
ISSN 1050-5164 (print)
ISSN 2168-8737 (online)

THE ANNALS
of

APPLIED
PROBABILITY

AN OFFICIAL JOURNAL OF THE

INSTITUTE OF MATHEMATICAL STATISTICS

Vol. 28, No. 5—October 2018

Articles

Thresholds for detecting an anomalous path from noisy environments
SHIRSHENDU CHATTERJEE AND OFER ZEITOUNI 2635

Option pricing with linear market impact and nonlinear Black–Scholes
equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . GREGOIRE LOEPER 2664

On the Green–Kubo formula and the gradient condition on currents . . . MAKIKO SASADA 2727
Limit theorems for persistence diagrams

YASUAKI HIRAOKA, TOMOYUKI SHIRAI AND KHANH DUY TRINH 2740
Moderate deviation for random elliptic PDE with small noise

XIAOOU LI, JINGCHEN LIU, JIANFENG LU AND XIANG ZHOU 2781
Limit theorems for Betti numbers of extreme sample clouds with application to

persistence barcodes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . TAKASHI OWADA 2814
An approximation result for a class of stochastic heat equations with colored

noise . . . . . . . . . . . . MOHAMMUD FOONDUN, MATHEW JOSEPH AND SHIU-TANG LI 2855
A simple evolutionary game arising from the study of the role of IGF-II in pancreatic

cancer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . RUIBO MA AND RICK DURRETT 2896
Equilibrium large deviations for mean-field systems with translation invariance

JULIEN REYGNER 2922
Asymptotic analysis of the random walk Metropolis algorithm on ridged

densities . . . . . . . . . . . . . . . . . . . . . . . . . . . . ALEXANDROS BESKOS, GARETH ROBERTS,
ALEXANDRE THIERY AND NATESH PILLAI 2966

An impossibility result for reconstruction in the degree-corrected stochastic block
model . . . . . . . LENNART GULIKERS, MARC LELARGE AND LAURENT MASSOULIÉ 3002

Regularity and stability for the semigroup of jump diffusions with state-dependent
intensity . . . . . . . . . . . . . . . . . . . . . VLAD BALLY, DAN GOREAC AND VICTOR RABIET 3028

Real eigenvalues in the non-Hermitian Anderson model
ILYA GOLDSHEID AND SASHA SODIN 3075

Dictator functions maximize mutual information
GEORG PICHLER, PABLO PIANTANIDA AND GERALD MATZ 3094

Diffusion transformations, Black–Scholes equation and optimal stopping . . UMUT ÇETIN 3102
Dynamics of a planar Coulomb gas

FRANÇOIS BOLLEY, DJALIL CHAFAÏ AND JOAQUÍN FONTBONA 3152
The size of the boundary in first-passage percolation

MICHAEL DAMRON, JACK HANSON AND WAI-KIT LAM 3184
Random inscribed polytopes have similar radius functions as Poisson–Delaunay

mosaics . . . . . . . . . . . . . . . . . . . . HERBERT EDELSBRUNNER AND ANTON NIKITENKO 3215

continued



ISSN 1050-5164 (print)
ISSN 2168-8737 (online)

THE ANNALS
of

APPLIED
PROBABILITY

AN OFFICIAL JOURNAL OF THE

INSTITUTE OF MATHEMATICAL STATISTICS

Vol. 28, No. 5—October 2018

Articles—Continued from front cover

Stochastic Cucker–Smale models: Old and new
PATRICK CATTIAUX, FANNY DELEBECQUE AND LAURE PÉDÈCHES 3239

Erratum

Propagation of chaos in neural fields
[Ann. Appl. Probab. 24 (2014) 1298–1328] . . . . . . . . . . . . . . . . . . JONATHAN TOUBOUL 3287



THE ANNALS OF APPLIED PROBABILITY Vol. 28, No. 5, pp. 2635–3289 October 2018



INSTITUTE OF MATHEMATICAL STATISTICS

(Organized September 12, 1935)

The purpose of the Institute is to foster the development and dissemination of the theory and
applications of statistics and probability.

The Annals of Applied Probability [ISSN 1050-5164 (print); ISSN 2168-8737 (online)], Volume 28, Number 5,
October 2018. Published bimonthly by the Institute of Mathematical Statistics, 3163 Somerset Drive, Cleveland,
Ohio 44122, USA. Periodicals postage paid at Cleveland, Ohio, and at additional mailing offices.

POSTMASTER: Send address changes to The Annals of Applied Probability, Institute of Mathematical Statistics,
Dues and Subscriptions Office, 9650 Rockville Pike, Suite L 2310, Bethesda, Maryland 20814-3998, USA.

Copyright © 2018 by the Institute of Mathematical Statistics
Printed in the United States of America

IMS OFFICERS

President: Xiao-Li Meng, Department of Statistics, Harvard University, Cambridge, Massachusetts 02138-2901,
USA

President-Elect: Susan Murphy, Department of Statistics, Harvard University, Cambridge, Massachusetts 02138-
2901, USA

Past President: Alison Etheridge, Department of Statistics, University of Oxford, Oxford, OX1 3LB, United King-
dom

Executive Secretary: Edsel Peña, Department of Statistics, University of South Carolina, Columbia, South Car-
olina 29208-001, USA

Treasurer: Zhengjun Zhang, Department of Statistics, University of Wisconsin, Madison, Wisconsin 53706-1510,
USA

Program Secretary: Ming Yuan, Department of Statistics, Columbia University, New York, NY 10027-5927, USA

IMS EDITORS

The Annals of Statistics. Editors: Edward I. George, Department of Statistics, University of Pennsylvania,
Philadelphia, PA 19104, USA; Tailen Hsing, Department of Statistics, University of Michigan, Ann Arbor,
MI 48109-1107 USA

The Annals of Applied Statistics. Editor-in-Chief : Tilmann Gneiting, Heidelberg Institute for Theoretical Studies,
HITS gGmbH, Schloss-Wolfsbrunnenweg 35, 69118 Heidelberg, Germany

The Annals of Probability. Editor: Amir Dembo, Department of Statistics and Department of Mathematics, Stan-
ford University, Stanford, California 94305, USA

The Annals of Applied Probability. Editor: Bálint Tóth, School of Mathematics, University of Bristol, University
Walk, BS8 1TW, Bristol, UK and Alfréd Rényi Institute of Mathematics, Hungarian Academy of Sciences,
Budapest, Hungary

Statistical Science. Editor: Cun-Hui Zhang, Department of Statistics, Rutgers University, Piscataway, New Jersey
08854, USA

The IMS Bulletin. Editor: Vlada Limic, UMR 7501 de l’Université de Strasbourg et du CNRS, 7 rue René
Descartes, 67084 Strasbourg Cedex, France



The Annals of Applied Probability
2018, Vol. 28, No. 5, 2635–2663
https://doi.org/10.1214/17-AAP1356
© Institute of Mathematical Statistics, 2018

THRESHOLDS FOR DETECTING AN ANOMALOUS PATH
FROM NOISY ENVIRONMENTS

BY SHIRSHENDU CHATTERJEE∗,1 AND OFER ZEITOUNI†,‡,2

City University of New York, City College∗, Weizmann Institute of Science† and
New York University‡

We consider the “searching for a trail in a maze” composite hypothesis
testing problem, in which one attempts to detect an anomalous directed path
in a lattice 2D box of side n based on observations on the nodes of the box.
Under the signal hypothesis, one observes independent Gaussian variables of
unit variance at all nodes, with zero mean off the anomalous path and mean
μn on it. Under the null hypothesis, one observes i.i.d. standard Gaussians on
all nodes. Arias-Castro et al. [Ann. Statist. 36 (2008) 1726–1757] showed that
if the unknown directed path under the signal hypothesis has known initial lo-
cation, then detection is possible (in the minimax sense) if μn � 1/

√
logn,

while it is not possible if μn � 1/ logn
√

log logn. In this paper, we show
that this result continues to hold even when the initial location of the un-
known path is not known. As is the case with Arias-Castro et al. [Ann. Statist.
36 (2008) 1726–1757], the upper bound here also applies when the path is
undirected. The improvement is achieved by replacing the linear detection
statistic used in Arias-Castro et al. [Ann. Statist. 36 (2008) 1726–1757] with
a polynomial statistic, which is obtained by employing a multiscale analysis
on a quadratic statistic to bootstrap its performance. Our analysis is moti-
vated by ideas developed in the context of the analysis of random polymers
in Lacoin [Comm. Math. Phys. 294 (2010) 471–503].
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OPTION PRICING WITH LINEAR MARKET IMPACT AND
NONLINEAR BLACK–SCHOLES EQUATIONS

BY GREGOIRE LOEPER

Monash University

We consider a model of linear market impact, and address the problem
of replicating a contingent claim in this framework. We derive a nonlinear
Black–Scholes equation that provides an exact replication strategy.

