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FINDING A LARGE SUBMATRIX OF A GAUSSIAN
RANDOM MATRIX

BY DAVID GAMARNIK1 AND QUAN LI

Massachusetts Institute of Technology

We consider the problem of finding a k × k submatrix of an n× n matrix
with i.i.d. standard Gaussian entries, which has a large average entry. It was
shown in [Bhamidi, Dey and Nobel (2012)] using nonconstructive methods
that the largest average value of a k × k submatrix is 2(1 + o(1))

√
logn/k,

with high probability (w.h.p.), when k = O(logn/ log logn). In the same pa-
per, evidence was provided that a natural greedy algorithm called the Largest
Average Submatrix (LAS) for a constant k should produce a matrix with av-
erage entry at most (1 + o(1))

√
2 logn/k, namely approximately

√
2 smaller

than the global optimum, though no formal proof of this fact was provided.
In this paper, we show that the average entry of the matrix produced by the

LAS algorithm is indeed (1+o(1))
√

2 logn/k w.h.p. when k is constant and
n grows. Then, by drawing an analogy with the problem of finding cliques in
random graphs, we propose a simple greedy algorithm which produces a k×k

matrix with asymptotically the same average value (1 + o(1))
√

2 logn/k

w.h.p., for k = o(logn). Since the greedy algorithm is the best known algo-
rithm for finding cliques in random graphs, it is tempting to believe that beat-
ing the factor

√
2 performance gap suffered by both algorithms might be very

challenging. Surprisingly, we construct a very simple algorithm which pro-
duces a k × k matrix with average value (1 + ok(1) + o(1))(4/3)

√
2 logn/k

for k = o((logn)1.5), that is, with the asymptotic factor 4/3 when k grows.
To get an insight into the algorithmic hardness of this problem, and mo-

tivated by methods originating in the theory of spin glasses, we conduct the
so-called expected overlap analysis of matrices with average value asymptoti-
cally (1+o(1))α

√
2 logn/k for a fixed value α ∈ [1,

√
2]. The overlap corre-

sponds to the number of common rows and the number of common columns
for pairs of matrices achieving this value (see the paper for details). We
discover numerically an intriguing phase transition at α∗ � 5

√
2/(3

√
3) ≈

1.3608 . . . ∈ [4/3,
√

2]: when α < α∗ the space of overlaps is a continuous
subset of [0,1]2, whereas α = α∗ marks the onset of discontinuity, and as
a result the model exhibits the Overlap Gap Property (OGP) when α > α∗,
appropriately defined. We conjecture that the OGP observed for α > α∗ also
marks the onset of the algorithmic hardness—no polynomial time algorithm
exists for finding matrices with average value at least (1 +o(1))α

√
2 logn/k,

when α > α∗ and k is a mildly growing function of n.
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SUPPORT POINTS1

BY SIMON MAK AND V. ROSHAN JOSEPH

Georgia Institute of Technology

This paper introduces a new way to compact a continuous probability
distribution F into a set of representative points called support points. These
points are obtained by minimizing the energy distance, a statistical potential
measure initially proposed by Székely and Rizzo [InterStat 5 (2004) 1–6] for
testing goodness-of-fit. The energy distance has two appealing features. First,
its distance-based structure allows us to exploit the duality between powers
of the Euclidean distance and its Fourier transform for theoretical analysis.
Using this duality, we show that support points converge in distribution to F ,
and enjoy an improved error rate to Monte Carlo for integrating a large class
of functions. Second, the minimization of the energy distance can be for-
mulated as a difference-of-convex program, which we manipulate using two
algorithms to efficiently generate representative point sets. In simulation stud-
ies, support points provide improved integration performance to both Monte
Carlo and a specific quasi-Monte Carlo method. Two important applications
of support points are then highlighted: (a) as a way to quantify the propaga-
tion of uncertainty in expensive simulations and (b) as a method to optimally
compact Markov chain Monte Carlo (MCMC) samples in Bayesian compu-
tation.
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DEBIASING THE LASSO: OPTIMAL SAMPLE SIZE FOR
GAUSSIAN DESIGNS

BY ADEL JAVANMARD1 AND ANDREA MONTANARI2

University of Southern California and Stanford University

Performing statistical inference in high-dimensional models is challeng-
ing because of the lack of precise information on the distribution of high-
dimensional regularized estimators.

