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FUNCTIONAL DATA ANALYSIS BY MATRIX COMPLETION1

BY MARIE-HÉLÈNE DESCARY AND VICTOR M. PANARETOS

Ecole Polytechnique Fédérale de Lausanne

Functional data analyses typically proceed by smoothing, followed by
functional PCA. This paradigm implicitly assumes that rough variation is
due to nuisance noise. Nevertheless, relevant functional features such as time-
localised or short scale fluctuations may indeed be rough relative to the global
scale, but still smooth at shorter scales. These may be confounded with the
global smooth components of variation by the smoothing and PCA, poten-
tially distorting the parsimony and interpretability of the analysis. The goal
of this paper is to investigate how both smooth and rough variations can be
recovered on the basis of discretely observed functional data. Assuming that
a functional datum arises as the sum of two uncorrelated components, one
smooth and one rough, we develop identifiability conditions for the recovery
of the two corresponding covariance operators. The key insight is that they
should possess complementary forms of parsimony: one smooth and finite
rank (large scale), and the other banded and potentially infinite rank (small
scale). Our conditions elucidate the precise interplay between rank, band-
width and grid resolution. Under these conditions, we show that the recovery
problem is equivalent to rank-constrained matrix completion, and exploit this
to construct estimators of the two covariances, without assuming knowledge
of the true bandwidth or rank; we study their asymptotic behaviour, and then
use them to recover the smooth and rough components of each functional
datum by best linear prediction. As a result, we effectively produce separate
functional PCAs for smooth and rough variation.
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BAYESIAN FRACTIONAL POSTERIORS

BY ANIRBAN BHATTACHARYA∗,1, DEBDEEP PATI∗,2 AND YUN YANG†

Texas A&M University∗ and University of Illinois at Urbana–Champaign†

We consider the fractional posterior distribution that is obtained by up-
dating a prior distribution via Bayes theorem with a fractional likelihood
function, a usual likelihood function raised to a fractional power. First, we
analyze the contraction property of the fractional posterior in a general mis-
specified framework. Our contraction results only require a prior mass con-
dition on certain Kullback–Leibler (KL) neighborhood of the true parameter
(or the KL divergence minimizer in the misspecified case), and obviate con-
structions of test functions and sieves commonly used in the literature for
analyzing the contraction property of a regular posterior. We show through
a counterexample that some condition controlling the complexity of the pa-
rameter space is necessary for the regular posterior to contract, rendering
additional flexibility on the choice of the prior for the fractional posterior.
Second, we derive a novel Bayesian oracle inequality based on a PAC-Bayes
inequality in misspecified models. Our derivation reveals several advantages
of averaging based Bayesian procedures over optimization based frequentist
procedures. As an application of the Bayesian oracle inequality, we derive a
sharp oracle inequality in multivariate convex regression problems. We also
illustrate the theory in Gaussian process regression and density estimation
problems.
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Hierarchies of discrete probability measures are remarkably popular as
nonparametric priors in applications, arguably due to two key properties:
(i) they naturally represent multiple heterogeneous populations; (ii) they pro-
duce ties across populations, resulting in a shrinkage property often described
as “sharing of information.” In this paper, we establish a distribution theory
for hierarchical random measures that are generated via normalization, thus
encompassing both the hierarchical Dirichlet and hierarchical Pitman–Yor
processes. These results provide a probabilistic characterization of the in-
duced (partially exchangeable) partition structure, including the distribution
and the asymptotics of the number of partition sets, and a complete posterior
characterization. They are obtained by representing hierarchical processes in
terms of completely random measures, and by applying a novel technique for
deriving the associated distributions. Moreover, they also serve as building
blocks for new simulation algorithms, and we derive marginal and condi-
tional algorithms for Bayesian inference.
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Consider the Gaussian vector model with mean value θ . We study the
twin problems of estimating the number ‖θ‖0 of nonzero components of θ

