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A NEW SCOPE OF PENALIZED EMPIRICAL LIKELIHOOD WITH
HIGH-DIMENSIONAL ESTIMATING EQUATIONS

BY JINYUAN CHANG1, CHENG YONG TANG2 AND TONG TONG WU3

Southwestern University of Finance and Economics, Temple University and
University of Rochester

Statistical methods with empirical likelihood (EL) are appealing and ef-
fective especially in conjunction with estimating equations for flexibly and
adaptively incorporating data information. It is known that EL approaches en-
counter difficulties when dealing with high-dimensional problems. To over-
come the challenges, we begin our study with investigating high-dimensional
EL from a new scope targeting at high-dimensional sparse model parame-
ters. We show that the new scope provides an opportunity for relaxing the
stringent requirement on the dimensionality of the model parameters. Moti-
vated by the new scope, we then propose a new penalized EL by applying
two penalty functions respectively regularizing the model parameters and the
associated Lagrange multiplier in the optimizations of EL. By penalizing the
Lagrange multiplier to encourage its sparsity, a drastic dimension reduction
in the number of estimating equations can be achieved. Most attractively,
such a reduction in dimensionality of estimating equations can be viewed as
a selection among those high-dimensional estimating equations, resulting in
a highly parsimonious and effective device for estimating high-dimensional
sparse model parameters. Allowing both the dimensionalities of model pa-
rameters and estimating equations growing exponentially with the sample
size, our theory demonstrates that our new penalized EL estimator is sparse
and consistent with asymptotically normally distributed nonzero components.
Numerical simulations and a real data analysis show that the proposed penal-
ized EL works promisingly.

REFERENCES

BARTOLUCCI, F. (2007). A penalized version of the empirical likelihood ratio for the population
mean. Statist. Probab. Lett. 77 104–110. MR2339024

CANDES, E. and TAO, T. (2007). The Dantzig selector: Statistical estimation when p is much larger
than n. Ann. Statist. 35 2313–2351. MR2382644

CHANG, J., CHEN, S. X. and CHEN, X. (2015). High dimensional generalized empirical likelihood
for moment restrictions with dependent data. J. Econometrics 185 283–304. MR3300347

CHANG, J., TANG, C. Y. and WU, Y. (2013). Marginal empirical likelihood and sure independence
feature screening. Ann. Statist. 41 2123–2148. MR3127860

CHANG, J., TANG, C. Y. and WU, Y. (2016). Local independence feature screening for nonpara-
metric and semiparametric models by marginal empirical likelihood. Ann. Statist. 44 515–539.
MR3476608

MSC2010 subject classifications. Primary 62G99; secondary 62F40.
Key words and phrases. Empirical likelihood, estimating equations, high-dimensional statistical

methods, moment selection, penalized likelihood.

http://www.imstat.org/aos/
https://doi.org/10.1214/17-AOS1655
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=2339024
http://www.ams.org/mathscinet-getitem?mr=2382644
http://www.ams.org/mathscinet-getitem?mr=3300347
http://www.ams.org/mathscinet-getitem?mr=3127860
http://www.ams.org/mathscinet-getitem?mr=3476608
http://www.ams.org/mathscinet/msc/msc2010.html


CHANG, J., TANG, C. Y. and WU, T. T. (2018). Supplement to “A new scope of penalized empirical
likelihood with high-dimensional estimating equations.” DOI:10.1214/17-AOS1655SUPP.

CHEN, X. (2007). Large sample sieve estimation of semi-nonparametric models. In The Handbook
of Econometrics, 6B (J. J. Heckman and E. Leamer, eds.). North- Holland, Amsterdam.

CHEN, J. and CHEN, Z. (2008). Extended Bayesian information criterion for model selection with
large model space. Biometrika 95 759–771.

CHEN, S. X. and CUI, H. (2006). On Bartlett correction of empirical likelihood in the presence of
nuisance parameters. Biometrika 93 215–220.

CHEN, S. X. and CUI, H. (2007). On the second-order properties of empirical likelihood with mo-
ment restrictions. J. Econometrics 141 492–516. MR2413478

CHEN, S. X., PENG, L. and QIN, Y. L. (2009). Effects of data dimension on empirical likelihood.
Biometrika 96 711–722.

CHEN, X. and POUZO (2012). Sieve quasi likelihood ratio inference on semi/nonparametric condi-
tional moment models. Econometrica 80 277–321.

CHENG, X. and LIAO, Z. (2015). Select the valid and relevant moments: An information-based
LASSO for GMM with many moments. J. Econometrics 186 443–464. MR3343796

FAN, J. and LI, R. (2001). Variable selection via nonconcave penalized likelihood and its oracle
properties. J. Amer. Statist. Assoc. 96 1348–1360.

FRIEDMAN, J., HASTIE, T., HOEFLING, H. and TIBSHIRANI, R. (2007). Pathwise coordinate opti-
mization. Ann. Appl. Stat. 2 302–332. MR2415737

GAUTIER, E. and TSYBAKOV, A. B. (2014). High-dimensional instrumental variables regression
and confidence sets. Manuscript, arXiv:1105.2454v4.

HANSEN, L. P. (1982). Large sample properties of generalized method of moments estimators.
Econometrica 50 1029–1054.

HJORT, N. L., MCKEAGUE, I. W. and VAN KEILEGOM, I. (2009). Extending the scope of empirical
likelihood. Ann. Statist. 37 1079–1111. MR2509068

LAHIRI, S. N. and MUKHOPADHYAY, S. (2012). A penalized empirical likelihood method in high
dimensions. Ann. Statist. 40 2511–2540. MR3097611

LENG, C. and TANG, C. Y. (2012). Penalized empirical likelihood and growing dimensional general
estimating equations. Biometrika 99 703–716. MR2966779

LIANG, K. Y. and ZEGER, S. L. (1986). Longitudinal data analysis using generalized linear models.
Biometrika 73 13–22. MR0836430

LV, J. and FAN, Y. (2009). A unified approach to model selection and sparse recovery using regular-
ized least squares. Ann. Statist. 37 3498–3528. MR2549567

NEWEY, W. K. and SMITH, R. J. (2004). Higher order properties of GMM and generalized empirical
likelihood estimators. Econometrica 72 219–255.

OWEN, A. (1988). Empirical likelihood ratio confidence intervals for a single functional. Biometrika
75 237–249.

OWEN, A. (1990). Empirical likelihood ratio confidence regions. Ann. Statist. 18 90–120.
MR1041387

OWEN, A. (2001). Empirical Likelihood. Chapman & Hall-CRC, New York.
PETROV, V. V. (1995). Limit Theorems of Probability Theory: Sequences of Independent Random

Variables. Oxford Univ. Press, Oxford.
QIN, J. and LAWLESS, J. (1994). Empirical likelihood and general estimating equations. Ann. Statist.

22 300–325.
QU, A., LINDSAY, B. G. and LI, B. (2000). Improving estimating equations using quadratic infer-

ence functions. Biometrika 87 823–836.
RUDIN, W. (1976). Principles of Mathematical Analysis. McGraw-Hill, New York.
SCHWARZ, G. (1978). Estimating the dimension of a model. Ann. Statist. 6 461–464. MR0468014
SHI, Z. (2016). Econometric estimation with high-dimensional moment equalities. J. Econometrics

195 104–119.

https://doi.org/10.1214/17-AOS1655SUPP
http://www.ams.org/mathscinet-getitem?mr=2413478
http://www.ams.org/mathscinet-getitem?mr=3343796
http://www.ams.org/mathscinet-getitem?mr=2415737
http://arxiv.org/abs/arXiv:1105.2454v4
http://www.ams.org/mathscinet-getitem?mr=2509068
http://www.ams.org/mathscinet-getitem?mr=3097611
http://www.ams.org/mathscinet-getitem?mr=2966779
http://www.ams.org/mathscinet-getitem?mr=0836430
http://www.ams.org/mathscinet-getitem?mr=2549567
http://www.ams.org/mathscinet-getitem?mr=1041387
http://www.ams.org/mathscinet-getitem?mr=0468014


TANG, C. Y. and LENG, C. (2010). Penalized high dimensional empirical likelihood. Biometrika 97
905–920.

TANG, C. Y. and WU, T. T. (2014). Nested coordinate descent algorithms for empirical likelihood.
J. Stat. Comput. Simul. 84 1917–1930. MR3215732

TSAO, M. (2004). Bounds on coverage probabilities of the empirical likelihood ratio confidence
regions. Ann. Statist. 32 1215–1221. MR2065203

TSAO, M. and WU, F. (2013). Empirical likelihood on the full parameter space. Ann. Statist. 41
2176–2196. MR3127862

TSAO, M. and WU, F. (2014). Extended empirical likelihood for estimating equations. Biometrika
101 703–710. MR3254910

WANG, H., LI, B. and LENG, C. (2009). Shrinkage tuning parameter selection with a diverging
number of parameters. J. R. Stat. Soc. Ser. B. Stat. Methodol. 71 671–683.