Here, we consider linear regression in the high-dimensional regime p � n

and the Lasso estimator: we would like to perform inference on the parameter
vector θ∗ ∈ R

p . Important progress has been achieved in computing confi-
dence intervals and p-values for single coordinates θ∗

i , i ∈ {1, . . . , p}. A key
role in these new inferential methods is played by a certain debiased estima-
tor θ̂d. Earlier work establishes that, under suitable assumptions on the design
matrix, the coordinates of θ̂d are asymptotically Gaussian provided the true
parameters vector θ∗ is s0-sparse with s0 = o(

√
n/ logp).

The condition s0 = o(
√

n/ logp) is considerably stronger than the one
for consistent estimation, namely s0 = o(n/ logp). In this paper, we consider
Gaussian designs with known or unknown population covariance. When the
covariance is known, we prove that the debiased estimator is asymptotically
Gaussian under the nearly optimal condition s0 = o(n/(logp)2).

The same conclusion holds if the population covariance is unknown but
can be estimated sufficiently well. For intermediate regimes, we describe the
trade-off between sparsity in the coefficients θ∗, and sparsity in the inverse
covariance of the design. We further discuss several applications of our results
beyond high-dimensional inference. In particular, we propose a thresholded
Lasso estimator that is minimax optimal up to a factor 1 + on(1) for i.i.d.
Gaussian designs.
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MARGINS OF DISCRETE BAYESIAN NETWORKS

BY ROBIN J. EVANS

University of Oxford

Bayesian network models with latent variables are widely used in statis-
tics and machine learning. In this paper, we provide a complete algebraic
characterization of these models when the observed variables are discrete
and no assumption is made about the state-space of the latent variables. We
show that it is algebraically equivalent to the so-called nested Markov model,
meaning that the two are the same up to inequality constraints on the joint
probabilities. In particular, these two models have the same dimension, dif-
fering only by inequality constraints for which there is no general description.
The nested Markov model is therefore the closest possible description of the
latent variable model that avoids consideration of inequalities. A consequence
of this is that the constraint finding algorithm of Tian and Pearl [In Proceed-
ings of the 18th Conference on Uncertainty in Artificial Intelligence (2002)
519–527] is complete for finding equality constraints.

Latent variable models suffer from difficulties of unidentifiable parame-
ters and nonregular asymptotics; in contrast the nested Markov model is fully
identifiable, represents a curved exponential family of known dimension, and
can easily be fitted using an explicit parameterization.
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MULTI-THRESHOLD ACCELERATED FAILURE TIME MODEL1

BY JIALIANG LI AND BAISUO JIN

National University of Singapore and
University of Science and Technology of China

A two-stage procedure for simultaneously detecting multiple thresholds
and achieving model selection in the segmented accelerated failure time
(AFT) model is developed in this paper. In the first stage, we formulate the
threshold problem as a group model selection problem so that a concave 2-
norm group selection method can be applied. In the second stage, the thresh-
olds are finalized via a refining method. We establish the strong consistency of
the threshold estimates and regression coefficient estimates under some mild
technical conditions. The proposed procedure performs satisfactorily in our
simulation studies. Its real world applicability is demonstrated via analyzing
a follicular lymphoma data.
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MEASURING AND TESTING FOR INTERVAL
QUANTILE DEPENDENCE1

BY LIPING ZHU∗, YAOWU ZHANG† AND KAI XU†
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of Finance and Economics†

In this article, we introduce the notion of interval quantile independence
which generalizes the notions of statistical independence and quantile inde-
pendence. We suggest an index to measure and test departure from interval
quantile independence. The proposed index is invariant to monotone trans-
formations, nonnegative and equals zero if and only if the interval quantile
independence holds true. We suggest a moment estimate to implement the
test. The resultant estimator is root-n-consistent if the index is positive and n-
consistent otherwise, leading to a consistent test of interval quantile indepen-
dence. The asymptotic distribution of the moment estimator is free of parent
distribution, which facilitates to decide the critical values for tests of interval
quantile independence. When our proposed index is used to perform feature
screening for ultrahigh dimensional data, it has the desirable sure screening
property.
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BARYCENTRIC SUBSPACE ANALYSIS ON MANIFOLDS

BY XAVIER PENNEC1
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This paper investigates the generalization of Principal Component Anal-
ysis (PCA) to Riemannian manifolds. We first propose a new and general
type of family of subspaces in manifolds that we call barycentric subspaces.
They are implicitly defined as the locus of points which are weighted means
of k+1 reference points. As this definition relies on points and not on tangent
vectors, it can also be extended to geodesic spaces which are not Riemannian.
For instance, in stratified spaces, it naturally allows principal subspaces that
span several strata, which is impossible in previous generalizations of PCA.
We show that barycentric subspaces locally define a submanifold of dimen-
sion k which generalizes geodesic subspaces.

