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LIMIT THEOREMS FOR MARKOV WALKS CONDITIONED TO
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Abstract. Consider a Markov chain (X,)n>0 with values in the
state space X. Let f be a real function on X and set S, = Z?zl f(Xa),
n > 1. Let P, be the probability measure generated by the Markov
chain starting at Xo = z. For a starting point y € R denote by
Ty the first moment when the Markov walk (y + Sn)n>1 becomes
non-positive. Under the condition that S,, has zero drift, we find the
asymptotics of the probability P, (7, > n) and of the conditional law
P, (y+5n < \/ﬁ|Ty >n) as n — +oo.

1. Introduction. Assume that on the probability space (Q2,.%,P) we are given a
sequence of random variables (Xp),,-; With values in a measurable space X. Let f be a real
function on X. Suppose that the random walk S, = >i"; f(X;), n > 1 has zero drift. For a
starting point y € R denote by 7, the time at which (y + Sn)n2 | first passes into the interval
(—00,0]. We are interested in the asymptotic behaviour of the probability P(7, > n) and of
the conditional law of % given the event {7y, > n} = {S; >0,...,5, >0} as n — +o0.

The case when f is the identity function and (X,),., are i.i.d. in X = R has been
extensively studied in the literature. We refer to Spitzer [31], Iglehart [23, 24], Bolthausen
[2], Doney [12], Bertoin and Doney [1], Borovkov [3, 4], Caravenna [6], Vatutin and Wachtel
[35] to cite only a few. Recent progress has been made for random walks with independent
increments in X = R?, see Eichelbacher and Konig [14], Denisov and Wachtel [11, 9] and
Duraj [13]. However, to the best of our knowledge, the case of the Markov chains has
been treated only in some special cases. Upper and lower bounds for P(7, > n) have
been obtained in Varapoulos [32], [33] for Markov chains with bounded jumps and in
Dembo, Ding and Gao [7] for integrated random walks based on independent increments.
An approximation of P (7, > n) by the survival probability of the Brownian motion for
Markov walk under moment conditions is given in Varopoulos [34]. Exact asymptotic
behaviour was determined in Presman [29, 30] in the case of sums of random variables
defined on a finite Markov chain under the additional assumption that the distributions
have an absolute continuous component and in Denisov and Wachtel [10] for integrated
random walks. The case of products of i.i.d. random matrices which reduces to the study
of a particular Markov chain defined on a merely compact state space was considered in
[20] and the case of affine walks in R has been treated in [18]. We also point out the work of
Denisov, Korshunov and Wachtel [8] where a constructive analysis of harmonic functions
for Markov chains with values in N is performed.

In this paper we determine the limit of the probability of the exit time 7, and of the law
of y + S, conditioned to stay positive for a Markov chain under the assumption that its
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transition operator has a spectral gap. In particular our results cover the case of Markov
chains with compact state spaces and the affine random walks in R (see [18]) and R (see
Gao, Guivarc’h and Le Page [16]). Our results apply also to the case of sums of i.i.d.
random variables.

To present briefly the main results of the paper denote by P, and E, the probability and
the corresponding expectation generated by the trajectories of a Markov chain (Xn)n>1
with the initial state Xg = x € X. Let Q be the transition operator of the Markov chain
(Xn, ¥+ Sn),> and let Q4 be the restriction of Q on X x R}. We show that under
appropriate assumptions, there exists a Q4-harmonic function V' with non-empty support
supp(V) in X x R such that, for any (z,y) € supp(V),

2V (x,y)

1.1 P > ~
( ) x(Ty n) n—+o0o \/2mwno

and

n—-+o0o

Y+ Sy
P <t
x( ovn

2
where & (t) =1 —e~ 7 is the Rayleigh distribution function and o is a positive real. More-
over, we complete this result by giving the behaviour of P, (7, > n) on the complement of

supp(V) : for any (z,y) ¢ supp(V),
(1.2) Py (1y >n) < cpe” ",

Ty>n> — ®T(1),

where ¢, depends on z and c is a constant. In the case of sums of i.i.d. real random
variables, instead of (1.2), on supp(V)¢ it holds P, (7, > n) = 0. We give an example of a
Markov chain for which the bound (1.2) is attained and also uniform versions of (1.1) and
(1.2). A characterization of the supp(V') is given in point 4 of Theorem 2.2. For details we
refer to Section 2.

To study the asymptotic behaviour of the probability P(r, > n) for walks on the real
line R one usually uses the Wiener-Hopf factorization (see Feller [15]). Unfortunately the
Wiener-Hopf factorisation is not well suited for more general walks, as for example those
with values in R? or for walks with dependent increments. For random walks with depen-
dent increments and for random walks with independent increments in R?, Varopoulos [34],
Eichelbacher and Konig [14] and Denisov and Wachtel [11] have developed an alternative
approach based on the existence of the harmonic function. Using the particular structure
of the underlaying models such extensions where performed in Denisov and Wachtel [10]
for integrated random walks, in [20] for products of random matrices and in [18] for affine
random walks in R. Despite these advances, there are still some major difficulties in trans-
ferring the harmonic function approach to the case of more general Markov chains. In this
paper we extend it to Markov chains under spectral gap assumptions. Let us highlight
below the key points of the proofs.

We start with the construction of a martingale approximation (M;)n>1 for (Sp)n>1
following the approach of Gordin [17]. The control of the difference between S,, and M, is
one of the delicate points of the proof and depends on the properties of the Banach space
A related to the spectral gap properties of the transition operator P of the Markov chain
(Xn),s1 (for details we refer to Section 2). Our martingale approximation is such that

(z+ M) = (y+ Sn) =7 (Xy),
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CONDITIONED LIMIT THEOREMS FOR MARKOV WALKS 3

where r(z) = O(z) — f(x), z = y + r(z) and © is the solution of the Poisson equation
© — PO = f. Under Hypothesis M4 we can control |r(x)| by ¢(1 + N(z)) where N € A
has bounded moments EY/* (N(Xn)Y) < ¢(1+4 N(x)), for some o > 2. Note that in the
case of products of random matrices [20], sup,> [Sn, — M,| is bounded by a constant
P.-a.s. for any z € X, which simplifies greatly the proofs. The extension to the case
when sup,,~ |Sn, — M,/ is not bounded turns out to be quite laborious even for particular
examples. We refer to the case of affine Markov walks in [18], where we have benefited
from the special structure of the model.

The next point is to prove the existence of a positive harmonic function. The starting
idea is very simple. Let V;,(z,y) := Ey((y +55)1(7,5n}) be the expectation of the Markov
walk (y + Sp)n>1 killed at 7,. Since by the Markov property, Vi, 11(z,y) = Q4+ Vi(z,v),
taking the limit as n — +oo under appropriate assumptions, yields that the function
V(z,y) = limy— o0 Vi (z,y) is harmonic. Using the approximating martingale, the func-
tion V' can be identified as V' (z,y) = —E, (M-, ) . To justify this approach, it is important
to control uniformly in n the expectation wy, := E;((2 + My)17,5n}). Our key idea (in
contrast to [20] and [18]) is the introduction of two extra stopping times T, and T,: the
first time when (z + M,,),>1 leaves R and the first time larger that 7, when (z + M, )n>1
leaves R , respectively, where as before z = y + r(z). Clearly, T, depends on 7, and
dominates both, 7, and T,. The relation of the time TZ to the exit times 7, and T is
explicitly given in Lemma 5.3 which is an application of the Markov property to T.. This
property is useful to control uniformly in n the expectation u, := E,((z + M,)1 {Tz>n})’
which is one of the crucial points of the proof. To establish this we note that the sequence
(un)n>0 is increasing, since ((z + M,)1 (F. >n})n>1 is a submartingale. In addition we show
that it satisfies a recurrence equation, which implies its boundedness. Using the previous
arguments we obtain a uniform control on the expectation w,. All the details can be found
in Sections 6 and 7. The proof of the (strict) positivity of V is also rather involved but
uses similar arguments based on the subhamonicity of the function W (z, z) = —E.(My. ).
(see Section 8).

Now we can turn to the tail behaviour of the exit time 7,. It is inferred from that of the
exit time Té’m of the Brownian motion, using the Donsker invariance principle for sums
defined on Markov chains with a the rate of convergence, recently proved in [19]. The
result in [19] gives the explicit dependence of the constants on the norm |||, of the

Dirac measure d, and on the absolute moments o (2) = sup,,>; EY/® (If (Xp)|%) for some
initial state z € X and some a > 2. To have a control on the constants we make use of
Hypothesis M4. Note that for products of random matrices [20], |05 and po(x) are
bounded uniformly in the initial state x € X, so that the rate of convergence invariance
principle does not depend on the initial state. The case of when ||, and pio(z) are not
bounded was considered in [18] for affine Markov walks.

The paper is organized as follows. In Section 2 we introduce the necessary notations
and state our main results. In Section 3 we give applications of the results of the paper to
stochastic recursions in R? and Markov chains with compact state space. In Section 4 we
collect some preliminary results. In Section 5 we construct the appropriating martingale
and state some of its properties and of the associated exit times. In Section 6 we prove
that the expectations E;((y + Sn)1r,>n)) are bounded uniformly in n. Using the results
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of Sections 5 and 6, we establish in Section 7 the existence of a Q-harmonic function and
prove in Section 8 that this function is not identically zero. We determine the limit of the
probability P, (7, > n) in Section 9 and that of the conditioned law of (y + S,)/(cv/n)
given the event {7, > n} in Section 10.

We end this section by agreeing on some basic notations. For the rest of the paper the
symbol ¢ denotes a positive constant depending on the all previously introduced constants.
Sometimes, to stress the dependence of the constants on some parameters a, 3, ... we shall
use the notations ¢4, cq g, - ... All these constants are likely to change their values every
occurrence. For any real numbers u and v, denote by v A v = min(u,v) the minimum be-
tween u and v. The indicator of an event A is denoted by 1 4. For any bounded measurable
function f on X, random variable X in X and event A, the integral [y f(z)P(X € dz, A)
means the expectation E (f(X); A) =E(f(X)1a).

2. Main results. Let (X,,),>0 be a Markov chain taking values in the measurable
state space (X, Z2"), defined on the probability space (€2,.#,P). For any given z € X,
denote by P(z,-) its transition probability, to which we associate the transition operator

Py(a) = [ g(@')P(a,dr)).

for any complex bounded measurable function g on X. Denote by P, and E, the probability
and the corresponding expectation generated by the finite dimensional distributions of the
Markov chain (X,,),>0 starting at Xg = x. We remark that Pg(z) = E, (¢ (X1)) and
P"g(z) = E, (¢ (X,)) for any g complex bounded measurable, z € X and n > 1.

Let f be a real valued function defined on the state space X and let % be a Banach
space of complex valued functions on X endowed with the norm |[|-|| 4. Let ||-|| 4_, 4 be the
operator norm on % and let ' = £ (%, C) be the topological dual of # endowed with

the norm |¢||» = supncxz %@, for any ¢ € #’. Denote by e the unit function of X:

e(z) = 1, for any = € X and by 9, the Dirac measure at z € X: d,(g9) = g(x), for any
geE A
Following [19], we assume the following hypotheses.

HypoTHESIS M1 (Banach space).

1. The unit function e belongs to A.

2. For any x € X, the Dirac measure &, belongs to #'.

3. The Banach space % is included in L' (P(x,-)), for any = € X.

4. There exists a constant k € (0,1) such that for any g € B, the function el g is in B
for any t satisfying |t| < k.

Under the point 3 of M1, Pg(x) exists for any g € # and =z € X.

HypOTHESIS M2 (Spectral gap).

1. The map g — Pg is a bounded operator on A.
2. There exist constants ¢c1 > 0 and co > 0 such that

P=1+Q,
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CONDITIONED LIMIT THEOREMS FOR MARKOV WALKS 5

where 11 is a one-dimensional projector and Q is an operator on A satisfying 11Q) =
QII =0 and for any n > 1,

con

Q"

Bz SC1€

Since II is a one-dimensional projector and e is an eigenvector of P, there exists a linear
form v € 4, such that for any g € £,

(2.1) Ilg = v(g)e.
When Hypotheses M1 and M2 hold, we set P;g :== P (eitf g) for any g € Z and t €

[—k, K]. In particular Py = P.

HyYPOTHESIS M3 (Perturbed transition operator).

1. For any |t| < k the map g — P.g is a bounded operator on AB.
2. There exists a constant Cp > 0 such that, for any n > 1 and |t| < K,

1Pl < Cp.
The following hypothesis will be important for establishing the main results.

HypoTHESIS M4 (Local integrability). The Banach space % contains a sequence of
real non-negative functions N, N1, Ns, ... such that:

1. There exist a > 2 and v > 0 such that, for any © € X,
max {[ f2)]'7 8l EY (N (X))} < e(1+ N(x))

and
N(@)lN@)>1y < Ni(z),  forany 1> 1.

2. There exists ¢ > 0 such that, for anyl > 1,

1V,

z < C

3. There exist § > 0 and ¢ > 0 such that, for any l > 1,

v (V)] < 5175

A comment on Hypothesis M4 seems to be appropriate. Although the function N
belongs to the Banach space %, the truncated function z +— N ()1 {x(4)>;; may not belong
to A. Fortunately, in many interesting cases, there exists an element N; in % dominating
it. We refer to Section 3, where we verify Hypothesis M4 for stochastic recursions in R?
and for Markov chains with compact state space. Note also that the function f need not
belong to the Banach space £.

Under Hypotheses M1, M2 and M4, we have, for any x € X and n > 1,

Es (N(X5)) =v(N) + Q"N(x)
<IN+ Q" 5= 2 1INl 21102l
(2.2) <c(l+e " N(z))
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6 GRAMA, LAUVERGNAT, LE PAGE

and, in the same way, for any x € X, [ > 1 and n > 1,

(2.3) E, (N, (X)) < ZI%B +ee (14 N()).

Moreover, from the point 1 of M4, one can easily verify that, for any =z € X,

(2:4) po(@) = sup B/ (] (Xa)[*) < e (14 N(@)™7)

The following proposition is proved in [19], where the bounds on the right follow from
(2.4) and again M4.

PROPOSITION 2.1.  Assume that the Markov chain (Xy),~o and the function f satisfy
Hypotheses M1-M},.

1. There exists a constant u such that, for any x € X and n > 1,
[ (F(X0) = pl < ce™ (14 pta (@)1 57 + |84 ) < ce™ (14 N(z).

2. There exists a constant o > 0 such that, for any x € X and n > 1,

sup
m=0

<ec (1 + pe(x)* T2 + \\533“@/) Sc (1 + N<‘r)2) '
k=m+1

m-+n
Varm< Z f(Xk)> — no?

where Var, is the variance under P,.

We do not assume the existence of the stationary probability measure. If a stationary
probability measure v’ satisfying v’ (N 2) < 400 exists then, under Hypotheses M1-M4,
we have that v/ = v is necessarily unique and it holds (see [19])

2 2 =
(2.5) v(f)=p and o :/Xf (a;)u(da:)—i-Q?;/Xf(a:)P f(z)v(dz).

HyproTHESIS M5 (Centring and non-degeneracy).  We suppose that the constants p
and o defined in Proposition 2.1 satisfy u =0 and o > 0.

Under M5 it follows from Proposition 2.1 that, for any x € X and n > 1,
(2.6) By (f(Xn))| < ce”™™ (14 N(z)).

Let y € R be a starting point and (y + Sp,)n>0 be the Markov walk defined by S, :=
>oh—1 f(Xk), n > 1 with Sy = 0. Denote by 7, the first moment when y + S,, becomes
non-positive:

Ty :=inf{k >1:y+ S, <0}.

It is shown in Lemma 5.5 that for any y € R and x € X, the stopping time 7, is P,-
a.s. finite. The asymptotic behaviour of the probability P, (7, > n) is determined by the
harmonic function which we proceed to introduce. For any (z,y) € X x R, denote by
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CONDITIONED LIMIT THEOREMS FOR MARKOV WALKS 7

Q(z,y,-) the transition probability of the Markov chain (X,,,y + Sp)n>0. The restriction
of the measure Q(z,y,-) on X x R is defined by

Q-i-(x?ya B) = Q(xvya B)

for any measurable set B on X x R% and for any (z,y) € X x R. For any bounded
measurable function ¢ : X x R — R set Qrp(z,y) = fXXRi (@, y) Q4 (z,y,dx’ x dy'),
where (z,y) € X X R. A function V : X x R — R is said to be Q-harmonic if

Qi V(z,y) =V(zx,y), for any (z,y) € X x R.

We shall deal only with non-negative harmonic functions V. Denote by supp(V') the sup-
port of such a function V,

supp(V) = {(z,y) e X xR : V(z,y) > 0}.
On complement of supp(V'), the function V is 0. For any v > 0, consider the set
Dy ={(z,y) e XxR:3dng =21, Py (y + Spy >v(1+ N (Xp,)) , 7y > n9) >0} .
The following assertion proves the existence of a non-identically zero harmonic function.

THEOREM 2.2. Assume Hypotheses M1-M5.

1. Foranyz € X, y € R, the sequence (E, (y + Sy ; 7y > n))n>0 converges to a real number
Vi(z,y):
E,(y+ Sp; 1y >n) — V(z,y).

n—-+4o0o

2. The function V: X xR — R, defined in the previous point is Q. -harmonic, i.e. for any
reX, yeR,

Q+V(z,y) =E; (V (X1,y+51) 3 7y > 1) = V(2,y).
3. For any x € X, the function V (z,-) is non-negative and non-decreasing on R and

Yy—+00 Yy

=1
Moreover, for any § >0, x € X and y € R,
(1 —0)max(y,0) —c5 (1 + N(z)) < V(z,y) < (14 0)max(y,0) + c5 (1 + N(x)).
4. There exists vo > 0 such that, for any v = o,
supp(V) = Z,.
The following result gives the asymptotic of the exit probability for fixed (z,y) € X x R.