and testing whether ‖θ‖0 is smaller than some value. For testing, we estab-
lish the minimax separation distances for this model and introduce a minimax
adaptive test. Extensions to the case of unknown variance are also discussed.
Rewriting the estimation of ‖θ‖0 as a multiple testing problem of all hy-
potheses {‖θ‖0 ≤ q}, we both derive a new way of assessing the optimality
of a sparsity estimator and we exhibit such an optimal procedure. This gen-
eral approach provides a roadmap for estimating the complexity of the signal
in various statistical models.
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We introduce a new approach aiming at computing approximate optimal
designs for multivariate polynomial regressions on compact (semialgebraic)
design spaces. We use the moment-sum-of-squares hierarchy of semidefinite
programming problems to solve numerically the approximate optimal design
problem. The geometry of the design is recovered via semidefinite program-
ming duality theory. This article shows that the hierarchy converges to the
approximate optimal design as the order of the hierarchy increases. Further-
more, we provide a dual certificate ensuring finite convergence of the hier-
archy and showing that the approximate optimal design can be computed
numerically with our method. As a byproduct, we revisit the equivalence the-
orem of the experimental design theory: it is linked to the Christoffel poly-
nomial and it characterizes finite convergence of the moment-sum-of-square
hierarchies.
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EFFICIENT ESTIMATION OF INTEGRATED VOLATILITY
FUNCTIONALS VIA MULTISCALE JACKKNIFE

BY JIA LI1, YUNXIAO LIU AND DACHENG XIU2

Duke University, University of North Carolina at Chapel Hill and
University of Chicago

We propose semiparametrically efficient estimators for general in-
tegrated volatility functionals of multivariate semimartingale processes.
A plug-in method that uses nonparametric estimates of spot volatilities is
known to induce high-order biases that need to be corrected to obey a central
limit theorem. Such bias terms arise from boundary effects, the diffusive and
jump movements of stochastic volatility and the sampling error from the non-
parametric spot volatility estimation. We propose a novel jackknife method
for bias correction. The jackknife estimator is simply formed as a linear com-
bination of a few uncorrected estimators associated with different local win-
dow sizes used in the estimation of spot volatility. We show theoretically that
our estimator is asymptotically mixed Gaussian, semiparametrically efficient,
and more robust to the choice of local windows. To facilitate the practical use,
we introduce a simulation-based estimator of the asymptotic variance, so that
our inference is derivative-free, and hence is convenient to implement.
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NONASYMPTOTIC RATES FOR MANIFOLD, TANGENT SPACE
AND CURVATURE ESTIMATION

BY EDDIE AAMARI1,2,3 AND CLÉMENT LEVRARD1,2

University of California, San Diego and Université Paris-Diderot

Given a noisy sample from a submanifold M ⊂ R
D , we derive optimal

rates for the estimation of tangent spaces TXM , the second fundamental form
IIMX and the submanifold M . After motivating their study, we introduce a

quantitative class of Ck-submanifolds in analogy with Hölder classes. The
proposed estimators are based on local polynomials and allow to deal simul-
taneously with the three problems at stake. Minimax lower bounds are de-
rived using a conditional version of Assouad’s lemma when the base point X

is random.
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NONPARAMETRIC TESTING FOR MULTIPLE SURVIVAL
FUNCTIONS WITH NONINFERIORITY MARGINS

BY HSIN-WEN CHANG1 AND IAN W. MCKEAGUE2

Academia Sinica and Columbia University

New nonparametric tests for the ordering of multiple survival functions
are developed with the possibility of right censorship taken into account. The
motivation comes from noninferiority trials with multiple treatments. The
proposed tests are based on nonparametric likelihood ratio statistics, which
are known to provide more powerful tests than Wald-type procedures, but in
this setting have only been studied for pairs of survival functions or in the
absence of censoring. We introduce a novel type of pool adjacent violator
algorithm that leads to a complete solution of the problem. The limit distri-
butions can be expressed as weighted sums of squares involving projections
of certain Gaussian processes onto the given ordered alternative. A simula-
tion study shows that the new procedures have superior power to a competing
combined-pairwise Cox model approach. We illustrate the proposed methods
using data from a three-arm noninferiority trial.
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ORACLE INEQUALITIES AND ADAPTIVE ESTIMATION
IN THE CONVOLUTION STRUCTURE DENSITY MODEL1

