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RATE CONTROL UNDER HEAVY TRAFFIC WITH
STRATEGIC SERVERS

BY ERHAN BAYRAKTAR!, AMARJIT BUDHIRAJAZ AND ASAF COHEN

University of Michigan, University of North Carolina at Chapel Hill and
University of Haifa

We consider a large queueing system that consists of many strategic
servers that are weakly interacting. Each server processes jobs from its unique
critically loaded buffer and controls the rate of arrivals and departures associ-
ated with its queue to minimize its expected cost. The rates and the cost func-
tions in addition to depending on the control action, can depend, in a sym-
metric fashion, on the size of the individual queue and the empirical measure
of the states of all queues in the system. In order to determine an approximate
Nash equilibrium for this finite player game, we construct a Lasry—Lions-type
mean-field game (MFG) for certain reflected diffusions that governs the lim-
iting behavior. Under conditions, we establish the convergence of the Nash-
equilibrium value for the finite size queuing system to the value of the MFG.

REFERENCES

ACHDOU, Y., CAMILLI, F. and CAPUZZO-DOLCETTA, 1. (2013). Mean field games: Conver-
gence of a finite difference method. SIAM J. Numer. Anal. 51 2585-2612. MR3097034

AcCHDOU, Y. and CAPUZZO-DOLCETTA, I. (2010). Mean field games: Numerical methods.
SIAM J. Numer. Anal. 48 1136-1162. MR2679575

ACHDOU, Y. and PORRETTA, A. (2016). Convergence of a finite difference scheme to weak
solutions of the system of partial differential equations arising in mean field games. SIAM
J. Numer. Anal. 54 161-186.

ALIPRANTIS, C. D. and BORDER, K. C. (2006). Infinite Dimensional Analysis: A Hitchhiker’s
Guide, 3rd ed. Springer, Berlin.

ANTUNES, N., FRICKER, C., ROBERT, P. and TIBI, D. (2008). Stochastic networks with mul-
tiple stable points. Ann. Probab. 36 255-278. MR2370604

ATA, B., HARRISON, J. M. and SHEPP, L. A. (2005). Drift rate control of a Brownian pro-
cessing system. Ann. Appl. Probab. 15 1145-1160. MR2134100

BACCELLI, F., KARPELEVICH, F., KELBERT, M. Y., PUHALSKII, A., RYBKO, A. and
SUHOV, Y. M. (1992). A mean-field limit for a class of queueing networks. J. Stat. Phys.
66 803-825.

BAYRAKTAR, E., BUDHIRAJA, A. and COHEN, A. (2017). A numerical scheme for a mean
field game in some queuing systems based on Markov chain approximation method. SIAM
J. Control Optim. To appear.

BAYRAKTAR, E., HORST, U. and SIRCAR, R. (2006). A limit theorem for financial markets
with inert investors. Math. Oper. Res. 31 789-810. MR2281230

MSC2010 subject classifications. Heavy traffic limits, queuing systems, strategic servers, mean-
field games, rate control, reflected diffusions.
Key words and phrases. 60K25, 91A13, 60K35, 93E20, 60H30, 60F17.


http://www.imstat.org/aap/
https://doi.org/10.1214/17-AAP1349
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=3097034
http://www.ams.org/mathscinet-getitem?mr=2679575
http://www.ams.org/mathscinet-getitem?mr=2370604
http://www.ams.org/mathscinet-getitem?mr=2134100
http://www.ams.org/mathscinet-getitem?mr=2281230
http://www.ams.org/mathscinet/msc/msc2010.html

(10]

(11]

[12]

[13]

[14]

[15]

[16]
(17]

(18]

[19]
(20]
[21]

(22]

[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]

(32]

BAYRAKTAR, E., HORST, U. and SIRCAR, R. (2007). Queuing theoretic approaches to finan-
cial price fluctuations. Handbooks Oper. Res. Management Sci. 15 637-677.

BAYRAKTAR, E. and LUDKOVSKI, M. (2011). Optimal trade execution in illiquid markets.
Math. Finance 21 681-701.