This equation is fully nonlinear and singular, but we show that it is well
posed, and we prove existence of smooth solutions for a large class of fi-
nal payoffs, both for constant and local volatility. To obtain regularity of the
solutions, we develop an original method based on Legendre transforms.

The close connections with the problem of hedging with gamma con-
straints [SIAM J. Control Optim. 39 (2000) 73–96, Math. Finance 17 (2007)
59–80, Ann. Inst. H. Poincaré Anal. Non Linéaire 22 (2005) 633–666], with
the problem of hedging under liquidity costs [Finance Stoch. 14 (2010) 317–
341] are discussed. The optimal strategy and associated diffusion are related
with the second-order target problems of [Ann. Appl. Probab. 23 (2013) 308–
347], and with the solutions of optimal transport problems by diffusions of
[Ann. Probab. 41 (2013) 3201–3240].

We also derive a modified Black–Scholes formula valid for asymptoti-
cally small impact parameter, and finally provide numerical simulations as
an illustration.
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ON THE GREEN–KUBO FORMULA AND
THE GRADIENT CONDITION ON CURRENTS

BY MAKIKO SASADA1

University of Tokyo

In the diffusive hydrodynamic limit for a symmetric interacting particle
system (such as the exclusion process, the zero range process, the stochastic
Ginzburg–Landau model, the energy exchange model), a possibly nonlinear
diffusion equation is derived as the hydrodynamic equation. The bulk diffu-
sion coefficient of the limiting equation is given by the Green–Kubo formula
and it can be characterized by a variational formula. In the case the system
satisfies the gradient condition, the variational problem is explicitly solved
and the diffusion coefficient is given from the Green–Kubo formula through
a static average only. In other words, the contribution of the dynamical part
of the Green–Kubo formula is 0. In this paper, we consider the converse,
namely if the contribution of the dynamical part of the Green–Kubo formula
is 0, does it imply the system satisfies the gradient condition or not. We show
that if the equilibrium measure μ is product and L2 space of its single site
marginal is separable, then the converse also holds. The result gives a new
physical interpretation of the gradient condition.

As an application of the result, we consider a class of stochastic models
for energy transport studied by Gaspard and Gilbert in [J. Stat. Mech. Theory
Exp. 2008 (2008) P11021; J. Stat. Mech. Theory Exp. 2009 (2009) P08020],
where the exact problem is discussed for this specific model.
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LIMIT THEOREMS FOR PERSISTENCE DIAGRAMS1

BY YASUAKI HIRAOKA∗, TOMOYUKI SHIRAI†,2 AND KHANH DUY TRINH†,3

Tohoku University∗ and Kyushu University†

The persistent homology of a stationary point process on RN is studied
in this paper. As a generalization of continuum percolation theory, we study
higher dimensional topological features of the point process such as loops,
cavities, etc. in a multiscale way. The key ingredient is the persistence dia-
gram, which is an expression of the persistent homology. We prove the strong
law of large numbers for persistence diagrams as the window size tends to in-
finity and give a sufficient condition for the support of the limiting persistence
diagram to coincide with the geometrically realizable region. We also discuss
a central limit theorem for persistent Betti numbers.

REFERENCES

[1] BILLINGSLEY, P. (1999). Convergence of Probability Measures, 2nd ed. Wiley Series in Prob-
ability and Statistics: Probability and Statistics. Wiley, New York. MR1700749

[2] BŁASZCZYSZYN, B. and YOGESHWARAN, D. (2015). Clustering comparison of point pro-
cesses, with applications to random geometric models. In Stochastic Geometry, Spa-
tial Statistics and Random Fields. Lecture Notes in Math. 2120 31–71. Springer, Cham.
MR3330572

[3] BOBROWSKI, O. and KAHLE, M. (2014). Topology of random simplicial complexes: A survey.
Topology in Statistical Inference, the Proceedings of Symposia in Applied Mathematics.
To appear. Available at arXiv:1409.4734.

[4] CARLSSON, G. (2009). Topology and data. Bull. Amer. Math. Soc. (N.S.) 46 255–308.
MR2476414

[5] CHAZAL, F., DE SILVA, V., GLISSE, M. and OUDOT, S. (2016). The Structure and Stability
of Persistence Modules. SpringerBriefs in Mathematics. Springer, Cham. MR3524869

[6] CHAZAL, F., DE SILVA, V. and OUDOT, S. (2014). Persistence stability for geometric com-
plexes. Geom. Dedicata 173 193–214. MR3275299

[7] CHIU, S. N., STOYAN, D., KENDALL, W. S. and MECKE, J. (2013). Stochastic Geometry
and Its Applications, 3rd ed. Wiley Series in Probability and Statistics. Wiley, Chichester.
MR3236788

[8] COHEN-STEINER, D., EDELSBRUNNER, H. and HARER, J. (2007). Stability of persistence
diagrams. Discrete Comput. Geom. 37 103–120. MR2279866

[9] EDELSBRUNNER, H. and HARER, J. L. (2010). Computational Topology. Amer. Math. Soc.,
Providence, RI. MR2572029

[10] EDELSBRUNNER, H., LETSCHER, D. and ZOMORODIAN, A. (2002). Topological persistence
and simplification. Discrete Comput. Geom. 28 511–533. MR1949898

MSC2010 subject classifications. Primary 60K35, 60B10; secondary 55N20.
Key words and phrases. Point process, persistence diagram, persistent Betti number, random

topology.

http://www.imstat.org/aap/
https://doi.org/10.1214/17-AAP1371
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=1700749
http://www.ams.org/mathscinet-getitem?mr=3330572
http://arxiv.org/abs/arXiv:1409.4734
http://www.ams.org/mathscinet-getitem?mr=2476414
http://www.ams.org/mathscinet-getitem?mr=3524869
http://www.ams.org/mathscinet-getitem?mr=3275299
http://www.ams.org/mathscinet-getitem?mr=3236788
http://www.ams.org/mathscinet-getitem?mr=2279866
http://www.ams.org/mathscinet-getitem?mr=2572029
http://www.ams.org/mathscinet-getitem?mr=1949898
http://www.ams.org/mathscinet/msc/msc2010.html


[11] GAMEIRO, M., HIRAOKA, Y., IZUMI, S., KRAMAR, M., MISCHAIKOW, K. and NANDA, V.
(2015). A topological measurement of protein compressibility. Jpn. J. Ind. Appl. Math.
32 1–17. MR3318898

[12] GHOSH, S. (2012). Rigidity and Tolerance in Gaussian zeroes and Ginibre eigenvalues: Quan-
titative estimates. Preprint. Available at arXiv:1211.3506.

