
ISSN 0090-5364 (print)
ISSN 2168-8966 (online)

THE ANNALS
of

STATISTICS
AN OFFICIAL JOURNAL OF THE

INSTITUTE OF MATHEMATICAL STATISTICS

Vol. 46, No. 4—August 2018

Large covariance estimation through elliptical factor models
JIANQING FAN, HAN LIU AND WEICHEN WANG 1383

Current status linear regression . . . . . . . . . . . . PIET GROENEBOOM AND KIM HENDRICKX 1415
Jump filtering and efficient drift estimation for Lévy-driven SDEs

ARNAUD GLOTER, DASHA LOUKIANOVA AND HILMAR MAI 1445
Consistency and convergence rate of phylogenetic inference via regularization

VU DINH, LAM SI TUNG HO, MARC A. SUCHARD AND
FREDERICK A. MATSEN IV 1481

Pareto quantiles of unlabeled tree objects . . . . . ELA SIENKIEWICZ AND HAONAN WANG 1513
Efficient and adaptive linear regression in semi-supervised settings

ABHISHEK CHAKRABORTTY AND TIANXI CAI 1541
Convexified modularity maximization for degree-corrected stochastic block models

YUDONG CHEN, XIAODONG LI AND JIAMING XU 1573

Near-optimality of linear recovery in Gaussian observation scheme under ‖ · ‖2
2-loss

ANATOLI JUDITSKY AND ARKADI NEMIROVSKI 1603
An MCMC approach to empirical Bayes inference and Bayesian sensitivity analysis via

empirical processes . . . . . . . . . . . . . . . . . . . . . . . . . . . HANI DOSS AND YEONHEE PARK 1630
Curvature and inference for maximum likelihood estimates . . . . . . . . . . . BRADLEY EFRON 1664
Empirical Bayes estimates for a two-way cross-classified model

LAWRENCE D. BROWN, GOURAB MUKHERJEE AND ASAF WEINSTEIN 1693
Estimating variance of random effects to solve multiple problems simultaneously

MASAYO YOSHIMORI HIROSE AND PARTHA LAHIRI 1721
Optimal shrinkage of eigenvalues in the spiked covariance model

DAVID DONOHO, MATAN GAVISH AND IAIN JOHNSTONE 1742
A Bayesian approach to the selection of two-level multi-stratum factorial designs

MING-CHUNG CHANG AND CHING-SHUI CHENG 1779
Accuracy assessment for high-dimensional linear regression

T. TONY CAI AND ZIJIAN GUO 1807



THE ANNALS OF STATISTICS Vol. 46, No. 4, pp. 1383–1836 August 2018



INSTITUTE OF MATHEMATICAL STATISTICS

(Organized September 12, 1935)

The purpose of the Institute is to foster the development and dissemination of the theory and
applications of statistics and probability.

The Annals of Statistics [ISSN 0090-5364 (print); ISSN 2168-8966 (online)], Volume 46, Number 4, August
2018. Published bimonthly by the Institute of Mathematical Statistics, 3163 Somerset Drive, Cleveland, Ohio
44122, USA. Periodicals postage paid at Cleveland, Ohio, and at additional mailing offices.

POSTMASTER: Send address changes to The Annals of Statistics, Institute of Mathematical Statistics, Dues and
Subscriptions Office, 9650 Rockville Pike, Suite L 2310, Bethesda, Maryland 20814-3998, USA.

Copyright © 2018 by the Institute of Mathematical Statistics
Printed in the United States of America

IMS OFFICERS

President: Alison Etheridge, Department of Statistics, University of Oxford, Oxford, OX1 3LB, United Kingdom

President-Elect: Xiao-Li Meng, Department of Statistics, Harvard University, Cambridge, Massachusetts
02138-2901, USA

Past President: Jon Wellner, Department of Statistics, University of Washington, Seattle, Washington 98195-4322,
USA

Executive Secretary: Edsel Peña, Department of Statistics, University of South Carolina, Columbia, South
Carolina 29208-001, USA

Treasurer: Zhengjun Zhang, Department of Statistics, University of Wisconsin, Madison, Wisconsin 53706-1510,
USA

Program Secretary: Judith Rousseau, Université Paris Dauphine, Place du Maréchal DeLattre de Tassigny, 75016
Paris, France

IMS EDITORS

The Annals of Statistics. Editors: Edward I. George, Department of Statistics, University of Pennsylvania,
Philadelphia, PA 19104, USA; Tailen Hsing, Department of Statistics, University of Michigan, Ann Arbor,
MI 48109-1107 USA

The Annals of Applied Statistics. Editor-in-Chief : Tilmann Gneiting, Heidelberg Institute for Theoretical Studies,
HITS gGmbH, Schloss-Wolfsbrunnenweg 35, 69118 Heidelberg, Germany

The Annals of Probability. Editor: Amir Dembo, Department of Statistics and Department of Mathematics, Stan-
ford University, Stanford, California 94305, USA

