WELL-POSEDNESS AND REGULARITY FOR
QUASILINEAR DEGENERATE PARABOLIC-HYPERBOLIC
SPDE

BENJAMIN GESS AND MARTINA HOFMANOVA

ABSTRACT. We study quasilinear degenerate parabolic-hyperbolic sto-
chastic partial differential equations with general multiplicative noise
within the framework of kinetic solutions. Our results are twofold: First,
we establish new regularity results based on averaging techniques. Sec-
ond, we prove the existence and uniqueness of solutions in a full L'
setting requiring no growth assumptions on the nonlinearities. In addi-
tion, we prove a comparison result and an L'-contraction property for
the solutions, generalizing the results obtained in [16].

1. INTRODUCTION

We study the regularity and well-posedness of quasilinear degenerate para-
bolic-hyperbolic SPDE of the form

du + div(B(u))dt = div(A(u)Vu)dt + @(x, u)dW,

(1.1) (0 = 1

where z € TV, ¢t € (0,T), W is a cylindrical Wiener process, ug € L'(T"),
B € C*(R,RY), A € CY(R,RY*N) takes values in the set of symmetric
non-negative definite matrices and ®(z, u) are Lipschitz continuous diffusion
coefficients.

Equations of this form arise in a wide range of applications including the
convection-diffusion of an ideal fluid in porous media. The addition of a
stochastic noise is often used to account for numerical, empirical or physical
uncertainties. In view these applications, we aim to treat (1.1) under gen-
eral assumptions on the coefficient A, B and initial data ug. In particular,
the coefficients are not necessarily linear nor of linear growth and A is not
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necessarily strictly elliptic. Hence, in particular, we include stochastic scalar
conservation laws

du + div(B(u))dt = &(z,u)dW
and stochastic porous media equations
du + div(B(w))dt = Aul™dt + &(z,w)dW,
with m > 2 and u™ := sgn(u)|u|™ .

One of the main points of this paper is to provide a full L' approach to
(1.1). That is, we prove regularity estimates and well-posedness for (1.1)
assuming no higher integrability. More precisely, only ug € L'(TV) and
no growth assumptions on the nonlinearities A, B are assumed, in contrast
to the previous work [16]. In particular, no Lipschitz continuity (and thus
linear growth) assumptions on A, B are supposed.

This causes severe difficulties: Firstly, the weak form of (1.1) is not nec-
essarily well-defined since A(u), B(u) are not necessarily in Li (TV) for
u € LY(TV). Therefore, renormalized solutions have to be considered (cf.
[22, 9, 1]). Secondly, in order to prove the uniqueness of L! entropy solutions
an equi-integrability condition or, equivalently, a decay condition for the en-
tropy defect measure is required (see a more detailed discussion below). The
usual decay condition used in the deterministic case is not applicable in the
stochastic case and a new condition and proof has to be found. Thirdly, in
the stochastic case, the usual proof of existence of entropy solutions relying
on the Crandall-Liggett theory of m-accretive operators in L'(T) cannot
be applied (cf. [13, 12, 8]). Instead, the construction of entropy solutions
presented in this paper relies on new regularity estimates based on averag-
ing techniques. The application of averaging techniques and the resulting
regularity results are new for parabolic-hyperbolic SPDE of the type (1.1).

At the same time, L'(T%) is a natural space to consider the well-posedness
for SPDE of the type (1.1) since the operators div(B(-)), div(A(-)V:) are
accretive in L'(TY) (cf. the discussion of the e-property after Theorem 1.1
below). In addition, and in contrast to the deterministic case, restricting
to bounded solutions and hence, by localization, to Lipschitz continuous
coefficients A, B in (1.1) does not seem to be sensible in the stochastic case,
since in general no uniform L bound will be satisfied by solutions to (1.1),
due to the unboundedness of the driving noise W.

In the previous work [16], SPDE of the type (1.1) have been considered via
a kinetic approach under more restrictive assumptions. More precisely, high
moment bounds and integrability ug € (1,5, LP(€%; LP (T™)), boundedness
of the diffusion matrix A and polynomial growth of B” had to be assumed.
This, in particular, rules out application to porous media equations. Due to



WELL-POSEDNESS AND REGULARITY FOR QUASILINEAR SPDE 3

these more restrictive assumptions all of the above mentioned difficulties do
not appear in [16]. While we follow the principle setup to prove uniqueness
of kinetic solutions, the proof has to be significantly extended in order to
incorporate the necessity to work with renormalized solutions and the above
mentioned weaker decay condition of the entropy defect measure. The es-
sential difficulty in the proof of existence of solutions is the derivation of
uniform estimates in some (fractional) Sobolev space. The respective ar-
guments of [16] do not apply in the more general setting considered here.
We therefore take a different route by adapting the (deterministic) averag-
ing techniques by Tadmor and Tao [52] to the context of SPDE, which is
entirely new.

As a particular example, (1.1) contains stochastic porous media equations
(1.2) du = Au™dt + (z, u)dW, with m > 2.

Stochastic porous media equations have attracted a lot of interest in recent
years (cf. e.g. [49, 48, 3, 50] and the references therein). All of these results
rely on an H~! approach, that is, on treating A(-)™ as a monotone operator
in H~'. In contrast to the deterministic case, an L' approach to stochastic
porous media equations had not yet been developed, since an analog of
the concept of mild solutions in the Crandall-Liggett theory of m-accretive
operators (cf. [55, 8]) could not be found. However, the L! framework offers
several advantages: Firstly, more general classes of SPDE may be treated,
secondly, contractive properties in L' norm are sometimes better than those
in H~! norm. We next address these points in more detail.

Concerning the class of SPDE, informally speaking, the H ! approach relies
on applying (—A)~! to (1.2) which then allows to use the monotonicity of
#(u) := ul™ in order to prove the uniqueness of solutions. While this works
well for the operator A¢(-), the reader may easily check that this approach
fails in the presence of hyperbolic terms div B(u) as in (1.1) and can only
be applied to reaction diffusion equations

(1.3) du = Aul™dt + f(u)dt + D(z, u)dW, with m > 2.

under unnecessarily strong assumptions on the reaction term f (cf. e.g.
[14, 49] where (1.3) with f satisfying rather restrictive assumptions has been
considered). Roughly speaking, the problem is that the Nemytskii operator
u + f(u) is not necessarily monotone in H~! even if f is a monotone func-
tion. This changes drastically in the L' setting, since both u + div B(u) and
u + f(u) are accretive operators on L' under relatively mild assumptions.
In this paper, we resolve these issues by establishing a full L' approach to
(1.1) based on entropy/kinetic methods. In particular, this extends avail-
able results on stochastic porous media equations by allowing hyperbolic
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terms div B(u) and our framework immediately’ extends to reaction terms
u > f(u) assuming only that f is weakly monotone and C2.

We proceed by stating the main well-posedness result obtained in this paper,
see Theorem 4.3, Theorem 4.9 below. The precise framework will be given
in Section 2 below and for specific examples see Section 2.4.

Theorem 1.1. Let ug € L*(TV) and assume that Az s ~v-Hdolder continu-
ous for some y > % Then, kinetic solutions to (1.1) are unique. Moreover,
if w1, ug are kinetic solutions to (1.1) with initial data uy o and ug, respec-
tively, then

esssup E| (ur(t) — uz(t)) || 1 ¢ovy < [[(uro — uz0) [l o1 (o).

t€[0,T]
Assume in addition that A, B satisfy a non-degeneracy assumption (cf. (2.3)
below). Then there exists a unique kinetic solution u to (1.1) satisfying
u € C([0,T]; L*(TY)), P-a.s., and for all p,q € [1,00) there exists a constant
C > 0 such that

Eesssup [[u(t)[7, < C(1+ [[uoll73)-
te[0,7)

The second direction of advantages of the L' approach lies in dynamical
properties. A natural question for stochastic porous media equations is
their long-time behavior, that is, the existence and uniqueness of invariant
measures, mixing properties etc. If u, v are two solutions to (1.2) with initial
conditions ug, vg respectively, then

(1.4) Ellu(t) = v(t)ll-+ < ellug —voll -1 ¥t =0,

for some constant C' > 0. The constant C' corresponds to the Lipschitz norm
of u ++ ®(u) as a map from H~! to Ly(U; H~1). In particular, the dynamics
induced by (1.2), in general, will not be non-expanding in H~'. In contrast,
we show that

Ellu(t) = v(@®)l[pr < lluo = wvollpr V¢ >0,

that is, in the L! setting we can choose the constant C' in (1.4) to be zero. In
particular, this implies the e-property (cf. [40]) for the associated Markovian
semigroup P;f(z) := Ef(uf) on L'(TY). The e-property has proven vital in
the proof of existence and uniqueness of invariant measures for SPDE with
degenerate noise (cf. [31, 30, 24, 40]).

For z € LY (T¥) let

1We choose not to include the details on the treatment of reaction terms f(w) in this
paper, since their treatment is similar to the noise terms ®(u)dW.
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that is, P, is the law of u* on C([0,00); L'(T")), where u® denotes the
kinetic solution to (1.1) with initial condition z. We equip C([0, c0); L*(T™))
with the canonical filtration G; and evaluation maps m:(w) := w(t) for w €
C([0,00); LY(TV)), t > 0. As in [15], using Theorem 1.1, we obtain

Corollary 1.2. The family { Py} cr1 is a time-homogeneous Markov process
on C([0,00); LY(TN)) with respect to Gy, i.e.

E,(F(7i45)|Gs) = Er, (F (7)) Py-a.s.
In addition, {Py},cp1(1ny is Feller and satisfies the e-property (cf. [40]).

As mentioned above, we prove new regularity estimates for kinetic solutions
to (1.1) of the type

u(t) € wel(Th) for a.e. (w,t),

for some a > 0, based on stochastic velocity averaging lemmas. In particuar,
these estimates provide a smoothing property with respect to the initial data,
which typically is the first step towards the construction of an invariant
measure.

