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BASIC PROPERTIES OF CRITICAL LOGNORMAL
MULTIPLICATIVE CHAOS
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EERO SAKSMAN1 AND CHRISTIAN WEBB1

Université Paris 13, University of Helsinki, University of Helsinki,
University of Helsinki and University of Helsinki

We study one-dimensional exact scaling lognormal multiplicative chaos
measures at criticality. Our main results are the determination of the exact
asymptotics of the right tail of the distribution of the total mass of the mea-
sure, and an almost sure upper bound for the modulus of continuity of the
cumulative distribution function of the measure. We also find an almost sure
lower bound for the increments of the measure almost everywhere with re-
spect to the measure itself, strong enough to show that the measure is sup-
ported on a set of Hausdorff dimension 0.
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A COUNTEREXAMPLE TO THE CANTELLI CONJECTURE
THROUGH THE SKOROKHOD EMBEDDING PROBLEM

BY VICTOR KLEPTSYN1 AND ALINE KURTZMANN

Université Rennes 1 and Université de Lorraine

In this paper, we construct a counterexample to a question by Cantelli,
asking whether there exists a nonconstant positive measurable function ϕ

such that for i.i.d. r.v. X,Y of law N (0,1), the r.v. X + ϕ(X) · Y is also
Gaussian.

This construction is made by finding an unusual solution to the Skorokhod
embedding problem (showing that the corresponding Brownian transport,
contrary to the Root barrier, is not unique). To find it, we establish some
sufficient conditions for the continuity of the Root barrier function.
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RATIOS OF PARTITION FUNCTIONS FOR
THE LOG-GAMMA POLYMER

BY NICOS GEORGIOU1, FIRAS RASSOUL-AGHA1, TIMO SEPPÄLÄINEN2

AND ATILLA YILMAZ3

University of Sussex, University of Utah, University of Wisconsin–Madison
and Boğaziçi University

We introduce a random walk in random environment associated to an
underlying directed polymer model in 1 + 1 dimensions. This walk is the
positive temperature counterpart of the competition interface of percolation
and arises as the limit of quenched polymer measures. We prove this limit
for the exactly solvable log-gamma polymer, as a consequence of almost sure
limits of ratios of partition functions. These limits of ratios give the Busemann
functions of the log-gamma polymer, and furnish centered cocycles that solve
a variational formula for the limiting free energy. Limits of ratios of point-to-
point and point-to-line partition functions manifest a duality between tilt and
velocity that comes from quenched large deviations under polymer measures.
In the log-gamma case, we identify a family of ergodic invariant distributions
for the random walk in random environment.
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We study harmonic functions on random environments with particular
emphasis on the case of the infinite cluster of supercritical percolation on Z

d .
We prove that the vector space of harmonic functions growing at most lin-
early is (d + 1)-dimensional almost surely. Further, there are no nonconstant
sublinear harmonic functions (thus implying the uniqueness of the corrector).
A main ingredient of the proof is a quantitative, annealed version of the Avez
entropy argument. This also provides bounds on the derivative of the heat
kernel, simplifying and generalizing existing results. The argument applies to
many different environments; even reversibility is not necessary.

REFERENCES

[1] ALDOUS, D. and LYONS, R. (2007). Processes on unimodular random networks. Electron. J.
Probab. 12 1454–1508. MR2354165

[2] ANTAL, P. and PISZTORA, A. (1996). On the chemical distance for supercritical Bernoulli
percolation. Ann. Probab. 24 1036–1048. MR1404543

[3] AVEZ, A. (1976). Harmonic functions on groups. In Differential Geometry and Relativity.
Mathematical Phys. and Appl. Math. 3 27–32. Reidel, Dordrecht. MR0507229

[4] BARLOW, M. T. (1998). Diffusions on fractals. Lectures on Probability Theory and Statistics
(Saint-Flour, 1995). Lecture Notes in Math. 1690 1–121. Springer, Berlin. MR1668115

[5] BARLOW, M. T. (2004). Which values of the volume growth and escape time exponent are
possible for a graph? Rev. Mat. Iberoam. 20 1–31. MR2076770

[6] BARLOW, M. T. (2004). Random walks on supercritical percolation clusters. Ann. Probab. 32
3024–3084. MR2094438

[7] BARLOW, M. T. and BASS, R. F. (1999). Brownian motion and harmonic analysis on Sierpin-
ski carpets. Canad. J. Math. 51 673–744. MR1701339

[8] BARLOW, M. T. and DEUSCHEL, J.-D. (2010). Invariance principle for the random conduc-
tance model with unbounded conductances. Ann. Probab. 38 234–276. MR2599199