The Annals of Applied Probability. Editor: Bálint Tóth, School of Mathematics, University of Bristol, University
Walk, BS8 1TW, Bristol, UK and Alfréd Rényi, Institute of Mathematics, Hungarian Academy of Sciences,
Budapest, Hungary

Statistical Science. Editor: Cun-Hui Zhang, Department of Statistics, Rutgers University, Piscataway, NJ 08854,
USA

The IMS Bulletin. Editor: Vlada Limic, UMR 7501 de l’Université de Strasbourg et du CNRS, 7 rue René
Descartes, 67084 Strasbourg Cedex, France



The Annals of Statistics
2018, Vol. 46, No. 4, 1383–1414
https://doi.org/10.1214/17-AOS1588
© Institute of Mathematical Statistics, 2018

LARGE COVARIANCE ESTIMATION THROUGH
ELLIPTICAL FACTOR MODELS

BY JIANQING FAN†,∗,1, HAN LIU∗,2 AND WEICHEN WANG∗

Princeton University∗ and Fudan University†

We propose a general Principal Orthogonal complEment Thresholding
(POET) framework for large-scale covariance matrix estimation based on
the approximate factor model. A set of high-level sufficient conditions for
the procedure to achieve optimal rates of convergence under different matrix
norms is established to better understand how POET works. Such a frame-
work allows us to recover existing results for sub-Gaussian data in a more
transparent way that only depends on the concentration properties of the sam-
ple covariance matrix. As a new theoretical contribution, for the first time,
such a framework allows us to exploit conditional sparsity covariance struc-
ture for the heavy-tailed data. In particular, for the elliptical distribution, we
propose a robust estimator based on the marginal and spatial Kendall’s tau
to satisfy these conditions. In addition, we study conditional graphical model
under the same framework. The technical tools developed in this paper are of
general interest to high-dimensional principal component analysis. Thorough
numerical results are also provided to back up the developed theory.
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CURRENT STATUS LINEAR REGRESSION

BY PIET GROENEBOOM AND KIM HENDRICKX1

Delft University of Technology and Hasselt University

We construct
√

n-consistent and asymptotically normal estimates for the
finite dimensional regression parameter in the current status linear regression
model, which do not require any smoothing device and are based on maxi-
mum likelihood estimates (MLEs) of the infinite dimensional parameter. We
also construct estimates, again only based on these MLEs, which are arbitrar-
ily close to efficient estimates, if the generalized Fisher information is finite.
This type of efficiency is also derived under minimal conditions for estimates
based on smooth nonmonotone plug-in estimates of the distribution function.
Algorithms for computing the estimates and for selecting the bandwidth of
the smooth estimates with a bootstrap method are provided. The connection
with results in the econometric literature is also pointed out.
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The problem of drift estimation for the solution X of a stochastic dif-
ferential equation with Lévy-type jumps is considered under discrete high-
frequency observations with a growing observation window. An efficient and
asymptotically normal estimator for the drift parameter is constructed un-
der minimal conditions on the jump behavior and the sampling scheme. In
the case of a bounded jump measure density, these conditions reduce to
n�3−ε

n → 0, where n is the number of observations and �n is the maximal
sampling step. This result relaxes the condition n�2

n → 0 usually required
for joint estimation of drift and diffusion coefficient for SDEs with jumps.
The main challenge in this estimation problem stems from the appearance
of the unobserved continuous part Xc in the likelihood function. In order to
construct the drift estimator, we recover this continuous part from discrete
observations. More precisely, we estimate, in a nonparametric way, stochas-
tic integrals with respect to Xc. Convergence results of independent interest
are proved for these nonparametric estimators.
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It is common in phylogenetics to have some, perhaps partial, informa-
tion about the overall evolutionary tree of a group of organisms and wish to
find an evolutionary tree of a specific gene for those organisms. There may
not be enough information in the gene sequences alone to accurately recon-
struct the correct “gene tree.” Although the gene tree may deviate from the
“species tree” due to a variety of genetic processes, in the absence of evi-
dence to the contrary it is parsimonious to assume that they agree. A com-
mon statistical approach in these situations is to develop a likelihood penalty
to incorporate such additional information. Recent studies using simulation
and empirical data suggest that a likelihood penalty quantifying concordance
with a species tree can significantly improve the accuracy of gene tree re-
construction compared to using sequence data alone. However, the consis-
tency of such an approach has not yet been established, nor have conver-
gence rates been bounded. Because phylogenetics is a nonstandard inference
problem, the standard theory does not apply. In this paper, we propose a pe-
nalized maximum likelihood estimator for gene tree reconstruction, where
the penalty is the square of the Billera–Holmes–Vogtmann geodesic distance
from the gene tree to the species tree. We prove that this method is consistent,
and derive its convergence rate for estimating the discrete gene tree structure
and continuous edge lengths (representing the amount of evolution that has
occurred on that branch) simultaneously. We find that the regularized estima-
tor is “adaptive fast converging,” meaning that it can reconstruct all edges of
length greater than any given threshold from gene sequences of polynomial
length. Our method does not require the species tree to be known exactly; in
fact, our asymptotic theory holds for any such guide tree.
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PARETO QUANTILES OF UNLABELED TREE OBJECTS