Even in the case of pure stochastic porous media equations (1.2) this extends
previously available regularity results. For related deterministic results, see
[7, 23, 38, 52], for stochastic hyperbolic conservation laws see [17]. Our
approach is mainly based on [52], but substantial difficulties due to the sto-
chastic integral have to be overcome. Indeed, in most of the deterministic
results (with the notable exception of [7]), the time variable does not play
a special role and is regarded as another space variable and, in particular,
space-time Fourier transforms are employed in the proofs. This changes in
the stochastic case due to the irregularity of the noise in time. Therefore, it
was argued in [17] that these methods are not suitable for the stochastic case
and instead the approach of [7] which does not rely on Fourier transforms
in time was employed. In the present paper, we rely on different arguments:
We put forward averaging lemmas that rely on space-time Fourier trans-
forms, Littlewood-Paley decomposition and a careful analysis of each of the
appearing terms. As a consequence, we are able to estimate the stochastic
integral as well as the kinetic measure term directly by averaging techniques,
without any additional damping (as compared to [7, 17]). Moreover, our av-
eraging lemmas apply to the case of nonhomogeneous equations, that is,
PDEs with zero, first and second order terms and multiplicative noise.

More precisely, as a corollary of our main regularity result for (1.1), see
Theorem 3.1 and Corollary 3.3 below, we obtain

Theorem 1.3. Assume that A, B satisfy a non-degeneracy condition (cf.
(2.3) below) and are of polynomial growth of order p. Let u be a kinetic
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solution to (1.1). Then
2p+3
Ellull g1 qo,mpwsr ravyy S HUOHLEPH +1,

for some s > 0.

We now proceed with a more detailed discussion of the comparison to the
proof of well-posedness of entropy solutions for deterministic parabolic-
hyperbolic PDE in the L! setting (cf. [11])

(1.5) du + div(B(u))dt = div(A(u)Vu)dt.

The inclusion of stochastic perturbation causes several additional difficulties.
First, the proof of existence of solutions in [11] relies on the (simple) proof of
BV regularity of solutions to (1.5). Such a BV estimate is not known in the
stochastic case and does not seem to be easy to obtain (for a discussion of the
necessity of such estimates in the construction of a solution see Section 4.2
below). In the LP setting of [16], the BV regularity was replaced by W1
regularity which held true for smooth initial conditions based on similar
calculations as in the uniqueness proof. Since we do not suppose any growth
assumptions on the coefficients A, B in (1.1) these arguments cannot be
used here anymore. Therefore, we instead rely on regularity obtained by
averaging techniques. In contrast to [16] our regularity estimates do not
only prove preservation of some regularity of the initial condition, but yield
a regularizing effect. Indeed, the initial condition does not need to be smooth
for the averaging lemma to imply regularity for positive times. This fact in
particular permits to reduce the number of approximation layers used in the
proof of existence.

Second, the equi-integrability estimates encoded in the decay properties of
the kinetic measure in the deterministic situation, that is, in the assumption
(cf. [11, Definition 2.2 (iv)])

lim [ m(t,z,&)dtdz =0
|€]—o00

do not seem to be suitable in the stochastic case, since the multiplicative
noise term ®(x,u) is less well behaved in terms of these estimates (cf. Sec-
tion 4.2.2 below). Indeed, the corresponding proof of a-priori estimates
proceeds along different lines than in the deterministic case (cf. Proposition
4.7 below). Therefore, we replace these decay estimates by the weaker decay
condition

(1.6) eliglo ;E/ Lotcjej<oenim(t, z,§) dtdzdE =0

and prove the uniqueness of kinetic solutions under this weaker assumption.
The above difficulty is due to working in an L'-setting. In the situation of
initial data/solutions in L2, as in [16], the kinetic measure can be shown to
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have a.s. finite mass which allows to replace (1.6) by a stronger assumption.

The kinetic approach to (deterministic) scalar conservation laws was in-
troduced by Lions, Perthame, Tadmor in [45] and extended to parabolic-
hyperbolic PDE in [11], including PDE of porous media type. In the sto-
chastic case, the well-posedness of such PDE had not previously been shown.
Under more restrictive assumptions, as outlined above, the well-posedness
o (1.1) has been obtained in [16]. Special cases of SPDE of the type (1.1)
have attracted a lot of interest in recent years. For deterministic hyperbolic
conservation laws, see [6, 37, 41, 44, 45, 46, 47]. Stochastic degenerate par-
abolic equations were studied in [4, 16, 34] and stochastic conservation laws
in [5, 10, 17, 18, 19, 25, 33, 36, 39, 51, 54]. Recently, also scalar conservation
laws driven by rough paths have been considered in [26, 35, 20]. Other types
of stochastic scalar conservation laws, for which randomness enters in form
of a random flux have been considered in [42, 43, 29, 27]. Stochastic quasi-
linear parabolic-hyperbolic SPDE with random flux have been considered in
[28].

The paper is organized as follows. In Section 2, we introduce the precise
framework and the concept of kinetic solutions. Our main regularity result
will be proven in Section 3. This is then used in Section 4 to prove the
well-posedness for kinetic solutions.

2. PRELIMINARIES

2.1. Notation. In this paper, we use the brackets (-, -) to denote the duality
between the space of distributions over TV x R and C2°(TY x R) and the
duality between LP(TN x R) and LI(TY x R). If there is no danger of
confusion, the same brackets will also denote the duality between LP(T%)
and LI(TV). By M([0,T] x TN x R) we denote the set of Radon measures
on [0,7] x TN x R and M*([0,T] x TV x R) then contains nonnegative
Radon measures and M,([0,T] x TV x R) contains finite measures. We also
use the notation

n(g) = / ot 2.€) dn(t, ., €),
[0,T]xTN xR

where n € M([0,T] x TN x R), ¢ € C.([0,T] x TV x R). In order to signify
that n € M([0,T] x TV x R) is only considered on [0, T] x TV x D for some
compact set D C R we write nlp. In particular,

ol = | din|t.,€).
[0,T)xTN x D
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The differential operators of gradient V, divergence div and Laplacian A are
always understood with respect to the space variable z. For two matrices
A, B of the same size we set A : B := Zij a;jb;j. Throughout the paper, we
use the term representative for an element of a class of equivalence.

Finally, we use the letter C' to denote a generic constant that might change
from one line to another. We also employ the notation x < y if there exists
a constant C independent of the variables under consideration such that
x < Cy and we write z ~ y if x Sy and y < 2. By z <. y we mean that
the corresponding proportional constant depends on the quantity z.

2.2. Setting. We now give the precise assumptions on each of the terms
appearing in the above equation (1.1). We work on a finite-time interval
[0,T], T > 0, and consider periodic boundary conditions: = € TV where
TV = R¥|(27Z") is the N-dimensional torus. For the flux B we assume

(2.1) B = (Bi,...,By) € C}R,RY)
and we set b = VB. The diffusion matrix A = (Aij)gj:l € CHR;RV*N) is

assumed to be symmetric, positive semidefinite and its square root o := A3
is assumed to be locally y-Holder continuous for some v > 1/2, that is, for
all R > 0 there is a constant C' = C'(R) such that

(2.2) 0(§) = (O < C(R)IE—C" VE,CeR, [E],[Cl < R.

We will further require a non-degeneracy condition for the symbol £ asso-
ciated to the kinetic form of (1.1)

L, in,€) = i(u+ b(E) - m) +n* A(E)n.
For J,0 > 0 and n € Cp°(R) nonnegative let
QL (u,n;0) := {€ € supp; [L(iu, in, )| < o},
wh(J;0) = sup [Q}(u,n;9)|
u€R,nezZN
[n|~J

and L¢ = 0¢L. We suppose that there exist « € (0,1), § > 0 and a
measurable map ¥ € L (R;[1,00)) such that

loc
n < 5 \*
Wﬁ“% 8) S VE

2.3 Lelin. i
23 sup  sup LI < gs s s 0020,
ueR,nezN §E€suppn 19(5)
[n|~J

The requirement of a suitable non-degeneracy condition is classical in the
theory of averaging lemmas and therefore it will be essential for Theorem
3.1. The localization 7 and the weight ¥ give two possibilities to control the
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growth of L¢ in £. In the proof of existence in Subsection 4.2.3, we employ
(2.3) with ¥ = 1 and n compactly supported which allows to obtain regular-
ity of the localized average [, xu(§)n(§)d¢ without any further integrability
assumptions on u. On the contrary, with a suitable choice of ¥, we may
consider 7 = 1 to obtain regularity of w itself provided it possesses certain
additional integrability. We refer the reader to Subsection 2.4 for further
discussion of (2.3) as well as for application to particular examples.

Regarding the stochastic term, let (Q,.%, (%)¢>0,P) be a stochastic basis
with a complete, right-continuous filtration. Let P denote the predictable
o-algebra on Q x [0,7] associated to (%#;);>p. The initial datum wg is
Fo-measurable and the process W is a cylindrical Wiener process, that is,
W(t) = >1 Br(t)er with (Bk)k>1 being mutually independent real-valued
standard Wiener processes relative to (.%;);>0 and (ex)x>1 a complete or-
thonormal system in a separable Hilbert space l. In this setting we can as-
sume without loss of generality that the o-algebra .# is countably generated
and (%)>0 is the filtration generated by the Wiener process and the initial
condition. For each z € L?(T") we consider a mapping &(z) : ¢ — L?(T)
defined by @(2)e, = g (-, 2(+)). We suppose that g, € C(T x R) and there
exists a sequence (ay)x>1 of positive numbers satisfying D := 3", ai < oo
such that -

(24)  |gr(z, 0)| + [Vagr(z,€)| + |Oegr(2,€)| < ax, Vo e TN, E€R.
Note that it follows from (2.4) that

(2.5) gk (z, §)| < ag(L+ [€]), vz e TV, £ €R.

and for all z,y € TV, £, € R

(2.6) D lgr(,8) = gr(w O < C(lz —yI* + 1€ = ¢?).
k>1

Consequently, denoting G*(x,€) = Y5 [9x(,€)[? it holds
G?(x,€) <2D(1+[¢)  VeeTVN, ¢eR.

The conditions imposed on & imply that it maps L*(TY) to the space of
Hilbert-Schmidt operators from 4 to L?(TY), denoted by Lo(i; L2(TV)).
Thus, given a predictable process v € L2(€2x (0,T); L?(T)), the stochastic
integral in (1.1) is a well defined process taking values in L2(TY) (see [15]
for a detailed construction).