[13] GHOSH, S. and PERES, Y. (2017). Rigidity and tolerance in point processes: Gaussian zeros
and Ginibre eigenvalues. Duke Math. J. 166 1789–1858. MR3679882

[14] GRESCHONIG, G. and SCHMIDT, K. (2000). Ergodic decomposition of quasi-invariant proba-
bility measures. Colloq. Math. 84/85 495–514. MR1784210

[15] HATCHER, A. (2002). Algebraic Topology. Cambridge Univ. Press, Cambridge. MR1867354
[16] HIRAOKA, Y., NAKAMURA, T., HIRATA, A., ESCOLAR, E. G., MATSUE, K. and NISHIURA,

Y. (2016). Hierarchical structures of amorphous solids characterized by persistent homol-
ogy. Proc. Natl. Acad. Sci. USA 113 7035–7040.

[17] HIRAOKA, Y. and SHIRAI, T. (2016). Tutte polynomials and random-cluster models in
Bernoulli cell complexes. In Stochastic Analysis on Large Scale Interacting Sys-
tems. RIMS Kôkyûroku Bessatsu, B59 289–304. Res. Inst. Math. Sci. (RIMS), Kyoto.
MR3675939

[18] HIRAOKA, Y. and SHIRAI, T. (2017). Minimum spanning acycle and lifetime of persistent
homology in the Linial–Meshulam process. Random Structures Algorithms 51 315–340.
MR3683365

[19] HIRAOKA, Y. and TSUNODA, K. (2016). Limit theorems for random cubical homology.
Preprint. Available at arXiv:1612.08485.

[20] HOUGH, J. B., KRISHNAPUR, M., PERES, Y. and VIRÁG, B. (2009). Zeros of Gaussian An-
alytic Functions and Determinantal Point Processes. University Lecture Series 51. Amer.
Math. Soc., Providence, RI. MR2552864

[21] KACZYNSKI, T., MISCHAIKOW, K. and MROZEK, M. (2004). Computational Homology. Ap-
plied Mathematical Sciences 157. Springer, New York. MR2028588

[22] KAHLE, M. (2011). Random geometric complexes. Discrete Comput. Geom. 45 553–573.
MR2770552

[23] KAHLE, M. (2014). Topology of random simplicial complexes: A survey. In Algebraic Topol-
ogy: Applications and New Directions. Contemp. Math. 620 201–221. Amer. Math. Soc.,
Providence, RI. MR3290093

[24] KALLENBERG, O. (1986). Random Measures, 4th ed. Akademie-Verlag, Berlin. MR0854102
[25] KARAMCHANDANI, N., MANJUNATH, D., YOGESHWARAN, D. and IYER, S. K. (2006).

Evolving random geometric graph models for mobile wireless networks. In 2006 4th In-
ternational Symposium on Modeling and Optimization in Mobile, Ad Hoc and Wireless
Networks 1–7. IEEE.

[26] KUSANO, G., FUKUMIZU, K. and HIRAOKA, Y. (2016). Persistence weighted Gaussian kernel
for topological data analysis. In Proceedings of the 33rd International Conference on
Machine Learning 2004–2013.

[27] MIYOSHI, N. and SHIRAI, T. (2014). A cellular network model with Ginibre configured base
stations. Adv. in Appl. Probab. 46 832–845. MR3254344

[28] NAKAMURA, T., HIRAOKA, Y., HIRATA, A., ESCOLAR, E. G. and NISHIURA, Y. (2015). Per-
sistent homology and many-body atomic structure for medium-range order in the glass.
Nanotechnol. 26 304001.

[29] OWADA, T. and ADLER, R. J. (2017). Limit theorems for point processes under geomet-
ric constraints (and topological crackle). Ann. Probab. 45 2004–2055. DOI:10.1214/16-
AOP1106. MR3650420

[30] PENROSE, M. (2003). Random Geometric Graphs. Oxford Studies in Probability 5. Oxford
Univ. Press, Oxford. MR1986198

http://www.ams.org/mathscinet-getitem?mr=3318898
http://arxiv.org/abs/arXiv:1211.3506
http://www.ams.org/mathscinet-getitem?mr=3679882
http://www.ams.org/mathscinet-getitem?mr=1784210
http://www.ams.org/mathscinet-getitem?mr=1867354
http://www.ams.org/mathscinet-getitem?mr=3675939
http://www.ams.org/mathscinet-getitem?mr=3683365
http://arxiv.org/abs/arXiv:1612.08485
http://www.ams.org/mathscinet-getitem?mr=2552864
http://www.ams.org/mathscinet-getitem?mr=2028588
http://www.ams.org/mathscinet-getitem?mr=2770552
http://www.ams.org/mathscinet-getitem?mr=3290093
http://www.ams.org/mathscinet-getitem?mr=0854102
http://www.ams.org/mathscinet-getitem?mr=3254344
https://doi.org/10.1214/16-AOP1106
http://www.ams.org/mathscinet-getitem?mr=3650420
http://www.ams.org/mathscinet-getitem?mr=1986198
https://doi.org/10.1214/16-AOP1106


[31] PENROSE, M. D. and YUKICH, J. E. (2001). Central limit theorems for some graphs in com-
putational geometry. Ann. Appl. Probab. 11 1005–1041. MR1878288

[32] PUGH, C. and SHUB, M. (1971). Ergodic elements of ergodic actions. Compos. Math. 23 115–
122. MR0283174

[33] REED, M. and SIMON, B. (1978). Methods of Modern Mathematical Physics. IV. Analysis of
Operators. Academic Press, New York. MR0493421

[34] RILEY, S., EAMES, K., ISHAM, V., MOLLISON, D. and TRAPMAN, P. (2015). Five challenges
for spatial epidemic models. Epidemics 10 68–71.

[35] SAADATFAR, M., TAKEUCHI, H., ROBINS, V., FRANCOIS, N. and HIRAOKA, Y. (2017). Pore
configuration landscape of granular crystallization. Nat. Commun. 8 15082.

[36] SHIRAI, T. and TAKAHASHI, Y. (2003). Random point fields associated with certain Fredholm
determinants. I. Fermion, Poisson and boson point processes. J. Funct. Anal. 205 414–
463. DOI:10.1016/S0022-1236(03)00171-X. MR2018415

[37] TRINH, K. D. (2017). A remark on the convergence of Betti numbers in the thermodynamic
regime. Pac. J. Math. Ind. 9 Art. 4, 7. DOI:10.1186/s40736-017-0029-0. MR3620264

[38] YOGESHWARAN, D. and ADLER, R. J. (2015). On the topology of random complexes built
over stationary point processes. Ann. Appl. Probab. 25 3338–3380. MR3404638

[39] YOGESHWARAN, D., SUBAG, E. and ADLER, R. J. (2017). Random geometric complexes in
the thermodynamic regime. Probab. Theory Related Fields 167 107–142. MR3602843

[40] ZOMORODIAN, A. and CARLSSON, G. (2005). Computing persistent homology. Discrete
Comput. Geom. 33 249–274. MR2121296

http://www.ams.org/mathscinet-getitem?mr=1878288
http://www.ams.org/mathscinet-getitem?mr=0283174
http://www.ams.org/mathscinet-getitem?mr=0493421
https://doi.org/10.1016/S0022-1236(03)00171-X
http://www.ams.org/mathscinet-getitem?mr=2018415
https://doi.org/10.1186/s40736-017-0029-0
http://www.ams.org/mathscinet-getitem?mr=3620264
http://www.ams.org/mathscinet-getitem?mr=3404638
http://www.ams.org/mathscinet-getitem?mr=3602843
http://www.ams.org/mathscinet-getitem?mr=2121296


The Annals of Applied Probability
2018, Vol. 28, No. 5, 2781–2813
https://doi.org/10.1214/17-AAP1373
© Institute of Mathematical Statistics, 2018