BAYRAKTAR, E. and LUDKOVSKI, M. (2014). Liquidation in limit order books with controlled
intensity. Math. Finance 24 627-650.

BAYRAKTAR, E. and ZHANG, Y. (2016). A rank-based mean field game in the strong formu-
lation. Electron. Commun. Probab. 21 Paper No. 72.

BENAIM, M. and LE BOUDEC, J.-Y. (2008). A class of mean field interaction models for
computer and communication systems. Perform. Eval. 65 823-838.

BENAMOU, J.-D. and CARLIER, G. (2015). Augmented Lagrangian methods for transport
optimization, mean field games and degenerate elliptic equations. J. Optim. Theory Appl.
167 1-26.

BILLINGSLEY, P. (1999). Convergence of Probability Measures, 2nd ed. Wiley, New York.

BLAIR, J., JOHNSON, P. and DUCK, P. (2015). Analysis of optimal liquidation in limit or-
der books. Preprint. Available at http://eprints.ma.man.ac.uk/2299/01/covered/MIMS _
ep2014_23.pdf.

BOBBIO, A., GRIBAUDO, M. and TELEK, M. (2008). Analysis of large scale interacting sys-
tems by mean field method. In Fifth International Conference on Quantitative Evaluation
of Systems (QEST’08) 215-224. IEEE, New York.

BORKAR, V. S. (1989). Optimal Control of Diffusion Processes. Pitman Research Notes in
Mathematics Series 203. Longman Scientific & Technical, Harlow. MR1005532

BoRrovKoOV, K. A. (1998). Propagation of chaos for queueing networks. Theory Probab. Appl.
42 385-394.

BOWE, M., HYDE, S. and JOHNSON, I. (2009). Determining the intensity of buy and sell limit
order submissions: A look at the market preopening period.

BUDHIRAJA, A. and FRIEDLANDER, E. (2018). Diffusion approximations for controlled
weakly interacting large finite state systems with simultaneous jumps. Ann. Appl. Probab.
28 204-249.

BUDHIRAJA, A., GHOSH, A. P. and LEE, C. (2011). Ergodic rate control problem for single
class queueing networks. STAM J. Control Optim. 49 1570-1606.

CARDALIAGUET, P. (2013). Notes on mean field games. Available at https://www.ceremade.
dauphine.fr/~cardalia/MFG20130420.pdf/.

CARLINI, E. and SILVA, F. J. (2014). A fully discrete semi-Lagrangian scheme for a first order
mean field game problem. SIAM J. Numer. Anal. 52 45-67.

CARLINI, E. and SILVA, F. J. (2015). A semi-Lagrangian scheme for a degenerate second
order mean field game system. Discrete Contin. Dyn. Syst. 35 4269-4292.

CARMONA, R. and DELARUE, F. (2013). Probabilistic analysis of mean-field games. SIAM J.
Control Optim. 51 2705-2734.

CARMONA, R. and LACKER, D. (2015). A probabilistic weak formulation of mean field games
and applications. Ann. Appl. Probab. 25 1189—-1231. MR3325272

CHASSAGNEUX, J.-F., CRISAN, D. and DELARUE, F. (2017). Numerical method for FBSDEs
of McKean—Vlasov type. Available at arXiv:1703.02007 [math.PR].

CHEN, H. and YAO0, D. D. (2001). Fundamentals of Queuing Networks: Performance, Asymp-
totics, and Optimization. Springer, Berlin.

DAL J. G. and VILLIAMS, R. J. (1995). Existence and uniqueness of semimartingale reflecting
Brownian motions in convex polyhedra. Theory Probab. Appl. 40 1-40. MR1346729

EL KAROUI, N., HUU NGUYEN, D. and JEANBLANC-PICQUE, M. (1987). Compactification
methods in the control of degenerate diffusions: Existence of an optimal control. Stochas-
tics 20 169-219.


http://eprints.ma.man.ac.uk/2299/01/covered/MIMS_ep2014_23.pdf
http://www.ams.org/mathscinet-getitem?mr=1005532
https://www.ceremade.dauphine.fr/~cardalia/MFG20130420.pdf/
http://www.ams.org/mathscinet-getitem?mr=3325272
http://arxiv.org/abs/arXiv:1703.02007
http://www.ams.org/mathscinet-getitem?mr=1346729
http://eprints.ma.man.ac.uk/2299/01/covered/MIMS_ep2014_23.pdf
https://www.ceremade.dauphine.fr/~cardalia/MFG20130420.pdf/