THEOREM 2.3. Assume Hypotheses M1-M5.
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1. For any (z,y) € supp(V),

2V (2,y)
P:L‘ (Ty > n) n—::—oo m

2. For any (z,y)¢ supp(V) and n > 1,
Py (1, >n) <ce " (1+ N(z)).
Now we complete the point 1 of the previous theorem by some estimations.

THEOREM 2.4. Assume Hypotheses M1-M5.
1. There exists €9 > 0 such that, for any € € (0,£0), n > 1 and (z,y) € X x R,

2
2V (z,y) < max(y,0) + (1 + y]]-{y>n1/275} + N(x))

PIE (Ty > n) - 27rn0_ X Ce n1/2+5/16

2. Moreover, for any (z,y) € X xR andn > 1,

1+ max(y,0) + N(z)
N .

Finally, we give the asymptotic of the conditional law of y + S,.

Py (my >n) <c

THEOREM 2.5. Assume Hypotheses M1-M5.
1. For any (z,y) € supp(V) and t > 0,

Px<y+5n <t
o\/n

Ty>n> — ®T(1),

n—+oo
2
where ®T(t) =1 — e~ T is the Rayleigh distribution function.

2. Moreover there exists g > 0 such that, for any e € (0,e0), n > 1, to > 0, t € [0, o] and
(z,y) € X xR,

By (y+ Su < tv/m, 7y > ) — 28 Y gt (t)\

V2mno o
2
max(y,0) + (1 +ylyysni/a—ey + N(m))
g Ce to .

nl/2+e/16
We now comment on Theorems 2.2 and 2.3.
REMARK 2.6. The sets (Z,)y>0 are nested and become equal to supp(V') for large ~:

we have 2y, 2 2y, 2 2y = supp(V), for 11 < 72 < v, where 7 is large enough (see
Proposition 8.8).
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CONDITIONED LIMIT THEOREMS FOR MARKOV WALKS 9

REMARK 2.7. The set supp(V) is not empty. More precisely there exists 73 > 0 such
that
{(z,y) eEXxR:y > (1+N(x))} Csupp(V),

see Proposition 8.8. Example 2.10 and Figure 1 illustrate this property.

REMARK 2.8. When (X,,),>1 are i.i.d., it is well known that P, (1, > n) = 0 for any
(z,y)¢ supp(V). When the sequence (X,,),>1 is a Markov chain, instead of this, we have
an exponential bound, see the point 2 of Theorem 2.3. We show that this bound is attained
for some Markov walk. We refer for details to Example 2.11.

EXAMPLE 2.9 (Random walks in R). Suppose that (X, ),>1 are ii.d. real random
variables of mean 0 and positive variance with finite absolute moments of order p > 2. In
this case, one can take N = N; =0, [ > 0. Therefore,

Py ={yeR:Ing =1, P(y+ Sny >, 7 >ng) >0}

Since the walk (y + Sn)n>1 can increase at each step with positive probability, it follows
that P (y + Sy, > v, 7y > no) > 0 if and only if P (7, > 1) = P(y + X; > 0) > 0. Thus,
[0,+00) C (—maxsupp(p),+00) = 2y = supp(V), for every v > 0, where p is the
common law of X,, and supp(p) is its support.

The following example is intended to illustrate Remark 2.7.

ExAMPLE 2.10. Consider the following special case of the one dimensional stochastic
recursion: X, 11 = ap41X, +bpy1 where (a;);>1 and (b;);>1 are two independent sequences
of i.i.d. random variables. In this example we consider that the law of a; is %5{_1 /2y +
%5{1/2} and that of b; is uniform on [—1, 1]. The state space X is R. The functions N and
N; are given by N(z) = || " for some ¢ > 0, and Ny(x) = N (x)¢;(|z|) with ¢; defined by
(11.4). The Banach space satisfying M1-MS5 is constructed in Section 11 (see also [18]).
One can verify that the domain of positivity of the function V is supp(V) = {(x,y) € R? :

y > —% — 1} = 2, for all ¥ > 0. Obviously, {(z,y) € XxR:y > 3 (1 + ]a:\HE)} -
supp(V), see Figure 1.

The next example is intended to show that the inequality of the point 2 of Theorem 2.3
is attained.

ExXAMPLE 2.11. Consider the Markov walk (X,,),>0 living on the finite state space
X:={-1;1; —3; 7/6} with the transition probabilities given in Figure 2. Suppose that
f is the identity function on X. It is easy to see that the assumptions stated in Remark
3.10 of Section 3.3 are satisfied and thereby so are Hypotheses M 1-M5. In particular, M4
holds with N = N; = 0 for any | > 1. Now, when = 1 and y € (1,3] or when z = —1
and y € (—1,2], one can check that the Markov walk y 4+ S,, stays positive if and only if

the values of the variables X; alternate between 1 and —1 and therefore, for such starting

points (z,y), we have P, (17, >n) = (%)n This shows that, when the random variables

(Xn)p>1 form a Markov chain, the survival probability P, (7, > n) has an asymptotic
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FIGURE 2.

behaviour different from that in the independent case where it can be either equivalent to
2 or ().

In this example we can make explicit the support of the function V. Since N =
0, the function V is positive if and only if there exists an integer n > 1 such that
Py (y + Sp >, 7y >n) > 0 for a v large enough. This is possible only if the chain can
reach the state X, = 7/6 within a trajectory of (y + Sk),>p>; which stays positive, i.e.
P, (X, =7/6, 7, > n) > 0. Consequently

supp(V) = {—1} x (2, 4+00) U {1} x (3,400) U{-3,7/6} x (—7/6,+00)
=3 ={(z,y) eXxR:3In>1, P, (y+ S, >3, 7, >n)>0}.
To sum up, this model presents the three possible asymptotic behaviours of P, (7, > n):

for any (z,y) € supp(V) = {—1} x (2,400) U {1} x (3,400) U{=3,7/6} x (—=7/6,+00),

2V(z,y)
o>\ N Vomno
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for any (z,y) € {—1} x (=1,2]U {1} x (1,3] and n > 1,

P, (1, > n) = (;)n
for any (z,y) € {—1} x (=00, —1]JU {1} x (—o00,1]U{-3,7/6} x (—o0,—7/6] and n > 1,
Py (1y >n) = 0.

3. Applications. We illustrate the results of Section 2 by considering three particular
models.

3.1. Affine random walk in R? conditioned to stay in a half-space. Let d > 1 be an
integer and (g, )n>1 = (An, Bn)n>1 be a sequence of i.i.d. random elements in GL (d, R) x R?
following the same distribution p. Let (X,,)n>0 be the Markov chain on R? defined by

Xo=z R, X1 =Aps1Xn + Buy1, n>1

Set S, = Yp_; f(Xg), n > 1, where the function f(z) = (u,z) is the projection of the
vector 2 € R? on the direction defined by the vector v € R%~ {0}. For any y € R, consider
the first time when the random walk (y + Sy),,; becomes non-positive:

Ty =inf{k >1:y+ S, <0}

This stopping time coincides with the entry time of the affine walk (3-;_; Xk),5( in the
closed half-subspace {s € R? : (u, s) < —y}.

Introduce the following hypothesis.

HYPOTHESIS 3.1.

1. There exists a constant § > 0, such that
E (] 41***) < 400, E(|Bi**) < 400

and
k(0) = Tim BV ([[ApAn .. AdPT) < 1.

n—-+00
2. There is no proper affine subspace of R® which is invariant with respect to all the
elements of the support of .
3. For any vector vy € R% \ {0},
P (tAl_lvo = tA2_11)0) <1,

where 'A is the transpose of A, for any A € GL (d,R).
4. The vector By is centred: E (B;) = 0.

ProPOSITION 3.2.  Under Hypothesis 3.1, Theorems 2.2-2.5 hold true.
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Proposition 3.2 is proved in Appendix 11 where we construct an appropriate Banach
space Z and show that Hypotheses M1-M5 are satisfied with N (z) = |z|'¢, for some
e > 0 and with Ni(x) = N(z)¢;(|z|), where ¢; is defined by (11.4).

REMARK 3.3. The set supp(V) depends on the law of (A;, B;). In the case when A,
are independent of B; and the support of the law of (u, B;) contains a sequence converging
to 400, one can verify that supp(V) = R? x R.

3.2. Two components Markov chains in compact sets under the Doeblin-Fortet condi-
tion. Let (X,dx) be a compact metric space, ¢ (X) and .Z (X)) be the spaces of contin-
uous and Lipschitz complex functions on X, respectively. Define

hly = sup |h(@)|, Vh € F (X)
zeX

e h(x) ~ h(»)
x) — h(y
[h]y = sup ——————, Vhe Z(X).
X apex  dx(z,y)
TFy
We endow ¢ (X) with the uniform norm || and £ (X) with the norm |-|, = || +
[] x, respectively. Consider the space X := X x X with the metric dx on X defined by
dx ((z1, 22), (y1,92)) = dx (21, 1) +dx (22, y2), for any (21, 22) and (y1,y2) in X. Denote by
Z (X) the space of the Lipschitz complex function on X endowed with the norm ||-|| , =
[l + [y, where
Il = sup A(@)],  Vh e € ()
Te

and

h(z) —h
b, = sup PO =R o xy.
(z,y)eX dx(l’, y)
TFy
Following Guivarc’h and Hardy [21], consider a Markov chain (x»),,5o on X with transition
probability P. Let (X;,),,5o be the Markov chain on X defined by Xy, = (Xn—1,Xn), n > 1
and Xy = (0, xo): its transition probability is given by

P((z1,22),dy1 x dy2) = 84, (dy1) P (22, dy2) .

For a fixed real function f on X, let S,, := >_;'_; f (X,,) be the associated Markov walk
and, for any y € R, let 7, :=inf {n > 1:y + .5, < 0} be the associated exit time.

In order to apply the results stated in the previous section, we need some hypotheses
on the function f and the operator P on € (X) defined by Ph(z) = [y h(y)P(x,dy) for
any x € X and any h € ¢(X).

HypPOTHESIS 3.4.

1. For any h in € (X), respectively in £ (X), the function Ph is an element of €(X),
respectively of £(X).
2. There exist constants ng = 1, 0 < p < 1 and C > 0 such that, for any function
h e Z(X), we have
|[P"h| 4 < plhly + Clhly
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3. The unique eigenvalue of P of modulus 1 is 1 and the associated eigenspace is generated
by the function e: x — 1, i.e. if there exist € R and h € £ (X) such that Ph = e h,
then h is constant and ¢ = 1.

Under Hypothesis 3.4, one can check that conditions (a), (b), (¢) and (d) of Chapter 3
in Norman [28] hold true and we can apply the theorem of Ionescu Tulcea and Marinescu
[25] (see also [21]). Coupling this theorem with the point 3 of Hypothesis 3.4 we obtain
the following proposition.

PROPOSITION 3.5.

1. There exists a unique P-invariant probability v on X.
2. For anyn >1 and h € Z(X),

P"h = v(h) + R"h,
where R is an operator on £ (X) with a spectral radius r(R) < 1.

Suppose that f and v satisfy the following hypothesis.

HypPOTHESIS 3.6.

1. The function f belongs to £ (X).
2. The function f is centred, in the sense that

[ 5Pl dypuan) =0,

3. The function f is non-degenerated, that means that there is no function h € Z£(X)
such that

for P,-almost all (x,y), where P,(dz x dy) = P(x,dy)v(dx).

Assuming Hypotheses 3.4 and 3.6, Guivarc’h and Hardy [21] have established that the
sequence (Sp,/\/n),, -, converges weakly to a centred Gaussian random variable of variance
02 > 0, under the probability P, generated by the finite dimensional distributions of the
Markov chain (X,,),>0 starting at Xo = z, for any € X. Moreover, under the same
hypotheses, we show in Appendix 12 that M1-M5 are satisfied with N = N; = 0, thereby
proving the following assertion.

ProrosiTION 3.7.  Under Hypotheses 3.4 and 3.6, Theorems 2.2-2.5 hold true.

3.3. Markov chains in compact sets under spectral gap assumptions. In this section we
give sufficient conditions in order that a Markov chain with values in a compact set satisfy
conditions M1-M5.

Let (X,d) be a compact metric space and (X;),5o be a Markov chain living in X.
Denote by P the transition probability of (X;),>, and by €(X) the Banach algebra of
the continuous complex functions on X endowed with the uniform norm

|h|, = sup |h(z)], h € €(X).
reX
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Consider a real function f defined on X the transition operator P on % (X) associated to
the transition probability of (Xy), -, and the unit function e defined on X by e(r) = 1,
for any z € X.

HyPOTHESIS 3.8.

1. For any h € €(X), the function Ph is an element of € (X).
The operator P has a unique invariant probability v.
3. Foranyn > 1,

o

Pn:H—{—Qn,

where 11 is the one-dimensional projector on €(X) defined by II(h) = v(h)e, for any
h € €(X), Q is an operator on € (X) of spectral radius r(Q) < 1 satisfying 11Q = QII =
0.

The function f belongs to € (X) and is v-centred, i.e. v(f) = 0.

The function f is non-degenerated, that is there is no function h € € (X) such that

Sl

f(X1) = h(Xo) —h(X1),  Py-as,

where Py, is the probability generated by the finite dimensional distributions of the
Markov chain (X,,)n>0 when the initial law of X is v.

Consider the Markov walk S,, = >~} f(X}k). It is well known, that under Hypothesis 3.8
the normalized sum S,,/y/n converges in law to a centred normal distribution of variance
o2 > 0 with respect to the probability P, generated by the finite dimensional distributions
of the Markov chain (X,,),>0 starting at Xy = z, for any x € X.

ProproSITION 3.9.  Under Hypothesis 3.8, Theorems 2.2-2.5 hold true.

All the elements of the proof are contained in the proof of Proposition 3.7 (see Appendix
12), which therefore is left to the reader. In particular Hypothesis M4 holds with N =
N; =0.

REMARK 3.10. As a special example of the compact case, consider the Markov chain
(X5 )n>1 taking values in a finite space X. Assume that (X,,),>1 is aperiodic and irreducible
with transition matrix P. Let f be a finite function on X. We shall verify Hypotesis
3.8. The Banach space % consists of all finite real functions on X, therefore condition
1 is obvious. Moreover, there is a unique invariant measure v, which proves condition
2. According to Perron-Frobenius theorem, the transition matrix P admits 1 as the only
simple eigenvalue of modulus 1, which implies condition 3. Assume in addition that v(f) =
0 (which is condition 4) and that there exists a path zg, ..., x, in X such that P(xg, z1) >
0,...,P(xp_1,2,) > 0,P(zp,x0) > 0and f(zo)+- -+ f(zn) # 0 (which implies condition
5). Thus all the conclusions of Theorems 2.2-2.5 hold true.

4. Preliminary statements.

imsart-aop ver. 2014/10/16 file: AOPMWCO15(no-color).tex date: February 23, 2017



CONDITIONED LIMIT THEOREMS FOR MARKOV WALKS 15

4.1. Results for the Brownian motion. Let (Bt);5, be the standard Brownian motion
with values in R living on the probability space (€2,.7,P). Define the exit time
(4.1) Tﬁm =inf{t >0:y+oB; <0},

where o > 0. The following affirmations are due to Lévy [27].

LEMMA 4.1. Foranyy>0,0<a<<bandn>1,

1 b/ (s—y)? _ (stw)?
P <Tzl/)m >n,y+oBy € [a,b]) = \/ﬁa/ <e BT — e ane? ) ds.
a

LEMMA 4.2.

1. For any y > 0,
P (Tgm > n) < cl.

vn

2. For any sequence of real numbers (0p,)n>0 such that 6, — 0,
n—-+0o00

sup (P(Tybm>n) — 1) = 0(6?).

2y
y€[0§9n \/ﬁ]

2mno

4.2. Strong approximation. Under hypotheses M1-MS5 it is proved in [19] that there is
a version of the Markov walk (.S),),>0 and of the standard Brownian motion (Bj)¢>q living
on the same probability space which are close enough in the following sense:

PROPOSITION 4.3. There exists ¢g > 0 such that, for any ¢ € (0,eq], without loss
of generality one can reconstruct the sequence (Sp)n>0 together with a continuous time
Brownian motion (By)ier, , such that for any x € X and n > 1,

0<t<1

(4.2) P, < sup ‘SLWJ —O‘Bm’ > n1/2—5> < %(1 +N($))’

where o is defined in the point 2 of Proposition 2.1.

In the original result the right-hand side in (4.2) is c:n™° (1 + pa(x) + [0zl 4)" <
cen" (1 + N(z))* with @ > 2, by the point 1 of the Hypothesis M5. To obtain the result
of Proposition 4.3 it suffices to take the power 1/« on the both sides and to use the obvious
inequality p < p'/, for p € [0, 1].

Using Proposition 4.3 we easily deduce the following result.

COROLLARY 4.4. There exists eg > 0 such that, for any e € (0,&9), x E R and n > 1,

S, t_W2 du Ce
P, L <t) — o2 <—(14+N .
(\/ﬁ ) /—oo ¢ 2o ne (14 N(z))

sup
teR
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5. Martingale approximation and related assertions. In this section we con-
struct an approximating martingale for the Markov walk (Sn)n>0, which will be used
subsequently to define the harmonic function. We also state some useful properties.

Consider © the real valued function defined on X by:

+o00
O(x) :f(a:)—i—ZPkf(a:), vz e X.

