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BASIC PROPERTIES OF CRITICAL LOGNORMAL
MULTIPLICATIVE CHAOS

BY JULIEN BARRAL, ANTTI KUPIAINEN!2, MIIKA NIKULA!,
EERO SAKSMAN! AND CHRISTIAN WEBB!

Université Paris 13, University of Helsinki, University of Helsinki,
University of Helsinki and University of Helsinki

We study one-dimensional exact scaling lognormal multiplicative chaos
measures at criticality. Our main results are the determination of the exact
asymptotics of the right tail of the distribution of the total mass of the mea-
sure, and an almost sure upper bound for the modulus of continuity of the
cumulative distribution function of the measure. We also find an almost sure
lower bound for the increments of the measure almost everywhere with re-
spect to the measure itself, strong enough to show that the measure is sup-
ported on a set of Hausdorff dimension 0.
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A COUNTEREXAMPLE TO THE CANTELLI CONJECTURE
THROUGH THE SKOROKHOD EMBEDDING PROBLEM

BY VICTOR KLEPTSYN! AND ALINE KURTZMANN

Université Rennes 1 and Université de Lorraine

In this paper, we construct a counterexample to a question by Cantelli,
asking whether there exists a nonconstant positive measurable function ¢
such that for i.i.d. r.v. X, Y of law A0, 1), the r.v. X + ¢(X) - Y is also
Gaussian.

This construction is made by finding an unusual solution to the Skorokhod
embedding problem (showing that the corresponding Brownian transport,
contrary to the Root barrier, is not unique). To find it, we establish some
sufficient conditions for the continuity of the Root barrier function.
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RATIOS OF PARTITION FUNCTIONS FOR
THE LOG-GAMMA POLYMER

BY NicOs GEORGIOU!, FIRAS RASSOUL-AGHA!, TIMO SEPPALAINEN?
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AND ATILLA YILMAZ?

University of Sussex, University of Utah, University of Wisconsin—-Madison
and Bogazici University

We introduce a random walk in random environment associated to an
underlying directed polymer model in 1 + 1 dimensions. This walk is the
positive temperature counterpart of the competition interface of percolation
and arises as the limit of quenched polymer measures. We prove this limit
for the exactly solvable log-gamma polymer, as a consequence of almost sure
limits of ratios of partition functions. These limits of ratios give the Busemann
functions of the log-gamma polymer, and furnish centered cocycles that solve
a variational formula for the limiting free energy. Limits of ratios of point-to-
point and point-to-line partition functions manifest a duality between tilt and
velocity that comes from quenched large deviations under polymer measures.
In the log-gamma case, we identify a family of ergodic invariant distributions
for the random walk in random environment.
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DISORDER, ENTROPY AND HARMONIC FUNCTIONS
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We study harmonic functions on random environments with particular
empbhasis on the case of the infinite cluster of supercritical percolation on z4.
We prove that the vector space of harmonic functions growing at most lin-
early is (d + 1)-dimensional almost surely. Further, there are no nonconstant
sublinear harmonic functions (thus implying the uniqueness of the corrector).
A main ingredient of the proof is a quantitative, annealed version of the Avez
entropy argument. This also provides bounds on the derivative of the heat
kernel, simplifying and generalizing existing results. The argument applies to
many different environments; even reversibility is not necessary.
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JUMPS IN HYPERBOLIC GROUPS