Second, we rephrase PCA in Euclidean spaces as an optimization on flags
of linear subspaces (a hierarchy of properly embedded linear subspaces of
increasing dimension). We show that the Euclidean PCA minimizes the Ac-
cumulated Unexplained Variances by all the subspaces of the flag (AUV).
Barycentric subspaces are naturally nested, allowing the construction of hier-
archically nested subspaces. Optimizing the AUV criterion to optimally ap-
proximate data points with flags of affine spans in Riemannian manifolds
lead to a particularly appealing generalization of PCA on manifolds called
Barycentric Subspace Analysis (BSA).
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BY SONG MEI1, YU BAI2 AND ANDREA MONTANARI3

Stanford University

Most high-dimensional estimation methods propose to minimize a cost
function (empirical risk) that is a sum of losses associated to each data point
(each example). In this paper, we focus on the case of nonconvex losses. Clas-
sical empirical process theory implies uniform convergence of the empirical
(or sample) risk to the population risk. While under additional assumptions,
uniform convergence implies consistency of the resulting M-estimator, it does
not ensure that the latter can be computed efficiently.

In order to capture the complexity of computing M-estimators, we study
the landscape of the empirical risk, namely its stationary points and their
properties. We establish uniform convergence of the gradient and Hessian
of the empirical risk to their population counterparts, as soon as the number
of samples becomes larger than the number of unknown parameters (modulo
logarithmic factors). Consequently, good properties of the population risk can
be carried to the empirical risk, and we are able to establish one-to-one corre-
spondence of their stationary points. We demonstrate that in several problems
such as nonconvex binary classification, robust regression and Gaussian mix-
ture model, this result implies a complete characterization of the landscape of
the empirical risk, and of the convergence properties of descent algorithms.

We extend our analysis to the very high-dimensional setting in which
the number of parameters exceeds the number of samples, and provides a
characterization of the empirical risk landscape under a nearly information-
theoretically minimal condition. Namely, if the number of samples exceeds
the sparsity of the parameters vector (modulo logarithmic factors), then a
suitable uniform convergence result holds. We apply this result to nonconvex
binary classification and robust regression in very high-dimension.
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DESIGNS WITH BLOCKS OF SIZE TWO AND APPLICATIONS TO
MICROARRAY EXPERIMENTS

BY JANET GODOLPHIN

University of Surrey

Designs with blocks of size two have numerous applications. In exper-
imental situations where observation loss is common, it is important for a
design to be robust against breakdown. For designs with one treatment factor
and a single blocking factor, with blocks of size two, conditions for connec-
tivity and robustness are obtained using combinatorial arguments and results
from graph theory. Lower bounds are given for the breakdown number in
terms of design parameters. For designs with equal or near equal treatment
replication, the concepts of treatment and block partitions, and of linking
blocks, are used to obtain information on the number of blocks required to
guarantee various levels of robustness. The results provide guidance for con-
struction of designs with good robustness properties.

Robustness conditions are also established for row column designs in
which one of the blocking factors involves blocks of size two. Such designs
are particularly relevant for microarray experiments, where the high risk of
observation loss makes robustness important. Disconnectivity in row column
designs can be classified as three types. Techniques are given to assess design
robustness according to each type, leading to lower bounds for the breakdown
number. Guidance is given for robust design construction.

Cyclic designs and interwoven loop designs are shown to have good ro-
bustness properties.
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LOCAL ROBUST ESTIMATION OF THE PICKANDS
DEPENDENCE FUNCTION1
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We consider the robust estimation of the Pickands dependence function
in the random covariate framework. Our estimator is based on local esti-
mation with the minimum density power divergence criterion. We provide
the main asymptotic properties, in particular the convergence of the stochas-
tic process, correctly normalized, towards a tight centered Gaussian process.
The finite sample performance of our estimator is evaluated with a simulation
study involving both uncontaminated and contaminated samples. The method
is illustrated on a dataset of air pollution measurements.
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STRONG IDENTIFIABILITY AND OPTIMAL MINIMAX RATES
FOR FINITE MIXTURE ESTIMATION1

BY PHILIPPE HEINRICH AND JONAS KAHN

Université Lille 1 and Université de Toulouse, CNRS

We study the rates of estimation of finite mixing distributions, that is, the
parameters of the mixture. We prove that under some regularity and strong
identifiability conditions, around a given mixing distribution with m0 compo-
nents, the optimal local minimax rate of estimation of a mixing distribution
with m components is n−1/(4(m−m0)+2). This corrects a previous paper by
Chen [Ann. Statist. 23 (1995) 221–233].