MODERATE DEVIATION FOR RANDOM ELLIPTIC PDE WITH
SMALL NOISE

BY XIAOOU LI∗,1, JINGCHEN LIU†,2, JIANFENG LU‡,3 AND XIANG ZHOU§,4

University of Minnesota∗, Columbia University†, Duke University‡ and
City University of Hong Kong§

Partial differential equations with random inputs have become popular
models to characterize physical systems with uncertainty coming from im-
precise measurement and intrinsic randomness. In this paper, we perform
asymptotic rare-event analysis for such elliptic PDEs with random inputs. In
particular, we consider the asymptotic regime that the noise level converges to
zero suggesting that the system uncertainty is low, but does exist. We develop
sharp approximations of the probability of a large class of rare events.
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LIMIT THEOREMS FOR BETTI NUMBERS OF EXTREME
SAMPLE CLOUDS WITH APPLICATION TO

PERSISTENCE BARCODES1

BY TAKASHI OWADA
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We investigate the topological dynamics of extreme sample clouds gener-
ated by a heavy tail distribution on R

d by establishing various limit theorems
for Betti numbers, a basic quantifier of algebraic topology. It then turns out
that the growth rate of the Betti numbers and the properties of the limiting
processes all depend on the distance of the region of interest from the weak
core, that is, the area in which random points are placed sufficiently densely
to connect with one another. If the region of interest becomes sufficiently
close to the weak core, the limiting process involves a new class of Gaussian
processes. We also derive the limit theorems for the sum of bar lengths in the
persistence barcode plot, a graphical descriptor of persistent homology.

REFERENCES

[1] ADLER, R. J., BOBROWSKI, O., BORMAN, M. S., SUBAG, E. and WEINBERGER, S. (2010).
Persistent homology for random fields and complexes. In Borrowing Strength: Theory
Powering Applications—a Festschrift for Lawrence D. Brown. Inst. Math. Stat. (IMS)
Collect. 6 124–143. IMS, Beachwood, OH. MR2798515

[2] ADLER, R. J., BOBROWSKI, O. and WEINBERGER, S. (2014). Crackle: The homology of
noise. Discrete Comput. Geom. 52 680–704. MR3279544

[3] ARRATIA, R., GOLDSTEIN, L. and GORDON, L. (1989). Two moments suffice for Poisson
approximations: The Chen–Stein method. Ann. Probab. 17 9–25. MR0972770

[4] BALKEMA, G. and EMBRECHTS, P. (2007). High Risk Scenarios and Extremes: A Geometric
Approach. European Mathematical Society (EMS), Zürich. MR2372552

[5] BALKEMA, G., EMBRECHTS, P. and NOLDE, N. (2010). Meta densities and the shape of their
sample clouds. J. Multivariate Anal. 101 1738–1754. MR2610743

[6] BALKEMA, G., EMBRECHTS, P. and NOLDE, N. (2013). The shape of asymptotic dependence.
In Prokhorov and Contemporary Probability Theory. Springer Proc. Math. Stat. 33 43–
67. Springer, Heidelberg. MR3070466

[7] BILLINGSLEY, P. (1968). Convergence of Probability Measures. Wiley, New York.
MR0233396

[8] BILLINGSLEY, P. (1999). Convergence of Probability Measures, 2nd ed. Wiley, New York.
MR1700749

[9] BJÖRNER, A. (1995). Topological methods. In Handbook of Combinatorics, Vols 1, 2 1819–
1872. Elsevier, Amsterdam. MR1373690

MSC2010 subject classifications. Primary 60G70, 60K35; secondary 60D05, 55U10.
Key words and phrases. Extreme value theory, random topology, persistent homology, Betti num-

ber, central limit theorem, Poisson limit theorem.

http://www.imstat.org/aap/
https://doi.org/10.1214/17-AAP1375
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=2798515
http://www.ams.org/mathscinet-getitem?mr=3279544
http://www.ams.org/mathscinet-getitem?mr=0972770
http://www.ams.org/mathscinet-getitem?mr=2372552
http://www.ams.org/mathscinet-getitem?mr=2610743
http://www.ams.org/mathscinet-getitem?mr=3070466
http://www.ams.org/mathscinet-getitem?mr=0233396
http://www.ams.org/mathscinet-getitem?mr=1700749
http://www.ams.org/mathscinet-getitem?mr=1373690
http://www.ams.org/mathscinet/msc/msc2010.html


[10] BOBROWSKI, O. and KAHLE, M. (2014). Topology of random simplicial complexes: A survey.
In Algebraic Topology: Applications and New Directions. Contemp. Math. 620 201–221.
Amer. Math. Soc., Providence, RI. MR3290093

[11] BOBROWSKI, O., KAHLE, M. and SKRABA, P. (2017). Maximally persistent cycles in random
geometric complexes. Ann. Appl. Probab. 27 2032–2060. MR3693519

[12] BOBROWSKI, O. and MUKHERJEE, S. (2015). The topology of probability distributions on
manifolds. Probab. Theory Related Fields 161 651–686. MR3334278

[13] BUBENIK, P. (2015). Statistical topological data analysis using persistence landscapes.
J. Mach. Learn. Res. 16 77–102. MR3317230

[14] CARLSSON, G. (2014). Topological pattern recognition for point cloud data. Acta Numer. 23
289–368. MR3202240

[15] COLES, S. (2001). An Introduction to Statistical Modeling of Extreme Values. Springer, Lon-
don. MR1932132

[16] DABAGHIAN, Y., MEMOLI, F., FRANK, L. and CARLSSON, G. (2012). A topological
paradigm for hippocampal spatial map formation using persistent homology. PLoS Com-
put. Biol. 8 e1002581.

[17] DABROWSKI, A. R., DEHLING, H. G., MIKOSCH, T. and SHARIPOV, O. (2002). Poisson
limits for U -statistics. Stochastic Process. Appl. 99 137–157. MR1894255

[18] DE HAAN, L. and FERREIRA, A. (2006). Extreme Value Theory: An Introduction. Springer,
New York. MR2234156

[19] DE SILVA, V. and GHRIST, R. (2007). Coverage in sensor networks via persistent homology.
Algebr. Geom. Topol. 7 339–358. MR2308949

[20] DECREUSEFOND, L., SCHULTE, M. and THÄLE, C. (2016). Functional Poisson approxima-
tion in Kantorovich–Rubinstein distance with applications to U-statistics and stochastic
geometry. Ann. Probab. 44 2147–2197. MR3502603

[21] DUY, T. K., HIRAOKA, Y. and SHIRAI, T. (2016). Limit theorems for persistence diagrams.
Available at arXiv:1612.08371.