BY SEBASTIEN GOUEZEL
IRMAR, Université de Rennes 1

Given a probability measure on a finitely generated group, its Martin
boundary is a natural way to compactify the group using the Green function
of the corresponding random walk. For finitely supported measures in hy-
perbolic groups, it is known since the work of Ancona and Gouézel-Lalley
that the Martin boundary coincides with the geometric boundary. The goal
of this paper is to weaken the finite support assumption. We first show that,
in any nonamenable group, there exist probability measures with exponen-
tial tails giving rise to pathological Martin boundaries. Then, for probability
measures with superexponential tails in hyperbolic groups, we show that the
Martin boundary coincides with the geometric boundary by extending An-
cona’s inequalities. We also deduce asymptotics of transition probabilities
for symmetric measures with superexponential tails.
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RANDOMLY TRAPPED RANDOM WALKS
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We introduce a general model of trapping for random walks on graphs.
We give the possible scaling limits of these Randomly Trapped Random Walks
on Z. These scaling limits include the well-known fractional kinetics process,
the Fontes—Isopi—Newman singular diffusion as well as a new broad class we
call spatially subordinated Brownian motions. We give sufficient conditions
for convergence and illustrate these on two important examples.
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A LOWER BOUND ON THE TWO-ARMS EXPONENT FOR
CRITICAL PERCOLATION ON THE LATTICE

BY RAPHAEL CERF
Université Paris Sud and IUF

We consider the standard site percolation model on the d-dimensional
lattice. A direct consequence of the proof of the uniqueness of the infinite
cluster of Aizenman, Kesten and Newman [Comm. Math. Phys. 111 (1987)
505-531] is that the two-arms exponent is larger than or equal to 1/2. We
improve slightly this lower bound in any dimension d > 2. Next, starting
only with the hypothesis that 6 (p) > 0, without using the slab technology, we
derive a quantitative estimate establishing long-range order in a finite box.

REFERENCES

AIZENMAN, M., KESTEN, H. and NEWMAN, C. M. (1987). Uniqueness of the infinite cluster
and continuity of connectivity functions for short and long range percolation. Comm.
Math. Phys. 111 505-531. MR0901151

BERNSTEIN, S. N. (1924). On a modification of Chebyshev’s inequality and of the error for-
mula of Laplace. Uchenye Zapiski Nauch.-Issled. Kaf. Ukraine, Sect. Math. 1 38-48.

GANDOLFI, A., GRIMMETT, G. and RussO, L. (1988). On the uniqueness of the infinite
cluster in the percolation model. Comm. Math. Phys. 114 549-552. MR0929129

GRIMMETT, G. (1999). Percolation, 2nd ed. Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences] 321. Springer, Berlin. MR1707339

GRIMMETT, G. (2010). Probability on Graphs: Random Processes on Graphs and Lattices.
Cambridge Univ. Press, Cambridge. MR2723356

HAGGSTROM, O. and JONASSON, J. (2006). Uniqueness and non-uniqueness in percolation
theory. Probab. Surv. 3 289-344. MR2280297

HAMMERSLEY, J. M. (1957). Percolation processes: Lower bounds for the critical probability.
Ann. Math. Statist. 28 790-795. MR0101564

HOEFFDING, W. (1963). Probability inequalities for sums of bounded random variables.
J. Amer. Statist. Assoc. 58 13-30. MR0144363

KESTEN, H. (1982). Percolation Theory for Mathematicians. Progress in Probability and
Statistics 2. Birkhduser, Boston, MA. MR0692943

KozMA, G. and NACHMIAS, A. (2011). Arm exponents in high dimensional percolation.
J. Amer. Math. Soc. 24 375-409. MR2748397

KozMmA, G. and NACHMIAS, A. (2011). Arm exponents in high dimensional percolation.
J. Amer. Math. Soc. 24 375-409. MR2748397

PISZTORA, A. (1996). Surface order large deviations for Ising, Potts and percolation models.
Probab. Theory Related Fields 104 427-466. MR1384040

SMIRNOV, S. and WERNER, W. (2001). Critical exponents for two-dimensional percolation.
Math. Res. Lett. 8 729-744. MR1879816

ZHANG, Y. (2012). A derivative formula for the free energy function. J. Stat. Phys. 146 466—
473. MR2873023

MSC2010 subject classifications. Primary 60K35; secondary 82B43.
Key words and phrases. Critical percolation, arms exponent.