By contrast, it turns out that there are estimators with a (nonuniform)
pointwise rate of estimation of n−1/2 for all mixing distributions with a finite
number of components.

REFERENCES

BONTEMPS, D. and GADAT, S. (2014). Bayesian methods for the shape invariant model. Electron.
J. Stat. 8 1522–1568. MR3263130

CAILLERIE, C., CHAZAL, F., DEDECKER, J. and MICHEL, B. (2013). Deconvolution for the
Wasserstein metric and geometric inference. In Geometric Science of Information 561–568.
Springer, Berlin.

CHEN, J. H. (1995). Optimal rate of convergence for finite mixture models. Ann. Statist. 23 221–233.
MR1331665

DACUNHA-CASTELLE, D. and GASSIAT, E. (1997). The estimation of the order of a mixture model.
Bernoulli 3 279–299. MR1468306

DEDECKER, J. and MICHEL, B. (2013). Minimax rates of convergence for Wasserstein deconvolu-
tion with supersmooth errors in any dimension. J. Multivariate Anal. 122 278–291.

DEELY, J. J. and KRUSE, R. L. (1968). Construction of sequences estimating the mixing distribution.
Ann. Math. Stat. 39 286–288.

DUDLEY, R. M. (2002). Real Analysis and Probability. Cambridge Studies in Advanced Mathemat-
ics 74. Cambridge Univ. Press, Cambridge. MR1932358

FAN, J. (1991). On the optimal rates of convergence for nonparametric deconvolution problems. Ann.
Statist. 19 1257–1272. MR1126324

GASSIAT, E. and VAN HANDEL, R. (2013). Consistent order estimation and minimal penalties. IEEE
Trans. Inform. Theory 59 1115–1128. MR3015722

GENOVESE, C. R. and WASSERMAN, L. (2000). Rates of convergence for the Gaussian mixture
sieve. Ann. Statist. 28 1105–1127. MR1810921

GHOSAL, S. and VAN DER VAART, A. W. (2001). Entropies and rates of convergence for maximum
likelihood and Bayes estimation for mixtures of normal densities. Ann. Statist. 29 1233–1263.
MR1873329

MSC2010 subject classifications. Primary 62G05; secondary 62G20.
Key words and phrases. Local asymptotic normality, convergence of experiments, maximum like-

lihood estimate, Wasserstein metric, mixing distribution, mixture model, rate of convergence, strong
identifiability, pointwise rate, superefficiency.

http://www.imstat.org/aos/
https://doi.org/10.1214/17-AOS1641
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=3263130
http://www.ams.org/mathscinet-getitem?mr=1331665
http://www.ams.org/mathscinet-getitem?mr=1468306
http://www.ams.org/mathscinet-getitem?mr=1932358
http://www.ams.org/mathscinet-getitem?mr=1126324
http://www.ams.org/mathscinet-getitem?mr=3015722
http://www.ams.org/mathscinet-getitem?mr=1810921
http://www.ams.org/mathscinet-getitem?mr=1873329
http://www.ams.org/mathscinet/msc/msc2010.html


HÁJEK, J. (1972). Local asymptotic minimax and admissibility in estimation. In Proceedings of the
Sixth Berkeley Symposium on Mathematical Statistics and Probability (Univ. California, Berkeley,
Calif., 1970/1971), Vol. I: Theory of Statistics 175–194. Univ. California Press, Berkeley, CA.

HEINRICH, P. and KAHN, J. (2018). Supplement to “Strong identifiability and optimal minimax
rates for finite mixture estimation.” DOI:10.1214/17-AOS1641SUPP.

HO, N. and NGUYEN, X. (2015). Identifiability and optimal rates of convergence for parameters of
multiple types in finite mixtures. Preprint. Available at arXiv:1501.02497.