WU, T. T. and LANGE, K. (2008). Coordinate descent algorithms for lasso penalized regression.
Ann. Appl. Stat. 2 224–244. MR2415601

ZHANG, C. H. (2010). Nearly unbiased variable selection under minimax concave penalty. Ann.
Statist. 38 894–942. MR2604701

ZHAO, P. and YU, B. (2006). On model selection consistency of Lasso. J. Mach. Learn. Res. 7
2541–2563. MR2274449

http://www.ams.org/mathscinet-getitem?mr=3215732
http://www.ams.org/mathscinet-getitem?mr=2065203
http://www.ams.org/mathscinet-getitem?mr=3127862
http://www.ams.org/mathscinet-getitem?mr=3254910
http://www.ams.org/mathscinet-getitem?mr=2415601
http://www.ams.org/mathscinet-getitem?mr=2604701
http://www.ams.org/mathscinet-getitem?mr=2274449


The Annals of Statistics
2018, Vol. 46, No. 6B, 3217–3245
https://doi.org/10.1214/17-AOS1656
© Institute of Mathematical Statistics, 2018

APPROXIMATE �0-PENALIZED ESTIMATION
OF PIECEWISE-CONSTANT SIGNALS ON GRAPHS

BY ZHOU FAN1 AND LEYING GUAN

Stanford University

We study recovery of piecewise-constant signals on graphs by the estima-
tor minimizing an l0-edge-penalized objective. Although exact minimization
of this objective may be computationally intractable, we show that the same
statistical risk guarantees are achieved by the α-expansion algorithm which
computes an approximate minimizer in polynomial time. We establish that
for graphs with small average vertex degree, these guarantees are minimax
rate-optimal over classes of edge-sparse signals. For spatially inhomogeneous
graphs, we propose minimization of an edge-weighted objective where each
edge is weighted by its effective resistance or another measure of its contri-
bution to the graph’s connectivity. We establish minimax optimality of the
resulting estimators over corresponding edge-weighted sparsity classes. We
show theoretically that these risk guarantees are not always achieved by the
estimator minimizing the l1/total-variation relaxation, and empirically that
the l0-based estimates are more accurate in high signal-to-noise settings.
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MULTICLASS CLASSIFICATION, INFORMATION, DIVERGENCE
AND SURROGATE RISK

BY JOHN DUCHI1, KHASHAYAR KHOSRAVI AND FENG RUAN1

Stanford University

We provide a unifying view of statistical information measures, multiway
Bayesian hypothesis testing, loss functions for multiclass classification prob-
lems and multidistribution f -divergences, elaborating equivalence results be-
tween all of these objects, and extending existing results for binary outcome
spaces to more general ones. We consider a generalization of f -divergences
to multiple distributions, and we provide a constructive equivalence between
divergences, statistical information (in the sense of DeGroot) and losses for
multiclass classification. A major application of our results is in multiclass
classification problems in which we must both infer a discriminant function
γ —for making predictions on a label Y from datum X—and a data repre-
sentation (or, in the setting of a hypothesis testing problem, an experimental
design), represented as a quantizer q from a family of possible quantizers
Q. In this setting, we characterize the equivalence between loss functions,
meaning that optimizing either of two losses yields an optimal discriminant
and quantizer q, complementing and extending earlier results of Nguyen et
al. [Ann. Statist. 37 (2009) 876–904] to the multiclass case. Our results pro-
vide a more substantial basis than standard classification calibration results
for comparing different losses: we describe the convex losses that are consis-
tent for jointly choosing a data representation and minimizing the (weighted)
probability of error in multiclass classification problems.
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HALFSPACE DEPTHS FOR SCATTER, CONCENTRATION AND
SHAPE MATRICES

BY DAVY PAINDAVEINE1 AND GERMAIN VAN BEVER2

Université libre de Bruxelles

We propose halfspace depth concepts for scatter, concentration and shape
matrices. For scatter matrices, our concept is similar to those from Chen,
Gao and Ren [Robust covariance and scatter matrix estimation under Huber’s
contamination model (2018)] and Zhang [J. Multivariate Anal. 82 (2002)
134–165]. Rather than focusing, as in these earlier works, on deepest scat-
ter matrices, we thoroughly investigate the properties of the proposed depth
and of the corresponding depth regions. We do so under minimal assump-
tions and, in particular, we do not restrict to elliptical distributions nor to
absolutely continuous distributions. Interestingly, fully understanding scatter
halfspace depth requires considering different geometries/topologies on the
space of scatter matrices. We also discuss, in the spirit of Zuo and Serfling
[Ann. Statist. 28 (2000) 461–482], the structural properties a scatter depth
should satisfy, and investigate whether or not these are met by scatter half-
space depth. Companion concepts of depth for concentration matrices and
shape matrices are also proposed and studied. We show the practical rele-
vance of the depth concepts considered in a real-data example from finance.
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Recommender systems have been widely adopted by electronic com-
merce and entertainment industries for individualized prediction and recom-
mendation, which benefit consumers and improve business intelligence. In
this article, we propose an innovative method, namely the recommendation
engine of multilayers (REM), for tensor recommender systems. The proposed
method utilizes the structure of a tensor response to integrate information
from multiple modes, and creates an additional layer of nested latent factors
to accommodate between-subjects dependency. One major advantage is that
the proposed method is able to address the “cold-start” issue in the absence of
information from new customers, new products or new contexts. Specifically,
it provides more effective recommendations through sub-group information.
To achieve scalable computation, we develop a new algorithm for the pro-
posed method, which incorporates a maximum block improvement strategy
into the cyclic blockwise-coordinate-descent algorithm. In theory, we inves-
tigate algorithmic properties for convergence from an arbitrary initial point
and local convergence, along with the asymptotic consistency of estimated
parameters. Finally, the proposed method is applied in simulations and IRI
marketing data with 116 million observations of product sales. Numerical
studies demonstrate that the proposed method outperforms existing competi-
tors in the literature.

REFERENCES

[1] ADOMAVICIUS, G. and TUZHILIN, A. (2005). Toward the next generation of recommender
systems: A survey of the state-of-the-art and possible extensions. IEEE Trans. Knowl.
Data Eng. 17 734–749.

[2] ADOMAVICIUS, G. and TUZHILIN, A. (2011). Context-aware recommender systems. In Rec-
ommender Systems Handbook 217–253. Springer, Berlin.

[3] ASWANI, A. (2016). Low-rank approximation and completion of positive tensors. SIAM J.
Matrix Anal. Appl. 37 1337–1364. MR3551210

[4] BHOJANAPALLI, S. and SANGHAVI, S. (2015). A new sampling technique for tensors.
Preprint. Available at arXiv:1502.05023.

[5] BI, X., QU, A. and SHEN, X. (2018). Supplement to “Multilayer tensor factorization with
applications to recommender systems.” DOI:10.1214/17-AOS1659SUPP.

[6] BI, X., QU, A., WANG, J. and SHEN, X. (2017). A group specific recommender system.
J. Amer. Statist. Assoc. 112 1344–1353.

MSC2010 subject classifications. Primary 62M20; secondary 90C26, 68T05.
Key words and phrases. Cold-start problem, context-aware recommender system, maximum

block improvement, nonconvex optimization, tensor completion.

http://www.imstat.org/aos/
https://doi.org/10.1214/17-AOS1659
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=3551210
http://arxiv.org/abs/arXiv:1502.05023
https://doi.org/10.1214/17-AOS1659SUPP
http://www.ams.org/mathscinet/msc/msc2010.html


[7] BOBADILLA, J., ORTEGA, F., HERNANDO, A. and GUTIÉRREZ, A. (2013). Recommender
systems survey. Knowl.-Based Syst. 46 109–132.

[8] BRONNENBERG, B. J., KRUGER, M. W. and MELA, C. F. (2008). Database paper—The IRI
marketing data set. Mark. Sci. 27 745–748.

[9] CHEN, B., HE, S., LI, Z. and ZHANG, S. (2012). Maximum block improvement and polyno-
mial optimization. SIAM J. Optim. 22 87–107.

[10] CHI, E. C. and KOLDA, T. G. (2012). On tensors, sparsity, and nonnegative factorizations.
SIAM J. Matrix Anal. Appl. 33 1272–1299.

[11] CLAUSEN, J. (1999). Branch and bound algorithms-principles and examples. Technical Report,
Univ. Copenhagen.

[12] COLOMBO-MENDOZA, L. O., VALENCIA-GARCÍA, R., RODRÍGUEZ-GONZÁLEZ, A.,
ALOR-HERNÁNDEZ, G. and SAMPER-ZAPATER, J. J. (2015). RecomMetz: A context-
aware knowledge-based mobile recommender system for movie showtimes. Expert Syst.
Appl. 42 1202–1222.

[13] DE SILVA, V. and LIM, L.-H. (2008). Tensor rank and the ill-posedness of the best low-rank
approximation problem. SIAM J. Matrix Anal. Appl. 30 1084–1127. MR2447444

[14] DEVORE, R. A. and LORENTZ, G. G. (1993). Constructive Approximation. Springer, Berlin.
[15] FANG, Y. and WANG, J. (2012). Selection of the number of clusters via the bootstrap method.