BY ELA SIENKIEWICZ AND HAONAN WANG1

Colorado State University

In this paper, we consider a set of unlabeled tree objects with topological
and geometric properties. For each data object, two curve representations are
developed to characterize its topological and geometric aspects. We further
define the notions of topological and geometric medians as well as quan-
tiles based on both representations. In addition, we take a novel approach to
define the Pareto medians and quantiles through a multi-objective optimiza-
tion problem. In particular, we study two different objective functions which
measure the topological variation and geometric variation, respectively. An-
alytical solutions are provided for topological and geometric medians and
quantiles, and in general, for Pareto medians and quantiles, the genetic algo-
rithm is implemented. The proposed methods are applied to analyze a data
set of pyramidal neurons.
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of neurons of the human hippocampal formation in normal aging and Alzheimer’s disease.
J. Comp. Neurol. 379 482–494.

[35] SIVANANDAM, S. N. and DEEPA, S. N. (2008). Introduction to Genetic Algorithms. Springer,
Berlin. MR2441025

[36] SONG, D., CHAN, R. H. M., MARMARELIS, V. Z., HAMPSON, R. E., DEADWYLER, S. A.
and BERGER, T. W. (2007). Nonlinear dynamic modeling of spike train transformations
for hippocampal-cortical prostheses. IEEE Trans. Biomed. Eng. 54 1053–1066.

[37] VIDA, I. (2010). Morphology of hippocampal neurons. In Hippocampal Microcircuits 27–67.
Springer, Berlin.

[38] WALTER, S. (2011). Defining quantiles for functional data. Ph.D. thesis, The Univ. Melbourne.
[39] WANG, H. and MARRON, J. S. (2007). Object oriented data analysis: Sets of trees. Ann. Statist.

35 1849–1873. MR2363955
[40] WANG, Y., MARRON, J. S., AYDIN, B., LADHA, A., BULLITT, E. and WANG, H. (2012).

A nonparametric regression model with tree-structured response. J. Amer. Statist. Assoc.
107 1272–1285. MR3036394

[41] WEST, M. J., COLEMAN, P. D., FLOOD, D. G. and TRONCOSO, J. C. (1994). Differences
in the pattern of hippocampal neuronal loss in normal ageing and Alzheimer’s disease.
Lancet 344 769–772.

https://doi.org/10.1214/17-AOS1593SUPP
http://www.ams.org/mathscinet-getitem?mr=2441025
http://www.ams.org/mathscinet-getitem?mr=2363955
http://www.ams.org/mathscinet-getitem?mr=3036394


The Annals of Statistics
2018, Vol. 46, No. 4, 1541–1572
https://doi.org/10.1214/17-AOS1594
© Institute of Mathematical Statistics, 2018

EFFICIENT AND ADAPTIVE LINEAR REGRESSION IN
SEMI-SUPERVISED SETTINGS1

BY ABHISHEK CHAKRABORTTY2 AND TIANXI CAI

University of Pennsylvania and Harvard University

We consider the linear regression problem under semi-supervised set-
tings wherein the available data typically consists of: (i) a small or moderate
sized “labeled” data, and (ii) a much larger sized “unlabeled” data. Such data
arises naturally from settings where the outcome, unlike the covariates, is
expensive to obtain, a frequent scenario in modern studies involving large
databases like electronic medical records (EMR). Supervised estimators like
the ordinary least squares (OLS) estimator utilize only the labeled data. It
is often of interest to investigate if and when the unlabeled data can be ex-
ploited to improve estimation of the regression parameter in the adopted lin-
ear model.

In this paper, we propose a class of “Efficient and Adaptive Semi-
Supervised Estimators” (EASE) to improve estimation efficiency. The EASE
are two-step estimators adaptive to model mis-specification, leading to im-
proved (optimal in some cases) efficiency under model mis-specification, and
equal (optimal) efficiency under a linear model. This adaptive property, of-
ten unaddressed in the existing literature, is crucial for advocating “safe” use
of the unlabeled data. The construction of EASE primarily involves a flexi-
ble “semi-nonparametric” imputation, including a smoothing step that works
well even when the number of covariates is not small; and a follow up “re-
fitting” step along with a cross-validation (CV) strategy both of which have
useful practical as well as theoretical implications towards addressing two
important issues: under-smoothing and over-fitting. We establish asymptotic
results including consistency, asymptotic normality and the adaptive proper-
ties of EASE. We also provide influence function expansions and a “double”
CV strategy for inference. The results are further validated through extensive
simulations, followed by application to an EMR study on auto-immunity.