HO, N. and NGUYEN, X. (2016a). On strong identifiability and convergence rates of parameter
estimation in finite mixtures. Electron. J. Stat. 10 271–307. MR3466183

HO, N. and NGUYEN, X. (2016b). Convergence rates of parameter estimation for some weakly
identifiable finite mixtures. Ann. Statist. 44 2726–2755. MR3576559

HOLZMANN, H., MUNK, A. and STRATMANN, B. (2004). Identifiability of finite mixtures—with
applications to circular distributions. Sankhyā 66 440–449. MR2108200

ISHWARAN, H., JAMES, L. F. and SUN, J. (2001). Bayesian model selection in finite mixtures by
marginal density decompositions. J. Amer. Statist. Assoc. 96 1316–1332. MR1946579

KUHN, M. A., FEIGELSON, E. D., GETMAN, K. V., BADDELEY, A. J., BROOS, P. S., SILLS, A.,
BATE, M. R., POVICH, M. S., LUHMAN, K. L., BUSK, H. A. et al. (2014). The spatial structure
of young stellar clusters. I. Subclusters. The Astrophysical Journal 787 107.

LE CAM, L. (1960). Locally asymptotically normal families of distributions. Certain approximations
to families of distributions and their use in the theory of estimation and testing hypotheses. Univ.
California Publ. Statist. 3 37–98. MR0126903

LE CAM, L. (1986). Asymptotic Methods in Statistical Decision Theory. Springer, New York.
LINDSAY, B. G. (1989). Moment matrices: Applications in mixtures. Ann. Statist. 17 722–740.

MR0994263
LIU, M. and HANCOCK, G. R. (2014). Unrestricted mixture models for class identification in growth

mixture modeling. Educational and Psychological Measurement 74 557–584.
MARTIN, R. (2012). Convergence rate for predictive recursion estimation of finite mixtures. Statist.

Probab. Lett. 82 378–384.
MASSART, P. (1990). The tight constant in the Dvoretzky–Kiefer–Wolfowitz inequality. Ann.

Probab. 18 1269–1283. MR1062069
MCLACHLAN, G. and PEEL, D. (2000). Finite Mixture Models. Wiley, New York.
NGUYEN, X. (2013). Convergence of latent mixing measures in finite and infinite mixture models.

Ann. Statist. 41 370–400. MR3059422
PEARSON, K. (1894). Contributions to the theory of mathematical evolution. Philos. Trans. R. Soc.

Lond. Ser. A Math. Phys. Eng. Sci. 185 71–110.
ROUSSEAU, J. and MENGERSEN, K. (2011). Asymptotic behaviour of the posterior distribution in

overfitted mixture models. J. R. Stat. Soc. Ser. B. Stat. Methodol. 73 689–710.
TEH, Y. W. (2010). Dirichlet process. In Encyclopedia of Machine Learning (C. Sammut and

G. Webb, eds.) 280–287. Springer, New York.
TITTERINGTON, D. M., SMITH, A. F. M. and MAKOV, U. E. (1985). Statistical Analysis of Finite

Mixture Distributions. Wiley, Chichester.
VAN DE GEER, S. (1996). Rates of convergence for the maximum likelihood estimator in mixture

models. J. Nonparametr. Stat. 6 293–310.
VAN DER VAART, A. W. (1998). Asymptotic Statistics. Cambridge Series in Statistical and Proba-

bilistic Mathematics 3. Cambridge Univ. Press, Cambridge.
YANG, Y. (2005). Can the strengths of AIC and BIC be shared? A conflict between model indentifi-

cation and regression estimation. Biometrika 92 937–950. MR2234196
ZHU, H.-T. and ZHANG, H. (2004). Hypothesis testing in mixture regression models. J. R. Stat. Soc.

Ser. B. Stat. Methodol. 66 3–16. MR2035755
ZHU, H. and ZHANG, H. (2006). Asymptotics for estimation and testing procedures under loss of

identifiability. J. Multivariate Anal. 97 19–45. MR2208842

https://doi.org/10.1214/17-AOS1641SUPP
http://arxiv.org/abs/arXiv:1501.02497
http://www.ams.org/mathscinet-getitem?mr=3466183
http://www.ams.org/mathscinet-getitem?mr=3576559
http://www.ams.org/mathscinet-getitem?mr=2108200
http://www.ams.org/mathscinet-getitem?mr=1946579
http://www.ams.org/mathscinet-getitem?mr=0126903
http://www.ams.org/mathscinet-getitem?mr=0994263
http://www.ams.org/mathscinet-getitem?mr=1062069
http://www.ams.org/mathscinet-getitem?mr=3059422
http://www.ams.org/mathscinet-getitem?mr=2234196
http://www.ams.org/mathscinet-getitem?mr=2035755
http://www.ams.org/mathscinet-getitem?mr=2208842