BY O. V. LEPSKI AND T. WILLER

Aix-Marseille Université

We study the problem of nonparametric estimation under Lp-loss, p ∈
[1,∞), in the framework of the convolution structure density model on R

d .
This observation scheme is a generalization of two classical statistical mod-
els, namely density estimation under direct and indirect observations. The
original pointwise selection rule from a family of “kernel-type” estimators is
proposed. For the selected estimator, we prove an Lp-norm oracle inequal-
ity and several of its consequences. Next, the problem of adaptive minimax
estimation under Lp-loss over the scale of anisotropic Nikol’skii classes is
addressed. We fully characterize the behavior of the minimax risk for dif-
ferent relationships between regularity parameters and norm indexes in the
definitions of the functional class and of the risk. We prove that the proposed
selection rule leads to the construction of an optimally or nearly optimally
(up to logarithmic factors) adaptive estimator.
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EFFICIENT MULTIVARIATE ENTROPY ESTIMATION VIA
k-NEAREST NEIGHBOUR DISTANCES

BY THOMAS B. BERRETT∗,1, RICHARD J. SAMWORTH∗,2 AND

MING YUAN†,3

University of Cambridge∗ and University of Wisconsin–Madison†

Many statistical procedures, including goodness-of-fit tests and methods
for independent component analysis, rely critically on the estimation of the
entropy of a distribution. In this paper, we seek entropy estimators that are
efficient and achieve the local asymptotic minimax lower bound with respect
to squared error loss. To this end, we study weighted averages of the es-
timators originally proposed by Kozachenko and Leonenko [Probl. Inform.
Transm. 23 (1987), 95–101], based on the k-nearest neighbour distances of
a sample of n independent and identically distributed random vectors in R

d .
A careful choice of weights enables us to obtain an efficient estimator in arbi-
trary dimensions, given sufficient smoothness, while the original unweighted
estimator is typically only efficient when d ≤ 3. In addition to the new esti-
mator proposed and theoretical understanding provided, our results facilitate
the construction of asymptotically valid confidence intervals for the entropy
of asymptotically minimal width.
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POSTERIOR GRAPH SELECTION AND ESTIMATION
CONSISTENCY FOR HIGH-DIMENSIONAL BAYESIAN

DAG MODELS

BY XUAN CAO, KSHITIJ KHARE AND MALAY GHOSH

University of Florida

Covariance estimation and selection for high-dimensional multivariate
datasets is a fundamental problem in modern statistics. Gaussian directed
acyclic graph (DAG) models are a popular class of models used for this
purpose. Gaussian DAG models introduce sparsity in the Cholesky factor of
the inverse covariance matrix, and the sparsity pattern in turn corresponds to
specific conditional independence assumptions on the underlying variables.
A variety of priors have been developed in recent years for Bayesian inference
in DAG models, yet crucial convergence and sparsity selection properties for
these models have not been thoroughly investigated. Most of these priors are
adaptations/generalizations of the Wishart distribution in the DAG context. In
this paper, we consider a flexible and general class of these “DAG-Wishart”
priors with multiple shape parameters. Under mild regularity assumptions,
we establish strong graph selection consistency and establish posterior con-
vergence rates for estimation when the number of variables p is allowed to
grow at an appropriate subexponential rate with the sample size n.

REFERENCES

[1] ALTOMARE, D., CONSONNI, G. and LA ROCCA, L. (2013). Objective Bayesian search of
Gaussian directed acyclic graphical models for ordered variables with non-local priors.
Biometrics 69 478–487. MR3071066

[2] ARAGAM, B., AMINI, A. and ZHOU, Q. (2015). Learning directed acyclic graphs with penal-
ized neighbourhood regression. Available at https://arxiv.org/abs/1511.08963.