(33]
[34]
[35]
(36]
[37]
(38]
[39]
(40]
[41]
[42]

[43]

[44]
[45]

[46]

[47]

(48]
[49]
[50]
[51]

[52]

(53]

[54]

FENDICK, K. W. and RODRIGUES, M. A. (1994). Asymptotic analysis of adaptive rate control
for diverse sources with delayed feedback. IEEE Trans. Inform. Theory 40 2008-2025.

FISCHER, M. (2017). On the connection between symmetric n-player games and mean field
games. Ann. Appl. Probab. 27 757-810. MR3655853

FLEMING, W. H. (1976). Generalized solutions in optimal stochastic control. Technical report,
DTIC document.

FOLLMER, H. and HORST, U. (2001). Convergence of locally and globally interacting Markov
chains. Stochastic Process. Appl. 96 99-121.

GIBBENS, R. J., HUNT, P. J. and KELLY, F. P. (1990). Bistability in communication networks.
In Disorder in Physical Systems 113—127. Oxford Univ. Press, New York. MR1064558

GOMES, D. A., MOHR, J. and SouzA, R. R. (2013). Continuous time finite state mean field
games. Appl. Math. Optim. 68 99—143.

GOPALAKRISHNAN, R., DOROUDI, S., WARD, A. R. and WIERMAN, A. (2017). Routing and
staffing when servers are strategic. Oper. Res. 64 1033—-1050. MR3532868

GRAHAM, C. (2000). Chaoticity on path space for a queueing network with selection of the
shortest queue among several. J. Appl. Probab. 37 198-211. MR1761670

GRAHAM, C. and ROBERT, P. (2009). Interacting multi-class transmissions in large stochastic
networks. Ann. Appl. Probab. 19 2334-2361. MR2588247

GUEANT, O. (2012). New numerical methods for mean field games with quadratic costs. Netw.
Heterog. Media 7 315-336. MR2928382

GUEANT, O., LASRY, J.-M. and LIONS, P.-L. (2011). Mean field games and applications. In
Paris—Princeton Lectures on Mathematical Finance 2010. Lecture Notes in Math. 2003
205-266. Springer, Berlin.

GUEANT, O. and LEHALLE, C.-A. (2015). General intensity shapes in optimal liquidation.
Math. Finance 25 457-495. MR3358591

HuU, Y. and PENG, S. (1997). A stability theorem of backward stochastic differential equations
and its application. C. R. Acad. Sci. Paris Sér. I Math. 324 1059-1064.

HUANG, M., CAINES, P. E. and MALHAME, R. P. (2007). The Nash certainty equivalence
principle and Mckean—Vlasov systems: An invariance principle and entry adaptation. In
46th IEEE Conference on Decision and Control 121-126. IEEE, New York.

HUANG, M., MALHAME, R. P. and CAINES, P. E. (2006). Large population stochastic dy-
namic games: Closed-loop McKean—Vlasov systems and the Nash certainty equivalence
principle. Commun. Inf. Syst. 6 221-251. MR2346927

HUNT, P. J. and KURTZ, T. G. (1994). Large loss networks. Stochastic Process. Appl. 53 363—
378.

JOFFE, A. and METIVIER, M. (1986). Weak convergence of sequences of semimartingales with
applications to multitype branching processes. Adv. in Appl. Probab. 20-65. MR0827331

KOTELENEZ, P. M. and KURTZ, T. G. (2010). Macroscopic limits for stochastic partial differ-
ential equations of McKean—Vlasov type. Probab. Theory Related Fields 146 189-222.

KRUK, L., LEHOCZKY, J., RAMANAN, K. and SHREVE, S. (2007). An explicit formula for
the Skorokhod map on [0, a]. Ann. Probab. 35 1740-1768. MR2349573

KUSHNER, H. J. (2001). Heavy Traffic Analysis of Controlled Queueing and Communication
Networks. In Stochastic Modelling and Applied Probability. Applications of Mathematics
(New York) 47. Springer, New York.