It is well known that © is the solution of the Poisson equation

0 —-PO=f.
For any z € X| let
+oo
r(z) = PO(z) = O(x) — f(z) = Y P"f(x).
k=1

Following Gordin [17], define the process (My),,-, by setting My = 0 and, for any n > 1,

k=1 k=1

For any = € X, we have that (M,,),>0 is a zero mean P,-martingale with respect to the
natural filtration (), q. Denote by &, the increments of the martingale (Mp)n>0: for
any n = 1,

&n =0 (X,) —r(Xn-1).

In the sequel it will be convenient to consider the martingale (z + M,,),>1 starting at
z=y+r(x).

The reason for this is the following approximation which is an easy consequence of the
definition of the martingale (z + My, )p>1: for any « € X and y € R, we have

(5.1) 2+ M, =y+ S, +7r(Xp).
From (2.6) we deduce the following assertion.
LEMMA 5.1.  The functions © and r exist on X and for any x € X,
|O(z)] < c(1+ N(z)) and Ir(z)| < c(1+ N(z)).
We show that the moments of order p € [1, a] of the martingale (My),,, are bounded.

LEMMA 5.2.

1. Foranyp€ [l,a],z€X andn > 1

E,/? (IMal’) < cpv/n (14 N(x)).
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2. Foranyrz € Xandn > 1
ProOF. First we control the increments &,. By Lemma 5.1, for any n > 1,
(5.2) €l < (14 N (Xa) + N (Xn-1)).
So, using the point 1 of Hypothesis M4 and (2.2), for any n > 1,

(5.3) Ey/? (16.") <cp (14 N(z))  Vpe[l,al,
(5.4) E, (|6:]) < ¢+ ce™ N ().

Proof of the claim 1. By Burkholder’s inequality, for 2 < p < «

p/2
EY? (IMoP?) < ¢, EL? ((Z sk) ) .
p

Using Holder’s inequality with the exponents v = p/2 > 1 and v = 53y We obtain

, 1/p
o] <o (S

L
u

EYP (|M,[P) < c,EL/P [(zn: )

From (5.3), for any p € (2,a],

1/p
(55)  EYP(M.P) < cn'® (Z% ) < ep/n(1+ N(x)).

Using the Jensen inequality for p € [1, 2], we obtain the claim 1.
Proof of the claim 2. Consider ¢ € (0,1/2). By (5.4),

Ln®]

Es (IMal) < Y Ea (166]) + Ea (|Ma — My
k=1

)
).

Since (X,,, My,)n>0 is a Markov chain, by the Markov property, the claim 1 and (2.2),

<enf +ceN(z)+ E, (‘Mn — Mpe

E, (|Ma]) < on® + N (@) + By (B (|My = Mipe || (e ) )
<en® +eN(z)+E, [c(n— Lnﬂ)”z (1+N(XLn5J))}
<evn+eN ().
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A key point in the proof of the existence and of the positivity of the harmonic function
is the introduction of the following stopping times. Let 7T, be the first time when the
martingale (z + M, ),>1 becomes non-positive, and let T, be the first time, after the time
Ty, when the martingale (z+ M, ),>1 becomes non-positive. Precisely, for any z € X, z € R
and y = z — r(x), set

(5.6) T.:=inf{k>1:2+4+ M, <0} and T, =inf{k > 71, : 2+ M}, <0}.

The finiteness of the stopping times 7,, T, and T, is proved in Lemmas 5.5, 5.6 and 5.7
below. Now we point out some elementary facts which will be helpful in the sequel. First,
the stopping time T, is such that Ty < T, and T, < T5. Since Ty is the exit time of
(y + Sn)n>0, by the Markov property,

(5.7) P, (1y > n) = Py (1y >n—k)Py (X €da’, 2+ My € d2', 7y > k).
XxR

A similar expression holds true for T,. Unfortunately, (5.7) does not hold for 7%. Instead we
have a more sophisticated expression given by the following lemma. We shall use repeatedly
the same trick for more complicated functionals, as for example E, (z + M, ; T, > n) .

LEMMA 5.3. Foranyze€X,zeR,n>1, k<nandy=z—r(x),
Px(Tz>n>:/ Py (Ty >n— k) Py (Xx € da’, 5+ My € d2', 7, > k)
XxR

+ Py (T >n— k)P, (Xkedx’,z+Mkedz’,Ty<k,Tz>k).
XxR

PROOF. Since T}, > Ty, for any k < n, we have

B, (12> n) = Ba(ry > m) S By (ry =i+, T2 > n) 1 By (my < b, 2 > ).
i=1

By the Markov property and (5.1), with ¢/ = 2’ — r(a/),

Px(fz>n): /X RIP)x/(Ty/>n—k:)IP’x(Xk€d:c/,z+MkEdz/,Ty>k:)
X

n—k
—1—2 le(Ty/:i,z/—{—Mi>0,...,Z/—I—Mn_k>0)
i—1 XxR

x P, (Xg €da’, 24+ My € d2’, 7, > k)
+ Py (Ty >n—k)P, (X €da’, 2+ M, eds, 7, <k,
XxR
z+ M

Ty

>0,...,2+M,>0).
Putting together the first two terms we get the result. O

The following lemma will be useful in the next sections.
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LEMMA 5.4. For any x € X, z € R, the sequence ((z—{—Mn)ﬂ{T >n}> . is a Pg-
z n>
submartingale.

ProOF. Let x € X, z € R. For any n > 0,
B (4 Mai) s} | 71)
= Ea (2 + Mar)) Lz oy | F) = Bo (4 Matt) Ly | 7))
= (4 M) Lgp oy —Eo (24 M) Lpzpyny | Zn) -
By the definition of TZ we have z + MTZ < 0 Pg-a.s. and the result follows. O

We end this section by proving the finiteness of 7,, 7, and T..
LEMMA 5.5. Foranyz € X andy € R,
Ty < +00  Pg-a.s.

PRrROOF. Let z € X. Assume first that y > 0. Since {7, > n} is a non-increasing sequence
of events,

n—-4o0o

Py (1y = +00) = lim P, (7y >n) = ngr}rlooﬂ”x (y+ Sk >0,Vk <n).

Using Proposition 4.3,

c
P, (y+ S >0, Vk <n) < = (14 N(z)) + P (Tgfnl/g_s > n) .
Thus, by the point 1 of Lemma 4.2,
Ce Y+ nl/2=< Ce
(5.8) Px(7y>n)<;(1+N($))+CT<;(1+y+N($))-

When y < 0, we have, for any 3 > 0, P, (7, > n) < P, (1, > n). Taking the limit when
y" — 0, we obtain that

(5.9) P, (r, > n) < 7% (1+ N(z)).

From (5.8) and (5.9) it follows that, for any y € R,

c
(5.10) Py (1y > n) < n—i (1 + max(y,0) + N(z)).
Taking the limit as n — 400, we conclude that 7, < +o00 P;-a.s. O

The same result can be obtained for the exit time T, of the martingale (z + M,,)n>0-

LEMMA 5.6. For any x € X and z € R,

T, <400 Pg-a.s.
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PROOF. Let x € X, z € R and y = z — r(z). Assume first that y = z — r(z) > 0.
Following the proof of Lemma 5.5,

P, (T, = +o0) = lim P, (z2+ M, >0, Vk <n).

n—-4o0o

By (5.1) the martingale (z+ M,,),>0 is relied to the Markov walk (y+ .Sy, )n>0, which gives
P, (2 + My > 0, Vk < n) <Py (y+ S > —n'/?7%, vk < n)

(5.11) + P, <1m]?X I (Xg)| > n1/2_6> .

<k<n

On the one hand, in the same way as in the proof of Lemma 5.5,

(512) Py (y+ Sk > -n'2F vk <n) < (14 N@) +P, (7brmioe > ).

n

On the other hand, using Lemma 5.1, for n large enough,

s cN (X) eNi (Xx)
Pz<1f§l?<><”’"(xk)|>"/ ) ZE( 1/25)+ Z E( nl/2—e )’

SEST k=|n®|+1

where | = ¢n'/?72. So, using (2.3) and taking ¢ < min (%, ﬁ), we obtain

(5.13) P, <1r£15ux Ir (Xg)| > n1/2_€) < % (14 N(x)).

Putting together (5.11), (5.12) and (5.13) and using the point 1 of Lemma 4.2, we have,
for z > r(x),

y-|-2nl/2_6 < Ce
Vn S one

Since z — T, is non-decreasing, we obtain the same bound for any z € R,

P, (T, > n) < e (1+N( ) + (1 + max(z,0) + N(z)).
(5.14) P, (T, > n) < - (1 + max(z,0) + N(z)).
Taking the limit as n — +oc we conclude that T, < +oo P,-a.s. O
LEMMA 5.7. For any z € X and z € R,
TZ < 400 Pg-a.s.
PROOF. In order to apply Lemmas 5.5 and 5.6, we write, with y = z — r(z),
B, (T2 > n) <Pu(n, > [n/2)) + /XXRRC, (T > n— [n/2)) By (X oy € da’,

z2+ My € d2’, 7, < [n/2] T, > Ln/2j>
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Using (5.10), (5.14) and the definition of y, we have

~ Ce

P, (TZ > n) < e (14 max(y,0) + N(x))
c .
+ n—ZIEJC (1 + 24+ M, 9 + N (XLH/QJ) s Ty < | n/2) L T > Ln/2j> .
By the point 1 of Hypothesis M4,
P, (T2 > n) < = (1+max(y,0) + N(2)) + —Eq (2 + Mujo); T2 > [n/2])
z\1z = e ) ne T [n/2|» L2

C
- n%Ea; (Z+MLn/2j P Ty > L”/2J) :

Using (5.1), we see that on the event {7, > [n/2]} we have z + M|, /5] > r (XLn/QJ).
Then, by Lemma 5.1 and the point 1 of Hypothesis M4,

~ c I ~
P, (TZ > n) < n—i (1 +max(y,0) + N(z)) + n—iEx (z + My o) Ts > Ln/?J) .
Using Lemma 6.4, we have

P, (1. > n) < ;— (1 + max(y, 0) + N(z)).

Px(AZ:%—oo): lim Px(fz>n):0.

n—-+o00

O]

6. Integrability of the killed martingale and of the killed Markov walk. The
goal of this section is to show that the expectations of the martingale (z + M,,),>0 killed
at T, and of the Markov walk (y + Sn)n>0 killed at 7, are bounded uniformly in n.

We start by establishing two auxiliary bounds of order n'/2~2¢ for the expectations of
the martingale (z + M, )n>0 killed at T, or at ’fz

LEMMA 6.1. There exists g > 0 such that, for any € € (0,g9), z € X, z € R and
n =1, it holds

Ey (z 4+ M, ; T, > n) < max(z,0) + ¢z <n1/2*2€ + N(w)) :

ProoF. Using the fact that (My,)n>0 is a zero mean martingale and the optional stop-
ping theorem,

Eo(z4+My; T >n)=2—E,(z2+M,;T.<n)=z—E, (z4+Mr,; T, <n).
By the definition of 7%, on the event {T, > 1}, we have

§r, =2+ Mg, — (2 + Mrp,_1) < z+ Mg, <0.
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Using this inequality and (5.2), we obtain

E;(z4+ My; T, >n)
(6.1)

2Py (T, > 1)+ Ep (J&] 3 T =1)+Ey (|6 | ; 1 < T, <n)

<
<max(z,0) + By (1+ N (X1,) + N (X1,-1) 5 T < ).

We bound E; (N (X7,) ; T> < n) as follows. Let ¢ be a real number in (0,1/6) and set
[l = {nl/Q_QEJ. Using the point 1 of Hypothesis M4 we write

E, (N (Xr.); T. <n) <n'/*7% + B, (N (X1.) ; N (Xr.) > n/27% T, < n)

[n®] n
<nTE LN E, (N (X)) + DL Eo (N (X))
k=1 k=|n®|+1

By (2.2) and (2.3),

E. (N (X1.) ; T, < n) < en'/?72 4 eN(x) + +ce™™ (14 N(z)).

cn
[1+8

Choosing € < min(4(2i6) , %), we find that

(6.2) E. (N (X71.) ; T. <n) < con'/?7% 4 ¢.N(z).

In the same manner, we obtain that E, (N (X7, 1) ; T, < n) < cen'/?72 4 ¢.N(z). Con-
sequently, from (6.2) and (6.1), we conclude the assertion of the lemma. O

LEMMA 6.2. There exists g > 0 such that, for any ¢ € (0,e0), x € X, z € R and
n > 1, we have

E, (z + M, T, > n) < max(z,0) + ce (711/2*2‘E + nQEN(:c)) )

PROOF. Let ¢ be a real number in (0,1/4) and n > 1. Denoting zy := z + n'/?72 we
have,

Ez(z+Mn;Tz>n>:]Ez<z+Mn;TZ+<n,Tz>n)

=:J1
(6.3) +Ex(z—|—Mn;TZ+>n,Tz>n).

=:Jo
Bound of Ji. Recall that y = z —r(x). Using the definition of T, we can see that on the
event {7, < k, T, > k} it holds 2z} +Mj, > z+Mj > 0. So P, (Ty <k, T.>k,T., = k:) -
0. Using this fact and the Markov property, in the same way as in the proof of Lemma 5.3,

Ji=)Y
k=1

XxREz/ (Z/ + M, _1; Tz’ >n— ]{7)

XPy (Xpeda', z+ My ed, 7y >k, T, =k).
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Since z + MTZ+ < 0, using the point 2 of Lemma 5.2, we have
J, < K, (\/ﬁ+N (XTZJ 7y > Ts, , Ts, < n) .

By the approximation (5.1), on the event {7, > T, }, it holds
r(Xn,) =24 M, — (y+5n., ) < -n'/?%

Therefore, by Lemma 5.1,
Ji < en*E, (‘r (XT2+)‘ + N (XT2+> :
2 2 )

< en® + en*E, (N (XTZ+) LT, < n) .

T (XT2+)‘ > n1/2_25, T., < n)

Choosing € small enough, by (6.2),
(6.4) Jy < en® +e.n®* (n1/2_45 + N(x)) < een'?7% 4 e.n®*N(z).
Bound of Jy. By Lemma 6.1, there exists €9 > 0 such that, for any ¢ € (0, g),
Jo < Eg (24 + My ; To, > n) < max(z,0) + cent/?7% 4 ceN(x).

Inserting this bound and (6.4) into (6.3), for any € € (0,£¢), we deduce the assertion of
the lemma. O

Let v, be the first time when the martingale z + M,, exceeds n'/27¢: for any n > 1,
e€(0,1/2) and z € R,

Un = Vngz += min {k >1:z+ M, > nl/?—a} )
The control on the joint law of v, and T} is given by the following lemma.

LEMMA 6.3. There exists €9 > 0 such that, for any € € (0,e9), 6 >0, z € X, z € R
andn > 1,
P, (yn >ont7e, T, > 5n1_5) <o e Ce™ (1+ N (z)).

PROOF. Let € € (0,1/4) and 6 > 0. Without loss of generally, we assume that n >
ces, where c.5 is large enough. Set K := |n®/2|. We split the interval [1,dn'~¢] by
subintervals of length [ := [dn'~%|. For any k € {1,... K}, introduce the event Ay , :=
{max;<p<p (2 + Myy) < n'/27¢}. Then

(6.5) P, (vn > 0015, T2 > 6n'~%) <P, Aoz, T2 > 2K1).
By the Markov property, as in the proof of Lemma 5.3, with y = z — (), we have
P, (Ask., T. > 2K1)
=/ B (AZ,Z/ T > 21) P, (Xz(K_l)l € da', z 4+ My_1y € 2/,
Ag(i—1y2r Ty > 2(K — 1)z)
+ /XXR Py (Ao, T > 21) Py (XQ(K_DZ € dr’, 2 + My 1y € 42,

(6.6) Ag(re—1y2 > 7y < 2(K = 1)1, T2 > 2(K —1)1).
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Moreover, with ¢y = 2’ — r(2’), we write also that

= / P (Al,z” , Tzn > l) Py (Xl € dIL‘H, 2+ M e dz”, Al,z’ y Ty > l)
XxR
(6.7) + / Py (Ay o, Ton > 1)
XxR
X Py (Xl cda”, 2+ M, e d, A, Ty < TZI > l) .

Bound of P (Al,zu T > l). Note that on the event {7, > I} we have 2’ + M; —

r(X;) =y +S; > 0. Consequently, in the first integral of the right-hand side of (6.7),
the integration over X x R can be replaced by the integration over {(z”,z") € X x R :

2" — r(2”) > 0}. Therefore it is enough to bound P~ (ALZ// T > l) for " and 2"
satisfying y” = 2" — r(2”) > 0. Using (5.1) we have,

]P)z” (ALZH , Tzu > l) < ]P}x// (y// + Sl < 2nl/2—57 |7, (Xl)| < n1/2_g)
+ Py (Jr (X0)] > n/27).

Therefore, there exists a constant c. s such that

. Si [ (X0
Py (Al,z” y T > l) < Pyr (\[l < CE,J) + Egr <nl/28 ) ’

Using Corollary 4.4 and Lemma 5.1, there exists g € (0, 1/4), such that, for any ¢ € (0, 9),

N Ces _ w2 du C
Por (Arer B> 1) < [emim

—c0 o2no ¢

(1+ N (@) + =B (14 N (X).

nl/2—e

Using the point 1 of Hypothesis M4 and the fact that I¢ > ns/z/c&g for ¢ < 1/4, we have,

A C )
(68) ]P)a:” (Al,z” s TZ// > l) < de,s + ’n,?/Q (1 + N(.’E”)) y
Ce s _ﬁ d
with g.5 := [250 e 27 gL

Bound of Py (A1 v, Tor > 1). On the event {T,» > I} we have 2"+ M; > 0. Using (5.1)
and Corollary 4.4, in the same way as in the proof of the bound (6.8), we obtain

]P)I// (Al,z” s TZ” > l) < IEDI// (0 < Z// + Ml < n1/2—5)

e 20 74»
l\ﬁ"*cm V2r0  nel?

