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We develop a general approach to valid inference after model selection.
At the core of our framework is a result that characterizes the distribution of a
post-selection estimator conditioned on the selection event. We specialize the
approach to model selection by the lasso to form valid confidence intervals
for the selected coefficients and test whether all relevant variables have been
included in the model.
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NONPARAMETRIC EIGENVALUE-REGULARIZED PRECISION OR
COVARIANCE MATRIX ESTIMATOR

By CLIFFORD LAM
London School of Economics and Political Science

We introduce nonparametric regularization of the eigenvalues of a sam-
ple covariance matrix through splitting of the data (NERCOME), and prove
that NERCOME enjoys asymptotic optimal nonlinear shrinkage of eigenval-
ues with respect to the Frobenius norm. One advantage of NERCOME is
its computational speed when the dimension is not too large. We prove that
NERCOME is positive definite almost surely, as long as the true covariance
matrix is so, even when the dimension is larger than the sample size. With
respect to the Stein’s loss function, the inverse of our estimator is asymp-
totically the optimal precision matrix estimator. Asymptotic efficiency loss
is defined through comparison with an ideal estimator, which assumed the
knowledge of the true covariance matrix. We show that the asymptotic effi-
ciency loss of NERCOME is almost surely O with a suitable split location of
the data. We also show that all the aforementioned optimality holds for data
with a factor structure. Our method avoids the need to first estimate any un-
knowns from a factor model, and directly gives the covariance or precision
matrix estimator, which can be useful when factor analysis is not the ulti-
mate goal. We compare the performance of our estimators with other methods
through extensive simulations and real data analysis.

REFERENCES

ABADIR, K. M., DISTASO, W. and ZIKES, F. (2014). Design-free estimation of variance matrices.
J. Econometrics 181 165-180. MR3209862

BAI, Z. and SILVERSTEIN, J. W. (2010). Spectral Analysis of Large Dimensional Random Matrices,
2nd ed. Springer, New York. MR2567175

BAl, Z. D. and YIN, Y. Q. (1993). Limit of the smallest eigenvalue of a large-dimensional sample
covariance matrix. Ann. Probab. 21 1275-1294. MR1235416

BICKEL, P. J. and LEVINA, E. (2008a). Covariance regularization by thresholding. Ann. Statist. 36
2577-2604. MR2485008

BICKEL, P. J. and LEVINA, E. (2008b). Regularized estimation of large covariance matrices. Ann.
Statist. 36 199-227. MR2387969

Cal, T. T. and ZHOU, H. H. (2012). Optimal rates of convergence for sparse covariance matrix
estimation. Ann. Statist. 40 2389-2420. MR3097607

DEMIGUEL, V. and NOGALES, F. J. (2009). A generalized approach to portfolio optimization: Im-
proving performance by constraining portfolio norms. Management Science 55 798-812.

FAN, J., FAN, Y. and Lv, J. (2008). High dimensional covariance matrix estimation using a factor
model. J. Econometrics 147 186-197. MR2472991

MSC2010 subject classifications. Primary 62H12; secondary 62G20, 15B52.
Key words and phrases. High dimensional data analysis, covariance matrix, Stieltjes transform,
data splitting, nonlinear shrinkage, factor model.


http://www.imstat.org/aos/
http://dx.doi.org/10.1214/15-AOS1393
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=3209862
http://www.ams.org/mathscinet-getitem?mr=2567175
http://www.ams.org/mathscinet-getitem?mr=1235416
http://www.ams.org/mathscinet-getitem?mr=2485008
http://www.ams.org/mathscinet-getitem?mr=2387969
http://www.ams.org/mathscinet-getitem?mr=3097607
http://www.ams.org/mathscinet-getitem?mr=2472991
http://www.ams.org/mathscinet/msc/msc2010.html

FAN, J., L1AO, Y. and MINCHEVA, M. (2011). High-dimensional covariance matrix estimation in
approximate factor models. Ann. Statist. 39 3320-3356. MR3012410

FAN, J., L1AO, Y. and MINCHEVA, M. (2013). Large covariance estimation by thresholding principal
orthogonal complements. J. R. Stat. Soc. Ser. B. Stat. Methodol. 75 603—680. MR3091653

FRIEDMAN, J., HASTIE, T. and TIBSHIRANI, R. (2008). Sparse inverse covariance estimation with
the graphical lasso. Biostatistics 9 432—441.