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/14-AOP940
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=0901151
http://www.ams.org/mathscinet-getitem?mr=0929129
http://www.ams.org/mathscinet-getitem?mr=1707339
http://www.ams.org/mathscinet-getitem?mr=2723356
http://www.ams.org/mathscinet-getitem?mr=2280297
http://www.ams.org/mathscinet-getitem?mr=0101564
http://www.ams.org/mathscinet-getitem?mr=0144363
http://www.ams.org/mathscinet-getitem?mr=0692943
http://www.ams.org/mathscinet-getitem?mr=2748397
http://www.ams.org/mathscinet-getitem?mr=2748397
http://www.ams.org/mathscinet-getitem?mr=1384040
http://www.ams.org/mathscinet-getitem?mr=1879816
http://www.ams.org/mathscinet-getitem?mr=2873023
http://www.ams.org/mathscinet/msc/msc2010.html

The Annals of Probability

2015, Vol. 43, No. 5, 2481-2510

DOI: 10.1214/14-A0P9%41

© Institute of Mathematical Statistics, 2015

EMBEDDING LAWS IN DIFFUSIONS BY FUNCTIONS OF TIME

(1]
(2]

(3]
(4]
(5]
(6]

(71

(8]

(9]

BY A. M. G. Cox AND G. PESKIR
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We present a constructive probabilistic proof of the fact that if B =
(Bt)¢>0 is standard Brownian motion started at 0, and p is a given probability
measure on R such that ;£ ({0}) = 0, then there exists a unique left-continuous
increasing function b: (0, 00) — R U {400} and a unique left-continuous
decreasing function c: (0, 00) — R U {—o0} such that B stopped at 1}, =
inf{t > 0|B; > b(t) or By < c(¢)} has the law . The method of proof relies
upon weak convergence arguments arising from Helly’s selection theorem
and makes use of the Lévy metric which appears to be novel in the context of
embedding theorems. We show that 7} . is minimal in the sense of Monroe
so that the stopped process B™:¢ = (Btaz, .)r>0 satisfies natural uniform in-
tegrability conditions expressed in terms of 1. We also show that 7, . has the
smallest truncated expectation among all stopping times that embed p into B.
The main results extend from standard Brownian motion to all recurrent dif-
fusion processes on the real line.

REFERENCES

BILLINGSLEY, P. (1995). Probability and Measure, 3rd ed. Wiley, New York. MR1324786

BORODIN, A. N. and SALMINEN, P. (2002). Handbook of Brownian Motion—Facts and For-
mulae, 2nd ed. Birkhiuser, Basel. MR1912205

CHACON, R. M. (1985). Barrier stopping times and the filling scheme. Ph.D. dissertation,
Univ. Washington, Seattle. MR2634509

CHACON, R. V. and ORNSTEIN, D. S. (1960). A general ergodic theorem. Illinois J. Math. 4
153-160. MR0110954

Cox, A. M. G. and HOBSON, D. G. (2006). Skorokhod embeddings, minimality and non-
centred target distributions. Probab. Theory Related Fields 135 395-414. MR2240692

Cox, A. M. G. and WANG, J. (2013). Root’s barrier: Construction, optimality and applications
to variance options. Ann. Appl. Probab. 23 859-894. MR3076672

DINGES, H. (1974). Stopping sequences. In Séminaire de Probabilitiés, VIII (Univ. Strasbourg,
Année Universitaire 1972-1973). Lecture Notes in Math. 381 27-36. Springer, Berlin.
MRO0383552

DuUBINS, L. E. (1968). On a theorem of Skorohod. Ann. Math. Statist. 39 2094-2097.
MRO0234520

HoBsoON, D. (2011). The Skorokhod embedding problem and model-independent bounds for
option prices. In Paris-Princeton Lectures on Mathematical Finance 2010. Lecture Notes
in Math. 2003 267-318. Springer, Berlin. MR2762363

MSC2010 subject classifications. Primary 60G40, 60J65; secondary 60F05, 60J60.

Key words and phrases. Skorokhod embedding, Brownian motion, diffusion process, Markov
process, Helly’s selection theorem, weak convergence, Lévy metric, reversed barrier, minimal stop-
ping time.