Ces
(6.9) < Qes + n§/2 (1+ N(2")).

/\%J"Ca,é 2 du Ce,s (1+ N(z"))
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Bound of P,/ (AQZ , T > 2[) Inserting (6.8) and (6.9) into (6.7) and using (2.2), we
have

¢ Ces
(A2z y Lo > 21) L Ges + nel2 + nz/QEx’ (N (Xl))

(6.10) S ey + g5+ Cepe
n
Bound of Py (Ag ., To > 21). By the Markov property,

Py (A27Z/ , Ty > 2l) = Py (ALz” , T > l)
XxR
X Py (Xl S d.%'//, 2+ M; € dZ”, Al,z’ , Ty > l) .
Using (6.9) to bound the probability inside the integral, we get

(6.11) Py (Agy, Ty >21) < geg+ +cepe —cesmt” N(z').

2/2
Inserting the bounds (6.10) and (6.11) into (6.6), we find that
P, (Amz, T, > sz)
<q5 5+ /2) P, (Agrc—n).zr T2 > 2(K = 1)1) + ccge™™ " (14 N(z))

Iterating this inequality, we get

K K-1 k
P, <A2K,z ) T, > 2Kl> < (q,»s 5+ a/2) + Ce)§ e_cg’én 1 + N Z (qg 5+ 5/2>
k=0

K
= |n°/2] and ¢.5 < 1 it follows that, for n large enough, (q55+ 5/2) <

— € . . . .
%™ which, in turn, implies

Ces€
P, (Ask., To > 2K1) < ccge™™ (14 N(z)).
0

LEMMA 6.4. There exists g > 0 such that, for any ¢ € (0,&9), z € X, 2z € R, n > 2
and any integer ko € {2,...,n},

E, (z + M, T, > n) < <1 + E) (max(z,0) + cN(x)) —|—c€k:1/2.

k

PROOF. Set for brevity u, := E, <2+Mn; T, > n) By Lemma 5.4, the sequence
(un)n>1 is non-decreasing. Let € € (0,1/2). We shall prove below that, for n > 2,

(6.12) < (1 + ;) U< + e~ (14 N(3)).
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Using Lemma 9.1 of [18], we obtain that for any n > 2 and ko € {2,...,n},

C _ €
i < (1 15 ) g + oo™ (14 N(@)).

Next, by the point 2 of Lemma 5.2, ug, < E; (|Myg,]) < ¢ (Vko + N(z)), so that

Up < <1 + Zi) (max(z,0) + cN(x)) + cgké/z,
0
which proves Lemma 6.4.
Establishing (6.12) is rather tedious. In the proof we make use of Lemmas 6.2 and 6.1.
Consider the stopping time v5 := v, + |n®]. Then,

up < By (Z+Mn;Tz>n7 Uy > [nkED

)

>n, v

=

(6.13) + By (2 + My

=:Jo

Bound of Jy. Set me = |[n'~¢| — |nf] and recall that y = z — r(z). Using the fact that
{ve > [n'¢|} = {vs, > m.} and the Markov property, as in the proof of Lemma 5.3,

J = E, (Z/ + Mn—mE ; TZI >n— me)
XxR

X Py (Xp. €da’, 2+ My, € d2’, 7y > me, vy > me)

+ Ey (2' + My—m.; T >n—m,)
XxR
><]P’g,;(Xmg eda:’,z—i—MmEEdz’,Tygmg,Tz>m€,Vn>m6).

On the event {1, > m.}, we have 2/ = z + M,,_ < n'/?~¢< n'/2. Moreover by the point 2
of Lemma 5.2, By (|My_pm.|) < en'/? + eN(2'). Therefore,

J1 < cE, (n1/2+N(XmE) : T, > Me , Uy > ms) )
Set m. = m. — [n°| = [n'7¢| — 2|n?]. Using the Markov property and (2.2),
J1 < C/X [nl/z + E (N (XLnSJ))}]P’;C (mes edd |, T, > ml, vy, > m;)
< enl'/?P, (Tz >ml, vy > mf_:) +ce ™ K, (N (X)) -
By Lemma 6.3 and the point 1 of Hypothesis M4,

(6.14)  Jy <cn2e =" (14 N(@)) + ce™ (1+ N(2)) < cee " (1 4+ N(z)).
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Bound of Jo. By the Markov property, as in the proof of Lemma 5.3, we have

)
Jo = kgl XXRExl (Z/ +My_p; Ty >n— k)

xPz(XkGda:’,z—l—MkEdz’,Ty>k,Vflzk)
+ E,. (Z/—f—Mn_k; T, >n—k)
XxR
XPm(XkEdJ}/,Z+Mk€dzl,Ty<k7TZ>k;’yi:k>.
By Lemmas 6.2 and 6.1,

Jo < c.E, <n1/2_25 +n%®N (Xue) s T, > 5, 1f < {nl_gJ)

=:J
(6.15) +E,; (max (z+ M,:,0) ;QITZ >, v < {nksD .
=:Ja2

Bound of Ja1. Using the Markov property and (2.2),
Jo1 < e /XEQJ/ (n1/272€ +n*®EN (thsj)) P, (Xyn ed , T, > vy, vy < {nI*ED
< c.E, <n1/2_25 +e " N (Xu,) ; T, > vy, vy < Lnl_ED .

Again by (2.2),

[
E, (e™" N (X,,) ; o> v, v < |01 5] ) <7 30 By (N (Xk) 5 v = k)
k=1
(6.16) <ce = ! (14 N(z)).
Therefore,
(6.17) It < eBy (0272 T > vy, v < [017F]) e (14 N(2)) .

=y
By the definition of v, we have n'/2=% < % So
Jél < %Ex (Z + M, ; Tz > Vn, Un S \‘nlisJ) :
Using Lemma 5.4,
/ Ce . 1-
Joy < EEQC (Z+MLn1—EJ 3 Ty > {’I’L 5J)
(6.18) — %Ez (z + Mpie); T, > Lnl_aJ , Up > {nl_aD .

s
7“]21
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Note that on the event {r, > [n'~¢]}, by (5.1), we have z 4+ M,1—| > (thlﬂ) while
on the event {r, < [n'~¢|, T, > |n'~¢|} we have z + M|,1-2) > 0. Therefore, by the
definition of T,

5 < —E, (7’ (X\_nlfsj) Ty > [nleJ , Up > [nkED
< cE, (1 + N (XLnI—EJ) T, > {nl_aJ , Up > {nl_aJ) )
Using the Markov property and (2.2),
—J5 < By (14N (Xpn,) 5 To > me, v > me)
< Py (I/n >me, T > m5> +ce ™ (14 N(z)).
By Lemma 6.3,
(6.19) —J <e.em" (14 N(x)).
Putting together (6.19) and (6.18),
(6.20) T < %Ex (5 Miiceys o > 1]} + e (14 N ().
From (6.20) and (6.17) it follows that
(6.21) Jo1 < %Ew (24 Myeys o > |02 ) o cce™o (14 N(@))
Bound of Jas. On the event {1, > 1€ 7y < vy} we have z 4+ M,: > 0. Consequently
Joo = E, <z + My ; T, > ve, vn < Lnl_ED
+E, (max (z4+ My, 0) — (2 4+ Mye) 57y > vy, , vy, < {nl_‘gJ) .
By Lemma 5.4,

Jor S By (24 Mipioey: T > [0
(6.22) ~E, (z b Mpeep; T > Lnl_SJ s W%J)

—. J
=:J3q

—E; <Z+MV%;Z+MV% <0,7y>v,, v, < {nl_ED.

—_. 7
=:J59

In the same way as in the proof of the bound of JY|, replacing v, by 15, one can prove
that

(6.23) — oy < cee =" (14 N(z)).
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Moreover, using (5.1), on the event {7, > 15}, we have —(z 4+ M,:) < —r (X,z). So, by
Lemma 5.1 and the Markov property

iy < By (|r (Xog)| 5 T > vi, vi < |05

<E, (c(1+N(X2)) s T2 > v, v < [0 7°))

—c/Em/ l—i—N( nEJ)) (Xl,nedx T >un,yn§{nl_5J).
Using (2.2),

Jho < B, (1 +e N (X,,) ; T, > vy, vn < Lnl_ED .

Therefore, from (6.16) with the notation J4; from (6.17),
(6.24) Jhy < Jhy +cce” =" (14 N(z)).
With (6.20), (6.22) and (6.23) we obtain,
(6.25) Ja < (1 4 ;) i) + ce e~ (14 N(2)).

Inserting (6.25) and (6.21) into (6.15),

(6.26) Jo < <1 + :;) Uppi—c| + Ce e " (14 N(x)).
Now, inserting (6.14) and (6.26) into (6.13), we find (6.12). O

COROLLARY 6.5. There exists g > 0 such that, for any ¢ € (0,e0), v € X, y € R,
n > 2 and any integer ko € {2,...,n},

By + 5wt 7y > ) < (14 15 ) (max(,0) + eN(a) + ek

PROOF. First, using the definition of 7, and Lemma 6.4, with z = y + (),

Em(z—i—Mn;Ty>n):Ez(z+Mn;Tz>n)—Ez(z+Mn;Ty<n,Tz>n)

(6.27) <E, (24 Mo; T > n)
(6.28) < (1 + Z%) (max(z,0) + ¢eN(z)) + ceké/Q.

Now, using (5.1), Lemma 5.1 and (2.2),

Ey(y+Sn;my>n)=Ey (24 My 7y >n) —Ep (r(Xy) 5 7y >n)
SEp(z+My; 7y >n)+c(l+e " N(x))

< ) (max(z,0) 4+ cN(x)) + c€k1/2.

N

Using the definition of z concludes the proof. O
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7. Existence and properties of the harmonic function. The idea is very simple.
Set for brevity V,(z,y) := E; (y+ Sp; 7y > n). By the Markov property Vi, y1(z,y) =
Q. Vy(z,y). We show that lim,, o Vi(z,y) exists and is equal to V(z,y) := —E.(M,).
Then the harmonicity of V follows by the Lebesgue dominated convergence theorem. The
key point of the proof is the integrability of the random variable M, . To justify the
applicability of the Lebesgue dominated convergence theorem we use Lemma 6.4. We also
shall establish some properties of V. They will be deduced from those of the following two
functions: W (z, z) := —E,(My,) and W (z, z) := —E;(Mj, ). The strict positivity of V' is
technically more delicate and therefore is deferred to the next section.

LEMMA 7.1, Letz € X,y € R and 2 = y+r(z). The random variables My, , Mr, and
M, are integrable and

max {E, (|My, |), Eo (IMz. ), Ex 1My, )} < e (1+ |2] + N(@)) < +o0.
In particular, the following functions are well defined, for any x € X, y € R and z € R,

V(z,y) = —E; (M

Ty

), W(x,2):=-E,(Mz,) and W(z,z2):=-E, (MTZ) :

ProOOF. Let n > 1. The stopping times 7, A n, T, A n and T. A n are bounded and
satisfy 7y An < T, Anand T, An < T, An. Since (|My|)n>0 is a submartingale, we have

(7.1) max {E, (| My,an|) , Ee (IMrpnl)} < Eo (Mg, [) -

Using the optional stopping theorem,
Eq (‘M/\n‘) < B (2+MTZ;TZ<H)+Ex(\Z+Mny;ry>n)
(Z+Mn,7'y n, T, >n)—i—\z|
—]Ex<z—|—Mn;TZ<n>—2Em(z+Mn;z—|—Mn<O,7‘y>n)
+E; (z+ My ; 7y >n)+E,; (Z—I—Mn;Ty n, T, >n)+\z!
= — 2+ 2B, (2 + My T2 > )
—2E, (2 4+ M, ; 2+ M, <0, 7, >n)+|z.

On the event {z+ M,, <0, 7y, > n}, by (5.1), it holds |z + M,,| < |r (X,)|. Therefore, by
Lemma 5.1 and the point 1 of Hypothesis M4, we have

—2E; (2 + My; 2+ M, <0, 7, >n)<c(l+ N(z)),
Using Lemma 6.4,

(7.2) E, (‘M

(T2 <n) <E, (]MTMD <c(l+]z|+ N(x)).
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By the Lebesgue monotone convergence theorem and the fact that 7, < 400, we deduce
that M, is Py-integrable and

E, (‘MTD <c(l+4]z|+ N(z)).

In the same manner, using (7.1), (7.2) and Lemmas 5.5 and 5.6, we conclude that M,
and My, are P -integrable and

max {E; (| M-, [) , Ee (|Mr.)} < (L +[2]+ N()).
The assertion of the lemma follows obviously from the last two inequalities. O

PROPOSITION 7.2.

1. Let x € X, y e R and z =y + r(x). Then

V(z,y)= lim E; (24 My; 17y >n) = lim E; (y+S,; 7y >n)

n—-+00 n—-+o0o

and

W(z,z)= lim E;(z2+ My,; T, >n),

n—-+00
W(m,z) = lim E, (2+Mn; T, > n) )

n—-+00

2. For any x € X, the functions y — V(x,y), z = W(z,2) and z = W(zx,z) are non-
decreasing on R.
3. There exists eg > 0 such that, for any e € (0,¢9), x € X, z € R and any integer ko > 2,

(7.3) Wz, 2) < (1 + ;%) (max(z,0) +¢N(z)) + cgk(l)/2

and, for any x € X, y e R and z =y + r(x),
(7.4) 0 < min{V(z,y), W(z,2)} < max{V(z,y), W(z,2)} < W(z,y).
In particular, for any x € X and y € R,
(7.5) 0 < V(z,y) < c(1+max(y,0)+ N(x)).
4. For any x € X and y € R,
Viz,y) = Q4V(z,y) ==Kz (V(X1,y + 51)5 7 > 1)

and (V (Xn,y + Sn) ]l{Ty>n}) is a Pp-martingale.

n=>0

ProoF. Claim 1. Let v be any of the stopping times 7,,7%, or .. By the martingale
property, for n > 1,

E;(z4+ M,;v>n)=2P;(v>n)—E; (M,; v<n).
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Using Lemmas 5.5, 5.6, 5.7, 7.1 and the Lebesgue dominated convergence theorem,
E,(z4+ My;v>n)=—-E; (M,).

Moreover, by (5.1),

Ey(y+Sp;my>n)=E; (2+M,; 7y >n) —E; (r(Xp) ; 7y >n).
Since, by Lemma 5.1, the point 1 of Hypothesis M4 and Lemma 5.5, we have

o (r(Xa) 3 7y > n)| < cBY? (14 N (X)) PY2 (7 > n)

(7.6) <c(L+N@)P/? (> n) — 0,
the claim 1 follows.

Proof of the claim 2. Let x € X. For any 3’ < y, we obviously have 7,, < 7,. Therefore,
forn > 1,

Eo (Y +Sn; 7y >n) <Eg(y+ Sn; 7y >n) <Eg(y+ Sn; 7y >n).

Taking the limit as n — +oo and using the claim 1, it follows that V(z,vy') < V(z,y). In
the same way W(x,2") < W(x, z) for 2/ < z. To prove the monotonicity of W, we note
that, for any 2’ < 2,y = 2/ —r(z) and y = z —7(x), we have Ty = min{k > 7, : 2/ + My <
0} < min{k > 7, : 2/ + M < 0} < T.. So

Ex(z/+Mn;Tz/>n> x(z+Mn;TZ/>n,Tz>n)

x(y+5n;7'y>”)+Ez(|7“(Xn)|§7'y>”)
+Er(Z+Mn,Ty<n7TZ>n)

<E
<E

<E, (24 Mo; T > n) + 2B, (Ir (Xa)] 5 7 > ).

As in (7.6), taking the limit as n — +o0, by the claim 1, we have W (z,2’) < W(z, 2).
Proof of the claim 3. The inequality (7.3) is a direct consequence of the claim 1 and

Lemma 6.4. Moreover, taking the limit as n — oo in (6.27), we get V(x,y) < W(x, 2).
To bound W, we write, for n > 1,

Er(z—l—Mn;Tz>n)<]Ex(z+Mn;Ty<n,Tz>n,Tz>n)
+E;, (2 +Mp; 2+ M, >0,7,>n,T, >n).
Since z + M,, > 0 on the event {7, <n, T, > n},
Ew(z—l—Mn;Tz>n)gEx(z+Mn;Ty<n,Tz>n)
+E, (24 Mp; 2+ M, >0, 7, >n)
:Ex(z+Mn;Tz>n)
—E,(z+My; 24+ M, <0, 7 >n).
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Using the approximation (5.1),
(7.7) Ey(z+ My; T, >n) <E, (z—l—Mn; T. > n) +E, (Jr (Xn)| 5 7y >n).

As in (7.6), using the claim 1,

Wz, z) < W(z,2).
Now, since y+ S, is positive on the event {7, > n}, by the claim 1, we see that V' (x,y) > 0
and in the same way, W (z, z) > 0. This proves (7.4).
Inequality (7.5) follows from (7.3) and (7.4).
Proof of the claim 4. By the Markov property, for n > 1,

VTH—I(':Uay) =E,; (y + Snt1; Ty >n+ 1)

(7.8) = V(2 )Py (X1 €da’,y+S1€dy, 7y > 1),
XxR
where, by Corollary 6.5, V,,(2/,y') < ¢(1+|y'| + N (2')) and by the point 1 of Hypothesis
M4,
Eo (1+ [y + Si/+ N (X1)) <c(l+ |yl + N(z)) < +oo.