HUANG, J. Z., L1u, N., POURAHMADI, M. and LIU, L. (2006). Covariance matrix selection and
estimation via penalised normal likelihood. Biometrika 93 85-98. MR2277742

JAMES, W. and STEIN, C. (1961). Estimation with quadratic loss. In Proc. 4th Berkeley Sympos.
Math. Statist. and Prob. Contributions to the Theory of Statistics 1 361-379. Univ. California
Press, Berkeley, CA. MR0133191

LAM, C. (2015). Supplement to “Nonparametric eigenvalue-regularized precision or covariance ma-
trix estimator.” DOI:10.1214/15-A0S1393SUPP.

LAM, C. and FAN, J. (2009). Sparsistency and rates of convergence in large covariance matrix
estimation. Ann. Statist. 37 4254-4278. MR2572459

LAM, C. and YAO, Q. (2012). Factor modeling for high-dimensional time series: Inference for the
number of factors. Ann. Statist. 40 694-726. MR2933663

LAM, C., YAO, Q. and BATHIA, N. (2011). Estimation of latent factors for high-dimensional time
series. Biometrika 98 901-918. MR2860332

LEDOIT, O. and PECHE, S. (2011). Eigenvectors of some large sample covariance matrix ensembles.
Probab. Theory Related Fields 151 233-264. MR2834718

LEDOIT, O. and WOLF, M. (2004). A well-conditioned estimator for large-dimensional covariance
matrices. J. Multivariate Anal. 88 365-411. MR2026339

LEDOIT, O. and WOLF, M. (2012). Nonlinear shrinkage estimation of large-dimensional covariance
matrices. Ann. Statist. 40 1024—-1060. MR2985942

LEDOIT, O. and WOLF, M. (2013a). Optimal estimation of a large-dimensional covariance matrix
under Stein’s loss. ECON—Working Papers 122, Dept. Economics, Univ. Ziirich.

LEDOIT, O. and WOLF, M. (2013b). Spectrum estimation: A unified framework for covariance ma-
trix estimation and PCA in large dimensions. ECON—Working Papers 105, Dept. Economics,
Univ. Ziirich.

MARCENKO, V. and PASTUR, L. (1967). Distribution of eigenvalues for some sets of random ma-
trices. Math. USSR-Sb 1 457-483.

MEINSHAUSEN, N. and BUHLMANN, P. (2006). High-dimensional graphs and variable selection
with the lasso. Ann. Statist. 34 1436-1462. MR2278363

POURAHMADI, M. (2007). Cholesky decompositions and estimation of a covariance matrix: Orthog-
onality of variance-correlation parameters. Biometrika 94 1006-1013. MR2376812

ROTHMAN, A. J., LEVINA, E. and ZHU, J. (2009). Generalized thresholding of large covariance
matrices. J. Amer. Statist. Assoc. 104 177-186. MR2504372

SILVERSTEIN, J. W. and CHOI, S.-I. (1995). Analysis of the limiting spectral distribution of large-
dimensional random matrices. J. Multivariate Anal. 54 295-309. MR1345541

STEIN, C. (1975). Estimation of a covariance matrix. In Rietz Lecture, 39th Annual Meeting IMS.
Atlanta, GA.

STEIN, C. (1986). Lectures on the theory of estimation of many parameters. J. Sov. Math. 34 1373—
1403.

STOCK, J. and WATSON, M. (2005). Implications of dynamic factor models for var analysis. NBER
working papers. No. 11467.

WoN, J.-H., Lim, J., KiM, S.-J. and RAJARATNAM, B. (2013). Condition-number-regularized co-
variance estimation. J. R. Stat. Soc. Ser. B. Stat. Methodol. 75 427-450. MR3065474


http://www.ams.org/mathscinet-getitem?mr=3012410
http://www.ams.org/mathscinet-getitem?mr=3091653
http://www.ams.org/mathscinet-getitem?mr=2277742
http://www.ams.org/mathscinet-getitem?mr=0133191
http://dx.doi.org/10.1214/15-AOS1393SUPP
http://www.ams.org/mathscinet-getitem?mr=2572459
http://www.ams.org/mathscinet-getitem?mr=2933663
http://www.ams.org/mathscinet-getitem?mr=2860332
http://www.ams.org/mathscinet-getitem?mr=2834718
http://www.ams.org/mathscinet-getitem?mr=2026339
http://www.ams.org/mathscinet-getitem?mr=2985942
http://www.ams.org/mathscinet-getitem?mr=2278363
http://www.ams.org/mathscinet-getitem?mr=2376812
http://www.ams.org/mathscinet-getitem?mr=2504372
http://www.ams.org/mathscinet-getitem?mr=1345541
http://www.ams.org/mathscinet-getitem?mr=3065474