The Annals of Statistics
2018, Vol. 46, No. 6A, 2871–2903
https://doi.org/10.1214/17-AOS1642
© Institute of Mathematical Statistics, 2018

SUB-GAUSSIAN ESTIMATORS OF THE MEAN OF A RANDOM
MATRIX WITH HEAVY-TAILED ENTRIES1

BY STANISLAV MINSKER

University of Southern California

Estimation of the covariance matrix has attracted a lot of attention of the
statistical research community over the years, partially due to important ap-
plications such as principal component analysis. However, frequently used
empirical covariance estimator, and its modifications, is very sensitive to the
presence of outliers in the data. As P. Huber wrote [Ann. Math. Stat. 35 (1964)
73–101], “. . . This raises a question which could have been asked already by
Gauss, but which was, as far as I know, only raised a few years ago (notably
by Tukey): what happens if the true distribution deviates slightly from the as-
sumed normal one? As is now well known, the sample mean then may have a
catastrophically bad performance. . . .” Motivated by Tukey’s question, we de-
velop a new estimator of the (element-wise) mean of a random matrix, which
includes covariance estimation problem as a special case. Assuming that the
entries of a matrix possess only finite second moment, this new estimator
admits sub-Gaussian or sub-exponential concentration around the unknown
mean in the operator norm. We explain the key ideas behind our construc-
tion, and discuss applications to covariance estimation and matrix completion
problems.
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CAUSAL INFERENCE IN PARTIALLY LINEAR STRUCTURAL
EQUATION MODELS

BY DOMINIK ROTHENHÄUSLER1, JAN ERNEST1,2 AND PETER BÜHLMANN

ETH Zürich

We consider identifiability of partially linear additive structural equa-
tion models with Gaussian noise (PLSEMs) and estimation of distribution-
ally equivalent models to a given PLSEM. Thereby, we also include robust-
ness results for errors in the neighborhood of Gaussian distributions. Existing
identifiability results in the framework of additive SEMs with Gaussian noise
are limited to linear and nonlinear SEMs, which can be considered as special
cases of PLSEMs with vanishing nonparametric or parametric part, respec-
tively. We close the wide gap between these two special cases by providing
a comprehensive theory of the identifiability of PLSEMs by means of (A) a
graphical, (B) a transformational, (C) a functional and (D) a causal ordering
characterization of PLSEMs that generate a given distribution P. In particular,
the characterizations (C) and (D) answer the fundamental question to which
extent nonlinear functions in additive SEMs with Gaussian noise restrict the
set of potential causal models, and hence influence the identifiability.

On the basis of the transformational characterization (B) we provide a
score-based estimation procedure that outputs the graphical representation
(A) of the distribution equivalence class of a given PLSEM. We derive its
(high-dimensional) consistency and demonstrate its performance on simu-
lated datasets.
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ON MSE-OPTIMAL CROSSOVER DESIGNS1

BY CHRISTOPH NEUMANN AND JOACHIM KUNERT

Technische Universität Dortmund

In crossover designs, each subject receives a series of treatments one
after the other. Most papers on optimal crossover designs consider an estimate
which is corrected for carryover effects. We look at the estimate for direct
effects of treatment, which is not corrected for carryover effects. If there are
carryover effects, this estimate will be biased. We try to find a design that
minimizes the mean square error, that is, the sum of the squared bias and
the variance. It turns out that the designs which are optimal for the corrected
estimate are highly efficient for the uncorrected estimate.
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TESTING FOR PERIODICITY IN FUNCTIONAL TIME SERIES

BY SIEGFRIED HÖRMANN1, PIOTR KOKOSZKA2 AND GILLES NISOL3

Graz University of Technology, Colorado State University and
Université libre de Bruxelles

We derive several tests for the presence of a periodic component in a
time series of functions. We consider both the traditional setting in which the
periodic functional signal is contaminated by functional white noise, and a
more general setting of a weakly dependent contaminating process. Several
forms of the periodic component are considered. Our tests are motivated by
the likelihood principle and fall into two broad categories, which we term
multivariate and fully functional. Generally, for the functional series that mo-
tivate this research, the fully functional tests exhibit a superior balance of
size and power. Asymptotic null distributions of all tests are derived and their
consistency is established. Their finite sample performance is examined and
compared by numerical studies and application to pollution data.
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LIMITING BEHAVIOR OF EIGENVALUES IN
HIGH-DIMENSIONAL MANOVA VIA RMT