[22] EDELSBRUNNER, H. and HARER, J. L. (2010). Computational Topology: An Introduction.
Amer. Math. Soc., Providence, RI. MR2572029

[23] EDELSBRUNNER, H., LETSCHER, D. and ZOMORODIAN, A. (2002). Topological persistence
and simplification. Discrete Comput. Geom. 28 511–533. MR1949898

[24] EMBRECHTS, P., KLÜPPELBERG, C. and MIKOSCH, T. (1997). Modelling Extremal Events:
For Insurance and Finance. Applications of Mathematics (New York) 33. Springer, Berlin.
MR1458613

[25] FASY, B. T., LECCI, F., RINALDO, A., WASSERMAN, L., BALAKRISHNAN, S. and
SINGH, A. (2014). Confidence sets for persistence diagrams. Ann. Statist. 42 2301–2339.
MR3269981

[26] GALAMBOS, J. (1987). The Asymptotic Theory of Extreme Order Statistics, 2nd ed. Krieger,
Melbourne, FL. MR0936631

[27] GHRIST, R. (2008). Barcodes: The persistent topology of data. Bull. Amer. Math. Soc. (N.S.)
45 61–75. MR2358377

[28] GHRIST, R. (2014). Elementary Applied Topology, Createspace.
[29] HATCHER, A. (2002). Algebraic Topology. Cambridge Univ. Press, Cambridge. MR1867354
[30] HIRAOKA, Y. and SHIRAI, T. (2017). Minimum spanning acycle and lifetime of persistent

homology in the Linial–Meshulam process. Random Structures Algorithms 51 315–340.
MR3683365

[31] KAHLE, M. (2011). Random geometric complexes. Discrete Comput. Geom. 45 553–573.
MR2770552

[32] KAHLE, M. and MECKES, E. (2013). Limit theorems for Betti numbers of random simplicial
complexes. Homology, Homotopy Appl. 15 343–374. MR3079211

http://www.ams.org/mathscinet-getitem?mr=3290093
http://www.ams.org/mathscinet-getitem?mr=3693519
http://www.ams.org/mathscinet-getitem?mr=3334278
http://www.ams.org/mathscinet-getitem?mr=3317230
http://www.ams.org/mathscinet-getitem?mr=3202240
http://www.ams.org/mathscinet-getitem?mr=1932132
http://www.ams.org/mathscinet-getitem?mr=1894255
http://www.ams.org/mathscinet-getitem?mr=2234156
http://www.ams.org/mathscinet-getitem?mr=2308949
http://www.ams.org/mathscinet-getitem?mr=3502603
http://arxiv.org/abs/arXiv:1612.08371
http://www.ams.org/mathscinet-getitem?mr=2572029
http://www.ams.org/mathscinet-getitem?mr=1949898
http://www.ams.org/mathscinet-getitem?mr=1458613
http://www.ams.org/mathscinet-getitem?mr=3269981
http://www.ams.org/mathscinet-getitem?mr=0936631
http://www.ams.org/mathscinet-getitem?mr=2358377
http://www.ams.org/mathscinet-getitem?mr=1867354
http://www.ams.org/mathscinet-getitem?mr=3683365
http://www.ams.org/mathscinet-getitem?mr=2770552
http://www.ams.org/mathscinet-getitem?mr=3079211


[33] KAHLE, M. and MECKES, E. (2016). Erratum to “Limit theorems for Betti numbers of random
simplicial complexes.” Homology, Homotopy Appl. 18 129–142. MR3485340

[34] KUSANO, G., FUKUMIZU, K. and HIRAOKA, Y. (2016). Persistence weighted Gaussian kernel
for topological data analysis. In ICML’16 Proceedings of the 33rd International Confer-
ence on International Conference on Machine Learning, Vol. 48, pp. 2004–2013.

[35] LEADBETTER, M. R., LINDGREN, G. and ROOTZÉN, H. (1983). Extremes and Related Prop-
erties of Random Sequences and Processes. Springer, New York–Berlin. MR0691492

[36] MARTIN, S., THOMPSON, A., COUTSIAS, E. A. and WATSON, J. (2010). Topology of cyclo-
octane energy landscape. J. Chem. Phys. 132 234115.

[37] MUNKRES, J. R. (1984). Elements of Algebraic Topology, 1st ed. Benjamin-Cummings, San
Francisco, CA.

[38] NIYOGI, P., SMALE, S. and WEINBERGER, S. (2008). Finding the homology of submani-
folds with high confidence from random samples. Discrete Comput. Geom. 39 419–441.
MR2383768

[39] OWADA, T. (2017). Functional central limit theorem for subgraph counting processes. Electron.
J. Probab. 22 Paper No. 17, 38. MR3622887

[40] OWADA, T. and ADLER, R. J. (2017). Limit theorems for point processes under geometric
constraints (and topological crackle). Ann. Probab. 45 2004–2055. MR3650420

[41] PENROSE, M. (2003). Random Geometric Graphs. Oxford Studies in Probability 5. Oxford
Univ. Press, Oxford. MR1986198

[42] PORT, A., GHEORGHITA, I., GUTH, D., CLARK, J. M., LIANG, C., DASU, S. and MAR-
COLLI, M. (2015). Persistent topology of syntax. Available at arXiv:1507.05134.

[43] RESNICK, S. I. (1987). Extreme Values, Regular Variation, and Point Processes. Applied Prob-
ability. A Series of the Applied Probability Trust 4. Springer, New York. MR0900810

[44] RESNICK, S. I. (2007). Heavy-Tail Phenomena: Probabilistic and Statistical Modeling.
Springer, New York. MR2271424

[45] SCHULTE, M. and THÄLE, C. (2012). The scaling limit of Poisson-driven order statistics
with applications in geometric probability. Stochastic Process. Appl. 122 4096–4120.
MR2971726

[46] VICK, J. W. (1994). Homology Theory: An Introduction to Algebraic Topology, 2nd ed. Grad-
uate Texts in Mathematics 145. Springer, New York. MR1254439

[47] YOGESHWARAN, D. and ADLER, R. J. (2015). On the topology of random complexes built
over stationary point processes. Ann. Appl. Probab. 25 3338–3380. MR3404638

[48] YOGESHWARAN, D., SUBAG, E. and ADLER, R. J. (2017). Random geometric complexes in
the thermodynamic regime. Probab. Theory Related Fields 167 107–142. MR3602843

[49] ZOMORODIAN, A. and CARLSSON, G. (2005). Computing persistent homology. Discrete
Comput. Geom. 33 249–274. MR2121296

http://www.ams.org/mathscinet-getitem?mr=3485340
http://www.ams.org/mathscinet-getitem?mr=0691492
http://www.ams.org/mathscinet-getitem?mr=2383768
http://www.ams.org/mathscinet-getitem?mr=3622887
http://www.ams.org/mathscinet-getitem?mr=3650420
http://www.ams.org/mathscinet-getitem?mr=1986198
http://arxiv.org/abs/arXiv:1507.05134
http://www.ams.org/mathscinet-getitem?mr=0900810
http://www.ams.org/mathscinet-getitem?mr=2271424
http://www.ams.org/mathscinet-getitem?mr=2971726
http://www.ams.org/mathscinet-getitem?mr=1254439
http://www.ams.org/mathscinet-getitem?mr=3404638
http://www.ams.org/mathscinet-getitem?mr=3602843
http://www.ams.org/mathscinet-getitem?mr=2121296


The Annals of Applied Probability
2018, Vol. 28, No. 5, 2855–2895
https://doi.org/10.1214/17-AAP1376
© Institute of Mathematical Statistics, 2018

AN APPROXIMATION RESULT FOR A CLASS OF STOCHASTIC
HEAT EQUATIONS WITH COLORED NOISE

BY MOHAMMUD FOONDUN, MATHEW JOSEPH1 AND SHIU-TANG LI

University of Strathclyde, University of Sheffield and University of Utah

We show that a large class of stochastic heat equations can be approxi-
mated by systems of interacting stochastic differential equations. As a con-
sequence, we prove various comparison principles extending earlier works of
[Stoch. Stoch. Rep. 37 (1991) 225–245] and [Ann. Probab. 45 (2017) 377–
403] among others. Among other things, our results enable us to obtain sharp
estimates on the moments of the solution. A main technical ingredient of our
method is a local limit theorem which is of independent interest.
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A SIMPLE EVOLUTIONARY GAME ARISING FROM THE STUDY
OF THE ROLE OF IGF-II IN PANCREATIC CANCER