The Annals of Statistics

2016, Vol. 44, No. 3, 954-981

DOI: 10.1214/15-A0S1394

© Institute of Mathematical Statistics, 2016

(1]

(10]

(11]

[12]

GLOBAL RATES OF CONVERGENCE OF THE MLES OF
LOG-CONCAVE AND s5-CONCAVE DENSITIES

By CHARLES R. DOSS AND JON A. WELLNER
University of Minnesota and University of Washington

We establish global rates of convergence for the Maximum Likelihood
Estimators (MLEs) of log-concave and s-concave densities on R. The main
finding is that the rate of convergence of the MLE in the Hellinger metric
is no worse than n72/5 when —1 < s < oo where s =0 corresponds to the
log-concave case. We also show that the MLE does not exist for the classes
of s-concave densities with s < —1.
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CLASSIFICATION IN GENERAL FINITE DIMENSIONAL SPACES
WITH THE k-NEAREST NEIGHBOR RULE

BY SEBASTIEN GADAT*, THIERRY KLEINT AND CLEMENT MARTEAU*

Toulouse School of Economics™, Université Paul Sabatier'
and Université Lyon I*

Given an n-sample of random vectors (X;, Y;)1<;<, whose joint law
is unknown, the long-standing problem of supervised classification aims to
optimally predict the label Y of a given new observation X. In this context,
the k-nearest neighbor rule is a popular flexible and intuitive method in non-
parametric situations. Even if this algorithm is commonly used in the machine
learning and statistics communities, less is known about its prediction abil-
ity in general finite dimensional spaces, especially when the support of the
density of the observations is R<. This paper is devoted to the study of the
statistical properties of the k-nearest neighbor rule in various situations. In
particular, attention is paid to the marginal law of X, as well as the smooth-
ness and margin properties of the regression function n(X) = E[Y|X]. We
identify two necessary and sufficient conditions to obtain uniform consistency
rates of classification and derive sharp estimates in the case of the k-nearest
neighbor rule. Some numerical experiments are proposed at the end of the
paper to help illustrate the discussion.
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A NEW PRIOR FOR DISCRETE DAG MODELS WITH
A RESTRICTED SET OF DIRECTIONS

BY HELENE MASSAM! AND JACEK WESOLOWSKI?
York University and Politechnika Warszawska

In this paper, we first develop a new family of conjugate prior distribu-
tions for the cell probability parameters of discrete graphical models Markov
with respect to a set P of moral directed acyclic graphs with skeleton a given
decomposable graph G. This family, which we call the PP-Dirichlet, is a gen-
eralization of the hyper Dirichlet given in [Ann. Statist. 21 (1993) 1272—-
1317]: it keeps the directed strong hyper Markov property for every DAG
in P but increases the flexibility in the choice of its parameters, that is, the
hyper parameters.

Our second contribution is a characterization of the P-Dirichlet, which
yields, as a corollary, a characterization of the hyper Dirichlet and a character-
ization of the Dirichlet also. Like the characterization of the Dirichlet given in
[Ann. Statist. 25 (1997) 1344—-1369], our characterization of the 7P-Dirichlet
is based on local and global independence of the probability parameters and
also a separability property explicitly defined here but implicitly used in that
paper through the choice of two particular DAGs. Another advantage of our
approach is that we need not make the assumption of the existence of a posi-
tive density function. We use the method of moments for our proofs.
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SLOPE IS ADAPTIVE TO UNKNOWN SPARSITY AND
ASYMPTOTICALLY MINIMAX

BY WEUIE SU! AND EMMANUEL CANDES?
Stanford University

We consider high-dimensional sparse regression problems in which we
observe y = Xf + z, where X is an n x p design matrix and z is an n-
dimensional vector of independent Gaussian errors, each with variance o2,
Our focus is on the recently introduced SLOPE estimator [Ann. Appl. Stat.
9 (2015) 1103-1140], which regularizes the least-squares estimates with the
rank-dependent penalty 31 <;<p A; 18 (i)> Where 18 (i) 1s the ith largest mag-
nitude of the fitted coefficients. Under Gaussian designs, where the entries
of X are i.i.d. N'(0, 1/n), we show that SLOPE, with weights A; just about
equaltoo - o1 (1—iq/(2p)) (@~ Y(a) is the ath quantile of a standard nor-
mal and ¢ is a fixed number in (0, 1)] achieves a squared error of estimation
obeying