2.3. Kinetic solutions. Let us introduce the definition of kinetic solution
as well as the related definitions used throughout this paper. It is a gener-
alization of the concept of kinetic solution studied in [16], which is suited
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for establishing well-posedness in the L!-framework, that is, for initial con-
ditions in L'(€; L'(TY)). In that case, the corresponding kinetic measure
is not finite and one can only prove suitable decay at infinity.

Definition 2.1 (Kinetic measure). A mapping m from Q to M™([0,T] x
TV x R), the set of nonnegative Radon measures over [0,7] x TV x R, is
said to be a kinetic measure provided

(i) For all ¢ € C.([0,T) x TV x R), the process
[ s dnsng
[0,4] x TN xR

is predictable.
(ii) Decay of m for large &: it holds true that

1
lim SEm(Aq) =
i grm(dz) =0,

where
Ay = [0,T] x TV x {€ e R; 2 < |¢| < 27H1Y,

Definition 2.2 (Kinetic solution). A function v € L'(Q x [0,7],P,dP ®
dt; LY(TV)) is called a kinetic solution to (1.1) with initial datum ug if the
following conditions are satisfied

(i) For all ¢ € CX(R), ¢ >0,
div /u #(Q)o(¢)d¢ € L2 (2 x [0,T] x TV).
0

(ii) For all ¢1, p2 € C°(R), ¢1, 2 > 0, the following chain rule formula
holds true in L2(Q x [0,7] x TV)

@7 div /0 " 01(0)62(0)o(0) A = ¢ (u) div /0 " a(O)o(€) c.

(iii) Let ¢ € CX(R), ¢ > 0, and let n? : Q@ — MT([0,T] x TV) be
defined as follows: for all p € C°([0,T] x TY),

T u
R A R C0| Ly AVEGEIGE®

There exists a kinetic measure m such that for all p € C°([0,T] x
TV), ¢ > 0, and ¢ € CX(R), ¢ > 0, it holds m(pp) > n(y),
P-a.s., and, in addition, the pair (f = 1u>§,m)2 satisfies, for all

2
dx dt.

2Here 1,>¢ is considered as a function of four variables, namely (w,t,z,£) +—

1u(w,t,:c)>§'
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p € C([0,T) x TV x R), P-as.,
T

T
/0 <f(t),8t<p(t)>dt+<fo,w(0)>+/0 (f(t),b- Ve(t))dt
T
+/ <f(t),A:D2g0(t)>dt
0

T
- Z/O /TN gi(z,u(t, z))p(t, z,u(t, ))dz dBx(t)

k>1

1 (T
~3 /0 /’]I‘N G? (:U, u(t,a;))agcp(t, :E,u(t,a:))dx dt +m(0ep).

(2.9)

The definition of a kinetic solution given in Definition 2.2 generalizes the
definition of kinetic solutions given in [16, Definition 2.2] which applies to
the case of high integrability, that is, for u € LP(Q; LP([0,T] x TV)) for all
p > 1. We note that in particular the chain rule (2.7) is weaker than the
corresponding version [16, (2.5)]. As a consequence, the parabolic dissipa-
tion n? does not necessarily define a measure with respect to the variable
£. It was already mentioned above that the kinetic measure m is generally
not a finite measure and the decay assumption from Definition 2.1, (ii), is
weaker than the one in [16, Definition 2.1, (ii)].

Remark 2.3. Let u € LP(Q; LP([0,T] x TV)) for all p > 1. Then, u is a
kinetic solution to (1.1) in the sense of [16, Definition 2.2] if and only if u is
a kinetic solution in the sense of Definition 2.2.

Remark 2.4. We emphasize that a kinetic solution is, in fact, a class of
equivalence in L' (€2 x [0, T]; L*(T™)) so not necessarily a stochastic process
in the usual sense. The term representative is then used to denote an element
of this class of equivalence.

We will further use the notions of Young measures and kinetic functions for
the definition of which we refer to [16, Definition 2.4, Definition 2.5, Remark
2.6).

2.4. Applications. In this section we consider the model example of a
convection-diffusion SPDE with polynomial nonlinearities, that is, let N = 1
and consider

k
du + 0y <l;€) dt = 9, (Ju|™ 1 9pu)dt + &(z, u)dW,

i.e. (1.1) with b(¢) = B'(€) = €F1, A(¢) = |€|™ 1, for k > 2, m > 2. Hence,
L(iuin,€) = i(u+ € n) + |€" 152,
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(2.10) [Le(iu,in, €)] < |61 n| + €™ *n.
For n € C;°(R) and u € R, n € Z, |n| ~ J we consider
O (u,n;6) = {€ € suppp; |i(u + &5 'n) + €[ 'n?| < 8}
and observe that Q7 (u,n;6) C Q4 N Q, where
Q4 = {€ € supp; €] nl* < 0},
D := {€ € suppp; i(u + &5 'n)| < 6}

Note that the set {24 is localized around 0 in the sense that

5\ meT
QA={£€Suppn; ISIS(JQ> }

whereas the set ) is moving according to the value of u:

w— 8\ 1 w8\ 1
QbZ{fGSUPpn;<J> §£§< J> }

In view of the second part of the condition (2.3) we choose § = 2 whenever

a second order operator is present. Therefore we set § = 2 and o = ——

m—17
which yields the first part of (2.3) independently of 7

(2.11) 05 (1) -

Regarding the second condition, it is necessary to control the £-growth in
(2.10). Our formulation of the nondegeneracy condition (2.3) offers two
ways of doing so: either using a (compactly supported) localization n or
a weight ¥. Using the first approach, Theorem 3.1 yields regularity of the
localized average 7j(u) = [ Xu(t,z)(€)n(§)dE without any further integrability
assumptions on the solution u. On the other hand, the second approach
allows to obtain regularity of the solution u itself, i.e. setting n = 1, but
requires higher integrability of u. To be more precise, in the case of (2.10)
we set 9(&) = 1+ |£]*V™=2 and assume that v € LP(Q x [0,7] x TV) for
p=2(kVvm-—2)+3.

In the case of a purely hyperbolic equation with a polynomial nonlinearity
b(&) = €1 k > 2, we obtain

u+0

O} (u,n;8) = {5 € supp7); UJ_5 << J},

which implies the first condition in (2.3) independently of n with a = ﬁ,

B = 1. For the second condition we proceed the same way as above.
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3. REGULARITY

In this section we establish a regularity result for solutions to (1.1), based on
averaging techniques. Throughout this section we use the following notation:
for a kinetic solution u, let x := x, = 1ly>¢ — 1o>¢. Then we have, in the
sense of distributions,

(31)  x+b(E) - VX — A(€) : DX = deq — Y _(9eX)gBk + Y S0Pk
k=1 k=1

where ¢ = m — 3G?8,—¢. For n € C{°(R) let 7 € C™ be such that 7/ =7
and 7(0) = 0. We then have

i(u) = ]g;xu@ﬂg(5>n<f>d5.

Theorem 3.1. Assume (2.1), (2.4). Let n € C;°(R;Ry) and assume that
there are ac € (0,1), B > 0 and a measurable map ¥ € L;S (R;[1,00)) such
that (2.3) is satisfied. Let Oy : R — Ry such that O = (|€[*+1)0%(€)(n(€)+
[7'1(€)). If w is a kinetic solution to (1.1) then

_ T ST N 0425
1) = [ Nuen(On(E)de € L@ x DIEW(TY), s < 70
with + > 158 + % 6= 2 and

17 | oxtoziwerr vy S I7(tuoDIIEE + 1€t}

(3.2)
+ sup [a(ful)llry, + mI(n + "Dy, + 1
0<t<T ’

where the constant in the inequality depends on b and A via the constants
appearing in (2.3) only and on n only via its C* norm.

Remark 3.2. If n is compactly supported, then we may always take ¥ = 1 in
(2.3). Furthermore, in this case the right hand side in (3.2) is always finite.
In order to deduce regularity for u itself we choose n = 1. If 9 is a polynomial
of order p, then @, is a polynomial of order 2p + 3 and by Lemma 4.6 below
we have [|©), (|u|)HL1

In conclusion, we obtaln

p+ P42
L S ol 2 gy T 1 and [mdllLom,, o S luollppse +1.

Corollary 3.3. Suppose (2.3) is satisfied forn = 1 and ¢ being a polynomial
of order p. Let u be the kinetic solution® to (1.1). Then
lull oz vy S llwo o + 1.

3Well-posedness of kinetic solutions to (1.1) is proved in Section 4 below.
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Proof of Theorem 3.1. The proof proceeds in several steps. In the first step,
the solution x = xy = f — 1p>¢ is decomposed into Littlewood-Paley blocks
xs and subsequently each Littlewood-Paley block is decomposed accord-
ing to the degeneracy of the symbol L(iu,in,&). This decomposition of f
serves as the basis of the following averaging techniques. In the second step,
each part of the decomposition is estimated separately, relying on the non-
degeneracy condition (2.3). In the last step, these estimates are combined
and interpolated in order to deduce the regularity of f.

The principle idea of the above decomposition of f follows [52]. However,
the stochastic integral in (1.1) leads to additional difficulties and requires
a different treatment of the time-variable. This is resolved here by passing
to the mild form (cf. (3.4) below) and then estimating all occurring terms
separately, interpolating the estimates in the end.

Decomposition of y. We introduce a cut-off in time, that is, let ¢ = ¢* €
C1([0,00)) such that 0 < ¢ <1, ¢ =1 0on [0,7 — A}, ¢ = 0 on [T, 00) and
06| < + for some A € (0,1) to be eventually sent to 0. For notational
simplicity, we omit the superscript A in the following computations and let
it only reappear at the end of the proof, where the passage to the limit in A
is discussed.