BY RUIBO MA AND RICK DURRETT

Duke University

We study an evolutionary game in which a producer at x gives birth at
rate 1 to an offspring sent to a randomly chosen point in x + Nc, while a
cheater at x gives birth at rate λ > 1 times the fraction of producers in x +Nd

and sends its offspring to a randomly chosen point in x +Nc. We first study
this game on the d-dimensional torus (Z mod L)d with Nd = (Z mod L)d

and Nc = the 2d nearest neighbors. If we let L → ∞ then t → ∞ the frac-
tion of producers converges to 1/λ. In d ≥ 3 the limiting finite dimensional
distributions converge as t → ∞ to the voter model equilibrium with density
1/λ. We next reformulate the system as an evolutionary game with “birth-
death” updating and take Nc = Nd = N . Using results for voter model
perturbations we show that in d = 3 with N = the six nearest neighbors,
the density of producers converges to (2/λ) − 0.5 for 4/3 < λ < 4. Pro-
ducers take over the system when λ < 4/3 and die out when λ > 4. In
d = 2 with N = [−c

√
logN,c

√
logN ]2 there are similar phase transitions,

with coexistence occurring when (1 + 2θ)/(1 + θ) < λ < (1 + 2θ)/θ where

θ = (e3/(πc2) − 1)/2.
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EQUILIBRIUM LARGE DEVIATIONS FOR MEAN-FIELD SYSTEMS
WITH TRANSLATION INVARIANCE1

BY JULIEN REYGNER

Université Paris-Est

We consider particle systems with mean-field interactions whose distri-
bution is invariant by translations. Under the assumption that the system seen
from its centre of mass be reversible with respect to a Gibbs measure, we
establish large deviation principles for its empirical measure at equilibrium.
Our study covers the cases of McKean–Vlasov particle systems without ex-
ternal potential, and systems of rank-based interacting diffusions. Depending
on the strength of the interaction, the large deviation principles are stated
in the space of centered probability measures endowed with the Wasserstein
topology of appropriate order, or in the orbit space of the action of transla-
tions on probability measures. An application to the study of atypical capital
distribution is detailed.

REFERENCES

[1] AMBROSIO, L., GIGLI, N. and SAVARÉ, G. (2008). Gradient Flows in Metric Spaces and in
the Space of Probability Measures, 2nd ed. Birkhäuser, Basel. MR2401600

[2] BANNER, A. D., FERNHOLZ, R. and KARATZAS, I. (2005). Atlas models of equity markets.
Ann. Appl. Probab. 15 2296–2330. MR2187296

[3] BENACHOUR, S., ROYNETTE, B., TALAY, D. and VALLOIS, P. (1998). Nonlinear self-
stabilizing processes. I. Existence, invariant probability, propagation of chaos. Stochastic
Process. Appl. 75 173–201. MR1632193

[4] BENACHOUR, S., ROYNETTE, B. and VALLOIS, P. (1998). Nonlinear self-stabilizing pro-
cesses. II. Convergence to invariant probability. Stochastic Process. Appl. 75 203–224.
MR1632197

[5] BENEDETTO, D., CAGLIOTI, E., CARRILLO, J. A. and PULVIRENTI, M. (1998). A non-
Maxwellian steady distribution for one-dimensional granular media. J. Stat. Phys. 91 979–
990. MR1637274

[6] BENEDETTO, D., CAGLIOTI, E. and PULVIRENTI, M. (1997). A kinetic equation for granular
media. RAIRO Modél. Math. Anal. Numér. 31 615–641. MR1471181

[7] BILLINGSLEY, P. (1999). Convergence of Probability Measures, 2nd ed. Wiley, New York.
MR1700749

[8] BOBKOV, S. and LEDOUX, M. (2016). One-dimensional empirical measures, order statistics
and Kantorovich transport distances. Mem. Amer. Math. Soc. To appear.

[9] BOSSY, M. and TALAY, D. (1996). Convergence rate for the approximation of the limit law of
weakly interacting particles: Application to the Burgers equation. Ann. Appl. Probab. 6
818–861. MR1410117

MSC2010 subject classifications. 60F10, 60J60, 60K35.
Key words and phrases. Large deviations, mean-field systems, McKean–Vlasov particle systems,

rank-based interacting diffusions, free energy.

http://www.imstat.org/aap/
https://doi.org/10.1214/17-AAP1379
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=2401600
http://www.ams.org/mathscinet-getitem?mr=2187296
http://www.ams.org/mathscinet-getitem?mr=1632193
http://www.ams.org/mathscinet-getitem?mr=1632197
http://www.ams.org/mathscinet-getitem?mr=1637274
http://www.ams.org/mathscinet-getitem?mr=1471181
http://www.ams.org/mathscinet-getitem?mr=1700749
http://www.ams.org/mathscinet-getitem?mr=1410117
http://www.ams.org/mathscinet/msc/msc2010.html


[10] BOSSY, M. and TALAY, D. (1997). A stochastic particle method for the McKean–Vlasov and
the Burgers equation. Math. Comp. 66 157–192. MR1370849

[11] BRUGGEMAN, C. (2016). Dynamics of Large Rank-Based Systems of Interacting Diffusions.
Ph.D. thesis, Columbia Univ., New York, NY. MR3503494

[12] CARRILLO, J. A., MCCANN, R. J. and VILLANI, C. (2003). Kinetic equilibration rates for
granular media and related equations: Entropy dissipation and mass transportation esti-
mates. Rev. Mat. Iberoam. 19 971–1018. MR2053570

[13] CARRILLO, J. A., MCCANN, R. J. and VILLANI, C. (2006). Contractions in the 2-Wasserstein
length space and thermalization of granular media. Arch. Ration. Mech. Anal. 179 217–
263. MR2209130

[14] CATTIAUX, P., GUILLIN, A. and MALRIEU, F. (2008). Probabilistic approach for granular
media equations in the non-uniformly convex case. Probab. Theory Related Fields 140
19–40. MR2357669

[15] CATTIAUX, P. and PÉDÈCHES, L. (2016). The 2-D stochastic Keller–Segel particle model: Ex-
istence and uniqueness. ALEA Lat. Am. J. Probab. Math. Stat. 13 447–463. MR3519253

[16] CHAFAÏ, D., GOZLAN, N. and ZITT, P.-A. (2014). First-order global asymptotics for confined
particles with singular pair repulsion. Ann. Appl. Probab. 24 2371–2413. MR3262506

[17] CHATTERJEE, S. and PAL, S. (2010). A phase transition behavior for Brownian motions inter-
acting through their ranks. Probab. Theory Related Fields 147 123–159. MR2594349

[18] DAWSON, D. A. and GÄRTNER, J. (1986). Large deviations and tunnelling for particle systems
with mean field interaction. C. R. Math. Rep. Acad. Sci. Can. 8 387–392. MR0866922

[19] DAWSON, D. A. and GÄRTNER, J. (1987). Large deviations from the McKean–Vlasov limit
for weakly interacting diffusions. Stochastics 20 247–308. MR0885876

[20] DAWSON, D. A. and GÄRTNER, J. (1989). Large deviations, free energy functional and quasi-
potential for a mean field model of interacting diffusions. Mem. Amer. Math. Soc. 78 iv +
94. MR0989931

[21] DEMBO, A., SHKOLNIKOV, M., VARADHAN, S. R. S. and ZEITOUNI, O. (2016). Large de-
viations for diffusions interacting through their ranks. Comm. Pure Appl. Math. 69 1259–
1313. MR3503022

[22] DEMBO, A. and ZEITOUNI, O. (2010). Large Deviations Techniques and Applications.
Stochastic Modelling and Applied Probability 38. Springer, Berlin. Corrected reprint of
the second (1998) edition. MR2571413

[23] DUPUIS, P. and ELLIS, R. S. (1997). A Weak Convergence Approach to the Theory of Large
Deviations. Wiley, New York. MR1431744

[24] DUPUIS, P., LASCHOS, V. and RAMANAN, K. (2015). Large deviations for empirical mea-
sures generated by Gibbs measures with singular energy functionals. Preprint. Available
at arXiv:1511.06928.