Jup P(IBsLopg — BII* > (1 4 £)202klog(p/k)) — 0
[I1Bllo<k

as the dimension p increases to 0o, and where ¢ > 0 is an arbitrary small con-
stant. This holds under a weak assumption on the £y-sparsity level, namely,
k/p — 0 and (klog p)/n — 0, and is sharp in the sense that this is the best
possible error any estimator can achieve. A remarkable feature is that SLOPE
does not require any knowledge of the degree of sparsity, and yet automat-
ically adapts to yield optimal total squared errors over a wide range of £g-
sparsity classes. We are not aware of any other estimator with this property.
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SETS FOR NONPARAMETRIC MULTIVARIATE REGRESSION

BY WILLIAM WEIMIN YOO AND SUBHASHIS GHOSAL
Université Paris Dauphine and North Carolina State University

In the setting of nonparametric multivariate regression with unknown er-
ror variance o2, we study asymptotic properties of a Bayesian method for
estimating a regression function f and its mixed partial derivatives. We use
a random series of tensor product of B-splines with normal basis coefficients
as a prior for f, and o is either estimated using the empirical Bayes approach
or is endowed with a suitable prior in a hierarchical Bayes approach. We es-
tablish pointwise, L, and Lso-posterior contraction rates for f and its mixed
partial derivatives, and show that they coincide with the minimax rates. Our
results cover even the anisotropic situation, where the true regression func-
tion may have different smoothness in different directions. Using the conver-
gence bounds, we show that pointwise, Ly and Lso-credible sets for f and
its mixed partial derivatives have guaranteed frequentist coverage with opti-
mal size. New results on tensor products of B-splines are also obtained in the
course.
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OPTIMAL DESIGNS FOR COMPARING CURVES!

BY HOLGER DETTE AND KIRSTEN SCHORNING

Ruhr-Universitit Bochum

We consider the optimal design problem for a comparison of two regres-
sion curves, which is used to establish the similarity between the dose re-
sponse relationships of two groups. An optimal pair of designs minimizes the
width of the confidence band for the difference between the two regression
functions. Optimal design theory (equivalence theorems, efficiency bounds)
is developed for this non-standard design problem and for some commonly
used dose response models optimal designs are found explicitly. The results
are illustrated in several examples modeling dose response relationships. It
is demonstrated that the optimal pair of designs for the comparison of the
regression curves is not the pair of the optimal designs for the individual
models. In particular, it is shown that the use of the optimal designs proposed
in this paper instead of commonly used “non-optimal” designs yields a re-
duction of the width of the confidence band by more than 50%.
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EXPERIMENTS: I. A CHAIN OF RANDOMIZATIONS
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We derive randomization-based models for experiments with a chain of
randomizations. Estimation theory for these models leads to formulae for
the estimators of treatment effects, their standard errors and expected mean
squares in the analysis of variance. We discuss the practicalities in fitting
these models and outline the difficulties that can occur, many of which do not
arise in two-tiered experiments.
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‘We propose a notion of conditional vector quantile function and a vector
quantile regression. A conditional vector quantile function (CVQF) of a ran-
dom vector Y, taking values in R4 given covariates Z = z, taking values in
]Rk, is a map u —> Qy |z, 2), which is monotone, in the sense of being a
gradient of a convex function, and such that given that vector U follows a ref-
erence non-atomic distribution F;, for instance uniform distribution on a unit
cube in R, the random vector Qy|z (U, z) has the distribution of ¥ condi-
tional on Z = z. Moreover, we have a strong representation, ¥ = Q yizWU, Z)
almost surely, for some version of U. The vector quantile regression (VQR)
is a linear model for CVQF of Y given Z. Under correct specification, the
notion produces strong representation, ¥ = ﬁ(U)Tf(Z), for f(Z) denoting
a known set of transformations of Z, where u — /S(Lt)T f(Z) is a monotone
map, the gradient of a convex function and the quantile regression coefficients
u —> B(u) have the interpretations analogous to that of the standard scalar
quantile regression. As f(Z) becomes a richer class of transformations of Z,
the model becomes nonparametric, as in series modelling. A key property of
VQR is the embedding of the classical Monge—Kantorovich’s optimal trans-
portation problem at its core as a special case. In the classical case, where Y
is scalar, VQR reduces to a version of the classical QR, and CVQF reduces
to the scalar conditional quantile function. An application to multiple Engel
curve estimation is considered.
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BY YUAN KE, JIALIANG L1 AND WENYANG ZHANG
Princeton University, National University of Singapore and University of York