KUSHNER, H. J. and DUPUIS, P. G. (1992). Numerical Methods for Stochastic Control Prob-
lems in Continuous Time. Applications of Mathematics (New York) 24. Springer, New
York. MR1217486

LACHAPELLE, A., LASRY, J., LEHALLE, C. and LIONS, P. (2015). Efficiency of the price
formation process in presence of high frequency participants: A mean field game analysis.
Available at http://arxiv.org/abs/1305.6323.


http://www.ams.org/mathscinet-getitem?mr=3655853
http://www.ams.org/mathscinet-getitem?mr=1064558
http://www.ams.org/mathscinet-getitem?mr=3532868
http://www.ams.org/mathscinet-getitem?mr=1761670
http://www.ams.org/mathscinet-getitem?mr=2588247
http://www.ams.org/mathscinet-getitem?mr=2928382
http://www.ams.org/mathscinet-getitem?mr=3358591
http://www.ams.org/mathscinet-getitem?mr=2346927
http://www.ams.org/mathscinet-getitem?mr=0827331
http://www.ams.org/mathscinet-getitem?mr=2349573
http://www.ams.org/mathscinet-getitem?mr=1217486
http://arxiv.org/abs/1305.6323

[55]
[56]
[57]
(58]
[59]

[60]
[61]

[62]
[63]
[64]
[65]

[66]

[67]
[68]
[69]

[70]

LACHAPELLE, A., SALOMON, J. and TURINICI, G. (2010). Computation of mean field equi-
libria in economics. Math. Models Methods Appl. Sci. 20 567-588.

LACKER, D. (2015). A general characterization of the mean field limit for stochastic differen-
tial games. Probab. Theory Related Fields 1-68.

LACKER, D. (2015). Mean field games via controlled martingale problems: Existence of
Markovian equilibria. Stochastic Process. Appl. 125 2856-2894.

LASRY, J.-M. and LIONS, P.-L. (2006). Jeux a champ moyen. I. Le cas stationnaire. C. R.
Math. Acad. Sci. Paris 343 619-625. MR2269875

LASRY, J.-M. and LIONS, P.-L. (2006). Jeux & champ moyen. II. Horizon fini et contrdle
optimal. C. R. Math. Acad. Sci. Paris 343 679-684.

LASRY, J.-M. and LIONS, P.-L. (2007). Mean field games. Jpn. J. Math. 2 229-260.

L1, J., BHATTACHARYYA, R., PAUL, S., SHAKKOTTAI, S. and SUBRAMANIAN, V. (2015).
Incentivizing sharing in realtime d2d streaming networks: A mean field game perspective.
In IEEE Conference on Computer Communications INFOCOM 2015) 2119-2127. 1IEEE,
New York.

LIEBERMAN, G. M. (1996). Second Order Parabolic Differential Equations. World Scientific,
River Edge, NJ.

MANJREKAR, M., RAMASWAMY, V. and SHAKKOTTAI, S. (2014). A mean field game ap-
proach to scheduling in cellular systems. In INFOCOM, 2014 Proceedings IEEE 1554—
1562. IEEE, New York.

SCHAUDER, J. P. (1930). Der fixpunktsatz in funktionalrdumen. Studia Math. 2 171-180.

SMART, D. R. (1974). Fixed Point Theorems. Cambridge Tracts in Mathematics 66. Cambridge
Univ. Press, London.

SZNITMAN, A.-S. (1991). Topics in propagation of chaos. In Ecole D’Eté de Probabilités
de Saint-Flour XIX—1989. Lecture Notes in Math. 1464 165-251. Springer, Berlin.
MR1108185

TSYBAKOV, A. B. (2009). Introduction to Nonparametric Estimation. Springer, New York.
Revised and extended from the 2004 French original. Translated by Vladimir Zaiats.

VILLANI, C. (2009). Optimal Transport. Old and New. Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 338. Springer, Berlin.