[25] ELLIS, R. S. (1985). Entropy, Large Deviations, and Statistical Mechanics. Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]
271. Springer, New York. MR0793553

[26] FERNHOLZ, E. R. (2002). Stochastic Portfolio Theory. Applications of Mathematics (New
York) 48. Springer, New York. MR1894767

[27] FOURNIER, N. and JOURDAIN, B. (2017). Stochastic particle approximation of the Keller–
Segel equation and two-dimensional generalization of Bessel processes. Ann. Appl.
Probab. 27 2807–2861. MR3719947

[28] JORDAN, R., KINDERLEHRER, D. and OTTO, F. (1998). The variational formulation of the
Fokker–Planck equation. SIAM J. Math. Anal. 29 1–17. MR1617171

[29] JOURDAIN, B. (2000). Diffusion processes associated with nonlinear evolution equations for
signed measures. Methodol. Comput. Appl. Probab. 2 69–91. MR1783154

http://www.ams.org/mathscinet-getitem?mr=1370849
http://www.ams.org/mathscinet-getitem?mr=3503494
http://www.ams.org/mathscinet-getitem?mr=2053570
http://www.ams.org/mathscinet-getitem?mr=2209130
http://www.ams.org/mathscinet-getitem?mr=2357669
http://www.ams.org/mathscinet-getitem?mr=3519253
http://www.ams.org/mathscinet-getitem?mr=3262506
http://www.ams.org/mathscinet-getitem?mr=2594349
http://www.ams.org/mathscinet-getitem?mr=0866922
http://www.ams.org/mathscinet-getitem?mr=0885876
http://www.ams.org/mathscinet-getitem?mr=0989931
http://www.ams.org/mathscinet-getitem?mr=3503022
http://www.ams.org/mathscinet-getitem?mr=2571413
http://www.ams.org/mathscinet-getitem?mr=1431744
http://arxiv.org/abs/arXiv:1511.06928
http://www.ams.org/mathscinet-getitem?mr=0793553
http://www.ams.org/mathscinet-getitem?mr=1894767
http://www.ams.org/mathscinet-getitem?mr=3719947
http://www.ams.org/mathscinet-getitem?mr=1617171
http://www.ams.org/mathscinet-getitem?mr=1783154


[30] JOURDAIN, B. and MALRIEU, F. (2008). Propagation of chaos and Poincaré inequalities for
a system of particles interacting through their CDF. Ann. Appl. Probab. 18 1706–1736.
MR2462546

[31] JOURDAIN, B. and REYGNER, J. (2013). Propogation of chaos for rank-based interacting dif-
fusions and long time behaviour of a scalar quasilinear parabolic equation. Stoch. Partial
Differ. Equ., Anal. Computat. 1 455–506. MR3327514

[32] JOURDAIN, B. and REYGNER, J. (2015). Capital distribution and portfolio performance in the
mean-field Atlas model. Ann. Finance 11 151–198. MR3340241

[33] KOLLI, P. and SHKOLNIKOV, M. (2018). SPDE limit of the global fluctuations in rank-based
models. Ann. Probab. 46 1042–1069. MR3773380

[34] LEBLÉ, T. and SERFATY, S. (2017). Large deviation principle for empirical fields of log and
Riesz gases. Invent. Math. 210 645–757. MR3735628

[35] LÉONARD, C. (1987). Large deviations and law of large numbers for a mean field type inter-
acting particle system. Stochastic Process. Appl. 25 215–235. MR0915135

[36] MALRIEU, F. (2003). Convergence to equilibrium for granular media equations and their Euler
schemes. Ann. Appl. Probab. 13 540–560. MR1970276

[37] MUKHERJEE, C. and VARADHAN, S. R. S. (2016). Brownian occupation measures, compact-
ness and large deviations. Ann. Probab. 44 3934–3964. MR3572328

[38] OTTO, F. (2001). The geometry of dissipative evolution equations: The porous medium equa-
tion. Comm. Partial Differential Equations 26 101–174. MR1842429

[39] PAL, S. and PITMAN, J. (2008). One-dimensional Brownian particle systems with rank-
dependent drifts. Ann. Appl. Probab. 18 2179–2207. MR2473654

[40] REY-BELLET, L. and SPILIOPOULOS, K. (2015). Irreversible Langevin samplers and variance
reduction: A large deviations approach. Nonlinearity 28 2081–2103. MR3366637

[41] REYGNER, J. (2015). Chaoticity of the stationary distribution of rank-based interacting diffu-
sions. Electron. Commun. Probab. 20 no. 60, 1–20. MR3399811

[42] REYGNER, J. (2017). Long time behaviour and mean-field limit of Atlas models. ESAIM Proc.
Surv. 60 132–143.

[43] SHKOLNIKOV, M. (2012). Large systems of diffusions interacting through their ranks. Stochas-
tic Process. Appl. 122 1730–1747. MR2914770

[44] SUN, L.-H. (2013). Systemic risk illustrated. In Handbook on Systemic Risk 444–452. Cam-
bridge Univ. Press, Cambridge.

[45] VILLANI, C. (2009). Optimal Transport: Old and New. Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 338. Springer, Berlin.
MR2459454

[46] WANG, R., WANG, X. and WU, L. (2010). Sanov’s theorem in the Wasserstein distance: A nec-
essary and sufficient condition. Statist. Probab. Lett. 80 505–512. MR2593592

http://www.ams.org/mathscinet-getitem?mr=2462546
http://www.ams.org/mathscinet-getitem?mr=3327514
http://www.ams.org/mathscinet-getitem?mr=3340241
http://www.ams.org/mathscinet-getitem?mr=3773380
http://www.ams.org/mathscinet-getitem?mr=3735628
http://www.ams.org/mathscinet-getitem?mr=0915135
http://www.ams.org/mathscinet-getitem?mr=1970276
http://www.ams.org/mathscinet-getitem?mr=3572328
http://www.ams.org/mathscinet-getitem?mr=1842429
http://www.ams.org/mathscinet-getitem?mr=2473654
http://www.ams.org/mathscinet-getitem?mr=3366637
http://www.ams.org/mathscinet-getitem?mr=3399811
http://www.ams.org/mathscinet-getitem?mr=2914770
http://www.ams.org/mathscinet-getitem?mr=2459454
http://www.ams.org/mathscinet-getitem?mr=2593592


The Annals of Applied Probability
2018, Vol. 28, No. 5, 2966–3001
https://doi.org/10.1214/18-AAP1380
© Institute of Mathematical Statistics, 2018

ASYMPTOTIC ANALYSIS OF THE RANDOM WALK METROPOLIS
ALGORITHM ON RIDGED DENSITIES

BY ALEXANDROS BESKOS∗,1, GARETH ROBERTS†, ALEXANDRE THIERY‡

AND NATESH PILLAI§,2

University College London∗, University of Warwick†, National University of
Singapore‡ and Harvard University§

We study the asymptotic behaviour of the Random Walk Metropolis al-
gorithm on “ridged” probability densities where most of the probability mass
is distributed along some key directions. Such class of probability measures
arise in various applied contexts including for instance Bayesian inverse prob-
lems where the posterior measure concentrates on a manifold when the noise
variance goes to zero. When the target measure concentrates on a linear mani-
fold, we derive analytically a diffusion limit for the Random Walk Metropolis
Markov chain as the scale parameter goes to zero. In contrast to the exist-
ing works on scaling limits, our limiting stochastic differential equation does
not in general have a constant diffusion coefficient. Our results show that in
some cases, the usual practice of adapting the step-size to control the accep-
tance probability might be sub-optimal as the optimal acceptance probability
is zero (in the limit).
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We consider the Degree-Corrected Stochastic Block Model (DC-SBM):
a random graph on n nodes, having i.i.d. weights (φu)nu=1 (possibly heavy-
tailed), partitioned into q ≥ 2 asymptotically equal-sized clusters. The model
parameters are two constants a, b > 0 and the finite second moment of the
weights 
(2). Vertices u and v are connected by an edge with probability
φuφv

n a when they are in the same class and with probability φuφv
n b otherwise.