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/14-AOP941
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=1324786
http://www.ams.org/mathscinet-getitem?mr=1912205
http://www.ams.org/mathscinet-getitem?mr=2634509
http://www.ams.org/mathscinet-getitem?mr=0110954
http://www.ams.org/mathscinet-getitem?mr=2240692
http://www.ams.org/mathscinet-getitem?mr=3076672
http://www.ams.org/mathscinet-getitem?mr=0383552
http://www.ams.org/mathscinet-getitem?mr=0234520
http://www.ams.org/mathscinet-getitem?mr=2762363
http://www.ams.org/mathscinet/msc/msc2010.html

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

(21]

(22]

ITO, K. and MCKEAN, H. P. JR. (1974). Diffusion Processes and Their Sample Paths.
Springer, Berlin. MR0345224

KLEPTSYN, V. and KURTZMANN, A. (2012). A counter-example to the Cantelli conjecture.
Submitted. Available at arXiv:1202.2250v1.

LOYNES, R. M. (1970). Stopping times on Brownian motion: Some properties of Root’s con-
struction. Z. Wahrsch. Verw. Gebiete 16 211-218. MR0292170

MCcCONNELL, T. R. (1991). The two-sided Stefan problem with a spatially dependent latent
heat. Trans. Amer. Math. Soc. 326 669—-699. MR1008699

MONROE, I. (1972). On embedding right continuous martingales in Brownian motion. Ann.
Math. Statist. 43 1293-1311. MR0343354

OBLOJ, J. (2004). The Skorokhod embedding problem and its offspring. Probab. Surv. 1 321-
390. MR2068476

PEDERSEN, J. L. and PESKIR, G. (2001). The Azéma-Yor embedding in non-singular diffu-
sions. Stochastic Process. Appl. 96 305-312. MR1865760

PESKIR, G. (1999). Designing options given the risk: The optimal Skorokhod-embedding prob-
lem. Stochastic Process. Appl. 81 25-38. MR1680505

REvVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd ed.
Springer, Berlin. MR1725357

RooT, D. H. (1969). The existence of certain stopping times on Brownian motion. Ann. Math.
Statist. 40 715-718. MR0238394

RosT, H. (1971). The stopping distributions of a Markov process. Invent. Math. 14 1-16.
MRO0346920

RoST, H. (1976). Skorokhod stopping times of minimal variance. In Séminaire de Probabil-
ités, X (Premiere Partie, Univ. Strasbourg, Strasbourg, Année Universitaire 1974/1975).
Lecture Notes in Math. 511 194-208. Springer, Berlin. MR0445600

SKOROKHOD, A. V. (1965). Studies in the Theory of Random Processes. Addison-Wesley,
Reading, MA. MR0185620


http://www.ams.org/mathscinet-getitem?mr=0345224
http://arxiv.org/abs/arXiv:1202.2250v1
http://www.ams.org/mathscinet-getitem?mr=0292170
http://www.ams.org/mathscinet-getitem?mr=1008699
http://www.ams.org/mathscinet-getitem?mr=0343354
http://www.ams.org/mathscinet-getitem?mr=2068476
http://www.ams.org/mathscinet-getitem?mr=1865760
http://www.ams.org/mathscinet-getitem?mr=1680505
http://www.ams.org/mathscinet-getitem?mr=1725357
http://www.ams.org/mathscinet-getitem?mr=0238394
http://www.ams.org/mathscinet-getitem?mr=0346920
http://www.ams.org/mathscinet-getitem?mr=0445600
http://www.ams.org/mathscinet-getitem?mr=0185620

The Annals of Probability

2015, Vol. 43, No. 5, 2511-2544

DOI: 10.1214/14-A0P942

© Institute of Mathematical Statistics, 2015

(1]
(2]
(3]
(4]

(3]
(6]
(7]
(8]

(9]

(10]
(11]

[12]