Comput. Statist. Data Anal. 56 468–477.
[16] FEUERVERGER, A., HE, Y. and KHATRI, S. (2012). Statistical significance of the Netflix

challenge. Statist. Sci. 27 202–231. MR2963993
[17] FORBES, P. and ZHU, M. (2011). Content-boosted matrix factorization for recommender sys-

tems: Experiments with recipe recommendation. In Proceedings of the Fifth ACM Con-
ference on Recommender Systems 261–264. ACM, New York.

[18] GOLDBERG, K., ROEDER, T., GUPTA, D. and PERKINS, C. (2001). Eigentaste: A constant
time collaborative filtering algorithm. Inf. Retr. 4 133–151.

[19] KARATZOGLOU, A., AMATRIAIN, X., BALTRUNAS, L. and OLIVER, N. (2010). Multiverse
recommendation: N-dimensional tensor factorization for context-aware collaborative fil-
tering. In Proceedings of the Fourth ACM Conference on Recommender Systems 79–86.
ACM, New York.

[20] KOLDA, T. G. and BADER, B. W. (2009). Tensor decompositions and applications. SIAM Rev.
51 455–500.

[21] KOREN, Y. (2010). Collaborative filtering with temporal dynamics. Commun. ACM 53 89–97.
[22] KRUSKAL, J. B. (1977). Three-way arrays: Rank and uniqueness of trilinear decompositions,

with application to arithmetic complexity and statistics. Linear Algebra Appl. 18 95–138.
MR0444690

[23] LAIRD, N. M. and WARE, J. H. (1982). Random-effects models for longitudinal data. Biomet-
rics 38 963–974.

[24] LAND, A. H. and DOIG, A. G. (1960). An automatic method of solving discrete programming
problems. Econometrica 28 497–520.

[25] LI, L. and ZHANG, X. (2017). Parsimonious Tensor Response Regression. J. Amer. Statist.
Assoc. 112 1131–1146. MR3735365

[26] LI, Z., SUK, H.-I., SHEN, D. and LI, L. (2016). Sparse multi-response tensor regression for
Alzheimer’s disease study with multivariate clinical assessments. IEEE Trans. Med. Imag.
35 1927–1936.

[27] LI, Z., USCHMAJEW, A. and ZHANG, S. (2015). On convergence of the maximum block
improvement method. SIAM J. Optim. 25 210–233.

[28] LOMBARDI, S., ANAND, S. S. and GORGOGLIONE, M. (2009). Context and customer be-
haviour in recommendation. In Workshop on Context-Aware Recommender Systems.

http://www.ams.org/mathscinet-getitem?mr=2447444
http://www.ams.org/mathscinet-getitem?mr=2963993
http://www.ams.org/mathscinet-getitem?mr=0444690
http://www.ams.org/mathscinet-getitem?mr=3735365


[29] MIRANDA, M., ZHU, H. and IBRAHIM, J. G. (2015). TPRM: Tensor partition regres-
sion models with applications in imaging biomarker detection. Preprint. Available at
arXiv:1505.05482.

[30] NGUYEN, J. and ZHU, M. (2013). Content-boosted matrix factorization techniques for recom-
mender systems. Stat. Anal. Data Min. 6 286–301. MR3092059

[31] NGUYEN, T. V., KARATZOGLOU, A. and BALTRUNAS, L. (2014). Gaussian process factor-
ization machines for context-aware recommendations. In Proceedings of the 37th Inter-
national ACM SIGIR Conference on Research and Development in Information Retrieval
63–72. ACM, New York.

[32] PAATERO, P. (1999). The multilinear engine—a table-driven, least squares program for solv-
ing multilinear problems, including the n-way parallel factor analysis model. J. Comput.
Graph. Statist. 8 854–888. MR1748971

[33] PAATERO, P. (2000). Construction and analysis of degenerate PARAFAC models. J. Chemom.
14 285–299.

[34] PALMISANO, C., TUZHILIN, A. and GORGOGLIONE, M. (2008). Using context to improve
predictive modeling of customers in personalization applications. IEEE Trans. Knowl.
Data Eng. 20 1535–1549.

[35] PARK, S.-T., PENNOCK, D., MADANI, O., GOOD, N. and DECOSTE, D. (2006). Naïve fil-
terbots for robust cold-start recommendations. In Proceedings of the 12th ACM SIGKDD
International Conference on Knowledge Discovery and Data Mining. ACM 699–705.

[36] RENDLE, S. (2012). Factorization machines with libFM. ACM Trans. Intell. Syst. Technol. 3
57.

[37] RENDLE, S., GANTNER, Z., FREUDENTHALER, C. and SCHMIDT-THIEME, L. (2011). Fast
context-aware recommendations with factorization machines. In Proceedings of the 34th
International ACM SIGIR Conference on Research and Development in Information Re-
trieval 635–644. ACM, New York.

[38] SALAKHUTDINOV, R., MNIH, A. and HINTON, G. (2007). Restricted Boltzmann machines for
collaborative filtering. In Proceedings of the 24th International Conference on Machine
Learning 791–798. ACM, New York.

[39] SHEN, X. (1998). On the method of penalization. Statist. Sinica 8 337–357. MR1624410
[40] SHEN, X., TSENG, G. C., ZHANG, X. and WONG, W. H. (2003). On ψ -learning. J. Amer.

Statist. Assoc. 98 724–734.
[41] SHI, Y., LARSON, M. and HANJALIC, A. (2014). Collaborative filtering beyond the user-item

matrix: A survey of the state of the art and future challenges. ACM Computing Surveys
(CSUR) 47 3.

[42] SREBRO, N., ALON, N. and JAAKKOLA, T. S. (2005). Generalization error bounds for collab-
orative prediction with low-rank matrices. In Advances in Neural Information Processing
Systems 17 5–27.

[43] VERBERT, K., MANOUSELIS, N., OCHOA, X., WOLPERS, M., DRACHSLER, H., BOSNIC, I.
and DUVAL, E. (2012). Context-aware recommender systems for learning: A survey and
future challenges. IEEE Transactions on Learning Technologies 5 318–335.

[44] WANG, J. (2010). Consistent selection of the number of clusters via crossvalidation. Biometrika
97 893–904.

[45] WANG, P., TSAI, G. and QU, A. (2012). Conditional inference functions for mixed-effects
models with unspecified random-effects distribution. J. Amer. Statist. Assoc. 107 725–
736. MR2980080

[46] WELLING, M. and WEBER, M. (2001). Positive tensor factorization. Pattern Recogn. Lett. 22
1255–1261.

[47] XIONG, L., CHEN, X., HUANG, T.-K., SCHNEIDER, J. and CARBONELL, J. G. (2010). Tem-
poral collaborative filtering with Bayesian probabilistic tensor factorization. In Proceed-

http://arxiv.org/abs/arXiv:1505.05482
http://www.ams.org/mathscinet-getitem?mr=3092059
http://www.ams.org/mathscinet-getitem?mr=1748971
http://www.ams.org/mathscinet-getitem?mr=1624410
http://www.ams.org/mathscinet-getitem?mr=2980080


ings of the 2010 SIAM International Conference on Data Mining SIAM, Philadelphia,
PA.

[48] YUAN, M. and ZHANG, C.-H. (2016). Incoherent tensor norms and their applications in higher
order tensor completion. Preprint. Available at arXiv:1606.03504.

[49] YUAN, M. and ZHANG, C.-H. (2016). On tensor completion via nuclear norm minimization.
Found. Comput. Math. 16 1031–1068.

[50] ZHOU, H., LI, L. and ZHU, H. (2013). Tensor regression with applications in neuroimaging
data analysis. J. Amer. Statist. Assoc. 108 540–552.