We prove that it is information-theoretically impossible to estimate the
clusters in a way positively correlated with the true community structure
when (a − b)2
(2) ≤ q(a + b).

As by-products of our proof we obtain (1) a precise coupling result for lo-
cal neighbourhoods in DC-SBMs, that we use in Gulikers, Lelarge and Mas-
soulié (2016) to establish a law of large numbers for local-functionals and (2)

that long-range interactions are weak in (power-law) DC-SBMs.
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We consider stochastic differential systems driven by a Brownian mo-
tion and a Poisson point measure where the intensity measure of jumps de-
pends on the solution. This behavior is natural for several physical mod-
els (such as Boltzmann equation, piecewise deterministic Markov processes,
etc.). First, we give sufficient conditions guaranteeing that the semigroup as-
sociated with such an equation preserves regularity by mapping the space of
k-times differentiable bounded functions into itself. Furthermore, we give an
upper estimate of the operator norm. This is the key-ingredient in a quantita-
tive Trotter–Kato-type stability result: it allows us to give an upper estimate
of the distance between two semigroups associated with different sets of co-
efficients in terms of the difference between the corresponding infinitesimal
operators. As an application, we present a method allowing to replace “small
jumps” by a Brownian motion or by a drift component. The example of the
2D Boltzmann equation is also treated in all detail.
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REAL EIGENVALUES IN THE NON-HERMITIAN
ANDERSON MODEL

BY ILYA GOLDSHEID∗ AND SASHA SODIN∗,†,1

Queen Mary University of London∗ and Tel Aviv University†

The eigenvalues of the Hatano–Nelson non-Hermitian Anderson matri-
ces, in the spectral regions in which the Lyapunov exponent exceeds the
non-Hermiticity parameter, are shown to be real and exponentially close to
the Hermitian eigenvalues. This complements previous results, according to
which the eigenvalues in the spectral regions in which the non-Hermiticity
parameter exceeds the Lyapunov exponent are aligned on curves in the com-
plex plane.
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DICTATOR FUNCTIONS MAXIMIZE MUTUAL INFORMATION

BY GEORG PICHLER∗,1, PABLO PIANTANIDA† AND GERALD MATZ∗,1

Technische Universität Wien∗ and CentraleSupélec-CNRS-Université Paris-Sud†

Let (X, Y) denote n independent, identically distributed copies of two
arbitrarily correlated Rademacher random variables (X, Y). We prove that
the inequality I(f (X);g(Y)) ≤ I(X; Y) holds for any two Boolean functions:
f ,g : {−1, 1}n → {−1, 1} [I(·; ·) denotes mutual information]. We further
show that equality in general is achieved only by the dictator functions
f (x) = ±g(x) = ±xi , i ∈ {1, 2, . . . ,n}.
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DIFFUSION TRANSFORMATIONS, BLACK–SCHOLES EQUATION
AND OPTIMAL STOPPING

BY UMUT ÇETIN

London School of Economics and Political Science

We develop a new class of path transformations for one-dimensional dif-
fusions that are tailored to alter their long-run behaviour from transient to
recurrent or vice versa. This immediately leads to a formula for the distribu-
tion of the first exit times of diffusions, which is recently characterised by
Karatzas and Ruf [Probab. Theory Related Fields 164 (2016) 1027–1069] as
the minimal solution of an appropriate Cauchy problem under more strin-
gent conditions. A particular limit of these transformations also turn out to be
instrumental in characterising the stochastic solutions of Cauchy problems
defined by the generators of strict local martingales, which are well known
for not having unique solutions even when one restricts solutions to have lin-
ear growth. Using an appropriate diffusion transformation, we show that the
aforementioned stochastic solution can be written in terms of the unique clas-
sical solution of an alternative Cauchy problem with suitable boundary con-
ditions. This in particular resolves the long-standing issue of non-uniqueness
with the Black–Scholes equations in derivative pricing in the presence of bub-
bles. Finally, we use these path transformations to propose a unified frame-
work for solving explicitly the optimal stopping problem for one-dimensional
diffusions with discounting, which in particular is relevant for the pricing and
the computation of optimal exercise boundaries of perpetual American op-
tions.
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DYNAMICS OF A PLANAR COULOMB GAS1
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Sorbonne Université and Université Paris-Dauphine and Universidad de Chile

We study the long-time behavior of the dynamics of interacting planar
Brownian particles, confined by an external field and subject to a singular pair
repulsion. The invariant law is an exchangeable Boltzmann–Gibbs measure.
For a special inverse temperature, it matches the Coulomb gas known as the
complex Ginibre ensemble. The difficulty comes from the interaction which
is not convex, in contrast with the case of one-dimensional log-gases associ-
ated with the Dyson Brownian motion. Despite the fact that the invariant law
is neither product nor log-concave, we show that the system is well-posed for
any inverse temperature and that Poincaré inequalities are available. More-
over, the second moment dynamics turns out to be a nice Cox–Ingersoll–Ross
process, in which the dependency over the number of particles leads to iden-
tify two natural regimes related to the behavior of the noise and the speed of
the dynamics.
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THE SIZE OF THE BOUNDARY IN FIRST-PASSAGE
PERCOLATION
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First-passage percolation is a random growth model defined using i.i.d.
edge-weights (te) on the nearest-neighbor edges of Zd . An initial infection
occupies the origin and spreads along the edges, taking time te to cross the
edge e. In this paper, we study the size of the boundary of the infected (“wet”)
region at time t , B(t). It is known that B(t) grows linearly, so its boundary
∂B(t) has size between ctd−1 and Ctd . Under a weak moment condition
on the weights, we show that for most times, ∂B(t) has size of order td−1

(smooth). On the other hand, for heavy-tailed distributions, B(t) contains
many small holes, and consequently we show that ∂B(t) has size of order
td−1+α for some α > 0 depending on the distribution. In all cases, we show
that the exterior boundary of B(t) [edges touching the unbounded component
of the complement of B(t)] is smooth for most times. Under the unproven as-
sumption of uniformly positive curvature on the limit shape for B(t), we show
the inequality #∂B(t) ≤ (log t)Ctd−1 for all large t .
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RANDOM INSCRIBED POLYTOPES HAVE SIMILAR RADIUS
FUNCTIONS AS POISSON–DELAUNAY MOSAICS1

BY HERBERT EDELSBRUNNER AND ANTON NIKITENKO
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Using the geodesic distance on the n-dimensional sphere, we study the
expected radius function of the Delaunay mosaic of a random set of points.
Specifically, we consider the partition of the mosaic into intervals of the ra-
dius function and determine the expected number of intervals whose radii
are less than or equal to a given threshold. We find that the expectations are
essentially the same as for the Poisson–Delaunay mosaic in n-dimensional
Euclidean space. Assuming the points are not contained in a hemisphere,
the Delaunay mosaic is isomorphic to the boundary complex of the convex
hull in R

n+1, so we also get the expected number of faces of a random in-
scribed polytope. As proved in Antonelli et al. [Adv. in Appl. Probab. 9–12
(1977–1980)], an orthant section of the n-sphere is isometric to the standard
n-simplex equipped with the Fisher information metric. It follows that the
latter space has similar stochastic properties as the n-dimensional Euclidean
space. Our results are therefore relevant in information geometry and in pop-
ulation genetics.
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STOCHASTIC CUCKER–SMALE MODELS: OLD AND NEW
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In this paper we revisit and generalize various stochastic models extend-
ing the deterministic Cucker–Smale model for self-organization. We study
flocking and swarming properties. We show how these properties strongly
depend on the structure and on the variance of the noise.
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