VVEDENSKAYA, N. D. and SUHOV, Y. M. (1997). Dobrushin’s mean-field approximation for
a queue with dynamic routing. Research Report RR-3328, Projet MEVAL, INRIA.

WIECEK, P., ALTMAN, E. and GHOSH, A. (2016). Mean-field game approach to admission
control of an M /M /oo queue with shared service cost. Dyn. Games Appl. 6 538-566.
MR3552974


http://www.ams.org/mathscinet-getitem?mr=2269875
http://www.ams.org/mathscinet-getitem?mr=1108185
http://www.ams.org/mathscinet-getitem?mr=3552974

The Annals of Applied Probability

2019, Vol. 29, No. 1, 36-88
https://doi.org/10.1214/18-AAP1395

© Institute of Mathematical Statistics, 2019

NONCONVEX HOMOGENIZATION FOR ONE-DIMENSIONAL
CONTROLLED RANDOM WALKS IN RANDOM POTENTIAL

BY ATILLA YILMAZ*"! AND OFER ZEITOUNI"%2
Kog University*, New York University" and Weizmann Institute*

We consider a finite horizon stochastic optimal control problem for
nearest-neighbor random walk {X;} on the set of integers. The cost function
is the expectation of the exponential of the path sum of a random station-
ary and ergodic bounded potential plus 6 X,,. The random walk policies are
measurable with respect to the random potential, and are adapted, with their
drifts uniformly bounded in magnitude by a parameter § € [0, 1]. Under natu-
ral conditions on the potential, we prove that the normalized logarithm of the
optimal cost function converges. The proof is constructive in the sense that
we identify asymptotically optimal policies given the value of the parameter
38, as well as the law of the potential. It relies on correctors from large de-
viation theory as opposed to arguments based on subadditivity which do not
seem to work except when § = 0.

The Bellman equation associated to this control problem is a second-order
Hamilton—Jacobi (HJ) partial difference equation with a separable random
Hamiltonian which is nonconvex in 6 unless § = 0. We prove that this equa-
tion homogenizes under linear initial data to a first-order HJ equation with a
deterministic effective Hamiltonian. When § = 0, the effective Hamiltonian
is the tilted free energy of random walk in random potential and it is convex
in 6. In contrast, when § = 1, the effective Hamiltonian is piecewise linear
and nonconvex in 6. Finally, when § € (0, 1), the effective Hamiltonian is ex-
pressed completely in terms of the tilted free energy for the § = 0 case and its
convexity/nonconvexity in 6 is characterized by a simple inequality involv-
ing § and the magnitude of the potential, thereby marking two qualitatively
distinct control regimes.
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PARTICLE SYSTEMS WITH SINGULAR INTERACTION THROUGH
HITTING TIMES: APPLICATION IN SYSTEMIC RISK MODELING

BY SERGEY NADTOCHIY' AND MYKHAYLO SHKOLNIKOV2
University of Michigan and Princeton University

We propose an interacting particle system to model the evolution of a
system of banks with mutual exposures. In this model, a bank defaults when
its normalized asset value hits a lower threshold, and its default causes in-
stantaneous losses to other banks, possibly triggering a cascade of defaults.
The strength of this interaction is determined by the level of the so-called
noncore exposure. We show that, when the size of the system becomes large,
the cumulative loss process of a bank resulting from the defaults of other
banks exhibits discontinuities. These discontinuities are naturally interpreted
as systemic events, and we characterize them explicitly in terms of the level
of noncore exposure and the fraction of banks that are “about to default.”
The main mathematical challenges of our work stem from the very singular
nature of the interaction between the particles, which is inherited by the lim-
iting system. A similar particle system is analyzed in [Ann. Appl. Probab. 25
(2015) 2096-2133] and [Stochastic Process. Appl. 125 (2015) 2451-2492],
and we build on and extend their results. In particular, we characterize the
large-population limit of the system and analyze the jump times, the regular-
ity between jumps, and the local uniqueness of the limiting process.
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CUBATURE ON WIENER SPACE FOR MCKEAN-VLASOV SDES
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WITH SMOOTH SCALAR INTERACTION'