BY ZHIDONG BAI∗,1, KWOK PUI CHOI†,2 AND YASUNORI FUJIKOSHI‡,3

Northeast Normal University∗, National University of Singapore†

and Hiroshima University‡

In this paper, we derive the asymptotic joint distributions of the eigen-
values under the null case and the local alternative cases in the MANOVA
model and multiple discriminant analysis when both the dimension and the
sample size are large. Our results are obtained by random matrix theory
(RMT) without assuming normality in the populations. It is worth pointing
out that the null and nonnull distributions of the eigenvalues and invariant
test statistics are asymptotically robust against departure from normality in
high-dimensional situations. Similar properties are pointed out for the null
distributions of the invariant tests in multivariate regression model. Some new
formulas in RMT are also presented.
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TWO-SAMPLE KOLMOGOROV–SMIRNOV-TYPE TESTS
REVISITED: OLD AND NEW TESTS IN TERMS OF

LOCAL LEVELS1
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From a multiple testing viewpoint, Kolmogorov–Smirnov (KS)-type
tests are union-intersection tests which can be redefined in terms of local
levels. The local level perspective offers a new viewpoint on ranges of sen-
sitivity of KS-type tests and the design of new tests. We study the finite and
asymptotic local level behavior of weighted KS tests which are either tail,
intermediate or central sensitive. Furthermore, we provide new tests with ap-
proximately equal local levels and prove that the asymptotics of such tests
with sample sizes m and n coincides with the asymptotics of one-sample
higher criticism tests with sample size min(m,n). We compare the overall
power of various tests and introduce local powers that are in line with lo-
cal levels. Finally, suitably parameterized local level shape functions can be
used to design new tests. We illustrate how to combine tests with different
sensitivity in terms of local levels.
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ROBUST GAUSSIAN STOCHASTIC PROCESS EMULATION1

BY MENGYANG GU, XIAOJING WANG AND JAMES O. BERGER

Johns Hopkins University, University of Connecticut and Duke University

We consider estimation of the parameters of a Gaussian Stochastic Pro-
cess (GaSP), in the context of emulation (approximation) of computer models
for which the outcomes are real-valued scalars. The main focus is on estima-
tion of the GaSP parameters through various generalized maximum likeli-
hood methods, mostly involving finding posterior modes; this is because full
Bayesian analysis in computer model emulation is typically prohibitively ex-
pensive.

The posterior modes that are studied arise from objective priors, such as
the reference prior. These priors have been studied in the literature for the
situation of an isotropic covariance function or under the assumption of sepa-
rability in the design of inputs for model runs used in the GaSP construction.
In this paper, we consider more general designs (e.g., a Latin Hypercube De-
sign) with a class of commonly used anisotropic correlation functions, which
can be written as a product of isotropic correlation functions, each having an
unknown range parameter and a fixed roughness parameter. We discuss prop-
erties of the objective priors and marginal likelihoods for the parameters of
the GaSP and establish the posterior propriety of the GaSP parameters, but
our main focus is to demonstrate that certain parameterizations result in more
robust estimation of the GaSP parameters than others, and that some param-
eterizations that are in common use should clearly be avoided. These results
are applicable to many frequently used covariance functions, for example,
power exponential, Matérn, rational quadratic and spherical covariance. We
also generalize the results to the GaSP model with a nugget parameter. Both
theoretical and numerical evidence is presented concerning the performance
of the studied procedures.
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CONVERGENCE OF CONTRASTIVE DIVERGENCE ALGORITHM
IN EXPONENTIAL FAMILY1
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The Contrastive Divergence (CD) algorithm has achieved notable suc-
cess in training energy-based models including Restricted Boltzmann Ma-
chines and played a key role in the emergence of deep learning. The idea
of this algorithm is to approximate the intractable term in the exact gradi-
ent of the log-likelihood function by using short Markov chain Monte Carlo
(MCMC) runs. The approximate gradient is computationally-cheap but bi-
ased. Whether and why the CD algorithm provides an asymptotically con-
sistent estimate are still open questions. This paper studies the asymptotic
properties of the CD algorithm in canonical exponential families, which are
special cases of the energy-based model. Suppose the CD algorithm runs m