EXACT ROSENTHAL-TYPE BOUNDS

BY IOSIF PINELIS
Michigan Technological University

It is shown that, for any given p > 5, A > 0 and B > 0, the exact upper
bound on E| }" X;|? over all independent zero-mean random variables (r.v.’s)
X1,..., Xp such that ZEX% = B and ) _E|X;|P = A equals ¢cPE|IT; — A|?,
where (4,c¢) € (0, 00)? is the unique solution to the system of equations
cPr=Aand 2x = B, and IT,_ is a Poisson r.v. with mean A. In fact, a more
general result is obtained, as well as other related ones. As a tool used in the
proof, a calculus of variations of moments of infinitely divisible distributions
with respect to variations of the Lévy characteristics is developed.
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SPINES, SKELETONS AND THE STRONG LAW OF LARGE
NUMBERS FOR SUPERDIFFUSIONS

BY MAREN ECKHOFF, ANDREAS E. KYPRIANOU AND MATTHIAS WINKEL
University of Bath, University of Bath and University of Oxford

Consider a supercritical superdiffusion (X;);>0 on a domain D C R4
with branching mechanism

(x,2) > =)z +a(x)z: + /(0 )(e_zy — 1+ 2zy)I(x,dy).

The skeleton decomposition provides a pathwise description of the process
in terms of immigration along a branching particle diffusion. We use this
decomposition to derive the strong law of large numbers (SLLN) for a wide
class of superdiffusions from the corresponding result for branching particle
diffusions. That is, we show that for suitable test functions f and starting
measures /L,

<fa Xf)
Pul{f, X

where W is a finite, non-deterministic random variable characterized as a
martingale limit. Our method is based on skeleton and spine techniques and
offers structural insights into the driving force behind the SLLN for superdif-
fusions. The result covers many of the key examples of interest and, in par-
ticular, proves a conjecture by Fleischmann and Swart [Stochastic Process.
Appl. 106 (2003) 141-165] for the super-Wright—Fisher diffusion.

- Wxo P,,-almost surely as t — oo,
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OF FRAGMENTERS, BIFURCATORS, AND BEAD
SPLITTING PROCESSES!

BY JIM PITMAN AND MATTHIAS WINKEL
University of California Berkeley and University of Oxford

Some, but not all processes of the form M; = exp(—&;) for a pure-jump
subordinator £ with Laplace exponent @ arise as residual mass processes of
particle 1 (tagged particle) in Bertoin’s partition-valued exchangeable frag-
mentation processes. We introduce the notion of a Markovian embedding of
M = (M;,t > 0) in a fragmentation process, and we show that for each &,
there is a unique (in distribution) binary fragmentation process in which M
has a Markovian embedding. The identification of the Laplace exponent ®*
of its tagged particle process M* gives rise to a symmetrisation operation
® — ®*, which we investigate in a general study of pairs (M, M*) that
coincide up to a random time and then evolve independently. We call M a
fragmenter and (M, M*) a bifurcator.

For o > 0, we equip the interval Ry = [0, [5° My dt] with a purely atomic
probability measure 11, which captures the jump sizes of M suitably placed
on R;. We study binary tree growth processes that in the nth step sample
an atom (“bead”) from p, and build (R, 41, t;41) by replacing the atom
by a rescaled independent copy of (Rj, 1) that we tie to the position of
the atom. We show that any such bead splitting process ((Rpn, in),n > 1)
converges almost surely to an «-self-similar continuum random tree of Haas
and Miermont, in the Gromov—Hausdorff-Prohorov sense. This generalises
Aldous’s line-breaking construction of the Brownian continuum random tree.
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BY RENE CARMONA! AND FRANCOIS DELARUE
Princeton University and Université de Nice

The purpose of this paper is to provide a detailed probabilistic analysis
of the optimal control of nonlinear stochastic dynamical systems of McKean—
Vlasov type. Motivated by the recent interest in mean-field games, we high-
light the connection and the differences between the two sets of problems. We
prove a new version of the stochastic maximum principle and give sufficient
conditions for existence of an optimal control. We also provide examples for
which our sufficient conditions for existence of an optimal solution are sat-
isfied. Finally we show that our solution to the control problem provides ap-
proximate equilibria for large stochastic controlled systems with mean-field
interactions when subject to a common policy.
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THE RANGE OF TREE-INDEXED RANDOM WALK
IN LOW DIMENSIONS