By DAN CRISAN AND EAMON MCMURRAY
Imperial College London

We present two cubature on Wiener space algorithms for the numerical
solution of McKean—Vlasov SDEs with smooth scalar interaction. First, we
consider a method introduced in [Stochastic Process. Appl. 125 (2015) 2206—
2255] under a uniformly elliptic assumption and extend the analysis to a uni-
form strong Hérmander assumption. Then we introduce a new method based
on Lagrange polynomial interpolation. The analysis hinges on sharp gradient
to time-inhomogeneous parabolic PDEs bounds. These bounds may be of in-
dependent interest. They extend the classical results of Kusuoka and Stroock
[J. Fac. Sci., Univ. Tokyo, Sect. 1A, Math. 32 (1985) 1-76] and Kusuoka [J.
Math. Sci. Univ. Tokyo 10 (2003) 261-277] further developed in [J. Funct.
Anal. 263 (2012) 3024-3101; J. Funct. Anal. 268 (2015) 1928-1971; Cuba-
ture Methods and Applications (2013), Springer, Cham] and, more recently,
in [Probab. Theory Related Fields 171 (2016) 97-148]. Both algorithms are
tested through two numerical examples.
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SCALAR SDES WITH NON-LIPSCHITZIAN COEFFICIENTS

BY MARIO HEFTER!, ANDRE HERZWURM AND
THOMAS MULLER-GRONBACH

Johann Radon Institute for Computational and Applied Mathematics,
Technische Universitdit Kaiserslautern and University of Passau

We study pathwise approximation of scalar stochastic differential equa-
tions at a single time point or globally in time by means of methods that
are based on finitely many observations of the driving Brownian motion. We
prove lower error bounds in terms of the average number of evaluations of the
driving Brownian motion that hold for every such method under rather mild
assumptions on the coefficients of the equation. The underlying simple idea
of our analysis is as follows: the lower error bounds known for equations with
coefficients that have sufficient regularity globally in space should still apply
in the case of coefficients that have this regularity in space only locally, in a
small neighborhood of the initial value. Our results apply to a huge variety
of equations with coefficients that are not globally Lipschitz continuous in
space including Cox—Ingersoll-Ross processes, equations with superlinearly
growing coefficients, and equations with discontinuous coefficients. In many
of these cases, the resulting lower error bounds even turn out to be sharp.
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KNUDSEN GAS IN FLAT TIRE

BY KrRZYSZTOF BURDZY! AND CARL-ERIK GAUTHIER?
University of Washington

We consider random reflections (according to the Lambertian distribu-
tion) of a light ray in a thin variable width (but almost circular) tube. As the
width of the tube goes to zero, properly rescaled angular component of the
light ray position converges in distribution to a diffusion whose parameters
(diffusivity and drift) are given explicitly in terms of the tube width.
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THE BOUCHAUD-ANDERSON MODEL WITH
DOUBLE-EXPONENTIAL POTENTIAL

BY S. MUIRHEAD!, R. PYMAR? AND R. S. DOS SANTOS?

King’s College London, Birkbeck University of London and
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The Bouchaud-Anderson model (BAM) is a generalisation of the
parabolic Anderson model (PAM) in which the driving simple random walk
is replaced by a random walk in an inhomogeneous trapping landscape; the
BAM reduces to the PAM in the case of constant traps. In this paper, we study
the BAM with double-exponential potential. We prove the complete localisa-
tion of the model whenever the distribution of the traps is unbounded. This
may be contrasted with the case of constant traps (i.e., the PAM), for which
it is known that complete localisation fails. This shows that the presence
of an inhomogeneous trapping landscape may cause a system of branching
particles to exhibit qualitatively distinct concentration behaviour.
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RANDOM SWITCHING BETWEEN VECTOR FIELDS HAVING A
COMMON ZERO!

BY MICHEL BENATM AND EDOUARD STRICKLER
Université de Neuchdtel

Let E be a finite set, {F i}ie g a family of vector fields on R4 leaving
positively invariant a compact set M and having a common zero p € M.
We consider a piecewise deterministic Markov process (X,/) on M x E
defined by X; = F'(X,) where I is a jump process controlled by X:
P(r4s = j1(Xu, L)u=) = aij (Xp)s + o(s) fori # j on {I; = i}.