[9] BARLOW, M. T. and HAMBLY, B. M. (2009). Parabolic Harnack inequality and local limit
theorem for percolation clusters. Electron. J. Probab. 14 1–27. MR2471657

[10] BARLOW, M. T. and PERKINS, E. A. (1989). Symmetric Markov chains in Zd : How fast can
they move? Probab. Theory Related Fields 82 95–108. MR0997432

[11] BENJAMINI, I. and CURIEN, N. (2012). Ergodic theory on stationary random graphs. Electron.
J. Probab. 17 20. MR2994841

MSC2010 subject classifications. Primary 60K37; secondary 31A05, 82B43, 37A35, 60B15,
60J10, 20P05.

Key words and phrases. Harmonic functions, percolation, random walk in random environment,
stationary graphs, entropy, Avez, Kaimanovich–Vershik, corrector, IIC, UIPQ, planar map, anoma-
lous diffusion.

http://www.imstat.org/aop/
http://dx.doi.org/10.1214/14-AOP934
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=2354165
http://www.ams.org/mathscinet-getitem?mr=1404543
http://www.ams.org/mathscinet-getitem?mr=0507229
http://www.ams.org/mathscinet-getitem?mr=1668115
http://www.ams.org/mathscinet-getitem?mr=2076770
http://www.ams.org/mathscinet-getitem?mr=2094438
http://www.ams.org/mathscinet-getitem?mr=1701339
http://www.ams.org/mathscinet-getitem?mr=2599199
http://www.ams.org/mathscinet-getitem?mr=2471657
http://www.ams.org/mathscinet-getitem?mr=0997432
http://www.ams.org/mathscinet-getitem?mr=2994841
http://www.ams.org/mathscinet/msc/msc2010.html


[12] BENJAMINI, I. and CURIEN, N. (2013). Simple random walk on the uniform infinite pla-
nar quadrangulation: Subdiffusivity via pioneer points. Geom. Funct. Anal. 23 501–531.
MR3053754

[13] BENJAMINI, I., LYONS, R. and SCHRAMM, O. (1999). Percolation perturbations in potential
theory and random walks. In Random Walks and Discrete Potential Theory (Cortona,
1997). Sympos. Math. XXXIX 56–84. Cambridge Univ. Press, Cambridge. MR1802426

[14] BENJAMINI, I. and SCHRAMM, O. (1996). Harmonic functions on planar and almost planar
graphs and manifolds, via circle packings. Invent. Math. 126 565–587. MR1419007

[15] BENJAMINI, I. and SCHRAMM, O. (2001). Recurrence of distributional limits of finite planar
graphs. Electron. J. Probab. 6 13 pp. (electronic). MR1873300

[16] BERGER, N. and BISKUP, M. (2007). Quenched invariance principle for simple random walk
on percolation clusters. Probab. Theory Related Fields 137 83–120. MR2278453

[17] BERGER, N., BISKUP, M., HOFFMAN, C. E. and KOZMA, G. (2008). Anomalous heat-kernel
decay for random walk among bounded random conductances. Ann. Inst. Henri Poincaré
Probab. Stat. 44 374–392. MR2446329

[18] BERGER, N. and DEUSCHEL, J.-D. (2014). A quenched invariance principle for non-elliptic
random walk in i.i.d. balanced random environment. Probab. Theory Related Fields 158
91–126. MR3152781

[19] BISKUP, M. and PRESCOTT, T. M. (2007). Functional CLT for random walk among bounded
random conductances. Electron. J. Probab. 12 1323–1348. MR2354160

[20] BOLTHAUSEN, E., SZNITMAN, A.-S. and ZEITOUNI, O. (2003). Cut points and diffusive
random walks in random environment. Ann. Inst. Henri Poincaré Probab. Stat. 39 527–
555. MR1978990

[21] BUSER, P. (1982). A note on the isoperimetric constant. Ann. Sci. École Norm. Sup. (4) 15
213–230. MR0683635

[22] CAPUTO, P., FAGGIONATO, A. and PRESCOTT, T. (2013). Invariance principle for Mott vari-
able range hopping and other walks on point processes. Ann. Inst. Henri Poincaré Probab.
Stat. 49 654–697. MR3112430

[23] CARNE, T. K. (1985). A transmutation formula for Markov chains. Bull. Sci. Math. (2) 109
399–405. MR0837740

[24] CHASSAING, P. and DURHUUS, B. (2006). Local limit of labeled trees and expected volume
growth in a random quadrangulation. Ann. Probab. 34 879–917. MR2243873