[51] ZHU, Y., SHEN, X. and YE, C. (2016). Personalized prediction and sparsity pursuit in latent
factor models. J. Amer. Statist. Assoc. 111 241–252.

http://arxiv.org/abs/arXiv:1606.03504


The Annals of Statistics
2018, Vol. 46, No. 6B, 3334–3361
https://doi.org/10.1214/17-AOS1660
© Institute of Mathematical Statistics, 2018

PRINCIPAL COMPONENT ANALYSIS FOR FUNCTIONAL DATA
ON RIEMANNIAN MANIFOLDS AND SPHERES1

BY XIONGTAO DAI AND HANS-GEORG MÜLLER

University of California, Davis

Functional data analysis on nonlinear manifolds has drawn recent in-
terest. Sphere-valued functional data, which are encountered, for example,
as movement trajectories on the surface of the earth are an important spe-
cial case. We consider an intrinsic principal component analysis for smooth
Riemannian manifold-valued functional data and study its asymptotic proper-
ties. Riemannian functional principal component analysis (RFPCA) is carried
out by first mapping the manifold-valued data through Riemannian logarithm
maps to tangent spaces around the Fréchet mean function, and then perform-
ing a classical functional principal component analysis (FPCA) on the lin-
ear tangent spaces. Representations of the Riemannian manifold-valued func-
tions and the eigenfunctions on the original manifold are then obtained with
exponential maps. The tangent-space approximation yields upper bounds to
residual variances if the Riemannian manifold has nonnegative curvature. We
derive a central limit theorem for the mean function, as well as root-n uni-
form convergence rates for other model components. Our applications in-
clude a novel framework for the analysis of longitudinal compositional data,
achieved by mapping longitudinal compositional data to trajectories on the
sphere, illustrated with longitudinal fruit fly behavior patterns. RFPCA is
shown to outperform an unrestricted FPCA in terms of trajectory recovery
and prediction in applications and simulations.
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ASSESSING ROBUSTNESS OF CLASSIFICATION USING
AN ANGULAR BREAKDOWN POINT

BY JUNLONG ZHAO1, GUAN YU2 AND YUFENG LIU2

Beijing Normal University, State University of New York at Buffalo and
University of North Carolina at Chapel Hill

Robustness is a desirable property for many statistical techniques. As
an important measure of robustness, the breakdown point has been widely
used for regression problems and many other settings. Despite the existing
development, we observe that the standard breakdown point criterion is not
directly applicable for many classification problems. In this paper, we pro-
pose a new breakdown point criterion, namely angular breakdown point, to
better quantify the robustness of different classification methods. Using this
new breakdown point criterion, we study the robustness of binary large mar-
gin classification techniques, although the idea is applicable to general clas-
sification methods. Both bounded and unbounded loss functions with linear
and kernel learning are considered. These studies provide useful insights on
the robustness of different classification methods. Numerical results further
confirm our theoretical findings.
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TAIL-GREEDY BOTTOM-UP DATA DECOMPOSITIONS AND FAST
MULTIPLE CHANGE-POINT DETECTION1

BY PIOTR FRYZLEWICZ

London School of Economics

This article proposes a “tail-greedy”, bottom-up transform for one-
dimensional data, which results in a nonlinear but conditionally orthonormal,
multiscale decomposition of the data with respect to an adaptively chosen
unbalanced Haar wavelet basis. The “tail-greediness” of the decomposition
algorithm, whereby multiple greedy steps are taken in a single pass through
the data, both enables fast computation and makes the algorithm applicable in
the problem of consistent estimation of the number and locations of multiple
change-points in data. The resulting agglomerative change-point detection
method avoids the disadvantages of the classical divisive binary segmenta-
tion, and offers very good practical performance. It is implemented in the R
package breakfast, available from CRAN.
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ROCKET: ROBUST CONFIDENCE INTERVALS VIA KENDALL’S
TAU FOR TRANSELLIPTICAL GRAPHICAL MODELS1

BY RINA FOYGEL BARBER AND MLADEN KOLAR

University of Chicago

Understanding complex relationships between random variables is of
fundamental importance in high-dimensional statistics, with numerous ap-
plications in biological and social sciences. Undirected graphical models are
often used to represent dependencies between random variables, where an
edge between two random variables is drawn if they are conditionally depen-
dent given all the other measured variables. A large body of literature ex-
ists on methods that estimate the structure of an undirected graphical model,
however, little is known about the distributional properties of the estima-
tors beyond the Gaussian setting. In this paper, we focus on inference for
edge parameters in a high-dimensional transelliptical model, which general-
izes Gaussian and nonparanormal graphical models. We propose ROCKET, a
novel procedure for estimating parameters in the latent inverse covariance
matrix. We establish asymptotic normality of ROCKET in an ultra high-
dimensional setting under mild assumptions, without relying on oracle model
selection results. ROCKET requires the same number of samples that are
known to be necessary for obtaining a

?
n consistent estimator of an element

in the precision matrix under a Gaussian model. Hence, it is an optimal esti-
mator under a much larger family of distributions. The result hinges on a tight
control of the sparse spectral norm of the nonparametric Kendall’s tau esti-
mator of the correlation matrix, which is of independent interest. Empirically,
ROCKET outperforms the nonparanormal and Gaussian models in terms of
achieving accurate inference on simulated data. We also compare the three
methods on real data (daily stock returns), and find that the ROCKET esti-
mator is the only method whose behavior across subsamples agrees with the
distribution predicted by the theory.

REFERENCES

BARBER, R. F. and KOLAR, M. (2018). Supplement to “ROCKET: Robust confidence intervals via
Kendall’s tau for transelliptical graphical models.” DOI:10.1214/17-AOS1663SUPP.

BELLONI, A. and CHERNOZHUKOV, V. (2013). Least squares after model selection in high-
dimensional sparse models. Bernoulli 19 521–547. MR3037163

BELLONI, A., CHERNOZHUKOV, V. and HANSEN, C. (2014). Inference on treatment effects after
selection among high-dimensional controls. Rev. Econ. Stud. 81 608–650. MR3207983

BELLONI, A., CHERNOZHUKOV, V. and KATO, K. (2013a). Uniform post selection inference for
LAD regression models. Preprint. Available at arXiv:1304.0282.

MSC2010 subject classifications. Primary 62G10; secondary 62F12, 62G20.
Key words and phrases. Graphical model selection, transelliptical graphical models, covariance

selection, uniformly valid inference, post-model selection inference, rank-based estimation.

http://www.imstat.org/aos/
https://doi.org/10.1214/17-AOS1663
http://www.imstat.org
https://doi.org/10.1214/17-AOS1663SUPP
http://www.ams.org/mathscinet-getitem?mr=3037163
http://www.ams.org/mathscinet-getitem?mr=3207983
http://arxiv.org/abs/arXiv:1304.0282
http://www.ams.org/mathscinet/msc/msc2010.html


BELLONI, A., CHERNOZHUKOV, V. and KATO, K. (2013b). Robust inference in high-dimensional
approximately sparse quantile regression models. Preprint. Available at arXiv:1312.7186.

BELLONI, A., CHERNOZHUKOV, V. and WEI, Y. (2013). Honest confidence regions for logistic
regression with a large number of controls. Preprint. Available at arXiv:1304.3969.

BÜHLMANN, P. and VAN DE GEER, S. (2011). Statistics for High-Dimensional Data: Methods,
Theory and Applications. Springer, Heidelberg. MR2807761

CAI, T., LIU, W. and LUO, X. (2011). A constrained �1 minimization approach to sparse precision
matrix estimation. J. Amer. Statist. Assoc. 106 594–607. MR2847973

CANDES, E. and TAO, T. (2007). The Dantzig selector: Statistical estimation when p is much larger
than n. Ann. Statist. 35 2313–2351. MR2382644

CHEN, M., REN, Z., ZHAO, H. and ZHOU, H. (2016). Asymptotically normal and efficient esti-
mation of covariate-adjusted Gaussian graphical model. J. Amer. Statist. Assoc. 111 394–406.
MR3494667

CHENG, J., LI, T., LEVINA, E. and ZHU, J. (2017). High-dimensional mixed graphical models.
J. Comput. Graph. Statist. 26 367–378. MR3640193

D’ASPREMONT, A., BANERJEE, O. and EL GHAOUI, L. (2008). First-order methods for sparse
covariance selection. SIAM J. Matrix Anal. Appl. 30 56–66. MR2399568

DE LA PEÑA, V. H. and GINÉ, E. (1999). Decoupling: From Dependence to Independence. Springer,
New York. MR1666908

EMBRECHTS, P., LINDSKOG, F. and MCNEIL, A. (2003). Modelling dependence with copulas
and applications to risk management. In Handbook of Heavy Tailed Distributions in Finance
(S. T. Rachev, ed.) 329–384. Elsevier, Amsterdam.

FAN, J., FENG, Y. and WU, Y. (2009). Network exploration via the adaptive lasso and SCAD penal-
ties. Ann. Appl. Stat. 3 521–541. MR2750671

FAN, J., HAN, F. and LIU, H. (2014). PAGE: Robust pattern guided estimation of large covariance
matrix. Technical report, Princeton Univ., Princeton, NJ.

FANG, K. T., KOTZ, S. and NG, K. W. (1990). Symmetric Multivariate and Related Distribu-
tions. Monographs on Statistics and Applied Probability 36. Chapman and Hall, Ltd., London.
MR1071174

FARRELL, M. H. (2015). Robust inference on average treatment effects with possibly more covari-
ates than observations. J. Econometrics 189 1–23. MR3397349

FRIEDMAN, J. H., HASTIE, T. J. and TIBSHIRANI, R. J. (2008). Sparse inverse covariance estima-
tion with the graphical lasso. Biostatistics 9 432–441.

GU, Q., CAO, Y., NING, Y. and LIU, H. (2015). Local and global inference for high dimensional
Gaussian copula graphical models. Preprint. Available at arXiv:1502.02347.

GUO, J., LEVINA, E., MICHAILIDIS, G. and ZHU, J. (2011a). Joint estimation of multiple graphical
models. Biometrika 98 1–15.

GUO, J., LEVINA, E., MICHAILIDIS, G. and ZHU, J. (2011b). Asymptotic properties of the joint
neighborhood selection method for estimating categorical Markov networks. Technical report,
Univ. Michigan, Ann Arbor, MI.