We show that the behaviour of (X, I) is mainly determined by the be-
haviour of the linearized process (Y, J) where Y = Al Yy, Al is the Jacobian
matrix of F! at p and J is the jump process with rates (a;; (p)). We introduce
two quantities A~ and AT, respectively, defined as the minimal (resp., max-
imal) growth rate of ||Y;||, where the minimum (resp., maximum) is taken
over all the ergodic measures of the angular process (®, J) with ©; = ”lg—f”

It is shown that AT coincides with the top Lyapunov exponent (in the sense
of ergodic theory) of (Y, J) and that under general assumptions A~ = A ™.
We then prove that, under certain irreducibility conditions, X; — p expo-
nentially fast when At <0and (X, 1) converges in distribution at an expo-
nential rate toward a (unique) invariant measure supported by M \ {p} x E
when A~ > 0. Some applications to certain epidemic models in a fluctuating
environment are discussed and illustrate our results.
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MULTI-SCALE LIPSCHITZ PERCOLATION OF INCREASING
EVENTS FOR POISSON RANDOM WALKS

BY PETER GRACAR AND ALEXANDRE STAUFFER!
University of Cologne and University of Bath

Consider the graph induced by 74, equipped with uniformly elliptic ran-
dom conductances. At time 0, place a Poisson point process of particles on
74 and let them perform independent simple random walks. Tessellate the
graph into cubes indexed by i € 74 and tessellate time into intervals indexed
by 7. Given a local event E (i, ) that depends only on the particles inside the
space time region given by the cube i and the time interval 7, we prove the
existence of a Lipschitz connected surface of cells (i, T) that separates the ori-
gin from infinity on which E (7, ) holds. This gives a directly applicable and
robust framework for proving results in this setting that need a multi-scale
argument. For example, this allows us to prove that an infection spreads with
positive speed among the particles.
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THEORETICAL PROPERTIES OF QUASI-STATIONARY
MONTE CARLO METHODS

BY ANDI Q. WANG*!, MARTIN KOLB", GARETH O. ROBERTS*2 AND
DAVID STEINSALTZ*

University of Oxford*, Paderborn University' and University of Warwick*

This paper gives foundational results for the application of quasi-
stationarity to Monte Carlo inference problems. We prove natural sufficient
conditions for the quasi-limiting distribution of a killed diffusion to coincide
with a target density of interest. We also quantify the rate of convergence to
quasi-stationarity by relating the killed diffusion to an appropriate Langevin
diffusion. As an example, we consider in detail a killed Ornstein—Uhlenbeck
process with Gaussian quasi-stationary distribution.
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APPROXIMATION OF STABLE LAW IN WASSERSTEIN-1
DISTANCE BY STEIN’S METHOD'

By L1HU XU
University of Macau
Let n € N, let &, 1,...,¢n,n be a sequence of independent random
variables with Eg, ; = 0 and E|¢, ;| < oo for each i, and let 1 be an a-

stable distribution having characteristic function e M with o € (1,2). De-
note Sy = ¢,.1 + -+ + {n,n and its distribution by L£(S,), we bound the
Wasserstein-1 distance of £(S;) and u essentially by an L discrepancy be-
tween two kernels. More precisely, we prove the following inequality:

Kalt, N) K; (z N)
N |

dyw (L(Sn). 1) < C[
i=1

dt+R N, ni|,

where dyy is the Wasserstein-1 distance of probability measures, ICy (¢, N) is
o

the kernel of a decomposition of the fractional Laplacian A2, K;(t, N) is a

K function (Normal Approximation by Stein’s Method (2011) Springer) with

a truncation and R , is a small remainder. The integral term

>/

i=1

'ICa(t N) K,-(t,N) d
o

can be interpreted as an L! discrepancy.