Taking the limit in (7.8), by the Lebesgue dominated convergence theorem, we have
V(.T,y) = Q+V(.T, y) = E$ (V (ley + Sl) y Ty > 1) .
O

8. Positivity of the harmonic function. The aim of this section is to prove that
the harmonic function V is non-identically zero and to precise its support.
For any z € X, z € R and n > 0, denote for brevity,

A

(8.1) Wiz, 2) = W (X, 2+ M,) Li7 on}-

Although it is easy to verify that W (z,z) > z (see Lemma 8.1) which, in turn, ensures
that W(w, z) > 0 for any z > 0, it is not straightforward to give a lower bound for the
function V. We show that V (z,y) = lim,, o0 B (W (2, 2); 7, > n) (Lemma 8.2) and use
the fact that (W, (z, 2)1{r,>n})n>0 is a Py-supermartingale (Lemma 8.1). By a recurrent
procedure similar to that used in Lemma 6.4, we obtain a lower bound for V' (Lemma 8.6)

which subsequently is used to prove the positivity of V' (Lemma 8.8).

LEMMA 8.1.

1. For any x € X and z € R,
W(x,z) > z.

2. For any x € X,
lim Wiz,2) _

z——+00 z
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3. The function W is subharmonic, i.e. for any x € X, z€ R and n > 0,

A

E, (Wn(x,z)> > W(z,2).

4. For any r € X and z € R, (Wn(x, z)]l{Ty>n}) . is a Py-supermartingale.

nz
PRroOOF. Claim 1. By the Doob optional theorem and the definition of TZ, forany n > 1,
E, (z+Mn; TZ >n) =z—FE, (2+MTZ;TZ <n) > z.

Taking the limit as n — 400 and using the point 1 of Proposition 7.2 proves the claim 1.

A

Proof of the claim 2. By the claim 1, liminf, , . W(z,2)/z > 1. Moreover, by (7.3),
for any kg > 2,

lim supW(x’ 2) < (1 + Cs) .

Z2—00 Z ko€
Taking the limit as kg — 400, the claim follows.
Proof of the claim 3. Recall the notation y = z — r(x). Using the Markov property, as
in the proof of Lemma 5.3, for any k& > 1,

]Ex(z+Mn+k;TZ>n+k): Ew/(z'—l—Mn;Tzl>n>

XxR
XIP’x(Xkde’,z+Mk€dz’,Ty>k)

(8.2) + E. (2" + M, ; T > n)

XxR

xIP’m(Xkedx’,z+Mk€dz’,Ty<k,Tz>k).

We shall find the limits as n — 400 of the two terms in the right hand side. By Lemmas 6.4
and 5.1, E,/ (z’ + My ; T > n) <c(1+ Y|+ N (2)), with ¢/ = 2 — r(2’). Moreover by
the point 1 of Hypothesis M4, E, (1 + |y + Sk| + N (Xi)) < ck(1+ |y| + N(z)) < +o0.
So, by the Lebesgue dominated convergence theorem and the point 1 of Proposition 7.2,

E, (z’—i—Mn;Tz/ >n)IP’,E(Xkedx’,z+Mk€dz’,Ty>k)
XxR

(8.3) — By (W (Xp, 2+ My) 5 7y > ).

n—-+o0o

Moreover, using (7.7), Lemmas 6.4 and 5.1 and the point 1 of Hypothesis M4,
By (2 4+ My; T >n) <c(14 |2+ N (2)).

Again, by the Lebesgue dominated convergence theorem and the point 1 of Proposition
7.2, we have

Ex/(z’+Mn;TZ/>n)IP’x<XkEd:L",z+MkEdz',Ty<k,Tz>k‘)
XxR

(8.4) — By (W (Xp, 2+ My) 7y <k, T2 > k).

n—-+400
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Putting together (8.2), (8.3), (8.4) and using the point 1 of Proposition 7.2,

Wz, z) =E, (W (Xk, 2+ My) 5 7y > k)
(8.5) + By (W (Xp, 2+ My) 5 7y < b, B> k)

Now, taking into account (7.4) and the identity {r, > k} = {r, > k, T, > k}, we obtain
the claim 3.

Proof of the claim 4. By the point 3 of Proposition 7.2, W is a non-negative function.
Therefore, using (8.5),

A

W(w,2) > B, (W (X1, 24 M) 5 7 > 1)),

which implies that (Wn(m, z)]l{Ty>n}) 0 is a supermartingale. O
nz

LEMMA 8.2. Foranyzx € X,y €R and z =y +r(z),

V(z,y) = lim E, (Wn(:c,z); Ty > n) .

n—-4o00

PROOF. Foranyn > 1,z € X, y € R and z = y + r(x),

Ez(z+Mn;Ty>n):Ex<z+Mn;Tz>n>—Ex(z+Mn;Ty<n,Tz>n).

A

By the point 1 of Lemma 8.1, z + M,, < W, (z, z) and therefore
Ey (z+ M,; 7y >n) 2 E, (z—{—Mn; T, > n) —E, (Wn(m,z)>
(8.6) + By (Wa(2,2)5 7y > n).
Moreover, by (7.3), for any § > 0,
E. (Wn(x, z)) < (1+0)E, (z + M, T, > n) + ¢csEy (1 + N (X,) ; T, > n)
—(14+0)E; (2 +My; 2+ M, <0, 7, >n).

On the event {z + M,, < 0, 7, > n}, by (5.1), it holds r (X,,) < z + M,, < 0. Therefore,
using Lemma 5.1,

Ey (Wa(2,2)) < (14 0)Ey (24 My T2 > n) + 6By (14 N (X,) s T2 > n).
By the Markov property and (2.2),
Eo (14N (Xa) ; T2 > n) < By (142N (Xpn)) 5 T2 > [0/2))
< P, (TZ > Ln/2j) +ce ™ (1+ N(z)).
By Lemma 5.7 and the point 1 of Proposition 7.2,

(8.7) lim E, (Wn(af,z)) < (1 +0) Wz, 2).

n—-+4o0o
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Taking the limit as n — +oc0 in (8.6) and using the previous bound, we obtain that
V(z,y) = —W(x,2) + REI-EOOEI (Wn(aj,z); Ty > n) :

Since this inequality holds true for any § > 0 small enough, we obtain the bound

(8.8) nngEx (Wn(z, 2); Ty > n) < V(zx,y).

Now, by the point 1 of Lemma 8.1,
Ey (24 My ; 7y >n) <E; (W(Xn,z—l—Mn); Ty > n)

Taking the limit as n — 400 and using the point 1 of Proposition 7.2, we obtain that

V(z,y) < nLi\rJIrlooEz (Wn(a:,z); Ty > n) .
Together with (8.8), this concludes the proof. O

REMARK 8.3. Taking the limit in the point 3 of Lemma 8.1, we can deduce that
limy, 400 Eg (Wn(l‘, z)) > W (z, z). Coupling this result with (8.7), it follows that

REIEOOEJC (Wn(x, z)) =Wz, 2).
LEMMA 8.4. There exists eg > 0 such that, for any e € (0,e0), n > 1, x € X, z € R
and y = z — r(x), we have
E, (Wn(az, 2); Ty > n) > W(z,2) + ¢min(z,0) — c. <n1/2725 + nQEN(aj)) .

PROOF. Using the point 3 of Lemma 8.1, the bound (7.3) and the point 1 of Hypothesis
M4, we have, for any n > 1,

E. (VAVn(ac,z)7 Ty > n) =E, (Wn(ac,z)) —E, (VAVTL(ac,z)7 Ty < n)
> W(z,2) — cE, (z—i—Mn; my <n, T, >n) —c(1+ N (x)).
Again by the point 1 of M4, Lemma 6.2 and the Doob optional stopping theorem,
E, (Wn(%z); Ty > n) P W(JU,Z) —C[EI (Z—I—Mn; T, > n) —E; (2 4+ My ; 7y > n)}
—c(1+ N (2))
> W(z,z) — ¢ [max(z,0) — 2 + E; (2 + My, 5 7y < n)]
—c: (nl/%26 + nQEN(x)) —c(1+ N (z)).
By (5.1), z + M;, < r(X7,). Therefore, in the same way as in the proof of (6.2),
B, (z4 M, ; 7y <n) <cB (14+ N (X7,) ; 7y <n) < cont/27% 4 ceN(x).
Together with the previous bound, this implies that
E, (Wn(x, 2);5 Ty > n) > W(z,z) + ¢min(z,0) — c. (111/2_26 + n2€N(:L“)) .
O
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LEMMA 8.5. There exists g > 0 such that, for any e € (0,e0), n > 2, kg € {2,...,n},
rz€Xand z € R, with y = z — r(x), we have

E, (Wn(m, 2);5 Ty > n) > E, (Wk0($, 2);5 Ty > ko) — % (max(z,0) +14 N(z)).
0

A

PRrROOF. Let ¢ € (0,1). Set for brevity u, := E,(W,(z,2); 7y > n) for n > 1. By the
point 4 of Lemma 8.1, the sequence (uy)n,>1 is non-increasing. We shall prove that

(8.9) Up = Uppl-e| — % (max(z,0) +14+ N(z)).

By Lemma 9.2 of [18] on the convergence of recursively bounded non-increasing sequences,
we conclude that, for any n > 2 and kg € {2,...,n},

Up, = Uk, — ]:—OEE (max(z,0) +1+ N(x)),

which proves the assertion of the lemma.
It remains to establish (8.9). Consider the stopping time v = v, + |n°|. By the Markov
property, with ¢ = 2’ — r(2/),

A

Uup = Ey (Wn(:z,z); Ty >n, vy, < [nlieJ)

)
= E, Wn_k(:zr’, 2Ty >n—k
k:%+1 XxR ( 4 )

Py (Xpeda', 24+ Myedd, 7y >k, v5=k).

Using Lemma 8.4, we obtain,

up = E, (Wl,i(:c,z); Ty > vy, Uy < {nl_sJ

n

[y

+ cE, (min (Z+Mu,§70) Ty > Uy, Vp < {n —5J)

—c.E, (n1/2725 +n*®N (Xue) 51y > v5 5 vy, < [nlng) )

On the event {z+M,e <0, 7, > vg}, by (5.1), we have 0 > 2+ M,e > r (X,:). Therefore,
by Lemma 5.1,

E, (min (z+ My:,0) ;s 7y > v, vy, < Lnl_aJ)
> —cE, (1 + N (Xpe) s 7y > v, vy, < {nlfsp .
Consequently, using the point 4 of Lemma 8.1 and (2.2),

Uy = Ey (thkaj (x,2); 7y > {nleJ Ve < {nlng)
— ey (711/2_2E +e =" N(X,,); Ty > Up, Un < {nl_eJ) .
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By the definition of v,, we have n!'/2=2%¢ < (z 4 M, )/nf. Then as in (6.16),
up = Eg (th—aJ(x,z); Ty > {nl_sJ , Uy < {nl_sJ)
— %EI (z + M, ; Ty > Vp, Uy < {nl_sp
—c.e " (14 N(z)).
Rearranging the terms, we have

Up 2 Uppi-e| — Ce e %" (14 N(x))

(8.10) - %E:p (z + My, ; Ty > vp, Uy < {nl_aJ)
-
—E; (W\_nl—sj (x,2); 7y > {nlfsJ , Uy > LnPED )
=T,

Bound of I;. To bound I; we use the facts that, by the definition of v,, z + M,,, >
n'/2=¢ > 0 and that 7, > 7y. Taking into account Lemma 5.4, we have

I < Eq (24 Mo s B> [017¢] v < |01 ))
< Eg (Z + MLnl—sJ ; TZ > {n1_€J> — é’l’

where JJ| is defined in (6.18). Now, it follows from Lemma 5.4 and the point 1 of Propo-
sition 7.2, that (Ex(z + Mp1-); T, > [n'7¢]))n>0 is a non-decreasing sequence which
converges to W (z,z) and so E,(z + Mpi-<; T, > |n'~¢]) < W(a,2). Using (6.19), we
find that

(8.11) I < W(z,z)+cce ™ (14 N(z)).

Bound of I. By (8.1) and (7.3),

Iy < cE, (Z+MLH15J (1 — ]l{ Y <0}) ; Tz > {nl—EJ ’ 1/781 > {nl—gJ)
Er M nt=e]
+ cE, (1 + N (XLnl—EJ) T, > {nl_EJ , U > Lnl_ED .

On the event {z + M|,1-<) <0, T, > [n'=f|} = {z + M- <0, 7, > [n'7¢]}, it holds
2+ M- > (thkaj). Therefore, using Lemma 5.1,

I < By (24 Myp—s) + 1+ N (X)) s 12> 175, v > [n172]).
By Lemma 5.4,
E, (Z + Ml_nl’aj ; Tz > \‘nlisJ , l/fl > \‘?’LlisJ) < J1,
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where J; is defined in (6.13). Using inequalities (6.14), (2.2) and Lemma 6.3, with m, =
|[n'=¢| — |nf], we obtain

I, <ce i (1+ N(x)) + cE; (1 +e N (Xome) Tz > Mg, Vp > ma)
(8.12) <c.e ™ (14 N(x)).

Putting together (8.12), (8.11) and (8.10) and using (7.3), we obtain (8.9), which completes
the proof of the lemma. O

PropoSITION 8.6.
1. Foranyé € (0,1), z € X and y > 0,
V(z,y) 2 (1-6)y —cs (1 + N(z)).

2. For any xr € X,
lim Y (:9)
Yy—+00 Yy

=1

PROOF. Claim 1. By Lemmas 8.5 and 8.2, we immediately have, with z = y 4+ r(z),
CE
ko®
Using the point 1 of Lemma 8.1 and the point 2 of Lemma 5.2,

Viz,y) > Ey (Wko (x,2); 7y > kg) — (max(z,0) + 1+ N(z)).

V(z,y) = Ey (2 + My, ; 7y > ko) — kc—oi (max(z,0) +1+ N(x))
> 2P, (1y > ko) — ¢ (\/%—i— N(a:)) - kc—; (max(z,0) +14+ N(z)).
Since, by the union bound and the Markov inequality,
B, (r, > ko) > Pa (121’]]%2}’%0‘]0()(16” - lg()) 51 cko? (1;—]\7@))7
we obtain that, by the definition of z,
(8.13) V(z,y) = (1 — I:;) y — ccko® (14 N(x)).

Let § € (0,1). Taking ko large enough, we obtain the desired inequality.

Proof of the claim 2. By the claim 1, for any 6 € (0,1) and = € X, we have that
liminf, o V(z,y)/y > 1 — 6. Taking the limit as § — 0, we obtain the lower bound.
Now by (7.4) and (7.3), for any integer kg > 2, y € R and z = y + r(x),

V(z,y) < W(m, z) < (1 + ZZ) (max(z,0) + ¢N(z)) + cgké/z.
0

Using the definition of z, we conclude that
Vv
limsupi(x’y) < lim (1 L& ) =1.
y—+oo Y ko—+00

O]
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Now, for any v > 0, consider the stopping time:
(8.14) Ge=inf{k>1:|y+Sp| >v(1+N(Xy))}.
The control on the tail of ¢, is given by the following Lemma.
LEMMA 8.7. Foranyy>0,ze€X, yeRandn > 1,
Py (¢y>n) <ce " (1+ N (z)).

PROOF. The reasoning is very close to that of the proof of the Lemma 6.3. Let v > 0.
Consider the integer [ > 1 which will be chosen later. Define K := || and introduce the

2
event A/ = {ﬂ }{|y + Sk <y (14 N (Xgy))}. We have
Ke{l,...k

P, (¢, > n) < P, (AgK’y) .

By the Markov property,

Po (A3,) = /X o B (A],) e (Xiede o 4 Si€ay” AT,
(8.15) x Py (XQ(K_I)Z € dr, y+ Syxc_1y € dy, Ag(K_l)vy) .
We write
P (47,) <Bor (v + 81| < 29V2) + B (N () > V1)

—y" Sy =y’ ) (N(Xl)>
gpx// — — 27 < — <K + 2 —I—Ew// .

By Corollary 4.4 and the point 1 of Hypothesis M4, there exists ¢y € (0,1/4) such that,
for any € € (0, <o),

. %*27 _w? du 2ce y c "
Por (A7) < /_y,,_% et ot e LA NED)) + (LN (1)
Vi

w2
Set gy == fzg,y e 207 \/%U < 1. From (8.15), we obtain

e  Ce
P, (A3, < /X . <q7 + e+ B (N (Xz))>
X Py (Xz(Kq)z edz’, y+ Syg—_1y € dy’, A;(K_l),y)

< (10 ) B (B ) B (5 () A1)

For brevity, set px = P, (AgK,y) and B = E, (N (Xok1) ; AgK,y). Then, the previous
inequality can be rewritten as

C _
(816) pK < (Q’Y + l:) pK,:L + Cse cel EK,l
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Moreover, from (2.2), we have
(8.17) Ex < cpr_1+ce X Ex 4.

Using (8.16) and (8.17), we write that

(8.18) <§I;{> < A (g’;_i)

where
Cce —cel
A = <qv +E G ° ) . A= <qw 0) '
c ce l—+00 c O

41

Since the spectral radius g, of A is less than 1, we can choose [ = [(e, ) large enough such

that the spectral radius p. , of A; is less than 1. Iterating (8.18), we get
K K
PK < CPg  MAX (pla El) < CPe ~ (1 + N(‘T)) :

Taking into account that K > c. ,n, we obtain

P, (A;K,y) <ce 9" (14 N(x)).