REFERENCES

ANDREWS, D. W. K. (1995). Nonparametric kernel estimation for semiparametric models. Econo-
metric Theory 11 560–596. MR1349935

BELKIN, M., NIYOGI, P. and SINDHWANI, V. (2006). Manifold regularization: A geometric frame-
work for learning from labeled and unlabeled examples. J. Mach. Learn. Res. 7 2399–2434.
MR2274444

CASTELLI, V. and COVER, T. M. (1995). The exponential value of labeled samples. Pattern Recogn.
Lett. 16 105–111.

MSC2010 subject classifications. 62F35, 62J05, 62F12, 62G08.
Key words and phrases. Semi-supervised linear regression, semiparametric inference, model mis-

specification, adaptive estimation, semi-nonparametric imputation.

http://www.imstat.org/aos/
https://doi.org/10.1214/17-AOS1594
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=1349935
http://www.ams.org/mathscinet-getitem?mr=2274444
http://www.ams.org/mathscinet/msc/msc2010.html


CASTELLI, V. and COVER, T. M. (1996). The relative value of labeled and unlabeled samples in
pattern recognition with an unknown mixing parameter. IEEE Trans. Inform. Theory 42 2102–
2117. MR1447517

CHAKRABORTTY, A. and CAI, T. (2018). Supplement to “Efficient and adaptive linear regression
in semi-supervised settings.” DOI:10.1214/17-AOS1594SUPP.

CHAPELLE, O., SCHÖLKOPF, B. and ZIEN, A. (2006). Semi-Supervised Learning. MIT Press, Cam-
bridge, MA.

COOK, R. D. (1998). Principal Hessian directions revisited. J. Amer. Statist. Assoc. 93 84–100.
MR1614584

COOK, R. D. and LEE, H. (1999). Dimension reduction in binary response regression. J. Amer.
Statist. Assoc. 94 1187–1200. MR1731482

COOK, R. D. and WEISBERG, S. (1991). Discussion of “Sliced inverse regression” by K.-C. Li.
J. Amer. Statist. Assoc. 86 328–332.

COZMAN, F. G. and COHEN, I. (2001). Unlabeled data can degrade classification performance of
generative classifiers. Technical Report No. HPL-2001-234, HP Laboratories, Palo Alto, CA,
USA.

COZMAN, F. G., COHEN, I. and CIRELO, M. C. (2003). Semi-supervised learning of mixture mod-
els. In Proceedings of the Twentieth ICML 99–106.

DUAN, N. and LI, K.-C. (1991). Slicing regression: A link-free regression method. Ann. Statist. 19
505–530. MR1105834

HANSEN, B. E. (2008). Uniform convergence rates for kernel estimation with dependent data.
Econometric Theory 24 726–748. MR2409261

KAWAKITA, M. and KANAMORI, T. (2013). Semi-supervised learning with density-ratio estimation.
Mach. Learn. 91 189–209. MR3046904

KOHANE, I. S. (2011). Using electronic health records to drive discovery in disease genomics. Nat.
Rev. Genet. 12 417–428.

LAFFERTY, J. D. and WASSERMAN, L. (2007). Statistical analysis of semi-supervised regression.
Adv. Neural Inf. Process. Syst. 20 801–808.

LI, K.-C. (1991). Sliced inverse regression for dimension reduction. J. Amer. Statist. Assoc. 86 316–
342. MR1137117

LI, K.-C. (1992). On principal Hessian directions for data visualization and dimension reduction:
Another application of Stein’s lemma. J. Amer. Statist. Assoc. 87 1025–1039. MR1209564

LIAO, K. P., CAI, T., GAINER, V. et al. (2010). Electronic medical records for discovery research
in rheumatoid arthritis. Arthritis Care and Research 62 1120–1127.

MASRY, E. (1996). Multivariate local polynomial regression for time series: Uniform strong consis-
tency and rates. J. Time Series Anal. 17 571–599. MR1424907

NEWEY, W. K. (1994). Kernel estimation of partial means and a general variance estimator. Econo-
metric Theory 10 233–253. MR1293201

NEWEY, W. K., HSIEH, F. and ROBINS, J. (1998). Undersmoothing and bias corrected functional
estimation. Technical Report No. 98-17, Dept. of Economics, MIT, USA.

NIGAM, K. P. (2001). Using unlabeled data to improve text classification. Ph.D. thesis, Carnegie
Mellon University, USA. CMU-CS-01-126. MR2703067

NIGAM, K., MCCALLUM, A. K., THRUN, S. and MITCHELL, T. (2000). Text classification from
labeled and unlabeled documents using EM. Mach. Learn. 39 103–134.

SEEGER, M. (2002). Learning with labeled and unlabeled data. Technical Report No. EPFL-
REPORT-161327, Univ. Edinburgh, UK.