Then, x¢ solves, in the sense of distributions,
9e(x®) +b(€) - V(x9) — A(6) - D*(x9)
= 0c(¢q) — Y _ Oc(X) kB + > 60bgrBr + X0r9-

k=1 k=1

(3.3)

Next, we decompose y into Littlewood-Paley blocks y 7, such that the Fourier
transform in space X is supported by frequencies |n| ~ J for J dyadic. This
is achieved by taking a smooth partition of unity 1 = ¢o(2) +>_ ;51 p(J 1)
such that ¢g is a bump function supported inside the ball |z| §N2 and ¢ is
a bump function supported in the annulus % < |z] <€ 2, and setting

Xo(t,x,f) = ‘F:n_l [‘100 (TL) f((tvnag)] (:L'),

w9 =7t o (5)xen o) @, Iz

This leads to the decomposition x = xo+Y_;>; xs. The regularity of xo
being trivial, we only focus on the estimate of x s for J 2 1. Localizing (3.3)
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in Littlewood-Paley blocks yields
Oi(x19) +b(&) - V(xs0) — A(€) : D*(xs9)

= 0c(das) — Y Oc(xbgr) B + Y (X$Oegi) 1Bk + > S06(gk) 1Bk + Xs0u0.
k=1 k=1 k=1

After a preliminary step of regularization, we may test by S*(T' — t)¢ for
¢ € C(TV) in (3.1), where S(t) denotes the solution semigroup to the linear
operator x + b(€) - Vx — A(€) : D?x. This leads to the mild form

(xs9)(t) = S(t)x(0) + / S(t — )0 (67) ds
(3.4)

- / S(t — )0 (grx0)s dBi(s) + 3 / S(t — 5)((9egn) x6) s dBels)
k=170 k=10

+§:/t5(t 606 dﬁ()+/t5(t ) sOhd
2 | $)00Pgk,J APE\S 0 S)XJorp ds,
where we have used
t
o (5) 7| [ st 9000 0 asio)| 0
t
= / e )t AONE=9) 5. F, (grx9) 1 (s,1,€) dBk(s)
0

t
_ / o~ (A AOM =) 7, ((3eg)x) (5, m, €) dBi(s)
0

and
@ <§) F [/Ot S(t — s)d0pgr dBr(s)|(n)

t
_ / o~ Q) nn* AOM(=9) 50 67 (. €) By (s).
0

For J 2z 1 fixed, we next decompose the action in &-variable according
to the degeneracy of the operator L(iu,in,&). Namely, for K dyadic, let
1=1p(2) + Y g1 ¥1(K12) be a smooth partition of unity such that vy is
a bump functionNsupported inside the ball |z| < 2 and ¥; is a bump function
supported in the annulus % < |z] <€ 2, and write

L(iu, in, )

Lo<i(xs0)(t, 2, &) = Fpp' [¢0 ( 5

) Fie [Loci(0sd)] (w1, €) | (£, 2)
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+ >t [wl ('mm@) Fiz[Lo<t(xs0)] (u, n,f)} (t, )

0K
K>1
=Pt 2,6+ 3 1§t 2, 6).

K>1
Hence, we consider the decomposition
0 K
1«&¢=hqm@+§:(ﬁ%aa®+§:ﬁﬂ@m£0-
J21 K>1

Since 1 is supported at the degeneracy, we will apply a trivial estimate.
However, 1 is supported away from the degeneracy and therefore we may
use the equation and the non-degeneracy assumption (2.3). From (3.4) we
obtain

— L . Y . 9y
R e e E| IEE Oy

+ Lo<t /0 S(t — 5)0:(pqs) ds — Lo<y kZ:l/O S(t — 5)0(grx®) s dBr(s)
+10m Y [ 8(E = 5)(0enn0) 4519
k=170

oo ot t
+ Lo<t Z/ S(t — s)09gk,s dBk(s) + 10§t/ S(t = s)xs0pds| (¢, ).
k=10 0
Multiplying the above by n € Cp°(R) and integrating over § € R, we set

/ XSK)(t,$7§)U(§)d§ =h+DL—-I3+ 14+ 15+ 1
R

and we estimate the right hand side term by term below. Note that since

Fia [1095 /Ot S(t — 5)0¢(grx®) s dﬁk(s)}

—

t .
=F [1O§t/0 e~ O A=) g (g, x ) (5, €,m) ABy(5)

! —(z ‘n+n* n)(t—s — itu
— (27-‘-)1/2//10<8<te (b(f) + A(ﬁ) )(t )8£(gkX¢)Jdﬁk(s)e t dt

oo ) . ) 1 o )
_ —(b(&) n+n*A(&)n)r —iru —1isu
_/0 e~ (@(8) En)r o dr(27r)1/2/0 O¢(gex®) 5 (s, &, n)e dpk(s)

1 1 o T4 —1isu
Tt () )+ A@)n (27T)1/2/0 Oclgexd) (s, & n)e™™ dfu(s).
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we have

— #L =17 c- oo —isuqg [ T
s = G 6K /thx {T/’;/O ™0 (grx) 5 (5,€,m) dBi(s) |1(€)dE,

where we set ¢(z) := t1(z)/z and for notational simplicity omitted the
argument, i.e.
- = (L(iu,in,§)

in I3. The same convention will often be used in the sequel. We argue
similarly for the remaining terms I;, e.g. for Is we note that

Fia [1o<t /0 t S(t — $)0e(qy) ds}

1

BT GG Fie[lo<iOc(¢q7)]

Estimating I,, i =1,...,6.

Estimate of I;. Using Plancherel and Holder’s inequality we observe

2
2 _
12, =

[ = [@gj(o,n,f)]n(ﬁ)dﬁ

R
:W}P/Jzn:’/]RiﬁJ(O,naé)ﬁ(f)df

2
SK > ‘ 1suppnd€

N 2
g /R1{|u+b(§)~n|2+n*A(E)”|2<(25K)2}‘XJ(O’n’f)’ n*(§)d¢du.

2
Lt,z

2
du

Then using (2.3) and

(3-5) / L{utb(&) nf2+|n* A©)n[2< (20 K)2 AU < / Ljup<(sr)zydu S 0K

we obtain

1 [(0K\*
(3.6) I8, % 5 (53 ) oz,
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Estimate of I>. First, we integrate by parts to obtain

||I2HL}W;€7% =— /ftxl [@E}—m(10<t¢3§w)] n(§)d¢
LI ©%
< [ rLelin, g 5)fm<1ogt¢z9qj><u,s,n>}n(ﬁ)dg
Liw, ©%
gt [ 7 [pretoson e m] roa

with the convention ¢/ = ¢/ (%) and similarly for ¢¥. We apply
Lemma A.1 to estimate the second term on the right hand side. For the
first one, we first note that (2.3) implies that (for simplicity restricting to
the case 8 = 2 while 8 = 1 can be handled analogously)
’ /
165(6)| <. Inl, A (8l <,
() 9(E)

Since Lg¢(iu,in,§) is a polynomial in n, we may apply [2, Lemma 2.2] to
deduce that

1, i,je{l,...,N}.

m(n, €) = Le(iu,in, &) _ (&) -n+n*A(En
s J(€) J(€)

localized to |n| ~ J, & € suppn, is an L'-Fourier multiplier with norm
bounded by J#. Revisiting the proof of Lemma A.1 (see proof of [52, Lemma

2.2]) with the multiplier ¢ <w> replaced by v <m z n,g)) m(n,§) then
yields

1
2l e S Wﬂ\\qﬁﬁw(n 10 DM

where qﬂ, <e<1l<g < NL_E and € is chosen sufficiently small. Conse-

quently,

(3.7) 12llzy, S + 10" DMy pe-

(5K)

Estimate of I3. Using Plancherel and It6’s formula, we note that

|| 5|12,

s o0 . _— 2
= WE T [w; /O e "0 (grx ) (5,6, n) dﬂk(s)]n(f)dg "
1 ~ . —_— 2
- WI()?/ZE 0 (grx ) 4 (s, €, m)n(§)dE dBk(s)| du
U on k=170
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=W}VAZE/O“§
a2, 2
ey /2" /

Hence, by (2.3) it follows that
B2,

2
dsdu

be ™40 (grxd) (s, & n)n(€)de

2

Eg(zu in f) dsdu

2
dsdu

gkX¢) (37 3 n)ﬁ/(ﬁ)df

suppnd€

~,ﬁg<w, m, £) ‘2

<
~ (6K)*
/1{|u+b(£) |2+ n* A(E)n|2< (20K 2}2\ 9kX19¢ (s,&,n)| )|*n2déduds

. =

( i, in, §)> ’ Louppndé

- 2
></R1{|u+b(5)-n|2+n*A(g)n|2<(25K)2}Z\(9k><19¢)](8,€7n)\ ' [*d¢duds
k=1

1 SK\“ o0
< __- == 28 1 .
~ (0K)4 <Jﬁ> 7 E/O A;/R {Jutb(€)n|2+|n* A(&)n|2< (26 K)2}

<3 [(gex99) (s, €, )P déduds
k=1

1
IRCSE ( > //2/1{““’ )l +ns A(§)n|?<(25K)%}

x Z |(g1x99) (s, €, m) I Pdéduds
k=1

and due to (3.5) we obtain

1 [(0K\% 5
(38) Ellsl7: < 3(> JwZEH(QkX&b)J(U‘f‘WD”%;M
' k=1 o

= 6K\ JP

Estimate of I,. By Plancherel and It6’s formula we have

AT
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2

< (MI(V]EH /R o [wg /0 T, (Deg)x0) (5, €,) dms)}n(g)df "

2
du

*iS"]-“x((ﬁggk)X¢)J(5= &,n)n(§)dE dB(s)

2
dsdu

von =170 R
1 N Ta—isu
= e 2B ) 2| [P R @) s mnteras
Thus, it follows from (2.3), (3.5) and (2.4) that

(3.9)
E|yf4||ig

6K < e )' Loupprde

XE/ /1{|u+b (€)n|2+|n* A(E)n|2 < (20 K)? }Z\}" ((Oegr)x@) ,(s,&,n Mzdﬁdsdu
k=1

1 (oK
SR < ) ZEII (egr)xn9) 1172

Estimate of Is. We have, using (3.5),

(3.10)
E”Lﬁ”igz
o [eS) ) 2
e / T [@52 | e oo dﬂk(s)]n(f)dﬁ
L,
1 e~ 00¢gk.s (n, €) dBi(s)n(§)dE 2
27T(5K 0 ng k(S .
2 . 2
= srioKc | (75 () e ogritn.0) s (s) du
2
_ 2:( 0;{2) ~ ( u, in, 0)) 6575 (n,0)| dsdu

o)

1
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Estimate of Ig. It holds

Ity S s5c | [ 7 [3FieCtocosn e

(3.11) L,

1
<

(K)

Estimating x; . Let us denote

K = s Opllzz_ + 16as90r+ 10 Dlzaa, .