O

Now we shall establish some properties of the set 2, introduced in Section 2. It is easy

to see that, for any v > 0,

2y ={(z,y) € XxR:3ng > 1,P; (¢; < no, 7y >ng) >0},

where (, is defined by (8.14).

PROPOSITION &8.8.

1. For any v1 < 72, it holds 2, 2 D,.
2. For any v > 0, there exists ¢y > 0 such that

25 C{(z,y) e XxR:Py(ry >n) <e " (1+N(z)), n>1}.

3. For any v > 0, the domain of positivity of the function V is included in 2. :

supp(V) = {(z,y) € Xx R: V(z,y) > 0} C Z,.
4. There exists vo > 0 such that for any v = 7o,
supp(V) = Z,.

Moreover,

{(x,y) eXxRL:iy> 21 +N(x))} C supp(V).

imsart-aop ver. 2014/10/16 file: AOPMWCO15(no-color).tex date: February 23, 2017



42 GRAMA, LAUVERGNAT, LE PAGE

Proor. Claim 1. For any v1 < 72, we have ¢, < (4, and the claim 1 follows.
Claim 2. Fix vy > 0. By the definition of 2, for any (z,y) € 25 and n > 1,

=P ((y<n,my>n) =Py (1y >n) =Py ((y >n, 7y >n).
From this, using Lemma 8.7, we obtain
By (ry > n) = Bu (G > 1.7y > n) SPa (G > n) <o (14 N ().

Claim 3. Fix v > 0. Using the claim 2 and Lemma 5.2, we have, for any (z,y) € 5,
z=y+r(z)and n > 1,

E. (2 + M, ; 7, > n) < |2| Py (1, > n) + EY/2 (|Mn|2) PY/2 (1, > n)
< Izl (14 N (@) e " tev/n (1 + N(@))*2emom.
Taking the limit when n — 400, by the point 1 of Proposition 7.2, we get
V(z,y) =0,

and we conclude that 25 C supp(V)“.
Claim 4. By the point 1 of Proposition 8.6, taking 6 = 1/2, there exists 79 > 0 such
that, for any x € X and y > 0,

<

(8.19) Vizy) >3 - % (1+ N(z)).

Now, fix (z,y) € 2, and let ng > 1 be an integer such that P, (¢, < no, 7y > ng) > 0.
By the point 4 of Proposition 7.2,

V($,y) =E; (V (Xnmy + Sno) } Ty > no)
2 Ey (V (Xngs Y + Sng) 5 Ty > 10, Gyo < 10) -

By the Doob optional stopping theorem, (8.19) and the definition of (,, (see (8.14)),
V(I‘,y) = ]EI (V (XnyOvy + SCWO) y Ty > C’yo ; C’yo < TZO)

P %Em (y+54w0 o ? (1 +N (XCWO)) s Ty > Gyo s Gyo S no)

2 ( 1+N XCW())) Ty > Cyo s Gyo S 0)
= ]P)m('r >n0aC’yO\n0)'

Now, since ng has been chosen such that the last probability is strictly positive, we get
that V(z,y) > 0. This proves that %, C supp(V). Using the claims 1 and 3, for any
Y = 70, we obtain that 2, C 2,, C supp(V) € Z, and so 2, = Z,, = supp(V). Using
(8.19) proves the second assertion of the claim 4. O

Proof of Theorem 2.2. The claim 1 is proved by the point 1 of Proposition 7.2 ; the
claim 2 is proved by the point 4 of Proposition 7.2 ; the claim 3 is proved by the points 2
and 3 of Proposition 7.2 and by Proposition 8.6 ; the claim 4 is proved by the point 4 of
Proposition 8.8.
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9. Asymptotic behaviour of the exit time.
9.1. Preliminary results.

LEMMA 9.1.  There exists g > 0 such that, for any € € (0,g9), z € X, y € R and
z=y+r(x),
E, :=E, (z—|—M,, $ Ty > Un,y Up < {nl_sp < ¢ (1 +max(y,0) + N(z)), n=>=1,
Ey, =E, (z + M2y > 7 7S {nl_aJ) — V(z,vy).

n n—oo

Moreover, for anyn > 1, ¢ € (0,e0), v € X and y € R,

|Ey — V(z,y)| < 5/8 (1 + max(y,0) + N(z)).

Proor. Using the fact {7y, > 1v,,} C {T. > v,} and Lemma 5.4, for n > 1,
Ei <E,; (Z + MLnl—EJ ; Tz > \‘nl_sJ) Jélla

where J4 is defined in (6.18) and by (6.19) the quantity —.J%; does not exceed c. e =" (1+
N(z)). Again, by Lemma 5.4 and the point 1 of Proposition 7.2, we have that (E,(z +
M, ; T, > n))nso is a non-decreasing sequence which converges to W (z, z). So, using the
point 3 of Proposition 7.2 and the fact that z =y + r(z),

(9.1) Ey < W(x,2)+cce ™ (14 N(x)) < ¢ (1 +max(y,0) + N(z)).
By the point 4 of Proposition 7.2, we have
Viz,y) =E, (V (Xn,y+ Sn) s 7y >n, 1/52 < {nleJ)
+E, (V (Xn,y+Sp) s 7y >mn, fo > {nl_ED .
Using the point 3 of Proposition 7.2, for any kg > 2
Viz,y) < E, (V (XV22’y+ Su,sf) s Ty > Uy, fo < {nkED
+ cE, (max (2 4+ Mp,0)+14+ N (Xp); 7y >n, 1/7512 > Lnl_gJ)
< (1 + ) B>+ c.E (\f+ N (Xygz) > e e < W*ED

ko®
—c.E; (z + MV%2 ;z+ vaf <0,7y >, , * e < {nl’fJ)

n

=J},(e2)

+ By (24 My + 1 (Xo)| + 14 N (Xp) 57y >, v > |0t 7)),
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From the previous bound, using the Markov property, the bound (2.2) and the approxi-
mation (5.1), we get

V(z,y) < (1+k0) By + Joo(e%) + cE, (2+Mn; T,>n, fo > {nI*ED

=J1(e?)
+c.E (\F+e o N (Xy,) i 7y > s Vn < W—aD
+ cE,; (1 +e "N (Xml—ej) Ty > Lnl_aJ ) Z/fL2 > {nl_aJ) .

Proceeding in the same way as for the bound (6.24),

2

Tole?) < B (14 N (X0,) 57 > v v < |01 )

52
X 1/2 EE1+C€ Teen (1+N(ﬂf))

Moreover, similarly as for the bound (6.14), we have

2

J1(e%) < cce”" (14 N(z)).
Taking into account these bounds and using Lemma 6.3,

(9.2) V(x,y) < (1 + 2 6) By + iﬁEl 4o e on (1+ N(z)).

Analagously, by (8.13) and (5.1), we have the lower bound

)3 B2 1V (5,0 5,) 7488 < [0

> <1 — ]{) FEy — Csk‘o (1 + N (Xu52> Ty > fo ’ fo < \‘nl—sJ>
0 n
Cgk 2 —c nsz
9.3) > (1 = ) By — gy ey (L4 N(w)).

Taking ko = n'/*¢ in (9.3) and (9.2), we conclude that, for any € € (0,1/8),
c

\V(z,y) — E2| < /8E n—i(E1+1+N(m)).

Again, using (9.3),
¢ ¢
V(@) = Bo| < —V(w,y) + = (Br+ 1+ N(2).

Finally, employing (9.1) and (7.5),

V(2,y) — Ea| < —5 (1+ max(y, 0) + N(z)) .

O
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LEMMA 9.2. There exists g > 0 such that, for any ¢ € (0,g9), = € X, y € R and
n>1,
Ce
Py (my > n) < Yo (14 max(y,0) + N(x)).

Moreover, summing this bound, for any e € (0,g9), x € X, y € R and n > 1, we have

(']
Z P, (1, > k) < ¢ (1 + max(y,0) + N(z)) nt/2+e/2,

PRrROOF. Using Lemma 6.3 and Lemma 9.1, with z = y + r(z) and n > 1,

Py (my >n) <P, (Ty >n, v, < {nl_EJ) + P, (Tz >n, v, > Lnl_ED

M, e
<m (DM 0] ) e (1 N )

Ce

S nl/2—e

(1 + max(y,0) + N(x)).
O

LEMMA 9.3. There exists g > 0 such that, for any € € (0,g9), z € X, y € R and
z=y+r(z),

Es ::Em(z+Myn;z+Myn>n1/2_5/2,7y>yn,1/n<{nl_ED — 0.

n—-+0o0o

More precisely, for anyn > 1, e € (0,&9), z € X, y € R and z = y + r(x),

2
max(y,0) + (1 4yl 1725y + N(2))

E3 < c Y=

PRrROOF. Notice that when v, # 1 the following inclusion holds:

1/2-¢/21 1/2-¢/2 _ 1/2—¢ < 1/2—¢/2
{z+ M, >n }CH{&, >n n > cen }.

Therefore,
E3 < By (z2+ My, ; vn <2|n°))
=:E30
[~
(9.4) + Z Ex(erMk;ék>05n1/2_5/2,7'y>k:,l/n:k:).
k=2|n®]|+1

=:E31
Bound of F3g. For y < n'/27% by the Markov inequality and Lemma 5.2,

2|ne|

Py (v < Z]P’x(r )+ My, > con'/?~ 5)<M

nl/2-3¢
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1/2—2¢ ce(1+y+N(z))

For y > n , in the same way, we have P, (1, <2|n°]) T3 - Putting to-

gether these bounds, we get, for any y € R,
e (14 Yl pieaey + N(2))

N

(95) ]P):z (V’n, < 2 LTLEJ) < 77,1/2_35
Using Lemma 5.2,
2|n®|
By < 2Py (v < 2[n°)) + > BY2 (|My*) PY? (v < 2 [
k=1
2
Ce (1 + y]l{y>n1/2f2s} + N(JI))

. <
(9.6) —

Bound of E3;. Changing the index of summation (j = k — [n®]) and using the Markov
property,
']
E31 < / max (2, 0)P, (é-tnsj > cgnl/Z_E/Z)
. XxR
j=In®l+1
xP, (X; €da’, z+ Mj € d2’, 7, > j)

=:E32

2
) P;P (ansJ > anl/Q—a/Q)

xPy (X; €da’, 2+ M; €dd’, 7, > 7).

=:E33

E.)” (‘MW |

[~
(9.7) + >
j=In<)+

1 XxR

Bound of Es3y. Using (5.2), the Markov inequality and (2.3) with [ = {anl/%g/gJ7
Py (€1ne) > €en/27%/?) <Py (N (X(pe)) > ecn?/?572)
+ Py (N (XLHEJ—I) > C€n1/2—s/2>

N; (XLHEJ)) + %Ex/ (Nl <XLnsJ_1))

1
< 7Ex’ (
C c _ nE
< lQTﬁ_}—je T (1+ N(2')).
Choosing € > 0 small enough we find that

1/2—¢/2 Ce —cen® /
(9.8) P, (qnsj > cen ) < n1+ﬁ/4—|-cge N(ac)
By the definition of E33 in (9.7),
L)
E3z < 3871 Z [Ez (2 + Mj; 7y > j) + Eq (|7 (X5)])]
" i=lne)+1
s
+eee @ N Imax(z, 0)E, (N (X)) + Ey/2 (1M P) By (N (X,)%)] -
j=In]+1
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Using (6.28), Lemma 5.2 and the point 1 of Hypothesis M4, we find that
max(y, 0) + (1 + ¥l ysp/z2y + N(@)) (1+ N(2))

nB/4 '
Bound of E33. Using (9.8) and Lemma 5.2, we have

(9.9) E32 < Ce

C .
E< ) E (”8/2 (1+N(X;)) (1/2+5/8 +eoe ™ N (X; )1/2) DTy > _]) :
j=Ins]+1

By the Markov property,

e
B33 < cce ™ (L+N(@))*? + 1/2+/3/8 /2 Z Ee ( CTNX) sy > j) ‘

Using Lemma 9.2,

max(y,0) + (1 + N(l‘))3/2
nB/8-3¢/2 ’

With (9.10), (9.9) and (9.7), for € > 0 small enough, we find that

(9.10) E33 < ce

max(y,0) + (14 yLgyopz2y + V(@) (1+ N(@))

n6

E31 < ce
This bound, together with (9.6) and (9.4), proves the lemma. O

LEMMA 9.4. There exists g > 0 such that, for any ¢ € (0,g9), = € X, y € R and
z=y+r(x),

E, =E, (z + Mygz s 2+ MV%Q > n1/2_5/4 y > Uy 2 e < {nl_EJ) — 0.

n n—-+o0o

More precisely, for anyn > 1, e € (0,e0), x € X, y € R and z =y + r(x),

2
max(y,0) + (1 + ylyysni/z-2ey + N(;r))

E4 < Ce n5/2

ProoF. We shall apply Lemma 9.3. For this we write, for any n > 1,
E,=E, (z +M 252+ M2 > n1/2_€/4, z+ M, > n1/2_5/2

2 _
Ty > Vs ,VZ g[nl ED

=:Eq
(9.11) +E, (z +M 252+ M2 > n1/2—€/47 2+ M, < n1/2—5/2

2 _
Ty > Uy, ,l/fL g{nl ED

=:E4o
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Bound of E41. By the Markov property,

[~ n?
Eqn = Z

x P, (Xkeda: p My €d, 2 My > n' 252 1y >k, v, = k),

Y, nl/2—¢/4 , e?
XXRE (Z +M|_n€2J Z+ML J y Ty >\; J)
where ¢y = 2/ — r(2’). Moreover, for any 2’ € X 2’ € R, using (6.28), we have
E, (Z/ + M{nEZJ ; 2+ Ml_”EQJ > n1/2_5/4 y Ty > [TLE2J>

< Ey (Z’+MLn52J ; ZI+MLTL52J >0, Ty > {TIEQJ>

< E, (Z/ + ML”EQJ ; Tyl > {n€2J> + E, ("I“ (Xn52>
< ce max(2,0) + ¢. (1+ N(2')) .

)

Consequently,

By < c.E3+c.E, (1 +N(Xy,,); 2+ M, > n1/27€/2, Ty > Vn, Un < [nlf‘?J)

< 2By + cBy (N (X,,) § N (X0,) > 0275 1y > v, vy < 079
+c.E, <n1/2—a; N(X,,) < n1/2—a7 2+ M, > n1/2—£/2’
Ty > Vp s Vp < {nlfsJ)

(9'12) < 3C€E3 + Ce E; (N (XVn) ] N (XVn) > n1/2_€, Ty > Vn, Un < {’I’Ll_aJ) .

=B
Denoting | = {nl/%eJ and using the point 1 of M4 and (2.3), we have
[t~
N (X,,)*
Ep <E (nl/;s Vn < WJ) + LZJ By (N1 (Xk) 57y >k, vy = k)
k=|n®|+1

n®(1+ N(z o
nl/2—< + Z LHB (ry > k) +ce”™ Ep (1+ N (X)) -

Using Lemma 9.2 and taking € > 0 small enough,

max(y,0) + (1 + N(:U))2
(9.13) Bl <e i

In conjunction with Lemma 9.3, from (9.12) we obtain that, for some ¢ > 0,

2
max(y, 0) + (1 4yl 1722y + N(2))

n6

(9.14) En <ce
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Bound of Egs. For any 2’ € (0,n'/27%/2], we have

<Z/ + ML”S2J> Px/(z’ + M'_nszj > n1/2_6/4) < Z/]P)m/(MLnEZJ > c€n1/2_€/4) + ‘ML”E2J .

Therefore, by the Markov property,
Eyp < / 2Py <ML”£2J > cgnl/2_€/4> P, (X,, €ds’, 2+ M,, € d?,
XxR

z+ M, < n1/275/2, Ty > Vp, Vp < [nlf‘?J)

=:Fy3

(9.15) + E,/ (’MLHEQJ > P, (X,, €da’, 2+ M,, € d?,

XxR

z+ M, < nl/2=¢/2 Ty > Up, Up < [nl_aJ).

Bound of E43. Using Lemma 5.2,

cen®’ (14 N(a'))
nl/2—e/4

Px’ (MLn€2J > an1/2_€/4> <

Therefore, we have

Ce Ce
Ey3 <E, <n35/452 (2 + M,,) ]]‘{N(Xyn)gnl/Q—f} + WN (Xv,) ]l{N(Xyn)>n1/2—a} )

z+ M,, < n1/2*€/2, Ty > Vp, Vp < {nksD
Ce

Ce ’
S nde/4—e? Er+ E41'

ne/d—e2

By Lemma 9.1 and (9.13), we obtain for some small £ > 0,

max(y,0) + (1 + N(w))2.

(9.16) E43 < Ce n5/2

Bound of Fyq. Again by Lemma 5.2, E,/ (‘MLnEQJ

> < ne” (14 N(z')). Consequently,

By < %Ew (z + M, ; N(X,)< nl/2=2% Ty > Un, Vn < nl_EJ)
teen” By (N (X0,) 3 N (X)) > 02272 7y > 0, 0, < 01 72]).

Proceeding exactly as in the proof of the bound of E); but with [ = {nl/ 2_25J, we obtain,
by Lemma 9.1,
max(y,0) + (1 4+ N(z))?
ne/2 ’
Putting together this bound with (9.16) and (9.15), we find that
max(y,0) + (1 4+ N(z))?
nel2 )
So, using (9.11) and (9.14), we obtain the second assertion. The first one is an easy
consequence of the second one. ]

Eu < ce

Eyp < ce
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The following results are similar to that provided by Lemmas 9.1 and 9.4 (see Fy and
E, respectively).