SOKOLOVSKA, N., CAPPÉ, O. and YVON, F. (2008). The asymptotics of semi-supervised learning
in discriminative probabilistic models. In Proceedings of the Twenty Fifth ICML 984–991.

ZHANG, T. and OLES, F. J. (2000). The value of unlabeled data for classification problems. In
Proceedings of the Seventeenth ICML 1191–1198.

http://www.ams.org/mathscinet-getitem?mr=1447517
https://doi.org/10.1214/17-AOS1594SUPP
http://www.ams.org/mathscinet-getitem?mr=1614584
http://www.ams.org/mathscinet-getitem?mr=1731482
http://www.ams.org/mathscinet-getitem?mr=1105834
http://www.ams.org/mathscinet-getitem?mr=2409261
http://www.ams.org/mathscinet-getitem?mr=3046904
http://www.ams.org/mathscinet-getitem?mr=1137117
http://www.ams.org/mathscinet-getitem?mr=1209564
http://www.ams.org/mathscinet-getitem?mr=1424907
http://www.ams.org/mathscinet-getitem?mr=1293201
http://www.ams.org/mathscinet-getitem?mr=2703067


ZHU, X. (2005). Semi-supervised learning through graphs. Ph.D. thesis, Carnegie Mellon Univ.,
USA. CMU-LTI-05-192.

ZHU, X. (2008). Semi-supervised learning literature survey. Technical Report No. 1530, Computer
Sciences, Univ. Wisconsin-Madison, USA.

ZHU, L. X. and NG, K. W. (1995). Asymptotics of sliced inverse regression. Statist. Sinica 5 727–
736. MR1347616

http://www.ams.org/mathscinet-getitem?mr=1347616


The Annals of Statistics
2018, Vol. 46, No. 4, 1573–1602
https://doi.org/10.1214/17-AOS1595
© Institute of Mathematical Statistics, 2018

CONVEXIFIED MODULARITY MAXIMIZATION FOR
DEGREE-CORRECTED STOCHASTIC BLOCK MODELS

BY YUDONG CHEN1, XIAODONG LI2 AND JIAMING XU3

Cornell University, University of California, Davis and Purdue University

The stochastic block model (SBM), a popular framework for studying
community detection in networks, is limited by the assumption that all nodes
in the same community are statistically equivalent and have equal expected
degrees. The degree-corrected stochastic block model (DCSBM) is a natural
extension of SBM that allows for degree heterogeneity within communities.
To find the communities under DCSBM, this paper proposes a convexified
modularity maximization approach, which is based on a convex programming
relaxation of the classical (generalized) modularity maximization formula-
tion, followed by a novel doubly-weighted �1-norm k-medoids procedure.
We establish nonasymptotic theoretical guarantees for approximate and per-
fect clustering, both of which build on a new degree-corrected density gap
condition. Our approximate clustering results are insensitive to the minimum
degree, and hold even in sparse regime with bounded average degrees. In the
special case of SBM, our theoretical guarantees match the best-known results
of computationally feasible algorithms. Numerically, we provide an efficient
implementation of our algorithm, which is applied to both synthetic and real-
world networks. Experiment results show that our method enjoys competitive
performance compared to the state of the art in the literature.
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NEAR-OPTIMALITY OF LINEAR RECOVERY IN GAUSSIAN
OBSERVATION SCHEME UNDER ‖ ·‖2

2-LOSS

BY ANATOLI JUDITSKY1 AND ARKADI NEMIROVSKI2

Université Grenoble-Alpes and Georgia Institute of Technology

We consider the problem of recovering linear image Bx of a signal x

known to belong to a given convex compact set X from indirect observa-
tion ω = Ax + σξ of x corrupted by Gaussian noise ξ . It is shown that un-
der some assumptions on X (satisfied, e.g., when X is the intersection of K

concentric ellipsoids/elliptic cylinders), an easy-to-compute linear estimate is
near-optimal in terms of its worst case, over x ∈ X , expected ‖ · ‖2

2-loss. The
main novelty here is that the result imposes no restrictions on A and B. To
the best of our knowledge, preceding results on optimality of linear estimates
dealt either with one-dimensional Bx (estimation of linear forms) or with the
“diagonal case” where A, B are diagonal and X is given by a “separable”
constraint like X = {x : ∑

i a2
i x2

i ≤ 1} or X = {x : maxi |aixi | ≤ 1}.
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AN MCMC APPROACH TO EMPIRICAL BAYES INFERENCE AND
BAYESIAN SENSITIVITY ANALYSIS VIA EMPIRICAL PROCESSES