HAN, F. and LIU, H. (2013). Optimal rates of convergence for latent generalized correlation matrix
estimation in transelliptical distribution. Preprint. Available at arXiv:1305.6916.

HÖFLING, H. and TIBSHIRANI, R. (2009). Estimation of sparse binary pairwise Markov networks
using pseudo-likelihoods. J. Mach. Learn. Res. 10 883–906. MR2505138

JAVANMARD, A. and MONTANARI, A. (2013). Nearly optimal sample size in hypothesis testing for
high-dimensional regression. Preprint. Available at arXiv:1311.0274.

JAVANMARD, A. and MONTANARI, A. (2014). Confidence intervals and hypothesis testing for high-
dimensional regression. J. Mach. Learn. Res. 15 2869–2909. MR3277152

KLÜPPELBERG, C., KUHN, G. and PENG, L. (2008). Semi-parametric models for the multivari-
ate tail dependence function—The asymptotically dependent case. Scand. J. Stat. 35 701–718.
MR2468871

http://arxiv.org/abs/arXiv:1312.7186
http://arxiv.org/abs/arXiv:1304.3969
http://www.ams.org/mathscinet-getitem?mr=2807761
http://www.ams.org/mathscinet-getitem?mr=2847973
http://www.ams.org/mathscinet-getitem?mr=2382644
http://www.ams.org/mathscinet-getitem?mr=3494667
http://www.ams.org/mathscinet-getitem?mr=3640193
http://www.ams.org/mathscinet-getitem?mr=2399568
http://www.ams.org/mathscinet-getitem?mr=1666908
http://www.ams.org/mathscinet-getitem?mr=2750671
http://www.ams.org/mathscinet-getitem?mr=1071174
http://www.ams.org/mathscinet-getitem?mr=3397349
http://arxiv.org/abs/arXiv:1502.02347
http://arxiv.org/abs/arXiv:1305.6916
http://www.ams.org/mathscinet-getitem?mr=2505138
http://arxiv.org/abs/arXiv:1311.0274
http://www.ams.org/mathscinet-getitem?mr=3277152
http://www.ams.org/mathscinet-getitem?mr=2468871


LAM, C. and FAN, J. (2009). Sparsistency and rates of convergence in large covariance matrix
estimation. Ann. Statist. 37 4254–4278. MR2572459

LAURITZEN, S. L. (1996). Graphical Models. Oxford Statistical Science Series 17. The Clarendon
Press, Oxford Univ. Press, New York. MR1419991

LEE, J. D. and HASTIE, T. J. (2012). Learning mixed graphical models. Preprint. Available at
arXiv:1205.5012.

LEE, J. D., SUN, D. L., SUN, Y. and TAYLOR, J. E. (2016). Exact post-selection inference, with
application to the lasso. Ann. Statist. 44 907–927. MR3485948

LINDSKOG, F., MCNEIL, A. and SCHMOCK, U. (2003). Kendall’s tau for elliptical distributions. In
Credit Risk 149–156.

LIU, W. (2013). Gaussian graphical model estimation with false discovery rate control. Ann. Statist.
41 2948–2978. MR3161453

LIU, H., HAN, F. and ZHANG, C.-H. (2012). Transelliptical graphical models. In Proc. of NIPS
809–817.

LIU, H., LAFFERTY, J. and WASSERMAN, L. (2009). The nonparanormal: Semiparametric estima-
tion of high dimensional undirected graphs. J. Mach. Learn. Res. 10 2295–2328. MR2563983

LIU, H. and WANG, L. (2017). TIGER: A tuning-insensitive approach for optimally estimating
Gaussian graphical models. Electron. J. Stat. 11 241–294. MR3606771

LIU, H., HAN, F., YUAN, M., LAFFERTY, J. and WASSERMAN, L. (2012). High-dimensional semi-
parametric Gaussian copula graphical models. Ann. Statist. 40 2293–2326. MR3059084

LOCKHART, R., TAYLOR, J., TIBSHIRANI, R. J. and TIBSHIRANI, R. (2014). A significance test
for the lasso. Ann. Statist. 42 413–468. MR3210970

LOH, P.-L. and WAINWRIGHT, M. J. (2015). Regularized M-estimators with nonconvexity: Statis-
tical and algorithmic theory for local optima. J. Mach. Learn. Res. 16 559–616. MR3335800

MEINSHAUSEN, N. and BÜHLMANN, P. (2006). High-dimensional graphs and variable selection
with the lasso. Ann. Statist. 34 1436–1462. MR2278363

MITRA, R. and ZHANG, C.-H. (2014). Multivariate analysis of nonparametric estimates of large
correlation matrices. Preprint. Available at arXiv:1403.6195.

RAVIKUMAR, P., WAINWRIGHT, M. J. and LAFFERTY, J. D. (2010). High-dimensional Ising model
selection using �1-regularized logistic regression. Ann. Statist. 38 1287–1319. MR2662343

RAVIKUMAR, P., WAINWRIGHT, M. J., RASKUTTI, G. and YU, B. (2011). High-dimensional co-
variance estimation by minimizing �1-penalized log-determinant divergence. Electron. J. Stat. 5
935–980. MR2836766

REN, Z., SUN, T., ZHANG, C.-H. and ZHOU, H. H. (2015). Asymptotic normality and optimalities
in estimation of large Gaussian graphical models. Ann. Statist. 43 991–1026. MR3346695

ROTHMAN, A. J., BICKEL, P. J., LEVINA, E. and ZHU, J. (2008). Sparse permutation invariant
covariance estimation. Electron. J. Stat. 2 494–515. MR2417391

SUN, T. and ZHANG, C.-H. (2012a). Comment: “Minimax estimation of large covariance matrices
under �1-norm”. Statist. Sinica 22 1354–1358.

SUN, T. and ZHANG, C.-H. (2012b). Sparse matrix inversion with scaled lasso. Preprint. Available
at arXiv:1202.2723.

TIBSHIRANI, R. J., TAYLOR, J., LOCKHART, R. and TIBSHIRANI, R. (2016). Exact post-selection
inference for sequential regression procedures. J. Amer. Statist. Assoc. 111 600–620. MR3538689

VAN DE GEER, S., BÜHLMANN, P., RITOV, Y. and DEZEURE, R. (2014). On asymptotically op-
timal confidence regions and tests for high-dimensional models. Ann. Statist. 42 1166–1202.
MR3224285

WEGKAMP, M. and ZHAO, Y. (2016). Adaptive estimation of the copula correlation matrix for
semiparametric elliptical copulas. Bernoulli 22 1184–1226. MR3449812

XUE, L. and ZOU, H. (2012). Regularized rank-based estimation of high-dimensional nonparanor-
mal graphical models. Ann. Statist. 40 2541–2571. MR3097612

http://www.ams.org/mathscinet-getitem?mr=2572459
http://www.ams.org/mathscinet-getitem?mr=1419991
http://arxiv.org/abs/arXiv:1205.5012
http://www.ams.org/mathscinet-getitem?mr=3485948
http://www.ams.org/mathscinet-getitem?mr=3161453
http://www.ams.org/mathscinet-getitem?mr=2563983
http://www.ams.org/mathscinet-getitem?mr=3606771
http://www.ams.org/mathscinet-getitem?mr=3059084
http://www.ams.org/mathscinet-getitem?mr=3210970
http://www.ams.org/mathscinet-getitem?mr=3335800
http://www.ams.org/mathscinet-getitem?mr=2278363
http://arxiv.org/abs/arXiv:1403.6195
http://www.ams.org/mathscinet-getitem?mr=2662343
http://www.ams.org/mathscinet-getitem?mr=2836766
http://www.ams.org/mathscinet-getitem?mr=3346695
http://www.ams.org/mathscinet-getitem?mr=2417391
http://arxiv.org/abs/arXiv:1202.2723
http://www.ams.org/mathscinet-getitem?mr=3538689
http://www.ams.org/mathscinet-getitem?mr=3224285
http://www.ams.org/mathscinet-getitem?mr=3449812
http://www.ams.org/mathscinet-getitem?mr=3097612


XUE, L., ZOU, H. and CAI, T. (2012). Nonconcave penalized composite conditional likelihood
estimation of sparse Ising models. Ann. Statist. 40 1403–1429. MR3015030

YANG, E., ALLEN, G. I., LIU, Z. and RAVIKUMAR, P. (2012). Graphical models via generalized
linear models. In Advances in Neural Information Processing Systems 25 1358–1366. Curran
Associates, Red Hook, NY.

YANG, E., BAKER, Y., RAVIKUMAR, P., ALLEN, G. I. and LIU, Z. (2014). Mixed graphical models
via exponential families. In Proc. 17th Int. Conf, Artif. Intel. Stat. 1042–1050.