+< \\(gkxﬁ¢)J(n+W!)H%gw) +(Z||((‘9£9k)X77¢)J”%i,M>

k=1 k=1

»€

- 1/2
. (ZHgk,J(~,0)Hig> ol
k=1

Then using (3.6), (3.7), (3.8), (3.9), (3.10), (3.11) we deduce

H/XSK)ndﬁ =  sup E</XSK)nd£,90>
R LY. pELY R

w,t,x
1\? /(6K 2 1 1 \2 /6K\?
< - o B+e e B
N”’CK«SK) (7)) + s+ (oam) (55) 7

lellzge, <1
1 o 1
n 1 \2 (0K\? n 1)\?2 n 1
oK JB oK oK
Now summing over all dyadic K, since all the powers of K appearing on the
right hand side are negative, we deduce

D

K>1

/XSK)UCKH SK[oRENITE a2t g 575t
L}J,t,a:

Ba
2

om0 g7,

Estimating xj. We let xj¢n = fR xJ¢nd€ and write

— . 0 1
K('r’ XJ¢77) = F9€L2 ln}f;}eLl (”F‘I”Li,t,w + THFJHL&;,t,z)’ r> O;

w,t,x? w,t,x

Xs¢n=F+F}
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—_— . 0
where X707 = F9 + F} with F9 := [, " nde, FL = Yo Jo X ae.
By Lemma A.1 and (2.3) we have

191, = | [ 72 oo (B0 Fo o) terae|

Li,
<
(55) Tomol;

Hence, we obtain

o

K(r,x0m) S 637 Flxmal 2, +rK[otle g% 4520
46T 5 (1 ) -5 L5 45 }

and we intend to choose r to equilibrate these bounds. To do so, let 7,k > 0
to be chosen later and set § = r™J*. This yields

—ra —_— £=B
rT 2K (rxgon) S I Ixamdlle,

—k(l—a)—Ba

+K rl*%{]f +r 1- T( )J 2K+[+e

t,z,§

(35%)

+ rl—%TJ—?’_Tan—i-Q_Taﬁ + ,rl—T(HTa)J’—%H + P J—n] )

Optimizing in 7, x yields k = 58, 7 = 7. which obviously can be satisfied.
Hence, with 6 := ;2|
af3 _ 14+a

T K(rxaem) < Ixmélle,  +K rita 738 4 ISt 4 p
+rite J558 4 p e J“’T”‘ﬁ] .

Finally, since for r large we have the elementary estimate

K(r,xs0m) < [xsénlzz,

we apply the K-method of real interpolation to deduce

@ _ [
J% Ixsénll (L2 ol )one = NI "K(r,x10n)|| L2
aB aB —
< I 0K (r X eerlle + I 0K (r g6 m gl

1+«

S loenllz, +/C[R4+aJ 84 5Bty pita

+ RTa 568 4 Rt 5" } + JTR‘(’IIWH%M
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Let us take R = J7 for some 7 > 0 to be chosen below. Then

T Ixs0nll L2

w,t, z’ w t 1)9 oo
3ta —a 1ta
(312) S lxsdnllze, |+ K[ T T I (g7
+(ny£gj_ T (IS IS D) b,
Now we aim to choose 7 in order to minimize the maximum of the exponents

of J occurring on the right hand side in the previous inequality. Optimizing
for 7 the terms

3+« 0 1+« 3 _2- 4—« « af
T =7 T, 67 - 67 - T+ —.

44« 3'4+a 4+ a 4+ a 6 44« 6

yields the choice 7 = g‘()‘l(i;s)) . With this choice, all the exponents in the

right hand side of (3.12) are of order less than @. Multiplication with

J7¢7 thus leads to negative powers of J on the right hand side, the worst

(i.e. the maximal) one being Therefore, since € was chosen small,

o?B
o 6(1+2a) :
we obtain that

Ixs0nll L2

w,t,z? wtz

mejomw\mmwy Lotk e,

Note that although all the above norms are global in time, i.e. t € (—00, 00),
the integrands are localized on [0, T] due to the cut-off ¢ = ¢*.

Conclusion. The real interpolation of two Lebesgue spaces is given by a
Lorentz space (see [53, Subsection 1.18.6, Theorem 1], namely,

1
(LEJt:C’Lwtx)HOO_L:;?toza ; = + -

In the case of a bounded domain, Lw’t , is embedded in the Lebesgue space

L}, ;. whenever 7 > r, see [32, Exercise 1. 1.11]

1 1-6 0
(Lwtvawtm)eooc_)Lwtgm ;> 5 +1.
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Thus letting s < % we deduce

X Lr @x o, 77;W s (TN

o 1/2
S Ixénllz, +IxOnli -+ (Z (@egiynd)lE )
(3.13) h=t

o0 1/2 00 1/2
+ (Z lgwxdon + In’l)lliat’z’&) + (Z |gk<-,o>||%g)

k=1 k=1
+l69a(n + 10 Dlame,.e + 10 dxnly,  + Ixenllez, -

Since the constant in inequality (3.13) is independent of A, we may send
A — 0. First, we observe that

lim sup || 8y 1 < su 1.
w06 vl S s Il

Using the dominated convergence theorem for the remaining terms, we ob-
tain the following estimate for u7 = Xx7

[u" | @xporrwsr vy S Ixnllez,  + IxO)nlizz

- (Z H(aggwxnuigm) + (Z lgixt(n + WDHia,t,w,g)

k=1 k=1

0o 1/2
+{ D llgr(- )17z + g+ I Dllaate e + sup lxnllry
= 0<t<T &8

T Ille , -

It remains to estimate the right hand side in terms of the available bounds for
the kinetic solution u and the corresponding kinetic measure m. Note that
this estimate will depend on the localization 7. First, due to the definition
of the equilibrium function Yy, it follows immediately that

1/2 1/2
enllzz, . So 2L IxOnlez, S gl
— n == n1/2
sup Il = s ey, I, St

Second, similarly and due to (2.4) we have with 6, such that O; = (|¢]* +
19(€)(n(€) + 1'1(€)),

( ||(8€9k)x77”ii,t,z,g> +<Z||gch19(77+|77’|)H%iyt7m)

k=1 k=1



WELL-POSEDNESS AND REGULARITY FOR QUASILINEAR SPDE 25

00 1/2
1/2
+ (Z ||gk<-,o>||%g> So eyl +1.
k=1 w

Finally, since ¢ = m — %Gzéuzg, we deduce

lgd(n+ 10 Dllcm, e Sn MmO+ 10 Dl ag, . + 1

At this point it is worth noticing that all estimates were uniform in 1 up to
constants depending on ||n||c1 and (2.3). Since O, (u) > u" we conclude

_ _ 1/2 1/2
Hn(u)HL’“(QX[O,T];WS»T('JI‘N)) Sn HUUUODHL/L@ + HQW(WDHL/}MZ

[n(uDllzy,, + lmd @+ [ Dl e + 1

+ sup
0<t<T

a?

with % > 1%9 + % and s < fi(Tga) which completes the proof. ([l

4. WELL-POSEDNESS

In this section we present the proof of the main well-posedness result The-
orem 1.1. The uniqueness part of Theorem 1.1 will be proved in Theorem
4.3 below, the existence in Theorem 4.9 below.

4.1. Uniqueness. In this section we prove a comparison results and thus
uniqueness for kinetic solutions to (1.1). We emphasize that we do not
assume any higher LP estimates for the kinetic solutions, thus providing
a proof of uniqueness in the general L' setting. Recall that in this case
and in contrast to [16], the kinetic measure is not finite and we only have
a weak control of its decay for large &, cf. Definition 2.1 (ii). Moreover,
the corresponding chain rule can only be formulated in a weaker sense. In
addition, we only assume that o is locally Holder continuous and ¥’ is locally
bounded. In particular, no polynomial growth condition for b’ is required.
This generalizes previous related uniqueness results given in [16, Section 3].
The additional difficulties are resolved here by introducing an additional
cutoff argument chosen adapted to the weaker decay condition (1.6).

Analogously to [16, Proposition 3.1], [34, Proposition 3.1] and [19, Proposi-
tion 10] one may prove the existence of left and right continuous represen-
tatives for kinetic solutions.

Proposition 4.1. Let u be a kinetic solution to (1.1). Then, f = l,5¢
admits representatives f~ and fT which are almost surely left- and right-
continuous, respectively, at all points t* € [0,T] in the sense of distributions
over TV x R. More precisely, for all t* € [0,T] there exist kinetic functions
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5% on Q@ x TV x R such that setting f¥(t*) = f5% yields f* = f almost
everywhere and
(fE* £e),v) = (fE(t*),¢) 10, V¢ € C2(TN xR), P-a.s.,

where the zero set does mot depend on i nor t*. Moreover, there is a
countable set @@ C [0,T] such that P-a.s. for all t* € [0,T]\ Q we have

) = @).
The next step relies on the doubling of the variables technique. However, it
is necessary to establish a new version, which is suitable for the L!-setting.

Let (o), () be standard Dirac sequences on TV and R, respectively, and
let (K/y) be a sequence of smooth cut-off functions defined as follows: Let
K € C®(R) be such that 0 < K(§) <1, K =1if ¢ <1, K =0 if
€] > 2, and |K'(§)| < 1. Define K,(§) := K(%), ¢ € N. Then |K;(§)| <
g7 Larcigi<oen.

In the sequel, we use the following convention: When no integral bounds
are specified, we integrate with respect to (z,v,§,(,n) € (’]TN)2 x R3. In

addition, we only specify the kinetic and Young measures, but omit the
Lebesgue measure (also with respect to the time variable).