[25] CHOQUET, G. and DENY, J. (1960). Sur l’équation de convolution μ = μ ∗ σ . C. R. Math.
Acad. Sci. Paris 250 799–801. MR0119041

[26] COLDING, T. H. and MINICOZZI, W. P. II (1997). Harmonic functions on manifolds. Ann. of
Math. (2) 146 725–747. MR1491451

[27] CONLON, J. G. and NADDAF, A. (2000). Green’s functions for elliptic and parabolic equations
with random coefficients. New York J. Math. 6 153–225 (electronic). MR1781430

[28] CSISZÁR, I. (1963). Eine informationstheoretische Ungleichung und ihre Anwendung auf den
Beweis der Ergodizität von Markoffschen Ketten. Magyar Tud. Akad. Mat. Kutató Int.
Közl. 8 85–108. MR0164374

[29] CSISZÁR, I. (1966). A note on Jensen’s inequality. Studia Sci. Math. Hungar. 1 185–188.
MR0214714

[30] DELMOTTE, T. (1999). Parabolic Harnack inequality and estimates of Markov chains on
graphs. Rev. Mat. Iberoam. 15 181–232. MR1681641

[31] DELMOTTE, T. (1998). Harnack inequalities on graphs. In Séminaire de Théorie Spectrale et
Géométrie, Vol. 16, Année 1997–1998. Sémin. Théor. Spectr. Géom. 16 217–228. Univ.
Grenoble I, Saint-Martin-d’Hères. MR1666463

[32] DELMOTTE, T. and DEUSCHEL, J.-D. (2005). On estimating the derivatives of symmetric
diffusions in stationary random environment, with applications to ∇φ interface model.
Probab. Theory Related Fields 133 358–390. MR2198017

http://www.ams.org/mathscinet-getitem?mr=3053754
http://www.ams.org/mathscinet-getitem?mr=1802426
http://www.ams.org/mathscinet-getitem?mr=1419007
http://www.ams.org/mathscinet-getitem?mr=1873300
http://www.ams.org/mathscinet-getitem?mr=2278453
http://www.ams.org/mathscinet-getitem?mr=2446329
http://www.ams.org/mathscinet-getitem?mr=3152781
http://www.ams.org/mathscinet-getitem?mr=2354160
http://www.ams.org/mathscinet-getitem?mr=1978990
http://www.ams.org/mathscinet-getitem?mr=0683635
http://www.ams.org/mathscinet-getitem?mr=3112430
http://www.ams.org/mathscinet-getitem?mr=0837740
http://www.ams.org/mathscinet-getitem?mr=2243873
http://www.ams.org/mathscinet-getitem?mr=0119041
http://www.ams.org/mathscinet-getitem?mr=1491451
http://www.ams.org/mathscinet-getitem?mr=1781430
http://www.ams.org/mathscinet-getitem?mr=0164374
http://www.ams.org/mathscinet-getitem?mr=0214714
http://www.ams.org/mathscinet-getitem?mr=1681641
http://www.ams.org/mathscinet-getitem?mr=1666463
http://www.ams.org/mathscinet-getitem?mr=2198017


[33] DERRIENNIC, Y. (1980). Quelques applications du théorème ergodique sous-additif. In Con-
ference on Random Walks (Kleebach, 1979) (French). Astérisque 74 183–201, 4. Soc.
Math., France, Paris. MR0588163

[34] DEUSCHEL, J.-D. and KÖSTERS, H. (2008). The quenched invariance principle for random
walks in random environments admitting a bounded cycle representation. Ann. Inst. Henri
Poincaré Probab. Stat. 44 574–591. MR2451058

[35] DE GIORGI, E. (1957). Sulla differenziabilità e l’analiticità delle estremali degli integrali mul-
tipli regolari. Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. (3) 3 25–43. MR0093649

[36] DE MASI, A., FERRARI, P. A., GOLDSTEIN, S. and WICK, W. D. (1989). An invariance
principle for reversible Markov processes. Applications to random motions in random
environments. J. Stat. Phys. 55 787–855. MR1003538

[37] DISERTORI, M., SPENCER, T. and ZIRNBAUER, M. R. (2010). Quasi-diffusion in a 3D super-
symmetric hyperbolic sigma model. Comm. Math. Phys. 300 435–486. MR2728731

[38] DUDLEY, R. M. (2002). Real Analysis and Probability. Cambridge Studies in Advanced Math-
ematics 74. Cambridge Univ. Press, Cambridge. MR1932358

[39] ERSCHLER, A. and KARLSSON, A. (2010). Homomorphisms to R constructed from random
walks. Ann. Inst. Fourier (Grenoble) 60 2095–2113. MR2791651