Panel data analysis is an important topic in statistics and econometrics.
In such analysis, it is very common to assume the impact of a covariate on
the response variable remains constant across all individuals. While the mod-
elling based on this assumption is reasonable when only the global effect is
of interest, in general, it may overlook some individual/subgroup attributes
of the true covariate impact. In this paper, we propose a data driven approach
to identify the groups in panel data with interactive effects induced by latent
variables. It is assumed that the impact of a covariate is the same within each
group, but different between the groups. An EM based algorithm is proposed
to estimate the unknown parameters, and a binary segmentation based algo-
rithm is proposed to detect the grouping. We then establish asymptotic theo-
ries to justify the proposed estimation, grouping method, and the modelling
idea. Simulation studies are also conducted to compare the proposed method
with the existing approaches, and the results obtained favour our method.
Finally, the proposed method is applied to analyse a data set about income
dynamics, which leads to some interesting findings.
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INFERENCE FOR SINGLE-INDEX QUANTILE REGRESSION
MODELS WITH PROFILE OPTIMIZATION

BY SHUJIE MA AND XUMING HE
University of California, Riverside and University of Michigan

Single index models offer greater flexibility in data analysis than linear
models but retain some of the desirable properties such as the interpretability
of the coefficients. We consider a pseudo-profile likelihood approach to esti-
mation and testing for single-index quantile regression models. We establish
the asymptotic normality of the index coefficient estimator as well as the op-
timal convergence rate of the nonparametric function estimation. Moreover,
we propose a score test for the index coefficient based on the gradient of
the pseudo-profile likelihood, and employ a penalized procedure to perform
consistent model selection and model estimation simultaneously. We also use
Monte Carlo studies to support our asymptotic results, and use an empirical
example to illustrate the proposed method.

REFERENCES

ANDREWS, D. W. K. (1987). Consistency in nonlinear econometric models: A generic uniform law
of large numbers. Econometrica 55 1465-1471. MR0923471

BELLONI, A. and CHERNOZHUKOV, V. (2011). ¢i-penalized quantile regression in high-
dimensional sparse models. Ann. Statist. 39 82—-130. MR2797841

BHATTACHARYA, P. K. and GANGOPADHYAY, A. K. (1990). Kernel and nearest-neighbor estima-
tion of a conditional quantile. Ann. Statist. 18 1400-1415. MR1062716

BosQ, D. (1998). Nonparametric Statistics for Stochastic Processes, 2nd ed. Springer, New York.
MR1640691

CARROLL, R. J., FAN, J., GIJBELS, I. and WAND, M. P. (1997). Generalized partially linear single-
index models. J. Amer. Statist. Assoc. 92 477-489. MR1467842

CHAUDHURI, P. (1991). Nonparametric estimates of regression quantiles and their local Bahadur
representation. Ann. Statist. 19 760-777. MR1105843

CHAUDHURI, P., DOKSUM, K. and SAMAROV, A. (1997). On average derivative quantile regres-
sion. Ann. Statist. 25 715-744. MR1439320

Cul, X., HARDLE, W. K. and ZHU, L. (2011). The EFM approach for single-index models. Ann.
Statist. 39 1658—1688. MR2850216

DE BOOR, C. (2001). A Practical Guide to Splines, Revised ed. Applied Mathematical Sciences 27.
Springer, New York. MR1900298

DE GOOUER, J. G. and ZEROM, D. (2003). On additive conditional quantiles with high-dimensional
covariates. J. Amer. Statist. Assoc. 98 135-146. MR1965680

FAN, J., HU, T. C. and TRUONG, Y. K. (1994). Robust non-parametric function estimation. Scand.
J. Stat. 21 433-446. MR1310087

MSC2010 subject classifications. Primary 62G08; secondary 62G20.
Key words and phrases. Quantile regression, single-index, profile principle, polynomial spline,
model selection, score test.