As an application, we prove a general theorem of stable law convergence
rate when ¢, ; are i.i.d. and the distribution falls in the normal domain of at-
traction of u. To test our results, we compare our convergence rates with those
known in the literature for four given examples, among which the distribution
in the fourth example is not in the normal domain of attraction of p.
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TWO-DIMENSIONAL DIFFUSIONS

BY GORAN PESKIR
The University of Manchester

We first show that a smooth fit between the value function and the gain
function at the optimal stopping boundary for a two-dimensional diffusion
process implies the absence of boundary’s discontinuities of the first kind (the
right-hand and left-hand limits exist but differ). We then show that the smooth
fititself is satisfied over the flat portion of the optimal stopping boundary aris-
ing from any of its hypothesised jumps. Combining the two facts we obtain
that the optimal stopping boundary is continuous whenever it has no discon-
tinuities of the second kind. The derived fact holds both in the parabolic and
elliptic case under the sole hypothesis of Holder continuous coefficients, thus
improving upon all known results in the parabolic case, and establishing the
fact for the first time in the elliptic case. The method of proof relies upon
regularity results for the second-order parabolic/elliptic PDEs and makes use
of the local time-space calculus techniques.
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A leveraged exchange traded fund (LETF) is an exchange traded fund
that uses financial derivatives to amplify the price changes of a basket of
goods. In this paper, we consider the robust hedging of European options on
a LETF, finding model-free bounds on the price of these options.

To obtain an upper bound, we establish a new optimal solution to the Sko-
rokhod embedding problem (SEP) using methods introduced in Beiglbock—
Cox—Huesmann. This stopping time can be represented as the hitting time of
some region by a Brownian motion, but unlike other solutions of, for example,
Root, this region is not unique. Much of this paper is dedicated to character-
ising the choice of the embedding region that gives the required optimality
property. Notably, this appears to be the first solution to the SEP where the
solution is not uniquely characterised by its geometric structure, and an ad-
ditional condition is needed on the stopping region to guarantee that it is the
optimiser. An important part of determining the optimal region is identifying
the correct form of the dual solution, which has a financial interpretation as a
model-independent superhedging strategy.
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EXPONENTIAL UTILITY MAXIMIZATION UNDER MODEL
UNCERTAINTY FOR UNBOUNDED ENDOWMENTS

BY DANIEL BARTL!
University of Konstanz

We consider the robust exponential utility maximization problem in dis-
crete time: An investor maximizes the worst case expected exponential utility
with respect to a family of nondominated probabilistic models of her endow-
ment by dynamically investing in a financial market, and statically in avail-
able options.

We show that, for any measurable random endowment (regardless of
whether the problem is finite or not) an optimal strategy exists, a dual rep-
resentation in terms of (calibrated) martingale measures holds true, and that
the problem satisfies the dynamic programming principle (in case of no op-
tions). Further, it is shown that the value of the utility maximization problem
converges to the robust superhedging price as the risk aversion parameter gets
large, and examples of nondominated probabilistic models are discussed.
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SERVE THE SHORTEST QUEUE AND WALSH
BROWNIAN MOTION

BY RAMI ATAR! AND ASAF COHEN
Technion—Israel Institute of Technology and University of Haifa

We study a single-server Markovian queueing model with N customer
classes in which priority is given to the shortest queue. Under a critical load
condition, we establish the diffusion limit of the nominal workload and queue
length processes in the form of a Walsh Brownian motion (WBM) living in
the union of the N nonnegative coordinate axes in RY and a linear trans-
formation thereof. This reveals the following asymptotic behavior. Each time
that queues begin to build starting from an empty system, one of them be-
comes dominant in the sense that it contains nearly all the workload in the
system, and it remains so until the system becomes (nearly) empty again.
The radial part of the WBM, given as a reflected Brownian motion (RBM)
on the half-line, captures the total workload asymptotics, whereas its angular
distribution expresses how likely it is for each class to become dominant on
excursions.

As a heavy traffic result, it is nonstandard in three ways: (i) In the ter-
minology of Harrison (In Stochastic Networks (1995) 1-20 Springer), it is
unconventional, in that the limit is not a RBM. (ii) It does not constitute an
invariance principle, in that the limit law (specifically, the angular distribu-
tion) is not determined solely by the first two moments of the data, and is
sensitive even to tie breaking rules. (iii) The proof method does not fully
characterize the limit law (specifically, it gives no information on the angular
distribution).
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