[40] FERRARI, P. A., GRISI, R. M. and GROISMAN, P. (2012). Harmonic deformation of Delaunay
triangulations. Stochastic Process. Appl. 122 2185–2210. MR2921977

[41] FURSTENBERG, H. (1963). A Poisson formula for semi-simple Lie groups. Ann. of Math. (2)
77 335–386. MR0146298

[42] FURSTENBERG, H. (1971). Random walks and discrete subgroups of Lie groups. In Advances
in Probability and Related Topics, Vol. 1 1–63. Dekker, New York. MR0284569

[43] GLORIA, A. and OTTO, F. (2011). An optimal variance estimate in stochastic homogenization
of discrete elliptic equations. Ann. Probab. 39 779–856. MR2789576

[44] GRIMMETT, G. (1999). Percolation, 2nd ed. Grundlehren der Mathematischen Wissenschaften
321. Springer, Berlin. MR1707339

[45] GUO, X. and ZEITOUNI, O. (2012). Quenched invariance principle for random walks in bal-
anced random environment. Probab. Theory Related Fields 152 207–230. MR2875757

[46] HEBISCH, W. and SALOFF-COSTE, L. (1993). Gaussian estimates for Markov chains and ran-
dom walks on groups. Ann. Probab. 21 673–709. MR1217561

[47] HEYDENREICH, M., VAN DER HOFSTAD, R. and HULSHOF, T. (2011). High-dimensional
incipient infinite clusters revisited. Preprint. Available at http://arxiv.org/abs/1108.4325.

[48] JÁRAI, A. A. (2003). Incipient infinite percolation clusters in 2D. Ann. Probab. 31 444–485.
MR1959799

[49] JERISON, D. (1986). The Poincaré inequality for vector fields satisfying Hörmander’s condi-
tion. Duke Math. J. 53 503–523. MR0850547

[50] KAIMANOVICH, V. A. and SOBIECZKY, F. (2010). Stochastic homogenization of horospheric
tree products. In Probabilistic Approach to Geometry. Adv. Stud. Pure Math. 57 199–229.
Math. Soc. Japan, Tokyo. MR2648261
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MARTIN BOUNDARY OF RANDOM WALKS WITH UNBOUNDED
JUMPS IN HYPERBOLIC GROUPS

BY SÉBASTIEN GOUËZEL

IRMAR, Université de Rennes 1

Given a probability measure on a finitely generated group, its Martin
boundary is a natural way to compactify the group using the Green function
of the corresponding random walk. For finitely supported measures in hy-
perbolic groups, it is known since the work of Ancona and Gouëzel–Lalley
that the Martin boundary coincides with the geometric boundary. The goal
of this paper is to weaken the finite support assumption. We first show that,
in any nonamenable group, there exist probability measures with exponen-
tial tails giving rise to pathological Martin boundaries. Then, for probability
measures with superexponential tails in hyperbolic groups, we show that the
Martin boundary coincides with the geometric boundary by extending An-
cona’s inequalities. We also deduce asymptotics of transition probabilities
for symmetric measures with superexponential tails.
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RANDOMLY TRAPPED RANDOM WALKS
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AND ROMAN ROYFMAN
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We introduce a general model of trapping for random walks on graphs.
We give the possible scaling limits of these Randomly Trapped Random Walks
on Z. These scaling limits include the well-known fractional kinetics process,
the Fontes–Isopi–Newman singular diffusion as well as a new broad class we
call spatially subordinated Brownian motions. We give sufficient conditions
for convergence and illustrate these on two important examples.
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A LOWER BOUND ON THE TWO-ARMS EXPONENT FOR
CRITICAL PERCOLATION ON THE LATTICE

BY RAPHAËL CERF

Université Paris Sud and IUF

We consider the standard site percolation model on the d-dimensional
lattice. A direct consequence of the proof of the uniqueness of the infinite
cluster of Aizenman, Kesten and Newman [Comm. Math. Phys. 111 (1987)
505–531] is that the two-arms exponent is larger than or equal to 1/2. We
improve slightly this lower bound in any dimension d ≥ 2. Next, starting
only with the hypothesis that θ(p) > 0, without using the slab technology, we
derive a quantitative estimate establishing long-range order in a finite box.
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EMBEDDING LAWS IN DIFFUSIONS BY FUNCTIONS OF TIME