Proposition 4.2 (Doubling of variables). Let ui,us be kinetic solutions
to (1.1). Denote fi = Lly>¢, fo = Lly,s¢ with the corresponding Young
measures vt = 6,1, v? = 8,2, respectively. Then for all t € [0,T] we have

E / 0-(x — Y) Ke(m)vos(n — E)vs(n — ) fi(,£,€) f5 (4, £,)

<E / 0:(x — ) e (m)s(n — E)s(n — ) Fro (@, €) ooy, ©)
+I4+J+K+L(6,0),

where limy_, oo limgs_0 L(9,¢) = 0 and

- IE/ot/flf2 (6(&) = b(¢))- Vaoe(z — y) Ke(n)vbs(n — €)vs(n — ¢),
J= E/Ot / FLF(A©) + A(Q)) : D20 (2 — y) Ke(n)ibs(n — E)vbs(n — )
—E /Ot / 0=(z — y) Ke(n)ws(n — )dvk (€) dny " (y, s)
—E /Ot /mw /R L 0e(@ = y) Ke(mvs(n =€) dv2 (Q)dny* ") (x, ),

K=l /0 / (@ — ) Ko(n)s(n — €)bs(n — O)
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X Z‘gk(xvg gk Y, ¢ ‘ dl/ )dVZ,S(C)

k>1

Proof. A similar approach as in [34, Proposition 3.2] and [18, Proposition
9] yields for a(z,§,y,¢,n) = e=(x — y)Ke(n)hs(n — §)vs(n — ¢) that

B [ 507 (W = /f10f20a+E//f1fzb b(()- Ve
+E/o /flfQA(C)in,aJFE/O /flfQA(ﬁ)iDia

t t
+1E/ /fgagaG% vy o(€) — 1E/ /flacaG% dvy .(¢)

—IE/ /Glzady“( dv2 ,(¢) / /f2 Becvdmy (x, 5, €)

-I-E/ /ff‘@cozdmz(y,S,C) = I+ +I.
0

We need to treat the last five terms I5, ..., Iy. Using the fact that
| stn = €0custn = O Kata
— | Getstn = pvstn = -+ [ wstn = €istn = QKL

together with the decomposition of the kinetic measure mso from Definition
2.2 (iii), it follows

L< -E /O / 0:(z — y) Ko (n)s(n — €) vk, ()dn? ) (y, 5)

1 t
+ QKE/ / /12l—5S|§|S2Z+1+5 dma(y, s, (),
0 JTN JR

where, according to Definition 2.1 (ii), the second term on the right hand
side vanishes if we let § — 0 and then ¢ — co. By symmetry

I<-E / / 0:(x — ) Ko (m)s(n — ¢) A (€)dn}* )z, 5)

+ QZE/ / / 124_5§|§|S22+1+6 dml(x,s,g).
0o JTN JR

Next, we have

t
Is+Ig+1 =K+ ;E/O /fzga(ﬂﬁ —y)vs(n — E)vs(n — OK(n)Gi dvi . (§)
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1 t
=35 [ [ hieste = uwstn— st - OKin G v (0
= K+ Is1 + I

and due to (2.4)

D t
I5; < 2£E/0 /’]I‘N /Rl256§§|§2[+1+5 dl/;,m(g) dx ds
D ' 2 1
—E 1 d dz ds.
* 5 /O/TN/IR 20— g<jg|<at+i 15 lE]” v, (€) da ds

We further note that

D t
QZE/O /TN/Rlzf5<|g|<24+1+5’€|2d’/§,x(§) dz ds

<020 [ ][t sapcae alél dduf€) duds
= DQeE/O /TN 12@-5g|u1(s,x)||u1(5,x)| dz ds.

Hence,

. D ¢
hI;lSU.pIg,l < 2Zt+DE/ / 12zS|u1(s@)||ul(s,x)|dacds.
—0 0 JTN

By dominated convergence this implies that limy_, o limgs_.g I51 = 0 and Ig;
may be treated analogously, which completes the proof. O

Finally, we have all in hand to prove the comparison principle leading to the
proof of uniqueness as well as continuous dependence on the initial condition.

Theorem 4.3 (Comparison principle). Let u be a kinetic solution to (1.1).
Then there exist u™ and u™, representatives of u, such that, for allt € [0,T],
frt,z, &) = Lyt (t0)>e for a.e. (w,z,§), where f* are as in Proposition 4.1.

Moreover, if ui,us are kinetic solutions to (1.1) with initial data ui 0, us2y,
respectively, then,

(4.1) tS{léI;]EH(Uf(t) =y () | rgrvy < El(uro — u2,0) ¥l sy
€|0,
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Proof. Using Proposition 4.2 we have

B[ [ FEanof g d
=K / o-(x — y) Ko (n)s(n — s (n — O f (2, t,€) f5 (4, £,C) + mi(e, 8,0)

<E / 0 (@ — y) Ko(n)s(n — E)bs(n — O) fro(,€) Fao(y, ©)
+ 1+ J+K+L(0,0) +n(e,6,0),

with I, J, K as in Proposition 4.2 and limy_, lim. 5,0 7:(e,6,¢) = 0. We
aim to find suitable bounds for the terms I, J, K.

Since b’ is locally bounded, setting [|t'[|c,50 := [0l foo(—ot41_526+145), We
have

t
I < Hb'\loo,a,eE/o /f1f_2\§ = Cls(n = Ows(n = &) Ke(n)|Vaee(z — y)

< 82 TN Pe™16]V || oo 5.t

In order to estimate the term J, we observe that

J=E /0 / f12 (0(6) — 0(C))? - D2ou(x — ) Ke(n)bs(n — €0y — C)
+2E /0 / f1h20(€)0(C) - D2u(z — y)Ko(n)ibs(n — ) — )
E /0 / 0:( — ) Ko(n)s(n — €) dv? (€)dnt ™ (y. 5)

& [ [ oo = pRatnistn - O, (0ant ),
=J1+Ja+J3+ 4.
Since o is locally y-Holder continuous due to (2.2), it holds
[J1| < Ct6 e[|l o ((mat+1—s.20+1 44
Next, we will show that

(4.2) Jo+J3+J4 <0.
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From (2.7) and (2.8), we have
Js 4+ J4

e [ [ [ ete—nmiaetn | s, [Vt Go 2

e [ e nmnstn = w)|aie. [\ = et ac 2

< [ [ [ oelo o il =)=
xdwx/ Vs = Sole d/ VI =0o(¢

_—QE/O /(TN)Q/R.QE(Z’—Z/)KE(U)

<an | M s(n - O)0(€) - div, / s - 0o (),

Equation (4.2) now follows from

=g [ [ et

% div, /O o (Ows(n — ) dC - diva /0 Co(€sn— €) < s — Ju.

Due to (2.6) we have
t
K <CE /O / 0:(z — )l — y[2s(n — s — € Ke() dvl ,(€) dv? ,(C)

t
+ CE/O /Qa(ﬂ: — y)s(n — Qs (n — ) Ke(n)|€ — ¢ dvy () dvy Q)
< Cté~1e? + Cté.

As a consequence, we deduce, for all ¢ € [0,T7],
+ F+
B[ [ @t
<E [ oo~ ) Kin)s(n — 050 = O frole, O Faly: )

+ Ce ' 02° [V || oo g0t + Ct6 e 2|0 || o ((_atr1 _gae+144)) + CL6'E”
+ Ct§ + L(5,0) + n4(¢,6,0)
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Taking 6 = ¢ with 3 € (1/7,2) and letting ¢ — 0 yields
B[ [ et @
TN JR

< E/ /Ké(n)f1,0(90777)f2,0(90777) dadn + lim L(%, €) 4 lim (e, %, €).
™ JR 6—0 e—0

Taking £ — oo we conclude

E/W/Rfli(ﬁv,t,f)f;(x,t,ﬁ) dédx SE/TN/Rflp(m,n)fg,g(x,n) dx dn.

The conclusion of (4.1) from this proceeds along the lines of the proof of
[16, Theorem 3.3], where we refer for the details. O

4.2. Existence. In this section we prove the existence of kinetic solutions.
The proof of existence is based on a two level approximation procedure. One
of which is a vanishing viscosity approximation. One difficulty in the con-
struction of a kinetic solution to (1.1) is the verification of the chain-rule in
Definition 2.2, (ii). In contrast to the other conditions, the chain-rule is not
necessarily preserved under taking weak limits, so that strong convergence
of the approximating solutions is needed. This strong convergence is partic-
ularly hard to obtain in the vanishing viscosity approximation. We resolve
this obstacle by employing the regularity estimates established in Section 3.

As mentioned above, the proof of existence proceeds in two steps, corre-
sponding to two layers of approximation. In the first step, we replace the
initial condition ug by a smooth, bounded approximation uf§ € L>=(2 x TV)
such that uf € C°(TV) P-a.s. and

uy — U in LY LY(TV)).
and we also replace the diffusion matrix A by a symmetric, positive definite
matrix A” given by
A%(E) == rld + A(E), EeR

In the second step, we replace A* by a bounded, symmetric and positive
definite matrix A®7 given by its square root

K,T Ui'(é-)) if |§| < lv
o, = \/K0;; + J T
i (&) = Vb {aij@?;@), it ] > 1,
and we further approximate the flux B by B7, defined by setting

v (E), it J¢] <
by e >

T

(®7)'(€) := {

S
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Since o and b are locally bounded, "7 and (b7)" are bounded for each
Kk, 7 > 0 fixed and BT is of sub-quadratic growth. Moreover,

AT = wId+ AE), BT(E) = BO), Vel <,

and thus A®7 — A locally uniformly. Hence, we consider
du™" + div(BT (u™7))dt = div(A®7T (u7)VuT)dt + ¢(uT)dW,
u™"(0) = ug.

In the case of (4.3), the results from [16, Section 4] are applicable, which
yields the existence and uniqueness of a weak solution to (4.3) and appropri-
ate bounds. We will then pass to the limit, first employing the compactness
method from [34, Subsection 4.3] for the limit 7 — 0, then proving the
strong convergence in L' as k — 0 directly using the regularity properties
established in Section 3.

(4.3)

In the following subsection we establish uniform L? bounds on the approx-
imating solutions. Next, in Subsection 4.2.2 we prove uniform bounds on
the corresponding kinetic dissipation measures and we conclude the proof
of existence in Subsection 4.2.3.

4.2.1. LP-estimates. Let us start with an a-priori LP-estimate for solutions
to (1.1).

Proposition 4.4. Let u be a kinetic solution to (1.1). Then
(4.4) Eesssup [lu(t)[|7; < C7p.q(1 + ElluollZ})
0<t<T

for all p,q € [1,00) and for some constant Crp 4 > 0.