YANG, E., RAVIKUMAR, P., ALLEN, G. I. and LIU, Z. (2015). Graphical models via univariate
exponential family distributions. J. Mach. Learn. Res. 16 3813–3847. MR3450553

YUAN, M. (2010). High dimensional inverse covariance matrix estimation via linear programming.
J. Mach. Learn. Res. 11 2261–2286. MR2719856

YUAN, M. and LIN, Y. (2007). Model selection and estimation in the Gaussian graphical model.
Biometrika 94 19–35. MR2367824

ZHANG, C.-H. and ZHANG, S. S. (2014). Confidence intervals for low dimensional parameters in
high dimensional linear models. J. R. Stat. Soc. Ser. B. Stat. Methodol. 76 217–242. MR3153940

ZHAO, T. and LIU, H. (2014). Calibrated precision matrix estimation for high-dimensional elliptical
distributions. IEEE Trans. Inform. Theory 60 7874–7887. MR3285751

http://www.ams.org/mathscinet-getitem?mr=3015030
http://www.ams.org/mathscinet-getitem?mr=3450553
http://www.ams.org/mathscinet-getitem?mr=2719856
http://www.ams.org/mathscinet-getitem?mr=2367824
http://www.ams.org/mathscinet-getitem?mr=3153940
http://www.ams.org/mathscinet-getitem?mr=3285751


The Annals of Statistics
2018, Vol. 46, No. 6B, 3451–3480
https://doi.org/10.1214/17-AOS1664
© Institute of Mathematical Statistics, 2018

ADAPTIVE INVARIANT DENSITY ESTIMATION FOR ERGODIC
DIFFUSIONS OVER ANISOTROPIC CLASSES

BY CLAUDIA STRAUCH1

Universität Mannheim

Consider some multivariate diffusion process X = (Xt )t≥0 with unique
invariant probability measure and associated invariant density ρ, and assume
that a continuous record of observations XT = (Xt )0≤t≤T of X is avail-
able. Recent results on functional inequalities for symmetric Markov semi-
groups are used in the statistical analysis of kernel estimators ρ̂T = ρ̂T (XT )

of ρ. For the basic problem of estimation with respect to sup-norm risk un-
der anisotropic Hölder smoothness constraints, the proposed approach yields
an adaptive estimator which converges at a substantially faster rate than in
standard multivariate density estimation from i.i.d. observations.
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ROBUST LOW-RANK MATRIX ESTIMATION

BY ANDREAS ELSENER AND SARA VAN DE GEER

ETH Zürich

Many results have been proved for various nuclear norm penalized esti-
mators of the uniform sampling matrix completion problem. However, most
of these estimators are not robust: in most of the cases the quadratic loss
function and its modifications are used. We consider robust nuclear norm pe-
nalized estimators using two well-known robust loss functions: the absolute
value loss and the Huber loss. Under several conditions on the sparsity of the
problem (i.e., the rank of the parameter matrix) and on the regularity of the
risk function sharp and nonsharp oracle inequalities for these estimators are
shown to hold with high probability. As a consequence, the asymptotic be-
havior of the estimators is derived. Similar error bounds are obtained under
the assumption of weak sparsity, that is, the case where the matrix is assumed
to be only approximately low-rank. In all of our results, we consider a high-
dimensional setting. In this case, this means that we assume n ≤ pq. Finally,
various simulations confirm our theoretical results.
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SIEVE BOOTSTRAP FOR FUNCTIONAL TIME SERIES

BY EFSTATHIOS PAPARODITIS1

University of Cyprus

A bootstrap procedure for functional time series is proposed which ex-
ploits a general vector autoregressive representation of the time series of
Fourier coefficients appearing in the Karhunen–Loève expansion of the func-
tional process. A double sieve-type bootstrap method is developed, which
avoids the estimation of process operators and generates functional pseudo-
time series that appropriately mimics the dependence structure of the func-
tional time series at hand. The method uses a finite set of functional principal
components to capture the essential driving parts of the infinite dimensional
process and a finite order vector autoregressive process to imitate the tempo-
ral dependence structure of the corresponding vector time series of Fourier
coefficients. By allowing the number of functional principal components as
well as the autoregressive order used to increase to infinity (at some appropri-
ate rate) as the sample size increases, consistency of the functional sieve boot-
strap can be established. We demonstrate this by proving a basic bootstrap
central limit theorem for functional finite Fourier transforms and by estab-
lishing bootstrap validity in the context of a fully functional testing problem.
A novel procedure to select the number of functional principal components
is introduced while simulations illustrate the good finite sample performance
of the new bootstrap method proposed.
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RESTRICTED STRONG CONVEXITY IMPLIES
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We connect high-dimensional subset selection and submodular maxi-
mization. Our results extend the work of Das and Kempe [In ICML (2011)
1057–1064] from the setting of linear regression to arbitrary objective func-
tions. For greedy feature selection, this connection allows us to obtain strong
multiplicative performance bounds on several methods without statistical
modeling assumptions. We also derive recovery guarantees of this form un-
der standard assumptions. Our work shows that greedy algorithms perform
within a constant factor from the best possible subset-selection solution for a
broad class of general objective functions. Our methods allow a direct control
over the number of obtained features as opposed to regularization parameters
that only implicitly control sparsity. Our proof technique uses the concept of
weak submodularity initially defined by Das and Kempe. We draw a connec-
tion between convex analysis and submodular set function theory which may
be of independent interest for other statistical learning applications that have
combinatorial structure.
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In this paper, we propose a multiscale scanning method to determine ac-
tive components of a quantity f w.r.t. a dictionary U from observations Y in
an inverse regression model Y = Tf + ξ with linear operator T and general
random error ξ . To this end, we provide uniform confidence statements for
the coefficients 〈ϕ,f 〉, ϕ ∈ U , under the assumption that (T ∗)−1(U) is of
wavelet-type. Based on this, we obtain a multiple test that allows to identify
the active components of U , that is, 〈f,ϕ〉 �= 0, ϕ ∈ U , at controlled, family-
wise error rate. Our results rely on a Gaussian approximation of the underly-
ing multiscale statistic with a novel scale penalty adapted to the ill-posedness
of the problem. The scale penalty furthermore ensures convergence of the
statistic’s distribution towards a Gumbel limit under reasonable assumptions.
The important special cases of tomography and deconvolution are discussed
in detail. Further, the regression case, when T = id and the dictionary con-
sists of moving windows of various sizes (scales), is included, generalizing
previous results for this setting. We show that our method obeys an oracle
optimality, that is, it attains the same asymptotic power as a single-scale test-
ing procedure at the correct scale. Simulations support our theory and we
illustrate the potential of the method as an inferential tool for imaging. As
a particular application, we discuss super-resolution microscopy and analyze
experimental STED data to locate single DNA origami.
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53 97–110.

FRIEDENBERG, D. A. and GENOVESE, C. R. (2013). Straight to the source: Detecting aggregate
objects in astronomical images with proper error control. J. Amer. Statist. Assoc. 108 456–468.

GENOVESE, C. R., PERONE-PACIFICO, M., VERDINELLI, I. and WASSERMAN, L. (2012). The
geometry of nonparametric filament estimation. J. Amer. Statist. Assoc. 107 788–799.

GOLDENSHLUGER, A. (1999). On pointwise adaptive nonparametric deconvolution. Bernoulli 5
907–925.

http://www.ams.org/mathscinet-getitem?mr=2655522
http://www.ams.org/mathscinet-getitem?mr=3262473
http://www.ams.org/mathscinet-getitem?mr=2283712
http://www.ams.org/mathscinet-getitem?mr=3262461
http://www.ams.org/mathscinet-getitem?mr=3716498
https://doi.org/10.1007/s10463-017-0605-1


HELL, S. (2007). Far-field optical nanoscopy. Science 316 1153–1158.
HELL, S. W. and WICHMANN, J. (1994). Breaking the diffraction resolution limit by stimulated

emission: Stimulated-emission-depletion fluorescence microscopy. Opt. Lett. 19 780–782.
HOHAGE, T. and WERNER, F. (2016). Inverse problems with Poisson data: Statistical regularization

theory, applications and algorithms. Inverse Probl. 32 093001.
HOLZMANN, H., BISSANTZ, N. and MUNK, A. (2007). Density testing in a contaminated sample.

J. Multivariate Anal. 98 57–75. MR2292917
INGSTER, Y. I. (1993). Asymptotically minimax hypothesis testing for nonparametric alternatives.

I–III. Math. Methods Statist. 2 85–114, 171–189, 249–268.
INGSTER, Y., LAURENT, B. and MARTEAU, C. (2014). Signal detection for inverse problems in a

multidimensional framework. Math. Methods Statist. 23 279–305.
INGSTER, Y. I., SAPATINAS, T. and SUSLINA, I. A. (2012). Minimax signal detection in ill-posed

inverse problems. Ann. Statist. 40 1524–1549. MR3015034
JOHNSTONE, I. M. and PAUL, D. (2014). Adaptation in some linear inverse problems. Stat 3 187–

199.
JOHNSTONE, I. M. and SILVERMAN, B. W. (1991). Discretization effects in statistical inverse prob-

lems. J. Complexity 7 1–34.
JOHNSTONE, I. M., KERKYACHARIAN, G., PICARD, D. and RAIMONDO, M. (2004). Wavelet

deconvolution in a periodic setting. J. R. Stat. Soc. Ser. B. Stat. Methodol. 66 547–573.
KABLUCHKO, Z. (2011). Extremes of the standardized Gaussian noise. Stochastic Process. Appl.