BY A. M. G. COX AND G. PESKIR

University of Bath and The University of Manchester

We present a constructive probabilistic proof of the fact that if B =
(Bt )t≥0 is standard Brownian motion started at 0, and μ is a given probability
measure on R such that μ({0}) = 0, then there exists a unique left-continuous
increasing function b : (0,∞) → R ∪ {+∞} and a unique left-continuous
decreasing function c : (0,∞) → R ∪ {−∞} such that B stopped at τb,c =
inf{t > 0|Bt ≥ b(t) or Bt ≤ c(t)} has the law μ. The method of proof relies
upon weak convergence arguments arising from Helly’s selection theorem
and makes use of the Lévy metric which appears to be novel in the context of
embedding theorems. We show that τb,c is minimal in the sense of Monroe
so that the stopped process Bτb,c = (Bt∧τb,c )t≥0 satisfies natural uniform in-
tegrability conditions expressed in terms of μ. We also show that τb,c has the
smallest truncated expectation among all stopping times that embed μ into B.
The main results extend from standard Brownian motion to all recurrent dif-
fusion processes on the real line.
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EXACT ROSENTHAL-TYPE BOUNDS

BY IOSIF PINELIS

Michigan Technological University

It is shown that, for any given p ≥ 5, A > 0 and B > 0, the exact upper
bound on E|∑Xi |p over all independent zero-mean random variables (r.v.’s)
X1, . . . ,Xn such that

∑
EX2

i = B and
∑

E|Xi |p = A equals cpE|	λ − λ|p ,

where (λ, c) ∈ (0,∞)2 is the unique solution to the system of equations
cpλ = A and c2λ = B, and 	λ is a Poisson r.v. with mean λ. In fact, a more
general result is obtained, as well as other related ones. As a tool used in the
proof, a calculus of variations of moments of infinitely divisible distributions
with respect to variations of the Lévy characteristics is developed.
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SPINES, SKELETONS AND THE STRONG LAW OF LARGE
NUMBERS FOR SUPERDIFFUSIONS

BY MAREN ECKHOFF, ANDREAS E. KYPRIANOU AND MATTHIAS WINKEL

University of Bath, University of Bath and University of Oxford

Consider a supercritical superdiffusion (Xt )t≥0 on a domain D ⊆ R
d

with branching mechanism

(x, z) �→ −β(x)z + α(x)z2 +
∫
(0,∞)

(
e−zy − 1 + zy

)
	(x,dy).

The skeleton decomposition provides a pathwise description of the process
in terms of immigration along a branching particle diffusion. We use this
decomposition to derive the strong law of large numbers (SLLN) for a wide
class of superdiffusions from the corresponding result for branching particle
diffusions. That is, we show that for suitable test functions f and starting
measures μ,

〈f,Xt 〉
Pμ[〈f,Xt 〉] → W∞ Pμ-almost surely as t → ∞,

where W∞ is a finite, non-deterministic random variable characterized as a
martingale limit. Our method is based on skeleton and spine techniques and
offers structural insights into the driving force behind the SLLN for superdif-
fusions. The result covers many of the key examples of interest and, in par-
ticular, proves a conjecture by Fleischmann and Swart [Stochastic Process.
Appl. 106 (2003) 141–165] for the super-Wright–Fisher diffusion.
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REGENERATIVE TREE GROWTH: MARKOVIAN EMBEDDING
OF FRAGMENTERS, BIFURCATORS, AND BEAD

SPLITTING PROCESSES1

BY JIM PITMAN AND MATTHIAS WINKEL

University of California Berkeley and University of Oxford

Some, but not all processes of the form Mt = exp(−ξt ) for a pure-jump
subordinator ξ with Laplace exponent 
 arise as residual mass processes of
particle 1 (tagged particle) in Bertoin’s partition-valued exchangeable frag-
mentation processes. We introduce the notion of a Markovian embedding of
M = (Mt , t ≥ 0) in a fragmentation process, and we show that for each 
,
there is a unique (in distribution) binary fragmentation process in which M

has a Markovian embedding. The identification of the Laplace exponent 
∗
of its tagged particle process M∗ gives rise to a symmetrisation operation

 �→ 
∗, which we investigate in a general study of pairs (M,M∗) that
coincide up to a random time and then evolve independently. We call M a
fragmenter and (M,M∗) a bifurcator.