LEMMA 9.5.  There ezists eg > 0 such that, for any € € (0,p), z € X and y € R,
(

F=FE, (y+ Sufﬁ Ty > uff ) Ve < {nl_aJ) — V(x,y),

n
Fy=E, (y + SV%Z sy + SViQ > n1/2_5/8, Ty > uff , Ve < {nl_aJ) — 0.

More precisely, for anyn > 1, ¢ € (0,¢0), x € X and y € R,
Ce

|F2 - V(.T,y)| < ns/g

(1 + max(y,0) + N(z))

and )
max(y, 0) + (1 4yl 1/2-2y + N(2))

F4<C€ nE/Q

ProoF. By (5.1), for any n > 1,
Py — Ba| < B, (|7 (X,2)

2 2
. £ e 1—¢
,Ty>un,1/n<{n J)

=:F)}

Using the Markov property, the definition of v, and Lemma 9.1,

2

F} < cE, (1 +e " N (X,,) 5Ty > Vn, Un < {n1€J>

62
< #El +ee™™ (1+ N(2))
(9.17) < — (1 + max(y,0) + N(z)).

n1/2—5
Therefore, by Lemma 9.1,
c
By~ V(w.y)| < By Viw,y)| + F < -
n
Now we shall control Fy. Recall the notation z = y + r(z). By equation (5.1), we note
that on the event

(1 + max(y,0) + N(z)).

{z + leif < n1/2_5/4} N {y + Suff > n1/2_8/8}

we have ’7“ (Xy;{")’ > ¢.n'/27¢/8 Therefore,

v+ S <t (X,0) < (S5 ) [ (x,)

which implies that

n

F, <E, (y+SV€z ;2 + M0 > pl/2=elt Ty > VEQ,V

S0
N
3H
|
o
~—
+
&
Nl

By (5.1), Lemma 9.4 and (9.17), we conclude that

2
max(y,0) + (14 yly,p1/eay + N(x))

F4<E4—|—F2,+C€F2/<C5 /2
n

O]
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9.2. Proof of Theorem 2.3. Assume that (z,y) € X x R. Let (By),5, be the Brownian
motion defined by Proposition 4.3. For any k& > 1, consider the event

(9.18) Ag = { sup Sy — o Bu| < K27}

o<t<1
and denote by A, its complement. Let n > 1 and remind that 1/ =v, + {nEQJ > {nEZJ.
With the previous notation, we write

Py (1y >n) =P, (Ty >n, Vflz > {nl_eJ)

)
+ Y / P, (Ty, >n—k, Zn,k)lpg (Xp €da’, y+ Sy €dy,
kZLn¥J+1 XxR
Ty >k, 1/22 = k)
=:J1
[n'~
(9.19) + Z / Ty/ >n—k, Anfk) P, (Xk de/, y + Sk Edy',
e Lns XxR
7'y>l<:,1/fL2 :k).
=:J2

Bound of Jy. Since n — k > c.n, for any k < [n!~¢|, by Proposition 4.3, we have

Po (1 > n—k, Ay y) <P (A, ) < W |

So, using the fact that n'/2=¢ < z + M,, and Lemma 9.1,

C 2 _
NS By (1+e TN (X)) Ty > Ve, v < 0! 6J>
82
< e Bt ee ™ (14 N(@)

ce (1 4+ max(y,0) + N(z))
(9.20) < Yo .
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Bound of Jo. We split Jo into two terms:

[n' 2]
Jo = Z / Py (Ty/ >n—k, An—k)
by XxR
k:LnE J—i—l

x]P’x(Xkde’,y—i—SkEdy’,y+5k>n1/2_8/8,7y>k:,1/22 :k)

=:J3
)
921) o+ % / Py (ry > 1 — by Ang)
k:LnE2J+1 XxR

x]P’x(Xkde’,y—i—SkEdy’,y+5k<n1/g_8/g,7y>k,uff :k:).

=:J4
Bound of J3. With o/, =y’ + (n — k)'/272 we have
(9.22) Py (ry >n—k, Ap_p) < Py (T;:n >n— k;) :

where 757“ is defined in (4.1). By the point 1 of Lemma 4.2 and Lemma 9.5,

J3 < %EI (y + 5,2 + nl/2=% .y 4 Sy > nt/2=el8 o> fo , uff < {nl_eJ)
2ce
< —=F
Vn
2
max(y, 0) + (1 + ¥l (ysp/z-2y + N(2))
(9.23) <ece ez ,

Upper bound of Jy. For y < n'/27¢/8 and any k < [n!~¢], it holds y/, < 2n!/275/8 <
c.(n — k)1/2=¢/3_ Therefore, by (9.22) and the point 2 of Lemma 4.2 with 6, = com~¢/8
and m = n — k, we have

2 (1)
—k
Ji < "R (y+ Sk + (n— k)22,
! 22: XxR \/27(n — k)o (y a )
k:LnE J—i—l
y + Sy, < nl/*E/8 Ty >k, fo = k)
. 2(1+462_ _
Since \/(%(n_k’“))g < 7 (1 + n§?4) and n'/27% < 2 + M,,,, we get

2 Ce 1/2—2¢ . 1/2—¢/8
e G e A PR e AL P

2 2 _
Ty >y, 5V < {nl eJ)

2
(1+-2) Rt —Som
2mno n
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By Lemmas 9.1, 9.5 and (7.5),

2V (2, y) LG (1 +max(y,0) + N(x))
V2mno nl/2+e/8 '

Lower bound of Jy. With v = ¢/ — (n — k)/?72 we have P (1, >n —k, Ay_j) =
P, (T;,m >n— k) — P, (ank)- Considering the event {y 4+ Sy > (n — k)Y/272} and
repeating the arguments used to bound J; (see (9.20)), we obtain

(']

Jy > Z / ]P’x/(757”>n—k)IP’x(XkEdaz/,y—f—SkEdy’,
2 XxR -
k:'_ns J—l—l

(9.24) Jy <

/

y+5k<n1/2_5/8,y+5k> (n—k)1/2_26,7y>k, yff :k)

. (1 + max(y,0) + N(x))
o nl/2+e :

Using the point 2 of Lemma 4.2 and Proposition 4.3,

2 Ce €2\1/2—2¢ .
Jy = Smne (1_n5/4)Ez (y+SV52_(n_Vn) )

2. 1/9_ _ 2 L2 _
3/"‘51,%2 > (n—v, )1/2 2€7y_|_5’1j£2 < nl/? 5/8,Ty>’/761 , Uy < {nl aJ)

. (1 + max(y,0) + N(x))
- nl/2+e

2 Ce Ce Ce ¢ (1 4+ max(y,0) + N(z))
> - - T~ - - .
~ \2rno (1 n€/4) F2 \/’TlF4 nl/2+e Ex nl/2+e

By Lemmas 9.1, 9.5 and (7.5),

2
2V(z,y) . max(y, 0) + (1 + yLiyspiz-2ey + N(x))
V2rtne nl/2+e/8 .

Putting together (9.25), (9.24), (9.23) and (9.21),

(9.25) Js =

2
max(y, 0) + (14 Yl /22y + N(2))
€ nl/2+e/8 )

2V
J2 o (Qj’ y) < c
2mno

Taking into account (9.20), (9.19) and Lemma 6.3, we conclude that, for any (z,y) € XxR,

2
max(y, 0) + (14 Yl /22y + N(2))
n1/2+€/8 )

2V (x,y)
2mno

(9.26)

Py (1y > n) —

< ¢

Taking the limit as n — 400 in (9.26), we obtain the point 1 of Theorem 2.3. The point
2 of Theorem 2.3 is an immediate consequence of the points 2 and 4 of Proposition 8.8.
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9.3. Proof of Theorem 2.4. The point 1 of Theorem 2.4 is exactly (9.26). In order to
prove the point 2 of Theorem 2.4, we shall first establish a bound for P, (7, > n) when
z=y+r(z) >n'/?" n>1. Set m. =n — |n°]. By the Markov property,

Py (1y >n) = / Py (1 > me)
XxR
(9.27) X Py (X|pe) €d2’, y+ Sppej €y, 7, > [n7]).
For any ' € X and ¢ > 0, using A,,. defined by (9.18), we have
Py (1 > me) < Py (T;Zl > mg) + Py (st) ,

1/2—2¢

where T y, is defined by (4.1) and ¥/, = v/ + m: . By the point 1 of Lemma 4.2 and

Prop031t10n 4.3,

/ /
Yy Ce CeyY Ce Ce
P, (Ty/ > ms) < \/”Te + m2€ (1 + N(z )) N + T2 + —nQaN(x/).

Introducing this bound in (9.27), we get
Ce Ce Ce
Falry > n) < ok (4 Sty 7> [0°]) + 1 + 5B (N (X))

Using Corollary 6.5, the inequality (2.2) and the fact that nl/2=¢ < 2z, we find
¢ (z+ N(z))
v

Now, for any = € X, z € R and y = z — r(x), using the Markov property, (9.28) and the
fact that \/n — v, > cy/n on the event {1, < [n'7¢]}, we have

(9.28) Py (ry > n) <

Py (1y > n) < C—EEI (erMVn +N(Xy,) ; 7y >vn, Vp < {nl_ED

Vn

+ P, (Ty >n, vy > {nl_EJ).

Using Lemma 6.3 and the fact that N (X,,) < z+ M, on the event {N (X,,) < n'/?7¢},
with [ = Lnl/Q’EJ, it holds
c _
P, (1, > n) < 7%1@35 ((z+Myn) ( + LN, )<t o 5}) Ty > Uy Un < W D

+ C—EEI (Nl (Xu,) s 1y > v, vy < {nng + ¢, e " (1+ N(x))

NG
2. [n°]
g\FE fZE (N1 (X))
[n' ]
_,_CL E; (N (Xg) 5 7y > k +c.e ™ (14 N(x)).
\/ﬁk:%H (N1 (X ) ( ()

imsart-aop ver. 2014/10/16 file: AOPMWCO15(no-color).tex date: February 23, 2017



CONDITIONED LIMIT THEOREMS FOR MARKOV WALKS 55

By (2.3) and the Markov property,

\/‘(lclzﬁ
RS
+\/—% >

J=1

Py (my > n) < —E1 +

N (14 V@) +ece™" (14 N(z)

c , —en®
sl (g > J) +ce™™ By ((1+ N (X5)))

¢ (14+ N(z
—( J\F/ﬁ()) \FZHﬂ Z P, (1, > j).

Using Lemmas 9.1 and 9.2, we deduce the point 2 of Theorem 2.4.

10. Asymptotic behaviour of the conditioned Markov walk. In this section,
we prove Theorem 2.5. The arguments are similar to those given in Section 9. We also
keep the same notations. Assume that (z,y) € X x R and let ¢y > 0 be a positive real. For
any t € [0,tp] and n > 1, we write

Py (y+5n<t\/ﬁaTy>n)
=P, (y+Sn <tvn, my>n, fo > {nleD

L —
+ Z / y+Snk t\/ﬁ,fy/>n—k,Zn_k)
e XxR
xIPm(Xked:v’,y—i—Skedy’,Ty>/~c,uff:k)
=11
(10.1) + Z / (Y + Sp—i <tVn, 1y >n—k, Ap_i) .
XxR

¥P, (Xked:v’,y+5kedy’,7y>/~c,u;f:k).

=:Lo
Bound of Ly. With J; defined in (9.19) and with the bound (9.20), we have,

¢ (1 + max(y,0) + N(:c))

(10.2) L1 <Ji < ey
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Bound of Ly. According to whether y + Si, < n/27¢/8 or not, we write

L E
Ly = Z /M (o + Spre S tV71, Ty > 11—k, Any)
k=|n? | x

xP, (Xkedx ,y+Sk€dy’,y+Sk>n1/2’E/8,Ty>k,fo:k)

—=:L3
[n' ]
(10.3) + Z / Py (v 4+ Spi <tVn, 7y >n—k, Ap_i)
k=Ln‘=‘2J+1 XxR

xP, (Xkde’,y+5k€dy’7y+Sk<n1/2’E/877y>k,V22:k>‘

=:L4
Bound of Ls. With J3 defined in (9.21) and with the bound (9.23), we have

2
max(y,0) + (1 +yly, < ,1/2-20y + N(x)
(10.4) Ly < Js<ce ( TLUQEZ_/E/Q } ) '

Bound of Ly. We start with the upper bound. Set ¢/, = Y +(n—k)/?=2% andt, = t—i—%.
Note that on the event {y'+S,_; < ty/n, 7y >n—k, A,_i} wehave y/, +0B,_ < t4\/n
and T 7 > n — k. Therefore, by Lemma 4.1,

Py (Y + Spi <tV/n, 7y >n—k, Ay_g)

t+\f , y/
oVn=k e 5 /2gh | s—2— | ds.
\/27r/ ( vn —ko

We shall use the following bounds:

2
sh(u) <wu (1 + % ch(u)> , for u > 0,
/ /
Y+ Y+ Ce ’ 1/2—¢/8 1—e
UW<U\F(1+ >\n5/8’ fory' <n andkgln J,
t-i-f t Ce,to 1—
- \ ’ f k g € .
m/n—k o Tpe SCeto or [n J
Consequently,

P:v’ (y/"f’Snfk < t\/ﬁ, Ty! >n—k An k)
c.82
(1 + /i ch (cgs)> ds

2y,
2mno < )
2y, i 2 % 2
< + < )( Eto) ( se”® /2d5+/amse_s /st)
2mno nel4 0 L

2y’ ( Csto) (1—e i sto)
2mno ne/4 ne
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This implies the upper bound (with F, and E; from Lemmas 9.5 and 9.1, respectively)

2 Cg7t0 7i C&‘,to c{:‘,to
La< 2mno (1 + n5/4> (1 Ce ne o+ n1/2+€E1
C W) ([, e (b max(y,0) + N(a)
Yo nl/2+e/8 ‘

The proof of the lower bound of L4, being similar, is left to the reader:

Ly

WV

2
2V (z,y) (1 B e_tQ) e, max(yyo) + (1 + yﬂ{y>n1/2—zs} + N(x))
€,10 .

202
Yo nl/2+e/8

Combining the upper and the lower bounds of L4 and (10.4) with (10.3) we obtain an
asymptotic developpement of Ly. Implementing this developpement and the bound (10.2)
into (10.1) and using Lemma 6.3, we conclude that

2V _ %
TPV
2
max(y,0) + (1 +yLyspi/z-2ey + N(x))
< Cs,to n1/2+€/8 .

Using the asymptotic of P, (7, > n) provided by Theorem 2.3 finishes the proof of Theorem
2.5.

11. Appendix: proofs for affine random walks in R%. In this section we prove
Proposition 3.2. For this we verify that Hypotheses M 1-M5 hold true on an appropriate
Banach space which we proceed to introduce. Let § > 0 be the constant from Hypothesis
3.1. Denote by € (R?) the space of continuous complex valued functions on R%. Let ¢ and
f be two positive numbers satisfying

14+e<0<2<24+2e<2+26.

For any function h € ¢ (R?) introduce the norm [hllg. = |Rly + [R]., where

. |h(z) — h(y)]
[h], = oz =y (Lt [2]) (1 + y])

h
hly = sup ML
vea(1+ [o])

and consider the Banach space
Bi=%p.={he® (R :|h],. < +oo}.

Proof of M1. Conditions 1, 2 and 3 of M1 can be easily verified under the point 1 of
Hypothesis 3.1 and the fact that § < 2 + 26 and ||, 4 < (1 + |z|)?, for any x € RY.

We verify the point 4 of Hypothesis M1. For any (z,y) € R x R? and t € R, we have
et/ (@) —eitf(y)‘ <t f(x) = f(y)] < |t]|ul |z — y| and |t/ @) —eitf(y)‘ < 2. Therefore, we
write

eitf(x) - eitf(y)‘ < gl—e ’t’a ‘u’5 ‘l’ _ y’e )
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Supposing that |z| < |y|, we obtain, for any h € %,

@) py(g) — it/ W) h(y)‘ <

Since 6 < 2, we have [eitf h — et/ h} < 279 |t)° Jul® |h|p + [h]... Consequently,
13

(1217 Jt[* [ul*) |l and the point 4 is verified.
Proof of M2 and M3. We shall verify that the conditions of the theorem of Ionescu-
Tulcea and Marinescu are satisfied (see [28] and [25]). We start by establishing two lemmas.

eitf h‘

<
0, =

LEMMA 11.1.  Assume Hypothesis 3.1.

1. There exists a constant ¢ > 0 such that, for anyt € R, n > 1, and h € Zp,
[PYhly < clhly.
2. There exist constants c1, ca and p < 1 such that, for anyn > 1, he€ £, andt € R,
[Pyh]. < erp” ], + e [t [Bl,.
3. For any t € R, the operator Py is compact from (8, ||, ) to (¢ (Rd> 2 lg)-

PROOF. Claim 1. For any z € R?,

i o ()] < (1 ) 5 ).

with IT,, = A, A, _1... Ay and X2 =g, ...91-0=37_1 Ay ... Apy1By. By the point 1 of
Hypothesis 3.1, there exist ¢(d) > 0 and 0 < p(d) < 1 such that, for any n > 1,

BT (L") < E (JL)*) < c(@)p(0)" —= 0,

n——+0o0
from which it follows that
n 0
E <]X2]9> < (Z EY (|[IL,|7) B/ (|Bl|9)> < +oo.
k=1

This proves the claim 1.
Proof of the claim 2. For any x # y € R?, with |z| < |y|, we have

[P/ h(z) — PYh(y)]

I3
<E (21-8 1 Jul* (Z anu) [ = yI° [lg (1+ L] o] + \XSDQ)
k=1
+ B (B 1L fo — I (14 T o] + |X2]) (1+ I o]+ | X2)])) -
Since 0 < 2, we obtain that

[PPh]. < 27 [t [ul” Ca(n) [kl + Ci(n) [A].
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where 2
Ci(n) = E (Hnnue (1+ I, + | x5)) )
and

Ca(n) =E <<Z umu) (1+ I + ]X,S])H) .
k=1

Since 2 + 2e < 2 4 20 = p, by the Holder inequality,

Ci(n) < BT (|IL, | +) E= ((1 + [Ta | + \XQDM)

1 - p(6)7

which shows that Cj(n) converges exponentially fast to 0. In the same way, taking into
account that 6 < 2 we show that Cy(n) is bounded:

Ca(n) < <i Er (HHkHl+a>> B ((1 + I, + ‘XQDHQE)
k=1
< (“))3 1+ c(0)} + (C<5);E; <|f§1|p>)2
Loty 1= p(0)?