121 515–533. MR2763094
KAZANTSEV, I., LEMAHIEU, I., SALOV, G. and DENYS, R. (2002). Statistical detection of defects

in radiographic images in nondestructive testing. Signal Process. 82 791–801.
KERKYACHARIAN, G., KYRIAZIS, G., LE PENNEC, E., PETRUSHEV, P. and PICARD, D. (2010).

Inversion of noisy Radon transform by SVD based needlets. Appl. Comput. Harmon. Anal. 28
24–45.

KLAR, T. A. and HELL, S. W. (1999). Subdiffraction resolution in far-field fluorescence microscopy.
Opt. Lett. 24 954–956.

KNAPIK, B. T., VAN DER VAART, A. W. and VAN ZANTEN, J. H. (2011). Bayesian inverse prob-
lems with Gaussian priors. Ann. Statist. 39 2626–2657. MR2906881

KOMLÓS, J., MAJOR, P. and TUSNÁDY, G. (1975). An approximation of partial sums of indepen-
dent RV’s and the sample DF. I. Z. Wahrsch. Verw. Gebiete 32 111–131.

KOU, J. (2017). Identifying the support of rectangular signals in Gaussian noise. Preprint. Available
at arXiv:1703.06226.

LAURENT, B., LOUBES, J.-M. and MARTEAU, C. (2011). Testing inverse problems: A direct or an
indirect problem? J. Statist. Plann. Inference 141 1849–1861.

LAURENT, B., LOUBES, J.-M. and MARTEAU, C. (2012). Non asymptotic minimax rates of testing
in signal detection with heterogeneous variances. Electron. J. Stat. 6 91–122.

LI, H., MUNK, A., SIELING, H. and WALTHER, G. (2016). The essential histogram. Preprint. Avail-
able at arXiv:1612.07216.

LIN, G. D. (2017). Recent developments on the moment problem. Preprint. Available at
arXiv:1703:01027.

MAIR, B. A. and RUYMGAART, F. H. (1996). Statistical inverse estimation in Hilbert scales. SIAM
J. Appl. Math. 56 1424–1444.

MARTEAU, C. and MATHÉ, P. (2014). General regularization schemes for signal detection in inverse
problems. Math. Methods Statist. 23 176–200.

MATHÉ, P. and PEREVERZEV, S. V. (2002). Direct estimation of linear functionals from indirect
noisy observations. J. Complexity 18 500–516. MR1919446

MEISTER, A. (2009). Deconvolution Problems in Nonparametric Statistics. Lecture Notes in Statis-
tics 193. Springer, Berlin.

http://www.ams.org/mathscinet-getitem?mr=2292917
http://www.ams.org/mathscinet-getitem?mr=3015034
http://www.ams.org/mathscinet-getitem?mr=2763094
http://www.ams.org/mathscinet-getitem?mr=2906881
http://arxiv.org/abs/arXiv:1703.06226
http://arxiv.org/abs/arXiv:1612.07216
http://arxiv.org/abs/arXiv:1703:01027
http://www.ams.org/mathscinet-getitem?mr=1919446


NATTERER, F. (1986). The Mathematics of Computerized Tomography. B. G. Teubner, Stuttgart.
NICKL, R. and REISS, M. (2012). A Donsker theorem for Lévy measures. J. Funct. Anal. 263 3306–

3332.
NIKOL’SKIĬ, S. M. (1951). Inequalities for entire functions of finite degree and their application in

the theory of differentiable functions of several variables. In Trudy Mat. Inst. Steklov. 38 244–278.
Izdat. Akad. Nauk SSSR, Moscow.

O’SULLIVAN, F. (1986). A statistical perspective on ill-posed inverse problems. Statist. Sci. 1 502–
527.

PICKANDS, J. III (1969). Upcrossing probabilities for stationary Gaussian processes. Trans. Amer.
Math. Soc. 145 51–73.

PITERBARG, V. I. (1996). Asymptotic Methods in the Theory of Gaussian Processes and Fields.
Translations of Mathematical Monographs 148. Amer. Math. Soc., Providence, RI.

PROKSCH, K., WERNER, F. and MUNK, A. (2018). Supplement to “Multiscale scanning in inverse
problems.” DOI:10.1214/17-AOS1669SUPP.

RAY, K. (2013). Bayesian inverse problems with non-conjugate priors. Electron. J. Stat. 7 2516–
2549.

RAY, K. (2017). Adaptive Bernstein–von Mises theorems in Gaussian white noise. Ann. Statist. 45
2511–2536. MR3737900

RIO, E. (1993). Strong approximation for set-indexed partial-sum processes, via KMT constructions.
II. Ann. Probab. 21 1706–1727. MR1235436

ROHDE, A. (2008). Adaptive goodness-of-fit tests based on signed ranks. Ann. Statist. 36 1346–
1374. MR2418660

RUFIBACH, K. and WALTHER, G. (2010). The block criterion for multiscale inference about a den-
sity, with applications to other multiscale problems. J. Comput. Graph. Statist. 19 175–190.

SCHMIDT-HIEBER, J., MUNK, A. and DÜMBGEN, L. (2013). Multiscale methods for shape con-
straints in deconvolution: Confidence statements for qualitative features. Ann. Statist. 41 1299–
1328. MR3113812

SCHWARTZMAN, A., DOUGHERTY, R. F. and TAYLOR, J. E. (2008). False discovery rate analysis
of brain diffusion direction maps. Ann. Appl. Stat. 2 153–175. MR2415598

SHARPNACK, J. and ARIAS-CASTRO, E. (2016). Exact asymptotics for the scan statistic and fast
alternatives. Electron. J. Stat. 10 2641–2684.

SÖHL, J. and TRABS, M. (2012). A uniform central limit theorem and efficiency for deconvolution
estimators. Electron. J. Stat. 6 2486–2518.

TA, H., KELLER, J., HALTMEIER, M., SAKA, S. K., SCHMIED, J., OPAZO, F., TINNEFELD, P.,
MUNK, A. and HELL, S. W. (2015). Mapping molecules in scanning far-field fluorescence
nanoscopy. Nat. Commun. 6 7977.

TSYBAKOV, A. (2000). On the best rate of adaptive estimation in some inverse problems. C. R. Acad.
Sci. Paris Sér. I Math. 330 835–840. MR1769957

TSYBAKOV, A. B. (2009). Introduction to Nonparametric Estimation. Springer, New York.
WALTHER, G. (2010). Optimal and fast detection of spatial clusters with scan statistics. Ann. Statist.

38 1010–1033. MR2604703
WILLER, T. (2009). Optimal bounds for inverse problems with Jacobi-type eigenfunctions. Statist.

Sinica 19 785–800. MR2514188

https://doi.org/10.1214/17-AOS1669SUPP
http://www.ams.org/mathscinet-getitem?mr=3737900
http://www.ams.org/mathscinet-getitem?mr=1235436
http://www.ams.org/mathscinet-getitem?mr=2418660
http://www.ams.org/mathscinet-getitem?mr=3113812
http://www.ams.org/mathscinet-getitem?mr=2415598
http://www.ams.org/mathscinet-getitem?mr=1769957
http://www.ams.org/mathscinet-getitem?mr=2604703
http://www.ams.org/mathscinet-getitem?mr=2514188


The Annals of Statistics
2018, Vol. 46, No. 6B, 3603–3642
https://doi.org/10.1214/17-AOS1670
© Institute of Mathematical Statistics, 2018
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OPTIMALITY1

BY PIERRE C. BELLEC∗,†,§, GUILLAUME LECUÉ∗,†,‡ AND

ALEXANDRE B. TSYBAKOV∗,†

ENSAE∗, CREST (UMR CNRS 9194)†, CNRS‡

and Rutgers University§

We show that two polynomial time methods, a Lasso estimator with
adaptively chosen tuning parameter and a Slope estimator, adaptively achieve
the minimax prediction and �2 estimation rate (s/n) log(p/s) in high-
dimensional linear regression on the class of s-sparse vectors in R