For α > 0, we equip the interval R1 = [0,
∫ ∞
0 Mα

t dt] with a purely atomic
probability measure μ1, which captures the jump sizes of M suitably placed
on R1. We study binary tree growth processes that in the nth step sample
an atom (“bead”) from μn and build (Rn+1,μn+1) by replacing the atom
by a rescaled independent copy of (R1,μ1) that we tie to the position of
the atom. We show that any such bead splitting process ((Rn,μn),n ≥ 1)

converges almost surely to an α-self-similar continuum random tree of Haas
and Miermont, in the Gromov–Hausdorff–Prohorov sense. This generalises
Aldous’s line-breaking construction of the Brownian continuum random tree.
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FORWARD–BACKWARD STOCHASTIC DIFFERENTIAL
EQUATIONS AND CONTROLLED MCKEAN–VLASOV DYNAMICS

BY RENÉ CARMONA1 AND FRANÇOIS DELARUE

Princeton University and Université de Nice

The purpose of this paper is to provide a detailed probabilistic analysis
of the optimal control of nonlinear stochastic dynamical systems of McKean–
Vlasov type. Motivated by the recent interest in mean-field games, we high-
light the connection and the differences between the two sets of problems. We
prove a new version of the stochastic maximum principle and give sufficient
conditions for existence of an optimal control. We also provide examples for
which our sufficient conditions for existence of an optimal solution are sat-
isfied. Finally we show that our solution to the control problem provides ap-
proximate equilibria for large stochastic controlled systems with mean-field
interactions when subject to a common policy.
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THE RANGE OF TREE-INDEXED RANDOM WALK
IN LOW DIMENSIONS

BY JEAN-FRANÇOIS LE GALL AND SHEN LIN

Université Paris-Sud

We study the range Rn of a random walk on the d-dimensional lattice
Z

d indexed by a random tree with n vertices. Under the assumption that the
random walk is centered and has finite fourth moments, we prove in dimen-
sion d ≤ 3 that n−d/4Rn converges in distribution to the Lebesgue measure
of the support of the integrated super-Brownian excursion (ISE). An auxiliary
result shows that the suitably rescaled local times of the tree-indexed random
walk converge in distribution to the density process of ISE. We obtain similar
results for the range of critical branching random walk in Z

d , d ≤ 3. As an
intermediate estimate, we get exact asymptotics for the probability that a crit-
ical branching random walk starting with a single particle at the origin hits a
distant point. The results of the present article complement those derived in
higher dimensions in our earlier work.
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EXPECTED SIGNATURE OF BROWNIAN MOTION UP TO THE
FIRST EXIT TIME FROM A BOUNDED DOMAIN

BY TERRY LYONS1 AND HAO NI2

University of Oxford

The signature of a path provides a top down description of the path in
terms of its effects as a control [Differential Equations Driven by Rough Paths
(2007) Springer]. The signature transforms a path into a group-like element
in the tensor algebra and is an essential object in rough path theory. The ex-
pected signature of a stochastic process plays a similar role to that played
by the characteristic function of a random variable. In [Chevyrev (2013)], it
is proved that under certain boundedness conditions, the expected value of a
random signature already determines the law of this random signature. It be-
comes of great interest to be able to compute examples of expected signatures
and obtain the upper bounds for the decay rates of expected signatures. For in-
stance, the computation for Brownian motion on [0,1] leads to the “cubature
on Wiener space” methodology [Lyons and Victoir, Proc. R. Soc. Lond. Ser.
A Math. Phys. Eng. Sci. 460 (2004) 169–198]. In this paper we fix a bounded
domain � in a Euclidean space E and study the expected signature of a Brow-
nian path starting at z ∈ � and stopped at the first exit time from �. We denote
this tensor series valued function by 
�(z) and focus on the case E = R

d .
We show that 
�(z) satisfies an elliptic PDE system and a boundary condi-
tion. The equations determining 
� can be recursively solved; by an iterative
application of Sobolev estimates we are able, under certain smoothness and
boundedness condition of the domain �, to prove geometric bounds for the
terms in 
�(z). However, there is still a gap and we have not shown that

�(z) determines the law of the signature of this stopped Brownian motion
even if � is a unit ball.

REFERENCES

[1] BERG, C. (1988). The cube of a normal distribution is indeterminate. Ann. Probab. 16 910–913.
MR0929086

[2] CHEVYREV, I. (2013). A set of characteristic functions on the space of signatures of geometric
rough paths. Available at arXiv:1307.3580v2.

[3] FAWCETT, T. (2003). Problems in stochastic analysis. Connections between rough paths and
non-commutative harmonic analysis. Ph.D. thesis, Univ. Oxford.

[4] FRIZ, P. and SHEKHAR, A. (2012). The Levy–Kintchine formula for rough paths. Preprint.
Available at arXiv:1212.5888.