[3] BANERJEE, S. and GHOSAL, S. (2014). Posterior convergence rates for estimating large pre-
cision matrices using graphical models. Electron. J. Stat. 8 2111–2137. MR3273620

[4] BANERJEE, S. and GHOSAL, S. (2015). Bayesian structure learning in graphical models.
J. Multivariate Anal. 136 147–162. MR3321485

[5] BEN-DAVID, E., LI, T., MASSAM, H. and RAJARATNAM, B. (2016). High dimensional
Bayesian inference for Gaussian directed acyclic graph models. Technical report. Avail-
able at http://arxiv.org/abs/1109.4371.

[6] BICKEL, P. J. and LEVINA, E. (2008). Regularized estimation of large covariance matrices.
Ann. Statist. 36 199–227. MR2387969

[7] CAO, X., KHARE, K. and GHOSH, M. (2019). Supplement to “Posterior graph selection and
estimation consistency for high-dimensional Bayesian DAG models.” DOI:10.1214/18-
AOS1689SUPP.

MSC2010 subject classifications. Primary 62F15; secondary 62G20.
Key words and phrases. Posterior consistency, high-dimensional data, Bayesian DAG models, co-

variance estimation, graph selection.

http://www.imstat.org/aos/
https://doi.org/10.1214/18-AOS1689
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=3071066
https://arxiv.org/abs/1511.08963
http://www.ams.org/mathscinet-getitem?mr=3273620
http://www.ams.org/mathscinet-getitem?mr=3321485
http://arxiv.org/abs/1109.4371
http://www.ams.org/mathscinet-getitem?mr=2387969
https://doi.org/10.1214/18-AOS1689SUPP
http://www.ams.org/mathscinet/msc/msc2010.html
https://doi.org/10.1214/18-AOS1689SUPP


[8] CONSONNI, G., LA ROCCA, L. and PELUSO, S. (2017). Objective Bayes covariate-adjusted
sparse graphical model selection. Scand. J. Stat. 44 741–764. MR3687971

[9] EL KAROUI, N. (2008). Spectrum estimation for large dimensional covariance matrices using
random matrix theory. Ann. Statist. 36 2757–2790. MR2485012

[10] GEIGER, D. and HECKERMAN, D. (2002). Parameter priors for directed acyclic graphical
models and the characterization of several probability distributions. Ann. Statist. 30 1412–
1440. MR1936324

[11] HUANG, J. Z., LIU, N., POURAHMADI, M. and LIU, L. (2006). Covariance matrix selection
and estimation via penalised normal likelihood. Biometrika 93 85–98. MR2277742

[12] JOHNSON, V. E. and ROSSELL, D. (2010). On the use of non-local prior densities in Bayesian
hypothesis tests. J. R. Stat. Soc. Ser. B. Stat. Methodol. 72 143–170. MR2830762

[13] JOHNSON, V. E. and ROSSELL, D. (2012). Bayesian model selection in high-dimensional
settings. J. Amer. Statist. Assoc. 107 649–660. MR2980074

[14] KHARE, K., OH, S., RAHMAN, S. and RAJARATNAM, B. (2017). A convex framework for
high-dimensional sparse cholesky based covariance estimation in gaussian dag models.
Technical report. Available at https://arxiv.org/abs/1610.02436.