http://www.imstat.org/aos/
http://dx.doi.org/10.1214/15-AOS1404
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=0923471
http://www.ams.org/mathscinet-getitem?mr=2797841
http://www.ams.org/mathscinet-getitem?mr=1062716
http://www.ams.org/mathscinet-getitem?mr=1640691
http://www.ams.org/mathscinet-getitem?mr=1467842
http://www.ams.org/mathscinet-getitem?mr=1105843
http://www.ams.org/mathscinet-getitem?mr=1439320
http://www.ams.org/mathscinet-getitem?mr=2850216
http://www.ams.org/mathscinet-getitem?mr=1900298
http://www.ams.org/mathscinet-getitem?mr=1965680
http://www.ams.org/mathscinet-getitem?mr=1310087
http://www.ams.org/mathscinet/msc/msc2010.html

FAN, J. and LI, R. (2001). Variable selection via nonconcave penalized likelihood and its oracle
properties. J. Amer. Statist. Assoc. 96 1348—-1360. MR1946581

GEYER, C. J. (1994). On the asymptotics of constrained M -estimation. Ann. Statist. 22 1993-2010.
MR1329179

HAMMER, S. M., SQUIRES, K. E., HUGHES, M. D., GRIMES, J. M., DEMETER, L. M., CUR-
RIER, J. S., ERON, J. J., FEINBERG, J. E., BALFOUR, H. H., DEYTON, L. R., CHODAKE-
WITZ, J. A. and FISCHL, M. A. (1997). A controlled trial of two nucleoside analogues plus
indinavir in persons with human immunodeficiency virus infection and CD4 cell counts of 200
per cubic millimeter or less. AIDS clinical trials group 320 study team. N. Engl. J. Med. 337
725-733.

HE, X., NG, P. and PORTNOY, S. (1998). Bivariate quantile smoothing splines. J. R. Stat. Soc. Ser.
B. Stat. Methodol. 60 537-550. MR1625950

HE, X. and SHI, P. D. (1994). Convergence rate of B-spline estimators of nonparametric conditional
quantile functions. J. Nonparametr. Stat. 3 299-308. MR1291551

HE, X. and SHI, P. (1996). Bivariate tensor-product B-splines in a partly linear model. J. Multivari-
ate Anal. 58 162-181. MR1405586

HorowITz, J. L. and LEE, S. (2005). Nonparametric estimation of an additive quantile regression
model. J. Amer. Statist. Assoc. 100 1238-1249. MR2236438

ICHIMURA, H. (1993). Semiparametric least squares (SLS) and weighted SLS estimation of single-
index models. J. Econometrics 58 71-120. MR1230981

Kar1, B., LI, R. and Zou, H. (2011). New efficient estimation and variable selection methods for
semiparametric varying-coefficient partially linear models. Ann. Statist. 39 305-332. MR2797848

KiM, M.-O. (2007). Quantile regression with varying coefficients. Ann. Statist. 35 92-108.
MR2332270

KNIGHT, K. and Fu, W. (2000). Asymptotics for lasso-type estimators. Ann. Statist. 28 1356-1378.
MR1805787

KOCHERGINSKY, M., HE, X. and MU, Y. (2005). Practical confidence intervals for regression quan-
tiles. J. Comput. Graph. Statist. 14 41-55. MR2137889

KOENKER, R. (2005). Quantile Regression. Cambridge Univ. Press, Cambridge. MR2268657

KOENKER, R. (2011). Additive models for quantile regression: Model selection and confidence
bandaids. Braz. J. Probab. Stat. 25 239-262. MR2832886

KOENKER, R. and BASSETT, G. JR. (1978). Regression quantiles. Econometrica 46 33-50.
MR0474644

KOENKER, R., NG, P. and PORTNOY, S. (1994). Quantile smoothing splines. Biometrika 81 673—
680. MR1326417

KONG, E. and X1A, Y. (2012). A single-index quantile regression model and its estimation. Econo-
metric Theory 28 730-768. MR2959124

LIANG, H., L1u, X., LI, R. and TsAI, C.-L. (2010). Estimation and testing for partially linear
single-index models. Ann. Statist. 38 3811-3836. MR2766869

MA, S. and HE, X. (2015). Supplement to “Inference for single-index quantile regression models
with profile optimization.” DOI:10.1214/15-A0S1404SUPP.