Proof of the claim 3. Let B be a bounded subset of %, (hy)n>0 be a sequence in B and
K be a compact of R?. Using the claim 1, it follows that, for any 2 € K and n > 0,

11 2
< e(8)7p(8)7 3% [ 1+ ()7 + (CWEP <|Bl|f’>) ,

[Peha(@)] < clhnlg (1+2))” < ex,

which implies that the set &/ = {P;h, : n > 0} is uniformly bounded in (¢ (K),||,),
where |-| _ is the supremum norm. By the claims 1 and 2, we have that, for any z,y € K
and n > 0,

[Pihn (@) = Pihn(y)] < [Pehal. |z = yl" (L4 |2))” (1 + [y))’ < ek [lall g 2 = yI°

and, thereby, the set & is uniformly equicontinuous. By the theorem of Arzela-Ascoli, we
conclude that < is relatively compact in (¢ (K), ||, ). Using a diagonal extraction, we
deduce that there exist a subsequence (ny)x>1 and a function ¢ € % (R%) such that, for
any compact K C R?,
P, — .
Sup [Pihn, (z) = ()] 72 0

Moreover, by the claims 1 and 2, for any n > 1 and = € R¢,

| Pihn ()] < |Pihn(0)] + [Prhn]. |27 (1 + [2]) < clhalg + cllhnll 5 |27 (1 +[2]) .
Since B is bounded, we have |P;h,(z)| < c¢(1 + |z|)1*¢, for any = € R?, as well as ¢(x) <
c(1+ |z|)*, for any = € RZ. Consequently, for any k£ > 1 and A > 0,

P.hy,, () — oz 1+ |z))te
sup | t nk( ) ;0( )‘ < sup |Pthnk (iL‘) _ QO(:L')‘ + 2¢ sup %
zERY (1+ |z|) lz|<A lz|>4 (1 + |z|)
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Taking the limit as k — 4oo and then the limit as A — 400, we can conclude that

limy s 4o [Pihn, — ¢ly = 0.
O]

LEMMA 11.2.  Assume Hypothesis 3.1.

1. The operator P has a unique invariant probability v which coincides with the distri-
bution of the P-a.s. convergent series Z = Zg;’ol Aq...A_1By. Moreover, the unique
eigenvalue of modulus 1 of the operator P on % is 1 and the associated eigenspace is
generated by the function e: x — 1.

2. Lett e R*. If h € # and z € C of modulus 1 are such that

Pih(z) = zh(z),  z €supp(v),
then h =0 on supp(v).

PROOF. We proceed as in Guivarc’h and Le Page [22] and Buraczewski, Damek and
Guivarc’h [5]. For any g = (A, B) € GL (d,R) x R? and = € R, we set g -2 = Az + B.

Proof of claim 1. Since k(d) < 1, the series Y EﬁﬂAl - A 1Byt %) converges
and so the sequence ¢1...g, - = Ay... Apx + > }_; A1... Ax_1B), converges almost
surely to Z = Z;ﬁ‘i Ay ... Ap_1Br as n — +oo. Therefore, for any ¢ € %, the sequence
©(g1-..9n - ) converges to p(Z) almost surely as n — 4o00. Moreover, since |p(z)| <
lolg (1 + |z|)? and 6 < 2+ 26, the sequence (¢(g1 - .. gn - T))n>1 is uniformly integrable. So
P"p(z) converges to E(p(Z)) as n — +oo. This proves that the distribution v of Z is the
only invariant probability of P.

Fix z € C such that |z| = 1 and let h # 0 belonging to # be an eigenfunction of P, so
that Ph = zh. From the previous argument, it follows that, for any z € R¢,

n n
2"h(z) = P"h(x) s v(h).
Since there exists x € R? such that h(x) # 0, the sequence (2"),>1 should be convergent
which is possible only if z = 1. From this, we deduce that for any = € R?, h(z) = E(h(Z2))
which implies that h is constant.

Proof of the claim 2. Our argument is by contradiction. Let t € R*, h € # and z € C
of modulus 1 be such that Pih(z) = zh(z), for any x € supp(v) and suppose that there
exists z¢ € supp(v) such that h(xg) # 0.

First we establish that |h| is constant on the support of the distribution v. Since v is
p-invariant, for any (g, z) € supp(u) X supp(v) we have g - = € supp(v). From this fact it
follows that PPh(x) = 2"h(z), for any n > 1 and x € supp(v). This implies that || (z) <
P" |h| (z), for any x € supp(v). Note also that |h| belongs to 2. Therefore, as we have seen
in the proof of the first claim, we have, lim,_, 1o P" |h| () = v(|h|) = E(|h| (Z)) < +o0,
for any 2 € supp(v). So |h|(x) < [,cpa|h| (2)v(d2’), for any 2 € supp(v). Since |h| is
continuous, this implies that |h| is constant on the support of v. In particular, this means
that h(z) # 0 for any = € supp(v).

Since the support of v is stable by all the elements of the support of u, we deduce that
the random variable &,(x) = exp(it (u, Y jp—q gk ---g1 - T))h(gn ... g1 - ) takes values on
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the sphere S, () = {a € C : |a| = v(|h|)}, for all z in the support of v. Moreover, the
mean z"h(z) of &, (x) is also on S,(j)), which is possible only if &,(z) is a constant, for

any = € supp(v). Consequently, for any pair x,y € supp(v), there exists an event €2, , of
P-probability one such that on €, , it holds, for any n > 1,

exp (z’t <u, zn:gk...gl v>> h(gn...g1-v)=2"h(v),
k=1

with v € {z,y}, from which we get

(11.1) h (gn - :91 ) = ZE:Z% exp (it <zn:tAl A, — y>> :

k=1

In addition, for any n > 1,
E(‘h(gn.--gl-y) _1D :E(‘h(gl--.gn-y) _1D.
h(gn‘--gl‘x) h(gl--'gn"r)

Since, for v € {z,y}, the sequence h(g;...gn - v) converges a.s. to h(Z) and since h is
bounded with a constant modulus, we have by (11.1),

..g1~y)_1’>

Gn 01 )

= RETOOE (‘ Zgi exp (it <z”: Ay A, — y>> -1

k=1

o
|
=
=)
=
T
> >
N
3

)

Taking into account that the series > p_; fA;..."A; converges a.s. to a random variable
Z', we have for any x,y € supp(v),

(11.2) E QZ% et ue—y) —1D =0.

Since the support of v is invariant by all the elements of the support of wu, by the
point 2 of Hypothesis 3.1, we deduce that the support of v is not contained in an affine
subspace of R?, i.e. for any 1 < j < d, there exist x;,y; € supp(v), such that the family
(v))1<j<d = (2 — Yj)1<j<d generates R%. From (11.2), we conclude that for any 1 < j < d,

h(yj) eit(Z/’lL,’Uj> — 1
h(x;) ’

Let 0; be such that % = ¢% . Denoting by n,, the distribution of Z’u, we obtain that

(Z'u, ;) € 0;+277

P-a.s.

J
+— P-a.s. and so the support of n,, is discrete. Moreover, the measure n,, is
invariant for the Markov chain X/, ; = 'A,11(X}, + u) and so, for any Borel set B of R?,

(11.3) n. (B) = E (/UeRd 15 (41 (v +u) nu(dv)) |
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Since n,, is discrete, the set Epep = {z € R? : 9, ({2}) = max,cga M, ({y})} is non-empty
and finite. Moreover, using (11.3) with B = {2} and © € E,4s, we can see that the image
tAflx — u belongs to E,,q, P-a.s. Denoting by vy the barycentre of E,,.., we find that

P (tAflvo —u = vo) =1.

The fact that u # 0 implies that vy # 0. The latter implies that tAl_lvo =vp+u= tA2_1U0
almost surely, which contradicts the point 3 of Hypothesis 3.1. O

The conditions (b), (¢) and (d) of the theorem of Ionescu-Tulcea and Marinescu as stated
in Chapter 3 of Norman [28] follow from points 1-3 of Lemma 11.1 repectively. It remains
to show the condition (a). Let (hy),~ be a sequence in % satisfying [|hyly. < K, for
any n > 0 and some constant K and suppose that there exists h € % (RY) such that
limy, s o0 |hn — hlyg = 0. For any z,y, 2 € R? and n > 0,

he) b, |(2)
o= yF @+ D+l A+

g (D" ()
S Mo\ o =y T T+ Ty

Taking the limit as n — +o0, shows that h € % and [|h]l,. < K.

The theorem of Ionescu-Tulcea and Marinescu and the unicity of the one-dimensional
projector proved in the point 1 of Lemma 11.2 imply Hypothesis M2. Hypothesis M3 is
obtained easily from Lemma 11.1.

The point 2 of Lemma 11.2 will be used latter to prove that o2 > 0.

Proof of M. By the hypothesis a@ = 211255 > 2. Consider the function N: R — R,

defined by N(z) = |z|"™¢. For any z,y € R satisfying |z| < |y|,

IN(z) = N(y)| < (L+e) |yl |z —y|.
Using the fact that |N(z) — N(y)| < 2|y|'™, we have
IN(z) = N(y)| < (1+e)72 = [y~ 49079 11— ye = ¢ Jy| o — y[°.

Together with |N|, < 400, this proves that the function N is in & = %) ..
Obviously | f ()" = |(u, z)|"** < |u|'T® (1 + N(z)). Moreover, for any h € %,

h(@)] < [R] |27 (14 [2]) + [P(0)] < 2||Alls. (1 + N(x))
and so [|0;l, < 2(1+ N(x)). Note that for any p € [1,a],

El/p (N (gn...q1 2)") < glte (El/p (HHnHP(H-S)) N(z) +EP (!gn g1 -0]p<1+8)>) )

Since p(1+¢) < 2+ 20, the previous inequality proves that EL/? (N (X,)P) <c(1+ N(x)).
Thus, we proved the first inequality of the point 1 of M4.
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For any [ > 1, we consider the function ¢; on R, defined by:

0 i< — 1,
(11.4) at) =1 t— (177 —1) ifre 1T — 107
1 if ¢ > T

Define N; on R? by Nj(z) = ¢;(|z|)N(z). For any z € R we have N(@) Il n@)sy <
Ni(z) < N(z) which implies that |N;|, < |[N|, < +oo. Moreover, for any z,y € R?
satisfying |z| < |y|, we have

[9u(ly]) — @u(lz))] < min (|y| — |z],1).

So
[Ni(y) = Ni(@)| < [N, | = yl" (L+ [2]) (1 + [y]) + |25 Jy — 2|7
Since |z| < |y|, we obtain that [NV;]. < [N]. +1 < 4o00. Therefore, the function N; belongs
to # = 2y ., which finishes the proof of the point 1 of M4.
Moreover, [Ny, < |[[N]|g. + 1 and, so the point 2 of M4 is also established.
Since [y |z|? I/(d;(}) < 400, for any p < 2 + 26, we find that

2426
d
v (N)) é/ 2|1 1 v(dr) < Jx |2 V(g z) .
X {\x|211+8—1} (llia _ 1>2+2 —(1+¢)

Choosing 8 = o — 2 > 0, we obtain the point 3 of M4.
Proof of M5. Using (2.5) and the point 4 of Hypothesis 3.1,

+oo
(11.5) u= /Rd (u, ) v(dz) = <u,]E (Z AL Alek>> — 0.
k=1

Now we prove that o2 > 0. For this, suppose the contrary: 02 = 0. One can easily check
that the function f belongs to %. Using M2 and the fact that v(f) = p = 0, we deduce
that >-,~¢ HPane,a = 00 HanHe,g < +oc and therefore the series >, o P" f converges
in (93, HH(,E) We denote by © € # its limit and notice that the function © satisfies the
Poisson equation: ©® — PO = f.

Using the bound (2.6), we have ’27]:[:1 f(a:)P”f(:E)’ < ¢(1+ N(z))? By the Lebesgue
dominated convergence theorem, from (2.5), we obtain

o?= [ () (26(2) — f(@) v(da)

= /. (6%(x) - (PO)* (2)) v(da)

= (O(g1 - x) — PO(x))? p(dg)v(dz).
GL(d,R)xRIxR4
As 0% = 0, we have O(g; - ¥) = PO(x), i.e. f(g1-z) = PO(z) — PO(g1 - x), pt X v-as.
Consequently, there exists a Borel subset By of R? such that v(By) = 1 and for any ¢t € R
and x € By,
eit(u,gl-x) ez‘tP®(g1-x) u(dg1) _ eitP@(m) _

/GL(d,IR) xRd
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Since the functions in the both sides are continuous, this equality holds for every x €
supp(v). Since © € % ., the function x — e™PO®) helongs to Zp~{0}. This contradicts
the point 2 of Lemma 11.2 and we conclude that 62 > 0 and so M5 holds true.

12. Appendix: proofs for compact Markov chains. In this section we prove
Proposition 3.7. For this we show that M1-M5 hold true with N = N; = 0, for the
Markov chain (X,,),>1, the function f and the Banach space .Z(X) given in Section 3.2.

Proof of M1. Obviously the Dirac measure belongs to .Z(X)" and [|0z| »x) < 1 for

any = € X. For any h € Z(X) and ¢ € R the function e®*/ h belongs to .Z(X) and

(12.1)

)|, < 1t [l oo + 1AL < (8] [l +1) ]

Proof of M2. Let (x1,x2) and (y1,y2) be two elements of X and h € £ (X). Since
h(z1,2z2) = / h(za, 2") P(x2,dz’),
X

we have ||Ph|| < |||/ Denote by h;, the function z — h(z2, 2), which is an element of
Z(X). Since [hg,]y < [h]x and |hg, |, < ||h]|o, We obtain also that

|Ph(z1,22) — Ph(y1,y2)| = |Phay(w2) — Phy, (y2)|
< [Phay] x dx (22, y2) + [h]x dx (22, y2)
< (|Pl g g Il + [Plx) dx (72, y2),

where |P|,_, o is the norm of the operator P: £ (X) — Z(X). Therefore P is a bounded
operator on .Z(X) and ||P|| »_, o < (14 |P|4_, &) . Now, for any h € £ (X), we define the
function Fj by

:/ h(xg, 2")P(x2,da") = Ph(xy,22).
X

Notice that F}, belongs to .Z(X) and |Fj|, < ||Ph||s,. So by Proposition 3.5, for any
n =2, (r1,22) € Xand h € Z(X),

P"h(xl,xg) = Pnith(l'Q) = I/(Fh) -+ Rnith(.%Q) = I/(h)@((]?l,xQ) + Q"h(xl, QZQ),

where the probability v is defined on X by
(k) = v(Fy) = / hx',2")P(o!, da’ v (da!),
XxX

the function e is the unit function on X, e(x1,x2) = 1, V(x1,22) € X and Q is the linear
operator on .Z(X) defined by Qh = R(F},) = Ph—v(h). By Proposition 3.5, the operator
Q is bounded and for any n > 1, [|Q"[| 4_, » < |R" Y 4, & [Pl oo < ce ™. Since v is
invariant by P, one can easily verlfy that 1IQ) = QII = 0, where II is the one-dimensional
projector defined on .Z(X) by ITh = v(h)e.

Proof of M3. For any t € R, h € Z(X) and (1, x2) € X,

+00 T

Pih(zy,22) = /Xeitf(ﬂcmm') h(xe, 2’ )P(z2,dx") = Z Zn' L (h)(x1, z2),
n=0 ’
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where Ly (h) = P(f"h). Since (Z(X), ||-|| &) is a Banach algebra, it follows that L, is a
bounded operator on .Z(X) and || Ly &_, o < ||P|lo_, & || f|I'y. Consequently, the applica-
tion t — Py is analytic on R and so, by the analytic perturbation theory of linear operators
(see [26]), there exists €9 > 0 such that, for any |¢| < &,

? = )‘?Ht + Q??

where \; is an eigenvalue of Py, II; is the projector on the one-dimensional eigenspace
of \; and Q) is an operator of spectral radius r(Q;) < |A¢| such that II,Q; = QII; = 0.
The functions ¢ — A, ¢t — II; and t — @ are analytic on [—k, k]. Furthermore, for any
h e Z(X) and (z1,22) € X,

Pl (or,) = | [ o7 g, )Py, )| < ]
X

and necessarily |\ < 1, for any |t| < k. Consequently

sup HP?HZ—xf <ec
[t|<k,n>=1

Proof of M4 and Mb5. Since for any z € X, |f(z)| < |f|s and [z (xy < 1, we can
choose N =0 and N; =0 for any [ > 1 and Hypothesis M4 is obviously satisfied.
Finally, Hypothesis 3.6 ensures that M5 holds true.
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