BY JEAN-FRANCOIS LE GALL AND SHEN LIN

Université Paris-Sud

We study the range R, of a random walk on the d-dimensional lattice
74 indexed by a random tree with n vertices. Under the assumption that the
random walk is centered and has finite fourth moments, we prove in dimen-
sion d <3 that n=9/4R,, converges in distribution to the Lebesgue measure
of the support of the integrated super-Brownian excursion (ISE). An auxiliary
result shows that the suitably rescaled local times of the tree-indexed random
walk converge in distribution to the density process of ISE. We obtain similar
results for the range of critical branching random walk in 74,d <3. As an
intermediate estimate, we get exact asymptotics for the probability that a crit-
ical branching random walk starting with a single particle at the origin hits a
distant point. The results of the present article complement those derived in
higher dimensions in our earlier work.
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EXPECTED SIGNATURE OF BROWNIAN MOTION UP TO THE
FIRST EXIT TIME FROM A BOUNDED DOMAIN

BY TERRY LYONS! AND HAO le
University of Oxford

The signature of a path provides a top down description of the path in
terms of its effects as a control [Differential Equations Driven by Rough Paths
(2007) Springer]. The signature transforms a path into a group-like element
in the tensor algebra and is an essential object in rough path theory. The ex-
pected signature of a stochastic process plays a similar role to that played
by the characteristic function of a random variable. In [Chevyrev (2013)], it
is proved that under certain boundedness conditions, the expected value of a
random signature already determines the law of this random signature. It be-
comes of great interest to be able to compute examples of expected signatures
and obtain the upper bounds for the decay rates of expected signatures. For in-
stance, the computation for Brownian motion on [0, 1] leads to the “cubature
on Wiener space” methodology [Lyons and Victoir, Proc. R. Soc. Lond. Ser.
A Math. Phys. Eng. Sci. 460 (2004) 169-198]. In this paper we fix a bounded
domain I" in a Euclidean space E and study the expected signature of a Brow-
nian path starting at z € I' and stopped at the first exit time from I". We denote
this tensor series valued function by ®r(z) and focus on the case E = RY.
We show that & (z) satisfies an elliptic PDE system and a boundary condi-
tion. The equations determining ® can be recursively solved; by an iterative
application of Sobolev estimates we are able, under certain smoothness and
boundedness condition of the domain I, to prove geometric bounds for the
terms in & (z). However, there is still a gap and we have not shown that
®r(z) determines the law of the signature of this stopped Brownian motion
even if I is a unit ball.
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MULTIFRACTAL ANALYSIS OF SUPERPROCESSES
WITH STABLE BRANCHING IN DIMENSION ONE

BY LEONID MYTNIK! AND VITALI WACHTEL?
Technion—Israel Institute of Technology and University of Munich

We show that density functions of a (¢, 1, B)-superprocesses are almost
sure multifractal for « > g + 1, 8 € (0, 1) and calculate the corresponding
spectrum of singularities.
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INDEPENDENCE RATIO AND RANDOM EIGENVECTORS
IN TRANSITIVE GRAPHS

BY VIKTOR HARANGI! AND BALINT VIRAG?
University of Toronto

A theorem of Hoffman gives an upper bound on the independence ratio
of regular graphs in terms of the minimum A, of the spectrum of the adja-
cency matrix. To complement this result we use random eigenvectors to gain
lower bounds in the vertex-transitive case. For example, we prove that the
independence ratio of a 3-regular transitive graph is at least

1 3 1 — Amin
1=5~ arccos( 1 )
The same bound holds for infinite transitive graphs: we construct factor of
i.i.d. independent sets for which the probability that any given vertex is in the
set is at least ¢ — o(1).

We also show that the set of the distributions of factor of i.i.d. processes
is not closed w.r.t. the weak topology provided that the spectrum of the graph
is uncountable.
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