MURPHY, S. A. and VAN DER VAART, A. W. (2000). On profile likelihood. J. Amer. Statist. Assoc.
95 449-485. MR1803168

POLLARD, D. (1991). Asymptotics for least absolute deviation regression estimators. Econometric
Theory 7 186-199. MR1128411

PORTNOY, S. (1997). Local asymptotics for quantile smoothing splines. Ann. Statist. 25 414-434.
MR1429932

SEVERINI, T. A. and STANISWALIS, J. G. (1994). Quasi-likelihood estimation in semiparametric
models. J. Amer. Statist. Assoc. 89 501-511. MR1294076

TIBSHIRANI, R. (1996). Regression shrinkage and selection via the lasso. J. Roy. Statist. Soc. Ser. B
58 267-288. MR1379242


http://www.ams.org/mathscinet-getitem?mr=1946581
http://www.ams.org/mathscinet-getitem?mr=1329179
http://www.ams.org/mathscinet-getitem?mr=1625950
http://www.ams.org/mathscinet-getitem?mr=1291551
http://www.ams.org/mathscinet-getitem?mr=1405586
http://www.ams.org/mathscinet-getitem?mr=2236438
http://www.ams.org/mathscinet-getitem?mr=1230981
http://www.ams.org/mathscinet-getitem?mr=2797848
http://www.ams.org/mathscinet-getitem?mr=2332270
http://www.ams.org/mathscinet-getitem?mr=1805787
http://www.ams.org/mathscinet-getitem?mr=2137889
http://www.ams.org/mathscinet-getitem?mr=2268657
http://www.ams.org/mathscinet-getitem?mr=2832886
http://www.ams.org/mathscinet-getitem?mr=0474644
http://www.ams.org/mathscinet-getitem?mr=1326417
http://www.ams.org/mathscinet-getitem?mr=2959124
http://www.ams.org/mathscinet-getitem?mr=2766869
http://dx.doi.org/10.1214/15-AOS1404SUPP
http://www.ams.org/mathscinet-getitem?mr=1803168
http://www.ams.org/mathscinet-getitem?mr=1128411
http://www.ams.org/mathscinet-getitem?mr=1429932
http://www.ams.org/mathscinet-getitem?mr=1294076
http://www.ams.org/mathscinet-getitem?mr=1379242

WANG, H., L1, R. and TsaAl, C.-L. (2007). Tuning parameter selectors for the smoothly clipped
absolute deviation method. Biometrika 94 553-568. MR2410008

WANG, J. and YANG, L. (2009). Polynomial spline confidence bands for regression curves. Statist.
Sinica 19 325-342. MR2487893

WANG, H. J., ZHU, Z. and ZHOU, J. (2009). Quantile regression in partially linear varying coeffi-
cient models. Ann. Statist. 37 3841-3866. MR2572445

WU, Y. and LIuU, Y. (2009). Variable selection in quantile regression. Statist. Sinica 19 801-817.
MR2514189

Wu, T. Z., YU, K. and YU, Y. (2010). Single-index quantile regression. J. Multivariate Anal. 101
1607-1621. MR2610735

XIA, Y. and HARDLE, W. (2006). Semi-parametric estimation of partially linear single-index mod-
els. J. Multivariate Anal. 97 1162-1184. MR2276153

XIA, Y., TONG, H. and L1, W. K. (1999). On extended partially linear single-index models.
Biometrika 86 831-842. MR1741980

Yu, K. and JONES, M. C. (1998). Local linear quantile regression. J. Amer. Statist. Assoc. 93 228—
237. MR1614628

YU, Y. and RUPPERT, D. (2002). Penalized spline estimation for partially linear single-index models.
J. Amer. Statist. Assoc. 97 1042-1054. MR1951258

ZHU, L., HUANG, M. and L1, R. (2012). Semiparametric quantile regression with high-dimensional
covariates. Statist. Sinica 22 1379-1401. MR3027092

Zou, H. and L1, R. (2008). One-step sparse estimates in nonconcave penalized likelihood models.
Ann. Statist. 36 1509—-1533. MR2435443

Zou, Q. and ZHU, Z. (2014). M-estimators for single-index model using B-spline. Metrika 77 225—
246. MR3157984


http://www.ams.org/mathscinet-getitem?mr=2410008
http://www.ams.org/mathscinet-getitem?mr=2487893
http://www.ams.org/mathscinet-getitem?mr=2572445
http://www.ams.org/mathscinet-getitem?mr=2514189
http://www.ams.org/mathscinet-getitem?mr=2610735
http://www.ams.org/mathscinet-getitem?mr=2276153
http://www.ams.org/mathscinet-getitem?mr=1741980
http://www.ams.org/mathscinet-getitem?mr=1614628
http://www.ams.org/mathscinet-getitem?mr=1951258
http://www.ams.org/mathscinet-getitem?mr=3027092
http://www.ams.org/mathscinet-getitem?mr=2435443
http://www.ams.org/mathscinet-getitem?mr=3157984

The Annals of Statistics

2016, Vol. 44, No. 3, 1269-1297

DOI: 10.1214/15-A0S 1405

© Institute of Mathematical Statistics, 2016

THEORETICAL ANALYSIS OF NONPARAMETRIC
FILAMENT ESTIMATION!'