[15] KOLLER, D. and FRIEDMAN, N. (2009). Probabilistic Graphical Models: Principles and Tech-
niques. MIT Press, Cambridge, MA. MR2778120

[16] LETAC, G. and MASSAM, H. (2007). Wishart distributions for decomposable graphs. Ann.
Statist. 35 1278–1323. MR2341706

[17] NARISETTY, N. N. and HE, X. (2014). Bayesian variable selection with shrinking and diffus-
ing priors. Ann. Statist. 42 789–817. MR3210987

[18] PAULSEN, V. I., POWER, S. C. and SMITH, R. R. (1989). Schur products and matrix comple-
tions. J. Funct. Anal. 85 151–178. MR1005860

[19] POURAHMADI, M. (2007). Cholesky decompositions and estimation of a covariance ma-
trix: Orthogonality of variance-correlation parameters. Biometrika 94 1006–1013.
MR2376812

[20] ROTHMAN, A. J., LEVINA, E. and ZHU, J. (2010). A new approach to Cholesky-based co-
variance regularization in high dimensions. Biometrika 97 539–550. MR2672482

[21] RUDELSON, M. and VERSHYNIN, R. (2013). Hanson–Wright inequality and sub-Gaussian
concentration. Electron. Commun. Probab. 18 no. 82, 9. MR3125258

[22] RÜTIMANN, P. and BÜHLMANN, P. (2009). High dimensional sparse covariance estimation
via directed acyclic graphs. Electron. J. Stat. 3 1133–1160. MR2566184

[23] SHOJAIE, A. and MICHAILIDIS, G. (2010). Penalized likelihood methods for estimation of
sparse high-dimensional directed acyclic graphs. Biometrika 97 519–538. MR2672481

[24] SMITH, M. and KOHN, R. (2002). Parsimonious covariance matrix estimation for longitudinal
data. J. Amer. Statist. Assoc. 97 1141–1153. MR1951266

[25] VAN DE GEER, S. and BÜHLMANN, P. (2013). �0-penalized maximum likelihood for sparse
directed acyclic graphs. Ann. Statist. 41 536–567. MR3099113

[26] XIANG, R., KHARE, K. and GHOSH, M. (2015). High dimensional posterior convergence rates
for decomposable graphical models. Electron. J. Stat. 9 2828–2854. MR3439186

[27] YU, G. and BIEN, J. (2017). Learning local dependence in ordered data. J. Mach. Learn. Res.
18 Paper No. 42, 60. MR3655307

http://www.ams.org/mathscinet-getitem?mr=3687971
http://www.ams.org/mathscinet-getitem?mr=2485012
http://www.ams.org/mathscinet-getitem?mr=1936324
http://www.ams.org/mathscinet-getitem?mr=2277742
http://www.ams.org/mathscinet-getitem?mr=2830762
http://www.ams.org/mathscinet-getitem?mr=2980074
https://arxiv.org/abs/1610.02436
http://www.ams.org/mathscinet-getitem?mr=2778120
http://www.ams.org/mathscinet-getitem?mr=2341706
http://www.ams.org/mathscinet-getitem?mr=3210987
http://www.ams.org/mathscinet-getitem?mr=1005860
http://www.ams.org/mathscinet-getitem?mr=2376812
http://www.ams.org/mathscinet-getitem?mr=2672482
http://www.ams.org/mathscinet-getitem?mr=3125258
http://www.ams.org/mathscinet-getitem?mr=2566184
http://www.ams.org/mathscinet-getitem?mr=2672481
http://www.ams.org/mathscinet-getitem?mr=1951266
http://www.ams.org/mathscinet-getitem?mr=3099113
http://www.ams.org/mathscinet-getitem?mr=3439186
http://www.ams.org/mathscinet-getitem?mr=3655307


The Annals of Statistics
2019, Vol. 47, No. 1, 349–381
https://doi.org/10.1214/18-AOS1690
© Institute of Mathematical Statistics, 2019