p . This
is done under the Restricted Eigenvalue (RE) condition for the Lasso and
under a slightly more constraining assumption on the design for the Slope.
The main results have the form of sharp oracle inequalities accounting for
the model misspecification error. The minimax optimal bounds are also ob-
tained for the �q estimation errors with 1 ≤ q ≤ 2 when the model is well
specified. The results are nonasymptotic, and hold both in probability and in
expectation. The assumptions that we impose on the design are satisfied with
high probability for a large class of random matrices with independent and
possibly anisotropically distributed rows. We give a comparative analysis of
conditions, under which oracle bounds for the Lasso and Slope estimators
can be obtained. In particular, we show that several known conditions, such
as the RE condition and the sparse eigenvalue condition are equivalent if the
�2-norms of regressors are uniformly bounded.
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In this paper, we develop procedures to construct simultaneous confi-
dence bands for p̃ potentially infinite-dimensional parameters after model
selection for general moment condition models where p̃ is potentially much
larger than the sample size of available data, n. This allows us to cover set-
tings with functional response data where each of the p̃ parameters is a func-
tion. The procedure is based on the construction of score functions that satisfy
Neyman orthogonality condition approximately. The proposed simultaneous
confidence bands rely on uniform central limit theorems for high-dimensional
vectors (and not on Donsker arguments as we allow for p̃ 	 n). To construct
the bands, we employ a multiplier bootstrap procedure which is computa-
tionally efficient as it only involves resampling the estimated score functions
(and does not require resolving the high-dimensional optimization problems).
We formally apply the general theory to inference on regression coefficient
process in the distribution regression model with a logistic link, where two
implementations are analyzed in detail. Simulations and an application to real
data are provided to help illustrate the applicability of the results.
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Quantum technology is increasingly relying on specialised statistical in-
ference methods for analysing quantum measurement data. This motivates
the development of “quantum statistics”, a field that is shaping up at the over-
lap of quantum physics and “classical” statistics. One of the less investigated
topics to date is that of statistical inference for infinite dimensional quantum
systems, which can be seen as quantum counterpart of nonparametric statis-
tics. In this paper, we analyse the asymptotic theory of quantum statistical
models consisting of ensembles of quantum systems which are identically
prepared in a pure state. In the limit of large ensembles, we establish the
local asymptotic equivalence (LAE) of this i.i.d. model to a quantum Gaus-
sian white noise model. We use the LAE result in order to establish minimax
rates for the estimation of pure states belonging to Hermite–Sobolev classes
of wave functions. Moreover, for quadratic functional estimation of the same
states we note an elbow effect in the rates, whereas for testing a pure state
a sharp parametric rate is attained over the nonparametric Hermite–Sobolev
class.
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[27] GUŢĂ, M. and KAHN, J. (2006). Local asymptotic normality for qubit states. Phys. Rev. A 73
052108.

[28] GUTA, M. and KAHN, J. (2008). Local asymptotic normality and optimal estimation for d-
dimensional quantum systems. In Quantum Stochastics and Information: Statistics, Fil-
tering and Control 300–322. World Scientific, Singapore. MR2562438

http://www.ams.org/mathscinet-getitem?mr=2952949
http://www.ams.org/mathscinet-getitem?mr=2256010
http://www.ams.org/mathscinet-getitem?mr=2336856
https://doi.org/10.1214/17-AOS1672SUPP
http://www.ams.org/mathscinet-getitem?mr=3476614
http://www.ams.org/mathscinet-getitem?mr=2253108
http://arxiv.org/abs/arXiv:1504.03234
http://www.ams.org/mathscinet-getitem?mr=1090496
http://www.ams.org/mathscinet-getitem?mr=1686254
http://www.ams.org/mathscinet-getitem?mr=3186752
http://www.ams.org/mathscinet-getitem?mr=2815834
http://www.ams.org/mathscinet-getitem?mr=2357428
http://www.ams.org/mathscinet-getitem?mr=2346393
http://www.ams.org/mathscinet-getitem?mr=2562438


[29] HÄFFNER, H., HÄNSEL, W., ROOS, C. F., BENHELM, J., CHEK-AL-KAR, D.,
CHWALLA, M., KÖRBER, T., RAPOL, U. D., RIEBE, M., SCHMIDT, P. O., BECHER, C.,
GÜHNE, O., DÜR, W. and BLATT, R. (2005). Scalable multiparticle entanglement of
trapped ions. Nature 438 643–646.

[30] HAYASHI, M. (1998). Asymptotic estimation theory for a finite-dimensional pure state model.
J. Phys. A: Math. Gen. 31 4633. MR1631191

[31] HAYASHI, M. (2005). Asymptotic Theory of Quantum Statistical Inference: Selected Papers.
World Scientific, Singapore.

[32] HELSTROM, C. W. (1976). Quantum Detection and Estimation Theory. Academic Press, New
York.

[33] HIAI, F. and PETZ, D. (1991). The proper formula for relative entropy and its asymptotics in
quantum probability. Comm. Math. Phys. 143 99–114. MR1139426

[34] HOLEVO, A. S. (1982). Probabilistic and Statistical Aspects of Quantum Theory. North-
Holland Series in Statistics and Probability 1. North-Holland, Amsterdam. MR0681693

[35] INGSTER, Y. and STEPANOVA, N. (2011). Estimation and detection of functions from
anisotropic Sobolev classes. Electron. J. Stat. 5 484–506. MR2813552

[36] INGSTER, Y. I. and SUSLINA, I. A. (2003). Nonparametric Goodness-of-Fit Testing Under
Gaussian Models. Lecture Notes in Statistics 169. Springer, New York. MR1991446
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EXTREMAL QUANTILE TREATMENT EFFECTS

BY YICHONG ZHANG

Singapore Management University

This paper establishes an asymptotic theory and inference method for
quantile treatment effect estimators when the quantile index is close to or
equal to zero. Such quantile treatment effects are of interest in many appli-
cations, such as the effect of maternal smoking on an infant’s adverse birth
outcomes. When the quantile index is close to zero, the sparsity of data jeop-
ardizes conventional asymptotic theory and bootstrap inference. When the
quantile index is zero, there are no existing inference methods directly ap-
plicable in the treatment effect context. This paper addresses both of these
issues by proposing new inference methods that are shown to be asymptoti-
cally valid as well as having adequate finite sample properties.
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OPTIMAL MAXIMIN L1-DISTANCE LATIN HYPERCUBE DESIGNS
BASED ON GOOD LATTICE POINT DESIGNS1

BY LIN WANG∗, QIAN XIAO† AND HONGQUAN XU∗

University of California, Los Angeles∗ and University of Georgia†

Maximin distance Latin hypercube designs are commonly used for com-
puter experiments, but the construction of such designs is challenging. We
construct a series of maximin Latin hypercube designs via Williams transfor-
mations of good lattice point designs. Some constructed designs are optimal
under the maximin L1-distance criterion, while others are asymptotically op-
timal. Moreover, these designs are also shown to have small pairwise corre-
lations between columns.
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RHO-ESTIMATORS REVISITED: GENERAL THEORY
AND APPLICATIONS

BY YANNICK BARAUD AND LUCIEN BIRGÉ
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Following Baraud, Birgé and Sart [Invent. Math. 207 (2017) 425–517],
we pursue our attempt to design a robust universal estimator of the joint
distribution of n independent (but not necessarily i.i.d.) observations for an
Hellinger-type loss. Given such observations with an unknown joint distribu-
tion P and a dominated model � for P, we build an estimator ̂P based on
� (a ρ-estimator) and measure its risk by an Hellinger-type distance. When
P does belong to the model, this risk is bounded by some quantity which
relies on the local complexity of the model in a vicinity of P. In most situ-
ations, this bound corresponds to the minimax risk over the model (up to a
possible logarithmic factor). When P does not belong to the model, its risk
involves an additional bias term proportional to the distance between P and
�, whatever the true distribution P. From this point of view, this new ver-
sion of ρ-estimators improves upon the previous one described in Baraud,
Birgé and Sart [Invent. Math. 207 (2017) 425–517] which required that P be
absolutely continuous with respect to some known reference measure. Fur-
ther additional improvements have been brought as compared to the former
construction. In particular, it provides a very general treatment of the regres-
sion framework with random design as well as a computationally tractable
procedure for aggregating estimators. We also give some conditions for the
maximum likelihood estimator to be a ρ-estimator. Finally, we consider the
situation where the statistician has at her or his disposal many different mod-
els and we build a penalized version of the ρ-estimator for model selection
and adaptation purposes. In the regression setting, this penalized estimator
not only allows one to estimate the regression function but also the distribu-
tion of the errors.
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THINK GLOBALLY, FIT LOCALLY UNDER THE MANIFOLD
SETUP: ASYMPTOTIC ANALYSIS OF LOCALLY LINEAR

EMBEDDING
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Since its introduction in 2000, Locally Linear Embedding (LLE) has
been widely applied in data science. We provide an asymptotical analysis of
LLE under the manifold setup. We show that for a general manifold, asymp-
totically we may not obtain the Laplace–Beltrami operator, and the result may
depend on nonuniform sampling unless a correct regularization is chosen. We
also derive the corresponding kernel function, which indicates that LLE is not
a Markov process. A comparison with other commonly applied nonlinear al-
gorithms, particularly a diffusion map, is provided and its relationship with
locally linear regression is also discussed.
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In this paper, we propose a general class of covariate-adjusted response-
adaptive (CARA) designs based on a new functional urn model. We prove
strong consistency concerning the functional urn proportion and the propor-
tion of subjects assigned to the treatment groups, in the whole study and for
each covariate profile, allowing the distribution of the responses conditioned
on covariates to be estimated nonparametrically. In addition, we establish
joint central limit theorems for the above quantities and the sufficient statistics
of features of interest, which allow to construct procedures to make inference
on the conditional response distributions. These results are then applied to
typical situations concerning Gaussian and binary responses.
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