Proof. The proof relies on the It6 formula applied to (1.1) and the function

ue / 1+ uP)bde = [+ )|
TN L2

In order to make the following calculations rigorous, one works on the level of

the approximations «7 introduced above. This leads to a uniform estimate

which implies (4.4) for the (unique) limiting kinetic solution u by lower-

semicontinuity of the norm. Since this limiting procedure is standard we

restrict to presenting the main, informal arguments here.

1t6’s formula yields

2 2
|a+ P, =@+ o

L2

— t ul?) 2w div(B(u))dzds
p [0 ) udiv(B )z
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t p
+p/ / (1 + |ul®)2 " udiv(A(v) Vu)dzds
0 JTN

t
oY [ ) gt waras

k>1
t
+p// (14 [ul?)5 2 (1 + (p — D)[ul?) G (e, u)dads.
2 0 TN

Due to the periodic boundary conditions, the second term on the right hand
side vanishes after an integration by parts. The third term is nonpositive
due to integration by parts and positive semidefinitness of A. The fourth
one may be estimated, using (2.5), by

p t u2g—2 _ uQ 2:IJU:L‘3
’2[;AN“+||> (14 (0 = Dul”) G (2, u)ded

SC/Ot/TN(1+!u|2)§dxds:C/OtH(1+|u(3)|2)i

Finally, for the stochastic integral, taking the supremum, the ¢** power and
the expectation, we have by Burkholder-Davis-Gundy’s inequality, (2.5) and
Young’s inequality

2
ds.
L2

q
t

E sup pZ/ /TN(l—i-\u|2)§1ugk(:c,u)dxd,8k
0

0<t<T'| >1
T p
gcn«:(/ 1+
0

1
<5 swp [|(1+ [uf)
2 o<i<T

q
2 2

dt>
.2

dt.

2 p_1
L[ e R g
E>1

2q T |29
CrE Hl 21
o+ OB [ i

Thus, Gronwall’s lemma yields

E sup |1+ P < Oy 0+ o]
0<t<T L2 L2
Since
Jull < |1+ 1eP)S]|) < G0+ i),
this concludes the proof. O

4.2.2. Decay of the kinetic measure. To appreciate the difficulty and meth-
ods introduced in the following we recall that in the deterministic case

Oif(t) +b(8) - Vf(t) + A(&) : D*f(t) = dem
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bounds on the kinetic measure m are easily derived (informally) by testing
with 1k o) (¢) and integrating in t,x,&, which corresponds to computing
the derivative 0;(u — k)4 via the chain-rule. In the stochastic case, this
has to be replaced by the It6 formula informally leading to terms of the
form [ gZ(x,u)dy—xdédxdt which are not easy to control. Therefore, new
techniques are needed in the stochastic case and a less restrictive decay
assumption on the kinetic measure is used (cf. the discussion before (1.6)).

Lemma 4.5. Let ug € L"(S; LY(TY)) for some r € [1,00) and let u be a
kinetic solution to (1.1). Then, for all k € N,

Elm([0,T] x TV x [~k, k)" < C(r, k, T, E|luo||}1),
for some C > 0 depending on D only.

Proof. Step 1: For k > 0, set

) = Uiy Eu) = [ [ s dsar

Let v € C1([0,T)) be nonnegative such that v(0) = 1, 4/ < 0. Then after
a preliminary step of regularization we may take ¢(t,z,§) = ()9} (&) in
(2.9) to get

T
/ Onult, )7/ (1) da |
0 TN

T

E

4 E‘/ £ dm(t, 2, €)

T

<E

Ok (ug(x)) dx
TN

+E‘/ /TN (DG, u(t, 7))k (u(t, ) dar

Z/ /TN gj(z, u(t, z))O) (u(t, z))y(t)dz d By (t)

ji>1

where Af =10,T] x TN x [—k, k]. Since 0 < Oy (u) < 2k(k + |u|) and, due
to (2.5),

T

+E

1 1
§G2($7U)9k(u) < §D(1 + |ul)?1 g (w) < D1+ ),

Since 0 < ©} (u) < 2k1_j<, we may estimate the stochastic integral using
the Burkholder-Davis-Gundy inequality, the Minkowski integral inequality,
(2.5) and the Young inequality as follows

Z/ /ENg] z,u(t, )0 (u(t, ©))y(t)dz dB;(t)

7>1

</ ([, aitemoit )dx>2dt>5

j>1

T




WELL-POSEDNESS AND REGULARITY FOR QUASILINEAR SPDE 35

e [[( [ (Shnteor) ar) o)’

Jj=1

§2Dk’"E(/OT </TN(1+ \u!)dx)zdt>;

T r
< DK"E sup \1+uH21+Dk’"E</ ]1+u!L1dt>
0<t<T 0

< C(D,E",T", Elluol71),

where we also used Proposition 4.4 with p = 1,¢ = r for the last step. The
claim follows. O

Lemma 4.6. Let ug € L*(Q; LY(TY)), u be a kinetic solution to (1.1) and
O € C%(R) be nonnegative, convex such that ©"(£)(1+ [£]?) < Co(1+6(§))
for some constant Cg > 0. Then,

T
sup E O(u(t,x))dx + IE/O /@"(f) dm(t, x,§)

te€[0,T] ™

<C <IE O(uo(z)) dz + 1)

TN

for some C' > 0 depending on D,Cg only.

Proof. Let © be as in the statement and v € C}([0,T)) be nonnegative such
that v(0) =1, v/ < 0. Taking ¢(t,z,&) = v(¢)O' () in (2.9) we get

(4.5)

T
]E/O - O(u(t,x))|y ()| de dt + ]E/G) (&)v(t)dm(t, z,€)

T
2 "
S E/O /11‘1\’ Y(&)G(z,u(t, z))O" (u(t,z))dedt + E o O(up(z)) dz.

By assumption
1 2 " 2\
§G (z,u)0"(u) < D(1+ |ul")®"(u) < C(1+ 6O(u)).

Letting now v — 1pp, an application of Gronwall’s Lemma finishes the
proof. Il

We proceed with an estimate which is a modification of [17, Proposition 16]
and applies to the case multiplicative noise.



36 BENJAMIN GESS AND MARTINA HOFMANOVA

Proposition 4.7. Let ug € L*(Q; LY(TY)) and let u be a kinetic solution
to (1.1). Then

_ 1
esssup B[ (u(t) — 2")¥ || 11 + esssup E[|(u(t) +2") 7|1 + 2—nEm(A2n)
0<t<T 0<t<T

< C’(T,IEHUOHLi)d(n), Vn € N,
where
Agn = [0,T] x TV x {¢ € R; 2" < [¢] < 2"+1}
and 6(n) depends only on D and on the functions
R E|(uo—R) s, R Ell(uo+R) Iz,
and satisfies lim,, o, 6(n) = 0.

Furthermore,

e Pl =27 y) + B ssmup ) + 2
< C(T, D, Elfugl| ) [5(n) + 0% ()],

where §(n) is as above, in addition possibly depending on the function

R E(1+ [u)) L rgiullr -

Proof. Step 1: For k > 0, set

1 u T
O (u) = 7 Lh<u<2k, O (u) —/ / 0x(s) ds dr.
o Jo
Let n = (21D) v 1, v € C}([0,7T)) be nonnegative such that ~(0) = 1,
7" < 0. Then taking ¢(t,z,&) = v(nt)©}(§) in (2.9) we get

(4.7)

T / 1
[ [ entut ) alarat (B [ o) a0

T
= ;E/O /TN y(nt)G*(z, u(t, )0 (u(t, z)) dz dt + E - O (up(x)) dx

where A = [0,T] x TV x {¢ € R; k < ¢ < 2k}. Note that

<u — ;k>+ < Ok(u) < (u—k)7,

and, using (2.5),

1 2 144k (u =0T
+ Jul lp<u<ok <D i (u=0)

1
4. —G? <D
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forall K > 1> 0, u € R. We choose | = %k‘ and observe, by choice of n and
for k> 1,
1+ 4k? 1+ 4k?
4.9 =D—=4D—— < 1.
(4.9) k= D) mkZ

Consequently, we deduce from (4.7) that

// u(t,z) — 20T |7/ (nt)| dz dt
TN

<aE/ /TN (ta) — 1) (nt)d:cdt—i—E/N(uo(x)—l)*dx.

We can now iterate the above procedure by replacing £ by 2k. To do so,
we need to check that applying (4.7) to k = 2k, the chosen constant «
appearmg in (4.10) is the same as before. The condition (4.9) now reads

4D 1+44(]§§ 2 < 1, which holds true due to (4.9). We deduce that

B /0 [ (utt.a) = a0y o)
T
(6] u X)) — + e uo\xr) — + xZ.
<ab [ [ (it =t drdt+E [ () -2

Since the same argument can be applied to k = 2"k, [ = 2"] for any n € N,
we set

(4.10)

Pp(t) :=E /TN (u(t,z) — 2" " da

and after letting v approximate 1jy ;) we finally obtain

Unia(t) < a /0 n(5) ds + 1 0).

Now we proceed similarly as in [17, Proposition 16]. Since (u — )t <
(u —20)* 4+ [ we have

Yo(t) = IE/TN (u(t,z) — ) Tdr < E/T (u(t,z) —20) dr + 1 =y (t) + 1

N
SO

/ Yo(s)ds + (0 / P1(s)ds + alt + 10(0)
and Gronwall’s lemma implies
Yo(t) < M := C(T, [Juollr)-

Thus we deduce

2
Di(t) < atM +o(0),  walt) < aPSM +atn(0) + 44 (0),
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and generally

gt
Ynt1(t) < o "+1n+1, +Za Tlfn k(0

Let
n—1
d(n)=a" + Z 1 1(0),
k=0

which satisfies §(n) — 0 as n — oo due to the assumption on ug. Therefore,
it follows that

b1 (8) < (M +1)eT5(n + 1)
and consequently
ess supE/ (u(t,z) — 2" DT de < C(T,Ellugll1)d(n +1).
0<t<T  JTN
Thus, as a consequence of (4.7), (4.8) and the fact that k > [ we get
1
ess supE/ (u(t,z) —2"k)" dx + E/ dm(t, x,§)
o<t<T  JTN 2%k Jag,,
< C(T,Elluo[£1)d(n).
Choosing k£ = 1 finishes the proof.