BY HANI DOSS1 AND YEONHEE PARK

University of Florida and MD Anderson Cancer Center

Consider a Bayesian situation in which we observe Y ∼ pθ , where
θ ∈ �, and we have a family {νh,h ∈ H} of potential prior distributions on �.
Let g be a real-valued function of θ , and let Ig(h) be the posterior expectation
of g(θ) when the prior is νh. We are interested in two problems: (i) selecting
a particular value of h, and (ii) estimating the family of posterior expectations
{Ig(h),h ∈ H}. Let my(h) be the marginal likelihood of the hyperparameter
h: my(h) = ∫

pθ (y)νh(dθ). The empirical Bayes estimate of h is, by defi-
nition, the value of h that maximizes my(h). It turns out that it is typically
possible to use Markov chain Monte Carlo to form point estimates for my(h)

and Ig(h) for each individual h in a continuum, and also confidence inter-
vals for my(h) and Ig(h) that are valid pointwise. However, we are interested
in forming estimates, with confidence statements, of the entire families of
integrals {my(h),h ∈ H} and {Ig(h),h ∈ H}: we need estimates of the first
family in order to carry out empirical Bayes inference, and we need estimates
of the second family in order to do Bayesian sensitivity analysis. We establish
strong consistency and functional central limit theorems for estimates of these
families by using tools from empirical process theory. We give two applica-
tions, one to latent Dirichlet allocation, which is used in topic modeling, and
the other is to a model for Bayesian variable selection in linear regression.
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CURVATURE AND INFERENCE FOR MAXIMUM LIKELIHOOD
ESTIMATES1

BY BRADLEY EFRON

Stanford University

Maximum likelihood estimates are sufficient statistics in exponential
families, but not in general. The theory of statistical curvature was introduced
to measure the effects of MLE insufficiency in one-parameter families. Here,
we analyze curvature in the more realistic venue of multiparameter families—
more exactly, curved exponential families, a broad class of smoothly defined
nonexponential family models. We show that within the set of observations
giving the same value for the MLE, there is a “region of stability” outside of
which the MLE is no longer even a local maximum. Accuracy of the MLE
is affected by the location of the observation vector within the region of sta-
bility. Our motivating example involves “g-modeling,” an empirical Bayes
estimation procedure.
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EMPIRICAL BAYES ESTIMATES FOR A TWO-WAY
CROSS-CLASSIFIED MODEL
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We develop an empirical Bayes procedure for estimating the cell means
in an unbalanced, two-way additive model with fixed effects. We employ a
hierarchical model, which reflects exchangeability of the effects within treat-
ment and within block but not necessarily between them, as suggested before
by Lindley and Smith [J. R. Stat. Soc., B 34 (1972) 1–41]. The hyperparam-
eters of this hierarchical model, instead of considered fixed, are to be sub-
stituted with data-dependent values in such a way that the point risk of the
empirical Bayes estimator is small. Our method chooses the hyperparameters
by minimizing an unbiased risk estimate and is shown to be asymptotically
optimal for the estimation problem defined above, under suitable conditions.
The usual empirical Best Linear Unbiased Predictor (BLUP) is shown to be
substantially different from the proposed method in the unbalanced case and,
therefore, performs suboptimally. Our estimator is implemented through a
computationally tractable algorithm that is scalable to work under large de-
signs. The case of missing cell observations is treated as well.
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ESTIMATING VARIANCE OF RANDOM EFFECTS TO SOLVE
MULTIPLE PROBLEMS SIMULTANEOUSLY

BY MASAYO YOSHIMORI HIROSE1 AND PARTHA LAHIRI2

Institute of Statistical Mathematics and University of Maryland

The two-level normal hierarchical model (NHM) has played a critical
role in statistical theory for the last several decades. In this paper, we propose
random effects variance estimator that simultaneously (i) improves on the
estimation of the related shrinkage factors, (ii) protects empirical best linear
unbiased predictors (EBLUP) [same as empirical Bayes (EB)] of the random
effects from the common overshrinkage problem, (iii) avoids complex bias
correction in generating strictly positive second-order unbiased mean square
error (MSE) (same as integrated Bayes risk) estimator either by the Taylor
series or single parametric bootstrap method. The idea of achieving multiple
desirable properties in an EBLUP or EB method through a suitably devised
random effects variance estimator is the first of its kind and holds promise
in providing good inferences for random effects under the EBLUP or EB
framework. The proposed methodology is also evaluated using a Monte Carlo
simulation study and real data analysis.
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OPTIMAL SHRINKAGE OF EIGENVALUES IN THE SPIKED
COVARIANCE MODEL1

BY DAVID DONOHO∗, MATAN GAVISH†,2 AND IAIN JOHNSTONE∗
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To the memory of Charles M. Stein, 1920–2016

We show that in a common high-dimensional covariance model, the
choice of loss function has a profound effect on optimal estimation.

In an asymptotic framework based on the spiked covariance model and
use of orthogonally invariant estimators, we show that optimal estimation of
the population covariance matrix boils down to design of an optimal shrinker
η that acts elementwise on the sample eigenvalues. Indeed, to each loss func-
tion there corresponds a unique admissible eigenvalue shrinker η∗ dominat-
ing all other shrinkers. The shape of the optimal shrinker is determined by
the choice of loss function and, crucially, by inconsistency of both eigenval-
ues and eigenvectors of the sample covariance matrix.

