at
arXiv:1609.06706v2 [math.PR].

[20] GETOOR, R. K. and SHARPE, M. J. (1981). Two results on dual excursions. In Semi-
nar on Stochastic Processes, 1981 (Evanston, Ill., 1981). Progr. Prob. Statist. 1 31–52.
Birkhäuser, Boston, MA. MR0647780

[21] GNEDIN, A., PITMAN, J. and YOR, M. (2006). Asymptotic laws for compositions derived
from transformed subordinators. Ann. Probab. 34 468–492. MR2223948

[22] GÖING-JAESCHKE, A. and YOR, M. (2003). A survey and some generalisations of Bessel
processes. Bernoulli 9 313–349.

[23] HUTZENTHALER, M., JENTZEN, A. and NOLL, M. (2014). Strong convergence rates and tem-
poral regularity for Cox–Ingersoll–Ross processes and Bessel processes with accessible
boundaries. ArXiv preprint. Available at arXiv:1403.6385.

[24] JAGERS, P. (1974). Convergence of general branching processes and functionals thereof.
J. Appl. Probab. 471–478.

[25] JAGERS, P. (1975). Branching Processes with Biological Applications. Wiley, New York.
MR0488341

[26] KALLENBERG, O. (2002). Foundations of Modern Probability, 2nd ed. Springer, New York.
MR1876169

[27] KHOSHNEVISAN, D. (1994). Exact rates of convergence to Brownian local time. Ann. Probab.
22 1295–1330. MR1303646

[28] KYPRIANOU, A. E. (2006). Introductory Lectures on Fluctuations of Lévy Processes with Ap-
plications. Springer, Berlin. MR2250061

[29] KYPRIANOU, A. E., PARDO, J. C. and WATSON, A. R. (2014). Hitting distributions of
α-stable processes via path censoring and self-similarity. Ann. Probab. 42 398–430.
MR3161489

[30] LAMBERT, A. (2000). Completely asymmetric Lévy processes confined in a finite interval.
Ann. Inst. Henri Poincaré Probab. Stat. 36 251–274. MR1751660

http://www.ams.org/mathscinet-getitem?mr=0158434
http://www.ams.org/mathscinet-getitem?mr=0626815
http://www.ams.org/mathscinet-getitem?mr=0855223
http://arxiv.org/abs/arXiv:1305.6491
http://www.ams.org/mathscinet-getitem?mr=3422939
http://www.ams.org/mathscinet-getitem?mr=2571413
http://www.ams.org/mathscinet-getitem?mr=2320889
http://www.ams.org/mathscinet-getitem?mr=0615945
http://www.ams.org/mathscinet-getitem?mr=0838085
http://arxiv.org/abs/arXiv:1609.06706v2
http://www.ams.org/mathscinet-getitem?mr=0647780
http://www.ams.org/mathscinet-getitem?mr=2223948
http://arxiv.org/abs/arXiv:1403.6385
http://www.ams.org/mathscinet-getitem?mr=0488341
http://www.ams.org/mathscinet-getitem?mr=1876169
http://www.ams.org/mathscinet-getitem?mr=1303646
http://www.ams.org/mathscinet-getitem?mr=2250061
http://www.ams.org/mathscinet-getitem?mr=3161489
http://www.ams.org/mathscinet-getitem?mr=1751660


[31] LAMBERT, A. (2010). The contour of splitting trees is a Lévy process. Ann. Probab. 38 348–
395. MR2599603

[32] LAMBERT, A. and SIMATOS, F. (2013). Asymptotic behavior of local times of compound
Poisson processes with drift in the infinite variance case. J. Theoret. Probab. 28 41–91.

[33] LAMBERT, A. and URIBE BRAVO, G. (2016). Totally ordered measured trees and splitting
trees with infinite variation. ArXiv preprint. Available at arXiv:1607.02114.

[34] PARDO, J. C., PÉREZ, J. L. and RIVERO, V. M. (2015). The excursion measure
away from zero for spectrally negative Lévy processes. ArXiv preprint. Available at
arXiv:1507.05225.

[35] PERKINS, E. (1981). A global intrinsic characterization of Brownian local time. Ann. Probab.
9 800–817. MR0628874

[36] PERMAN, M. (1996). An excursion approach to Ray–Knight theorems for perturbed Brownian
motion. Stochastic Process. Appl. 63 67–74.

[37] PETROV, L. A. (2009). A two-parameter family of infinite-dimensional diffusions on the King-
man simplex. Funktsional. Anal. i Prilozhen. 43 45–66. MR2596654

[38] PISTORIUS, M. R. (2003). On doubly reflected completely asymmetric Lévy processes.
Stochastic Process. Appl. 107 131–143. MR1995924

[39] PISTORIUS, M. R. (2004). On exit and ergodicity of the spectrally one-sided Lévy process
reflected at its infimum. J. Theoret. Probab. 17 183–220. MR2054585

[40] PITMAN, J. (2006). Combinatorial Stochastic Processes. Lecture Notes in Math. 1875.
Springer, Berlin. MR2245368

[41] PITMAN, J. and YOR, M. (1982). A decomposition of Bessel bridges. Z. Wahrsch. Verw. Ge-
biete 59 425–457. MR0656509

[42] PITMAN, J. and YOR, M. (1997). The two-parameter Poisson–Dirichlet distribution derived
from a stable subordinator. Ann. Probab. 25 855–900. MR1434129

[43] REVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd ed.
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathemat-
ical Sciences] 293. Springer, Berlin. MR1725357

[44] ROGERS, L. C. G. and WILLIAMS, D. (2000). Diffusions, Markov Processes, and Martingales.
Vol. 2. Itô Calculus, Cambridge Univ. Press, Cambridge. MR1780932

[45] RUGGIERO, M., WALKER, S. G. and FAVARO, S. (2013). Alpha-diversity processes and nor-
malized inverse-Gaussian diffusions. Ann. Appl. Probab. 23 386–425. MR3059239

[46] SIMON, T. (2011). Hitting densities for spectrally positive stable processes. Stochastics 83
203–214.

http://www.ams.org/mathscinet-getitem?mr=2599603
http://arxiv.org/abs/arXiv:1607.02114
http://arxiv.org/abs/arXiv:1507.05225
http://www.ams.org/mathscinet-getitem?mr=0628874
http://www.ams.org/mathscinet-getitem?mr=2596654
http://www.ams.org/mathscinet-getitem?mr=1995924
http://www.ams.org/mathscinet-getitem?mr=2054585
http://www.ams.org/mathscinet-getitem?mr=2245368
http://www.ams.org/mathscinet-getitem?mr=0656509
http://www.ams.org/mathscinet-getitem?mr=1434129
http://www.ams.org/mathscinet-getitem?mr=1725357
http://www.ams.org/mathscinet-getitem?mr=1780932
http://www.ams.org/mathscinet-getitem?mr=3059239