LOCALLY ADAPTIVE CONFIDENCE BANDS1

BY TIM PATSCHKOWSKI AND ANGELIKA ROHDE

Ruhr-Universität Bochum and Albert-Ludwigs-Universität Freiburg

We develop honest and locally adaptive confidence bands for probabil-
ity densities. They provide substantially improved confidence statements in
case of inhomogeneous smoothness, and are easily implemented and visual-
ized. The article contributes conceptual work on locally adaptive inference as
a straightforward modification of the global setting imposes severe obstacles
for statistical purposes. Among others, we introduce a statistical notion of
local Hölder regularity and prove a correspondingly strong version of local
adaptivity. We substantially relax the straightforward localization of the self-
similarity condition in order not to rule out prototypical densities. The set of
densities permanently excluded from the consideration is shown to be patho-
logical in a mathematically rigorous sense. On a technical level, the crucial
component for the verification of honesty is the identification of an asymp-
totically least favorable stationary case by means of Slepian’s comparison
inequality.
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ASYMPTOTIC DISTRIBUTION-FREE CHANGE-POINT DETECTION
FOR MULTIVARIATE AND NON-EUCLIDEAN DATA1

BY LYNNA CHU AND HAO CHEN

University of California, Davis

We consider the testing and estimation of change-points, locations where
the distribution abruptly changes, in a sequence of multivariate or non-
Euclidean observations. We study a nonparametric framework that utilizes
similarity information among observations, which can be applied to vari-
ous data types as long as an informative similarity measure on the sample
space can be defined. The existing approach along this line has low power
and/or biased estimates for change-points under some common scenarios. We
address these problems by considering new tests based on similarity infor-
mation. Simulation studies show that the new approaches exhibit substantial
improvements in detecting and estimating change-points. In addition, under
some mild conditions, the new test statistics are asymptotically distribution-
free under the null hypothesis of no change. Analytic p-value approximations
to the significance of the new test statistics for the single change-point alterna-
tive and changed interval alternative are derived, making the new approaches
easy off-the-shelf tools for large datasets. The new approaches are illustrated
in an analysis of New York taxi data.
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STATISTICS ON THE STIEFEL MANIFOLD: THEORY AND
APPLICATIONS1

BY RUDRASIS CHAKRABORTY AND BABA C. VEMURI

University of Florida

A Stiefel manifold of the compact type is often encountered in many
fields of engineering including, signal and image processing, machine learn-
ing, numerical optimization and others. The Stiefel manifold is a Riemannian
homogeneous space but not a symmetric space. In previous work, researchers
have defined probability distributions on symmetric spaces and performed
statistical analysis of data residing in these spaces. In this paper, we present
original work involving definition of Gaussian distributions on a homoge-
neous space and show that the maximum-likelihood estimate of the location
parameter of a Gaussian distribution on the homogeneous space yields the
Fréchet mean (FM) of the samples drawn from this distribution. Further, we
present an algorithm to sample from the Gaussian distribution on the Stiefel
manifold and recursively compute the FM of these samples. We also prove
the weak consistency of this recursive FM estimator. Several synthetic and
real data experiments are then presented, demonstrating the superior compu-
tational performance of this estimator over the gradient descent based nonre-
cursive counter part as well as the stochastic gradient descent based method
prevalent in literature.
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GOODNESS-OF-FIT TESTS FOR THE FUNCTIONAL LINEAR
MODEL BASED ON RANDOMLY PROJECTED

EMPIRICAL PROCESSES
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We consider marked empirical processes indexed by a randomly pro-
jected functional covariate to construct goodness-of-fit tests for the functional
linear model with scalar response. The test statistics are built from continu-
ous functionals over the projected process, resulting in computationally effi-
cient tests that exhibit root-n convergence rates and circumvent the curse of
dimensionality. The weak convergence of the empirical process is obtained
conditionally on a random direction, whilst the almost surely equivalence
between the testing for significance expressed on the original and on the pro-
jected functional covariate is proved. The computation of the test in prac-
tice involves calibration by wild bootstrap resampling and the combination
of several p-values, arising from different projections, by means of the false
discovery rate method. The finite sample properties of the tests are illustrated
in a simulation study for a variety of linear models, underlying processes,
and alternatives. The software provided implements the tests and allows the
replication of simulations and data applications.
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CONVOLVED SUBSAMPLING ESTIMATION WITH APPLICATIONS
TO BLOCK BOOTSTRAP