[5] FRIZ, P. and VICTOIR, N. (2008). The Burkholder–Davis–Gundy inequality for enhanced
martingales. In Séminaire de Probabilités XLI. Lecture Notes in Math. 1934 421–438.
Springer, Berlin. MR2483743

MSC2010 subject classifications. 60J60, 60J65, 60J10, 60J35, 47D03, 47D07, 35K05, 35K08,
35K10, 35K51.

Key words and phrases. Expected signature, rough path, diffusion, cubature.

http://www.imstat.org/aop/
http://dx.doi.org/10.1214/14-AOP949
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=0929086
http://arxiv.org/abs/arXiv:1307.3580v2
http://arxiv.org/abs/arXiv:1212.5888
http://www.ams.org/mathscinet-getitem?mr=2483743
http://www.ams.org/mathscinet/msc/msc2010.html


[6] FRIZ, P. K. and VICTOIR, N. B. (2010). Multidimensional Stochastic Processes as Rough
Paths: Theory and Applications. Cambridge Studies in Advanced Mathematics 120. Cam-
bridge Univ. Press, Cambridge. MR2604669

[7] GAINES, J. G. (1994). The algebra of iterated stochastic integrals. Stochastics Stochastics Rep.
49 169–179. MR1785003

[8] GERSCHGORIN, S. (1931). Über die Abgrenzung der Eigenwerte einer Matrix. Bulletin de
L’Académie des Sciences de L’URSS. Classe des Sciences Mathématiques et na 6 749–
754.

[9] JOST, J. (1998). Partielle Differentialgleichungen: elliptische (und parabolische) Gleichungen.
Springer, Berlin.

[10] LAWLER, G. F. (2013). Intersections of Random Walks. Springer, New York. MR2985195
[11] LYONS, T. and VICTOIR, N. (2004). Cubature on Wiener space. Proc. R. Soc. Lond. Ser. A

Math. Phys. Eng. Sci. 460 169–198. MR2052260
[12] LYONS, T. J., CARUANA, M. and LÉVY, T. (2007). Differential Equations Driven by Rough

Paths. Lecture Notes in Math. 1908. Springer, Berlin. MR2314753
[13] MORREY, C. B. JR. (2008). Multiple Integrals in the Calculus of Variations. Springer, Berlin.

MR2492985
[14] NI, H. (2012). The expected signature of a stochastic process. Ph.D. thesis, Univ. Oxford.
[15] ØKSENDAL, B. (2003). Stochastic Differential Equations: An Introduction with Applications,

6th ed. Springer, Berlin. MR2001996

http://www.ams.org/mathscinet-getitem?mr=2604669
http://www.ams.org/mathscinet-getitem?mr=1785003
http://www.ams.org/mathscinet-getitem?mr=2985195
http://www.ams.org/mathscinet-getitem?mr=2052260
http://www.ams.org/mathscinet-getitem?mr=2314753
http://www.ams.org/mathscinet-getitem?mr=2492985
http://www.ams.org/mathscinet-getitem?mr=2001996


The Annals of Probability
2015, Vol. 43, No. 5, 2763–2809
DOI: 10.1214/14-AOP951
© Institute of Mathematical Statistics, 2015

MULTIFRACTAL ANALYSIS OF SUPERPROCESSES
WITH STABLE BRANCHING IN DIMENSION ONE

BY LEONID MYTNIK1 AND VITALI WACHTEL2

Technion—Israel Institute of Technology and University of Munich

We show that density functions of a (α,1, β)-superprocesses are almost
sure multifractal for α > β + 1, β ∈ (0,1) and calculate the corresponding
spectrum of singularities.
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nian motion and the Erdős–Taylor conjecture on random walk. Acta Math. 186 239–270.
MR1846031

[2] DURAND, A. (2009). Singularity sets of Lévy processes. Probab. Theory Related Fields 143
517–544. MR2475671

[3] FLEISCHMANN, K. (1988). Critical behavior of some measure-valued processes. Math. Nachr.
135 131–147. MR0944225

[4] FLEISCHMANN, K., MYTNIK, L. and WACHTEL, V. (2010). Optimal local Hölder index for
density states of superprocesses with (1 + β)-branching mechanism. Ann. Probab. 38
1180–1220. MR2674997

[5] FLEISCHMANN, K., MYTNIK, L. and WACHTEL, V. (2011). Hölder index at a given point
for density states of super-α-stable motion of index 1 + β . J. Theoret. Probab. 24 66–92.
MR2782711

[6] HU, X. and TAYLOR, S. J. (2000). Multifractal structure of a general subordinator. Stochastic
Process. Appl. 88 245–258. MR1767847

[7] JAFFARD, S. (1999). The multifractal nature of Lévy processes. Probab. Theory Related Fields
114 207–227. MR1701520