MCMC transition steps at each iteration t and iteratively generates a sequence
of parameter estimates {θt }t≥0 given an i.i.d. data sample {Xi}ni=1 ∼ pθ�

.
Under conditions which are commonly obeyed by the CD algorithm in prac-
tice, we prove the existence of some bounded m such that any limit point of
the time average

∑t−1
s=0 θs/t as t → ∞ is a consistent estimate for the true

parameter θ�. Our proof is based on the fact that {θt }t≥0 is a homogenous
Markov chain conditional on the data sample {Xi}ni=1. This chain meets the
Foster–Lyapunov drift criterion and converges to a random walk around the
maximum likelihood estimate. The range of the random walk shrinks to zero
at rate O(1/ 3√n) as the sample size n → ∞.
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OVERCOMING THE LIMITATIONS OF PHASE
TRANSITION BY HIGHER ORDER ANALYSIS

OF REGULARIZATION TECHNIQUES1

BY HAOLEI WENG, ARIAN MALEKI AND LE ZHENG

Columbia University

We study the problem of estimating a sparse vector β ∈ R
p from the re-

sponse variables y = Xβ + w, where w ∼ N(0, σ 2
wIn×n), under the follow-

ing high-dimensional asymptotic regime: given a fixed number δ, p → ∞,
while n/p → δ. We consider the popular class of �q -regularized least squares
(LQLS), a.k.a. bridge estimators, given by the optimization problem

β̂(λ, q) ∈ arg min
β

1

2
‖y − Xβ‖2

2 + λ‖β‖q
q ,

and characterize the almost sure limit of 1
p ‖β̂(λ, q)−β‖2

2, and call it asymp-
totic mean square error (AMSE). The expression we derive for this limit does
not have explicit forms, and hence is not useful in comparing LQLS for dif-
ferent values of q, or providing information in evaluating the effect of δ or
sparsity level of β. To simplify the expression, researchers have considered
the ideal “error-free” regime, that is, w = 0, and have characterized the values
of δ for which AMSE is zero. This is known as the phase transition analysis.

In this paper, we first perform the phase transition analysis of LQLS. Our
results reveal some of the limitations and misleading features of the phase
transition analysis. To overcome these limitations, we propose the small error
analysis of LQLS. Our new analysis framework not only sheds light on the
results of the phase transition analysis, but also describes when phase tran-
sition analysis is reliable, and presents a more accurate comparison among
different regularizers.
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OPTIMAL ADAPTIVE ESTIMATION OF LINEAR FUNCTIONALS
UNDER SPARSITY
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ALEXANDRE B. TSYBAKOV‡,2 AND NICOLAS VERZELEN§

Université Paris-Ouest∗, Université Paris Dauphine†, CREST-ENSAE‡, and
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We consider the problem of estimation of a linear functional in the Gaus-
sian sequence model where the unknown vector θ ∈ R

d belongs to a class of
s-sparse vectors with unknown s. We suggest an adaptive estimator achiev-
ing a nonasymptotic rate of convergence that differs from the minimax rate
at most by a logarithmic factor. We also show that this optimal adaptive rate
cannot be improved when s is unknown. Furthermore, we address the issue of
simultaneous adaptation to s and to the variance σ 2 of the noise. We suggest
an estimator that achieves the optimal adaptive rate when both s and σ 2 are
unknown.
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HIGH-DIMENSIONAL CONSISTENCY IN SCORE-BASED AND
HYBRID STRUCTURE LEARNING
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ETH Zürich∗ and Bern University of Applied Sciences†

Main approaches for learning Bayesian networks can be classified as
constraint-based, score-based or hybrid methods. Although high-dimensional
consistency results are available for constraint-based methods like the PC al-
gorithm, such results have not been proved for score-based or hybrid meth-
ods, and most of the hybrid methods have not even shown to be consistent
in the classical setting where the number of variables remains fixed and the
sample size tends to infinity. In this paper, we show that consistency of hy-
brid methods based on greedy equivalence search (GES) can be achieved in
the classical setting with adaptive restrictions on the search space that depend
on the current state of the algorithm. Moreover, we prove consistency of GES
and adaptively restricted GES (ARGES) in several sparse high-dimensional
settings. ARGES scales well to sparse graphs with thousands of variables and
our simulation study indicates that both GES and ARGES generally outper-
form the PC algorithm.
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