BY JOHANNES TEWES1, DIMITRIS N. POLITIS AND DANIEL J. NORDMAN2

Ruhr-Universität Bochum, University of California, San Diego and
Iowa State University

The block bootstrap approximates sampling distributions from depen-
dent data by resampling data blocks. A fundamental problem is establish-
ing its consistency for the distribution of a sample mean, as a prototypical
statistic. We use a structural relationship with subsampling to characterize the
bootstrap in a new and general manner. While subsampling and block boot-
strap differ, the block bootstrap distribution of a sample mean equals that of a
k-fold self-convolution of a subsampling distribution. Motivated by this, we
provide simple necessary and sufficient conditions for a convolved subsam-
pling estimator to produce a normal limit that matches the target of bootstrap
estimation. These conditions may be linked to consistency properties of an
original subsampling distribution, which are often obtainable under minimal
assumptions. Through several examples, the results are shown to validate the
block bootstrap for means under significantly weakened assumptions in many
existing (and some new) dependence settings, which also addresses a standing
conjecture of Politis, Romano and Wolf [Subsampling (1999) Springer]. Be-
yond sample means, convolved subsampling may not match the block boot-
strap, but instead provides an alternative resampling estimator that may be of
interest. Under minimal dependence conditions, results also broadly establish
convolved subsampling for general statistics having normal limits.
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FEATURE ELIMINATION IN KERNEL MACHINES
IN MODERATELY HIGH DIMENSIONS1

BY SAYAN DASGUPTA∗, YAIR GOLDBERG† AND MICHAEL R. KOSOROK∗

University of North Carolina at Chapel Hill∗ and University of Haifa†

We develop an approach for feature elimination in statistical learning
with kernel machines, based on recursive elimination of features. We present
theoretical properties of this method and show that it is uniformly consistent
in finding the correct feature space under certain generalized assumptions. We
present a few case studies to show that the assumptions are met in most prac-
tical situations and present simulation results to demonstrate performance of
the proposed approach.
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HIGH-DIMENSIONAL COVARIANCE MATRICES IN ELLIPTICAL
DISTRIBUTIONS WITH APPLICATION TO SPHERICAL TEST
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This paper discusses fluctuations of linear spectral statistics of high-
dimensional sample covariance matrices when the underlying population fol-
lows an elliptical distribution. Such population often possesses high order
correlations among their coordinates, which have great impact on the asymp-
totic behaviors of linear spectral statistics. Taking such kind of dependency
into consideration, we establish a new central limit theorem for the linear
spectral statistics in this paper for a class of elliptical populations. This gen-
eral theoretical result has wide applications and, as an example, it is then
applied to test the sphericity of elliptical populations.
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A CRITICAL THRESHOLD FOR DESIGN EFFECTS IN NETWORK
SAMPLING

BY KARL ROHE1

University of Wisconsin–Madison

Web crawling, snowball sampling, and respondent-driven sampling
(RDS) are three types of network sampling techniques used to contact in-
dividuals in hard-to-reach populations. This paper studies these procedures
as a Markov process on the social network that is indexed by a tree. Each
node in this tree corresponds to an observation and each edge in the tree cor-
responds to a referral. Indexing with a tree (instead of a chain) allows for the
sampled units to refer multiple future units into the sample.

In survey sampling, the design effect characterizes the additional variance
induced by a novel sampling strategy. If the design effect is some value DE,
then constructing an estimator from the novel design makes the variance of
the estimator DE times greater than it would be under a simple random sam-
ple with the same sample size n. Under certain assumptions on the referral
tree, the design effect of network sampling has a critical threshold that is a
function of the referral rate m and the clustering structure in the social net-
work, represented by the second eigenvalue of the Markov transition matrix,
λ2. If m < 1/λ2