Details of these phenomena and closed form formulas for the optimal
eigenvalue shrinkers are worked out for a menagerie of 26 loss functions for
covariance estimation found in the literature, including the Stein, Entropy, Di-
vergence, Fréchet, Bhattacharya/Matusita, Frobenius Norm, Operator Norm,
Nuclear Norm and Condition Number losses.
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[51] MARČENKO, V. A. and PASTUR, L. A. (1967). Distribution of eigenvalues for some sets of

random matrices. Sb. Math. 1 457–483.
[52] MATUSITA, K. (1967). On the notion of affinity of several distributions and some of its appli-

cations. Ann. Inst. Statist. Math. 19 181–192. MR0216649
[53] MUIRHEAD, R. J. (1987). Developments in eigenvalue estimation. In Advances in Multivariate

Statistical Analysis. Theory Decis. Lib. Ser. B: Math. Statist. Methods 277–288. Reidel,
Dordrecht. MR0920436

http://www.ams.org/mathscinet-getitem?mr=0568722
http://www.ams.org/mathscinet-getitem?mr=2277742
http://www.ams.org/mathscinet-getitem?mr=0060779
http://www.ams.org/mathscinet-getitem?mr=0133191
http://www.ams.org/mathscinet-getitem?mr=1863961
http://arxiv.org/abs/ArXiv:1704.06398
http://www.ams.org/mathscinet-getitem?mr=1094267
http://www.ams.org/mathscinet-getitem?mr=1014094
http://www.ams.org/mathscinet-getitem?mr=2683143
http://www.ams.org/mathscinet-getitem?mr=1006425
http://www.ams.org/mathscinet-getitem?mr=1064792
http://www.ams.org/mathscinet-getitem?mr=2834718
http://www.ams.org/mathscinet-getitem?mr=2026339
http://www.ams.org/mathscinet-getitem?mr=2985942
http://www.ams.org/mathscinet-getitem?mr=1849347
http://www.ams.org/mathscinet-getitem?mr=2283616
http://www.ams.org/mathscinet-getitem?mr=0822310
http://www.ams.org/mathscinet-getitem?mr=1091851
http://www.ams.org/mathscinet-getitem?mr=0216649
http://www.ams.org/mathscinet-getitem?mr=0920436


[54] NIST Digital Library of Mathematical Functions. Available at http://dlmf.nist.gov/, Release
1.0.9 of 2014-08-29. Online companion to [56].

[55] OLKIN, I. and PUKELSHEIM, F. (1982). The distance between two random vectors with given
dispersion matrices. Linear Algebra Appl. 48 257–263. MR0683223

[56] OLVER, F. W. J., LOZIER, D. W., BOISVERT, R. F. and CLARK, C. W., eds. (2010). NIST
Handbook of Mathematical Functions. Cambridge University Press, New York, NY. Print
companion to [54].

[57] PAL, N. (1993). Estimating the normal dispersion matrix and the precision matrix from a
decision-theoretic point of view: A review. Statist. Papers 34 1–26. MR1221520

[58] PASSEMIER, D. and YAO, J. (2013). Variance estimation and goodness-of-fit test in a high-
dimensional strict factor model. Available at ArXiv:1308.3890.

[59] PAUL, D. (2007). Asymptotics of sample eigenstructure for a large dimensional spiked covari-
ance model. Statist. Sinica 17 1617–1642. MR2399865

[60] SELLIAH, J. B. (1964). Estimation and Testing Problems in a Wishart Distribution. ProQuest
LLC, Ann Arbor, MI. Thesis (Ph.D.)—Stanford Univ. MR2614178

[61] SHABALIN, A. A. and NOBEL, A. B. (2013). Reconstruction of a low-rank matrix in the
presence of Gaussian noise. J. Multivariate Anal. 118 67–76. MR3054091

[62] SHARMA, D. and KRISHNAMOORTHY, K. (1985). Empirical Bayes estimators of normal co-
variance matrix. Sankhya, Ser. A 47 247–254. MR0844026

[63] SINHA, B. K. and GHOSH, M. (1987). Inadmissibility of the best equivariant estimators of
the variance-covariance matrix, the precision matrix, and the generalized variance under
entropy loss. Statist. Decisions 5 201–227. MR0905238

[64] STEIN, C. (1956). Some problems in multivariate analysis. Technical Report, Department of
Statistics, Stanford Univ., Available at http://statistics.stanford.edu/~ckirby/techreports/
ONR/CHE%20ONR%2006.pdf.

[65] STEIN, C. (1986). Lectures on the theory of estimation of many parameters. J. Math. Sci. 34
1373–1403.