BY WANLI QIAO AND WOLFGANG POLONIK
University of California, Davis

This paper provides a rigorous study of the nonparametric estimation of
filaments or ridge lines of a probability density f. Points on the filament are
considered as local extrema of the density when traversing the support of f
along the integral curve driven by the vector field of second eigenvectors of
the Hessian of f. We “parametrize” points on the filaments by such inte-
gral curves, and thus both the estimation of integral curves and of filaments
will be considered via a plug-in method using kernel density estimation. We
establish rates of convergence and asymptotic distribution results for the es-
timation of both the integral curves and the filaments. The main theoretical
result establishes the asymptotic distribution of the uniform deviation of the
estimated filament from its theoretical counterpart. This result utilizes the ex-
treme value behavior of nonstationary Gaussian processes indexed by mani-
folds My, h € (0, 1] as h — 0.
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SEMIPARAMETRIC EFFICIENT ESTIMATION FOR
SHARED-FRAILTY MODELS WITH DOUBLY-CENSORED
CLUSTERED DATA

BY YU-RU SU! AND JANE-LING WANG?
Fred Hutchinson Cancer Research Center and University of California, Davis

In this paper, we investigate frailty models for clustered survival data that
are subject to both left- and right-censoring, termed “doubly-censored data”.
This model extends current survival literature by broadening the application
of frailty models from right-censoring to a more complicated situation with
additional left-censoring.

Our approach is motivated by a recent Hepatitis B study where the sample
consists of families. We adopt a likelihood approach that aims at the non-
parametric maximum likelihood estimators (NPMLE). A new algorithm is
proposed, which not only works well for clustered data but also improve over
existing algorithm for independent and doubly-censored data, a special case
when the frailty variable is a constant equal to one. This special case is well
known to be a computational challenge due to the left-censoring feature of
the data. The new algorithm not only resolves this challenge but also accom-
modates the additional frailty variable effectively.

Asymptotic properties of the NPMLE are established along with semi-
parametric efficiency of the NPMLE for the finite-dimensional parame-
ters. The consistency of Bootstrap estimators for the standard errors of the
NPMLE is also discussed. We conducted some simulations to illustrate the
numerical performance and robustness of the proposed algorithm, which is
also applied to the Hepatitis B data.
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APPROXIMATION AND ESTIMATION OF 5-CONCAVE DENSITIES
VIA RENYI DIVERGENCES

BY QIYANG HAN AND JON A. WELLNER!
University of Washington

In this paper, we study the approximation and estimation of s-concave
densities via Rényi divergence. We first show that the approximation of a
probability measure Q by an s-concave density exists and is unique via the
procedure of minimizing a divergence functional proposed by [Ann. Statist.
38 (2010) 2998-3027] if and only if Q admits full-dimensional support and
a first moment. We also show continuity of the divergence functional in Q:
if @, — Q in the Wasserstein metric, then the projected densities converge
in weighted L metrics and uniformly on closed subsets of the continuity
set of the limit. Moreover, directional derivatives of the projected densities
also enjoy local uniform convergence. This contains both on-the-model and
off-the-model situations, and entails strong consistency of the divergence es-
timator of an s-concave density under mild conditions. One interesting and
important feature for the Rényi divergence estimator of an s-concave density
is that the estimator is intrinsically related with the estimation of log-concave
densities via maximum likelihood methods. In fact, we show that for d =1
at least, the Rényi divergence estimators for s-concave densities converge to
the maximum likelihood estimator of a log-concave density as s /0. The
Rényi divergence estimator shares similar characterizations as the MLE for
log-concave distributions, which allows us to develop pointwise asymptotic
distribution theory assuming that the underlying density is s-concave.
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CORRECTION NOTE

LIMIT THEOREMS FOR EMPIRICAL PROCESSES
OF CLUSTER FUNCTIONALS

Ann. Statist. 38 (2010) 2145-2186

BY HOLGER DREES* AND HOLGER ROOTZENT*

University of Hamburg®, Chalmers University’ and Gothenburg University*

We correct an error in a technical lemma of Drees and Rootzén [Ann.
Statist. 38 (2010) 2145-2186] and discuss consequences for applications.
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