2, then the design effect is finite (i.e., the standard estimator

is
√

n-consistent). However, if m > 1/λ2
2, then the design effect grows with

n (i.e., the standard estimator is no longer
√

n-consistent). Past this critical
threshold, the standard error of the estimator converges at the slower rate of
nlogm λ2 . The Markov model allows for nodes to be resampled; computational
results show that the findings hold in without-replacement sampling. To esti-
mate confidence intervals that adapt to the correct level of uncertainty, a novel
resampling procedure is proposed. Computational experiments compare this
procedure to previous techniques.
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STOLARSKY INVARIANCE1
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It is common for genomic data analysis to use p-values from a large
number of permutation tests. The multiplicity of tests may require very tiny
p-values in order to reject any null hypotheses and the common practice of
using randomly sampled permutations then becomes very expensive. We pro-
pose an inexpensive approximation to p-values for two sample linear test
statistics, derived from Stolarsky’s invariance principle. The method creates
a geometrically derived reference set of approximate p-values for each hy-
pothesis. The average of that set is used as a point estimate p̂ and our gener-
alization of the invariance principle allows us to compute the variance of the
p-values in that set. We find that in cases where the point estimate is small,
the variance is a modest multiple of the square of that point estimate, yielding
a relative error property similar to that of saddlepoint approximations. On a
Parkinson’s disease data set, the new approximation is faster and more accu-
rate than the saddlepoint approximation. We also obtain a simple probabilistic
explanation of Stolarsky’s invariance principle.
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Consider a Gaussian vector z = (x′,y′)′, consisting of two sub-vectors
x and y with dimensions p and q, respectively. With n independent observa-
tions of z, we study the correlation between x and y, from the perspective of
the canonical correlation analysis. We investigate the high-dimensional case:
both p and q are proportional to the sample size n. Denote by �uv the pop-
ulation cross-covariance matrix of random vectors u and v, and denote by
Suv the sample counterpart. The canonical correlation coefficients between
x and y are known as the square roots of the nonzero eigenvalues of the
canonical correlation matrix �−1

xx �xy�−1
yy �yx . In this paper, we focus on

the case that �xy is of finite rank k, that is, there are k nonzero canonical
correlation coefficients, whose squares are denoted by r1 ≥ · · · ≥ rk > 0. We
study the sample counterparts of ri , i = 1, . . . , k, that is, the largest k eigen-
values of the sample canonical correlation matrix S−1

xx SxyS−1
yy Syx , denoted

by λ1 ≥ · · · ≥ λk . We show that there exists a threshold rc ∈ (0,1), such that
for each i ∈ {1, . . . , k}, when ri ≤ rc, λi converges almost surely to the right
edge of the limiting spectral distribution of the sample canonical correlation
matrix, denoted by d+. When ri > rc, λi possesses an almost sure limit in
(d+,1], from which we can recover ri ’s in turn, thus provide an estimate of
the latter in the high-dimensional scenario. We also obtain the limiting dis-
tribution of λi ’s under appropriate normalization. Specifically, λi possesses
Gaussian type fluctuation if ri > rc, and follows Tracy–Widom distribution
if ri < rc. Some applications of our results are also discussed.
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Efficient designs are in high demand in practice for both computer and
physical experiments. Existing designs (such as maximin distance designs
and uniform designs) may have bad low-dimensional projections, which is
undesirable when only a few factors are active. We propose a new design
criterion, called uniform projection criterion, by focusing on projection uni-
formity. Uniform projection designs generated under the new criterion scatter
points uniformly in all dimensions and have good space-filling properties in
terms of distance, uniformity and orthogonality. We show that the new crite-
rion is a function of the pairwise L1-distances between the rows, so that the
new criterion can be computed at no more cost than a design criterion that
ignores projection properties. We develop some theoretical results and show
that maximin L1-equidistant designs are uniform projection designs. In ad-
dition, a class of asymptotically optimal uniform projection designs based on
good lattice point sets are constructed. We further illustrate an application of
uniform projection designs via a multidrug combination experiment.
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