[66] SUN, D. and SUN, X. (2005). Estimation of the multivariate normal precision and covariance
matrices in a star-shape model. Ann. Inst. Statist. Math. 57 455–484. MR2206534

[67] TRACY, C. A. and WIDOM, H. (1996). On orthogonal and symplectic matrix ensembles.
Comm. Math. Phys. 177 727–754. MR1385083

[68] VAN DER VAART, H. R. (1961). On certain characteristics of the distribution of the latent roots
of asymmetric random matrix under general conditions. Ann. Math. Stat. 32 864–873.
MR0130749

[69] WON, J.-H., LIM, J., KIM, S.-J. and RAJARATNAM, B. (2013). Condition-number-
regularized covariance estimation. J. R. Stat. Soc. Ser. B. Stat. Methodol. 75 427–450.
MR3065474

[70] YANG, R. and BERGER, J. O. (1994). Estimation of a covariance matrix using the reference
prior. Ann. Statist. 22 1195–1211. MR1311972

http://dlmf.nist.gov/
http://www.ams.org/mathscinet-getitem?mr=0683223
http://www.ams.org/mathscinet-getitem?mr=1221520
http://arxiv.org/abs/ArXiv:1308.3890
http://www.ams.org/mathscinet-getitem?mr=2399865
http://www.ams.org/mathscinet-getitem?mr=2614178
http://www.ams.org/mathscinet-getitem?mr=3054091
http://www.ams.org/mathscinet-getitem?mr=0844026
http://www.ams.org/mathscinet-getitem?mr=0905238
http://statistics.stanford.edu/~ckirby/techreports/ONR/CHE%20ONR%2006.pdf
http://www.ams.org/mathscinet-getitem?mr=2206534
http://www.ams.org/mathscinet-getitem?mr=1385083
http://www.ams.org/mathscinet-getitem?mr=0130749
http://www.ams.org/mathscinet-getitem?mr=3065474
http://www.ams.org/mathscinet-getitem?mr=1311972
http://statistics.stanford.edu/~ckirby/techreports/ONR/CHE%20ONR%2006.pdf


The Annals of Statistics
2018, Vol. 46, No. 4, 1779–1806
https://doi.org/10.1214/17-AOS1603
© Institute of Mathematical Statistics, 2018

A BAYESIAN APPROACH TO THE SELECTION OF TWO-LEVEL
MULTI-STRATUM FACTORIAL DESIGNS

BY MING-CHUNG CHANG AND CHING-SHUI CHENG

Academia Sinica and University of California, Berkeley

In a multi-stratum factorial experiment, there are multiple error terms
(strata) with different variances that arise from complicated structures of the
experimental units. For unstructured experimental units, minimum aberration
is a popular criterion for choosing regular fractional factorial designs. One
difficulty in extending this criterion to multi-stratum factorial designs is that
the formulation of a word length pattern based on which minimum aberration
is defined requires an order of desirability among the relevant words, but a
natural order is often lacking. Furthermore, a criterion based only on word
length patterns does not account for the different stratum variances. Mitchell,
Morris and Ylvisaker [Statist. Sinica 5 (1995) 559–573] proposed a frame-
work for Bayesian factorial designs. A Gaussian process is used as the prior
for the treatment effects, from which a prior distribution of the factorial ef-
fects is induced. This approach is applied to study optimal and efficient multi-
stratum factorial designs. Good surrogates for the Bayesian criteria that can
be related to word length and generalized word length patterns for regular and
nonregular designs, respectively, are derived. A tool is developed for elimi-
nating inferior designs and reducing the designs that need to be considered
without requiring any knowledge of stratum variances. Numerical examples
are used to illustrate the theory in several settings.
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ACCURACY ASSESSMENT FOR HIGH-DIMENSIONAL
LINEAR REGRESSION1

BY T. TONY CAI AND ZIJIAN GUO

University of Pennsylvania and Rutgers University

This paper considers point and interval estimation of the �q loss of an
estimator in high-dimensional linear regression with random design. We es-
tablish the minimax rate for estimating the �q loss and the minimax expected
length of confidence intervals for the �q loss of rate-optimal estimators of the
regression vector, including commonly used estimators such as Lasso, scaled
Lasso, square-root Lasso and Dantzig Selector. Adaptivity of confidence in-
tervals for the �q loss is also studied. Both the setting of the known identity
design covariance matrix and known noise level and the setting of unknown
design covariance matrix and unknown noise level are studied. The results
reveal interesting and significant differences between estimating the �2 loss
and �q loss with 1 ≤ q < 2 as well as between the two settings.

New technical tools are developed to establish rate sharp lower bounds for
the minimax estimation error and the expected length of minimax and adap-
tive confidence intervals for the �q loss. A significant difference between loss
estimation and the traditional parameter estimation is that for loss estimation
the constraint is on the performance of the estimator of the regression vec-
tor, but the lower bounds are on the difficulty of estimating its �q loss. The
technical tools developed in this paper can also be of independent interest.
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