[8] JAFFARD, S. (2000). On lacunary wavelet series. Ann. Appl. Probab. 10 313–329. MR1765214
[9] JAFFARD, S. (2004). Wavelet techniques in multifractal analysis. In Fractal Geometry and

Applications: A Jubilee of Benoît Mandelbrot, Part 2. Proc. Sympos. Pure Math. 72 91–
151. Amer. Math. Soc., Providence, RI. MR2112122

[10] JAFFARD, S. and MEYER, Y. (1996). Wavelet methods for pointwise regularity and local os-
cillations of functions. Mem. Amer. Math. Soc. 123 x+110. MR1342019

[11] KLENKE, A. and MÖRTERS, P. (2005). The multifractal spectrum of Brownian intersection
local times. Ann. Probab. 33 1255–1301. MR2150189

[12] KONNO, N. and SHIGA, T. (1988). Stochastic partial differential equations for some measure-
valued diffusions. Probab. Theory Related Fields 79 201–225. MR0958288

[13] LE GALL, J.-F. and PERKINS, E. A. (1995). The Hausdorff measure of the support of two-
dimensional super-Brownian motion. Ann. Probab. 23 1719–1747. MR1379165

[14] MÖRTERS, P. and SHIEH, N.-R. (2004). On the multifractal spectrum of the branching mea-
sure on a Galton–Watson tree. J. Appl. Probab. 41 1223–1229. MR2122818

MSC2010 subject classifications. Primary 60J80, 28A80; secondary 60G57.
Key words and phrases. Multifractal spectrum, superprocess, Hölder continuity, Hausdorff di-

mension.

http://www.imstat.org/aop/
http://dx.doi.org/10.1214/14-AOP951
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=1846031
http://www.ams.org/mathscinet-getitem?mr=2475671
http://www.ams.org/mathscinet-getitem?mr=0944225
http://www.ams.org/mathscinet-getitem?mr=2674997
http://www.ams.org/mathscinet-getitem?mr=2782711
http://www.ams.org/mathscinet-getitem?mr=1767847
http://www.ams.org/mathscinet-getitem?mr=1701520
http://www.ams.org/mathscinet-getitem?mr=1765214
http://www.ams.org/mathscinet-getitem?mr=2112122
http://www.ams.org/mathscinet-getitem?mr=1342019
http://www.ams.org/mathscinet-getitem?mr=2150189
http://www.ams.org/mathscinet-getitem?mr=0958288
http://www.ams.org/mathscinet-getitem?mr=1379165
http://www.ams.org/mathscinet-getitem?mr=2122818
http://www.ams.org/mathscinet/msc/msc2010.html


[15] MYTNIK, L. and PERKINS, E. (2003). Regularity and irregularity of (1 + β)-stable super-
Brownian motion. Ann. Probab. 31 1413–1440. MR1989438

[16] PERKINS, E. A. and TAYLOR, S. J. (1998). The multifractal structure of super-Brownian mo-
tion. Ann. Inst. Henri Poincaré Probab. Stat. 34 97–138. MR1617713

[17] WALSH, J. B. (1986). An introduction to stochastic partial differential equations. In École
D’été de Probabilités de Saint-Flour, XIV—1984. Lecture Notes in Math. 1180 265–439.
Springer, Berlin. MR0876085

http://www.ams.org/mathscinet-getitem?mr=1989438
http://www.ams.org/mathscinet-getitem?mr=1617713
http://www.ams.org/mathscinet-getitem?mr=0876085


The Annals of Probability
2015, Vol. 43, No. 5, 2810–2840
DOI: 10.1214/14-AOP952
© Institute of Mathematical Statistics, 2015

INDEPENDENCE RATIO AND RANDOM EIGENVECTORS
IN TRANSITIVE GRAPHS

BY VIKTOR HARANGI1 AND BÁLINT VIRÁG2

University of Toronto

A theorem of Hoffman gives an upper bound on the independence ratio
of regular graphs in terms of the minimum λmin of the spectrum of the adja-
cency matrix. To complement this result we use random eigenvectors to gain
lower bounds in the vertex-transitive case. For example, we prove that the
independence ratio of a 3-regular transitive graph is at least

q = 1

2
− 3

4π
arccos

(
1 − λmin

4

)
.

The same bound holds for infinite transitive graphs: we construct factor of
i.i.d. independent sets for which the probability that any given vertex is in the
set is at least q − o(1).

We also show that the set of the distributions of factor of i.i.d. processes
is not closed w.r.t. the weak topology provided that the spectrum of the graph
is uncountable.
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