Step 2: To prove (4.6) we start similarly as in Step I but take the supremum
in time before taking the expectation. The iterative inequality then reads

E ess sup/ (u(t,z) — 2" )T dz dt
TN

0<t<T

T
gaIE/O /]I‘N (u(t,z) —2") " da dt + E/ (ug(x) — 2")* dz

’]TN

t
B sup |3 [ [ (o a8 ult.0)) dedsy (o)

0<t<T | 57 Jo

<C(T, o, Elug|| 1,1 )6(n)

T
2 / 2
+CE</O [ GPau(t.))|Ohy(u(t. ) dxdt)

Using (2.5) we estimate

E sup |30 / t /T sl :L‘))@’an(u(t,x))d:xdﬁj(t)‘

0<t<T i>1 0

sl ([ 0+ o) @)’
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1 T 1
< (e 1) (2 [ [ 0+ ptomesdsar)
0<t<T 0 TN

The right hand side converges to 0 as n — oo due to the dominated conver-
gence theorem. Hence the estimate (4.6) follows using Proposition 4.4. [

Based on the equiintegrability estimate (4.6) we can deduce that kinetic
solutions have continuous paths in L'(TV) a.s.

Corollary 4.8 (Continuity in time). Let ug € L*(Q; LY(TY)) and let u be a
kinetic solution to (1.1). Then there exists a representative of u with almost
surely continuous trajectories in L*(TN).

Proof. Based on Proposition 4.1, Theorem 4.3 and (4.6) we are in a position
to apply [17, Lemma 17] which implies the continuity in L!. Indeed, let
us first show that u™ constructed in Theorem 4.3 is P-a.s. right-continuous
in L'(TY). Due to Proposition 4.1, we have that f*(t +¢) —* f+(¢) in
L®(TN x R) P-a.s. as € — 0. Due to Theorem 4.3, for all t € [0,T) the
kinetic function f*(t) is at equilibrium, that is, f*(t,2,&) = Lyt (1 4)>¢ for
a.e. (w,,§). Finally, (4.6) implies

lim E sup |(ut(t) —2")* || =0.

N0 4e0, 7] ’
Hence, there exists a subsequence (not relabeled) which converges P-a.s.,
that is, P-a.s.

lim sup [|(u™(t) —2")F| . = 0.
N—00 410,77 ’

Consequently, [17, Lemma 17] applies and yields the convergence
ut(t+e) = ut(t) in LY(TN) as e — 0.

The same arguments show that u~ constructed in Theorem 4.3 is P-a.s. left-
continuous in L'(TY). Finally, the fact that u*(t) = v (t) for all t € [0, T]
can be proved as in [18, Corollary 12]. O

4.2.3. The proof of existence.

Theorem 4.9. Let ug € L"(Q; LY(TY)) for some r > 1 and assume (2.5).
There exists a kinetic solution u to (1.1) such that u € C([0,T]; L*(T)),
P-a.s. and for all p,q € [1,00) there exists a constant C' > 0 such that

Eesssup [[u(t)[75 < C(1 + Eljuol|75)-
te[0,T)]
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Proof. Step 1: According to [16, Section 4], there exists a unique kinetic
solution u™" to (4.3) with uniform LP-bounds by [16, Theorem 5.2]. The
construction of a kinetic solution (u”,m") to (1.1) with A replaced by A"
then follows along the same lines as [34, Subsection 4.3, Subsection 4.5],
where we refer for the details. In this case the parabolic dissipation defines
a non-negative measure nf given in [16, Definition 2.2].

Step 2: First, we observe that the assumption (2.3) is satisfied uniformly in
k. Indeed, let

L5, in, €) = i(u -+ b(E) - n) + n* A%(E)n.
Then, for some constant C' > 0,
{& € R; [L%(iu, in,§)| < 6} C {€ € R |L(iu,in, §)| < Cd}

which implies for all ¢ € C°(R)
o (o) <l < (2) om0, vz
WEN( ) )_wl:(J’ )N(;S ﬁ >0, JN .
Moreover, Eg(iu,in,f) = L¢(iu,in, &) and thus

sup sup |L{(iu,in, &) < sup sup |Le(iu,in, &) Sg¢ JB.
u€R,neZN £Esuppn u€R,nezN §Esuppn
[n|~J [n|~J

Consequently, Theorem 3.1 applies and we obtain, with (u)? := Jr Xur @ dE,

(& [ 1@l "

1/2 1/2
So gl + Ny, + sup I Ollzg,, + 1m0 Lo ol s +1

for some » > 1 and s > 0. In view of Proposition 4.4 and Lemma 4.5 the
right hand side can be further estimated uniformly in x as follows

T 1/r
(4.11) (E/O |’(ul‘i)¢(t)||7‘;vg,rdt> <o HUOHLL,I + 1.

Step 3: We next prove that (u*) is Cauchy in L' (Qx [0, T], P, dP®dt; L' (TN)).
This is based on computations similar to Section 4.1. Accordingly, let (o),
(v5) and (K/) be as in Section 4.1 and let us use the same integral conven-
tion.
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For any two approximate solutions v, u? we have
B[ w0 -wr @) ar=8 [ [ i s dca
N ™ JR

_E / ()2 (g, t, O Ke(m)oe(x — y)bs(n — Ows(n — €)
+ nt(’%lv K2,€, 5a E)v

(4.12)

where ¢, § and ¢ are chosen arbitrarily and their value will be fixed later. The
idea now is to show that the mollification error n;(k1, k2, €, d, £) can be made
arbitrarily small uniformly in k1, ko, which will rely on the equi-integrability
estimate, Proposition 4.7, as well as (4.11) based on the averaging lemma,
Theorem 3.1, the a priori LP-estimates, Proposition 4.4, and the bound for
the kinetic measure from Lemma 4.5. Indeed, we write

mlwrma,e 8.0 =B [ ]t et dyda

B [ £ @t O 0t O Kaln)oxa — y)s(n — sl — )
= E/TN /Rf"‘il (x,t,n)fﬂg (wjt,ﬁ)(l — Kg(n)) dndz
+ <IE /TN /Rfm (z,t, 1) f"2 (2, t,n) K¢(n) dn dz

~E /(w)z /R Fr(a,tn) f72 (y, t,m) Ke(n) 0s (x — y) dn da dy>
+ <E /(’]I‘N)2 /Rfm (z,t,n) [ (y,t,n)Ki(n)o:(x — y) dn dz dy

_ IE/ (2, t,n) o2 (y, t, O Ke(n)oe(z — y)abs(n — Q)

(TN)2 JR2

+ <IE /(TN)2 /R2 Fr (s t,n) 72 (y, b, O Ke(n) e (@ — y)s(n — €)

& [ 140t O Pt Oalmes(e ~ v)stn - st - c>)
=Hy +Hy +Hsz + Hy

and estimate each of the error terms on the right hand side separately using
the above mentioned results. First,

w1 (t,z)

‘H1| S E/EN luml (t,$)>u"~2(t,1)/ 1|77|22£ d?] dz

k2 (t,z)
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<E / (W (t,2) — 2" de + E / (—2 — w2 (t,2))* de.
T~ ™

Now we observe that the result of Proposition 4.7 holds true for the ap-
proximate solutions w*!, "2 uniformly in k1, k2. Consequently, |H;| < §(¢),
where 0(¢) was defined in Proposition 4.7, and limy_, o supg<;<p |H1| = 0
uniformly in k1, ks, €, d. Second, in order to estimate -

[Ha| = ‘E/( ) (z - / Ko(n)1ym (t,x)>n [1%2 (tx)<n — 1uﬁ2(t,y)ﬁn} J

we write

/ Ke(n)1u~1(z)>n [1u“2(w)§n - 1u”2(y)§77] d”'

/ Ke(n)Yuss (4,2)>n [%e[u@(x)u@(y)) + Lyefur @),m(x))} dry

< Lyro (z)<ur2(y) /]RKK(”) [Xu"@ (z) (77) — Xur2(y) (77)] dT/
+ Lyra (y)<ur2 (z) /R K(n) [Xuﬂz () (M) = Xurz (2) (ﬁ)}dﬁ-
Thus, using (4.11)
I <8 [ ol )| (ta) — @) )| ey < Cre
T

Hence, for all £ € N, lim._ fOT |Hy| dt = 0 uniformly in 1, kg, d. Third,
|Hs|

‘ / (x—y /Ke w1 tﬂc)>77/ ¥s(n — C utL(ty)<n ~ nl(ty)qH
TN

min{u”1 (t,x),u"1 (t,y)+5}
SIE/ @(w—y)/ dndz dy
2 Jany "1 (L)

1 min{u"1(¢,z),u"1 (t,y)}
+2E/ ga(x—y)/ dndzdy < Co
(TN)2 uPl (t,y)—6

hence lims_,0 supg<;<7 |H3| = 0 uniformly in k1, x2,¢,£. And finally

|Hy|

= ‘E/Qs(fv — ) Lo ) <c Ko s (1 — O) [Lumi (t.2) 50 — Lumt (t,2)>¢ | Ps(n — €)

n+9
<E / 0-(z — y) / Ly ey <ctbs(n — C) / 1, s (mye Y51 — )
(TN)2 R? n
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n
+E/(TN) 0 (ac—y)/ e (ty)<c¥s(n =€) /nélgmnl(t,z)q%(n_g)

w1 (t,x)
<IE/ os(z —y / / s(n—¢)d¢dndxdy
(TN)2 ~2 (t,y) ’il(tx

w1 (
—HE/ / / s(n—¢)d¢dndzdy <6
(TN m2(ty) Jus (ta)

and therefore limg_sq SUPg<¢<T |Hy| = O uniformly in k1, ke, e, . Heading
back to (4.12) and using the same calculations as in Proposition 4.2, we
deduce that

E/ (u”“(t) — u’”(t))+da: < ni(k1, ke, €,0,€) + no(k1, ke, €,0,0)
TN

+I1+J+J# + K+ L(5,0),
where, with 0(¢) as in Proposition 4.7,

lim sup L(4,¢) = hm i) = uniformly in k1, k2, €, 0.
€—=00 0<t<T

The terms I, J, K are defined and can be dealt with exactly as in Proposition
4.2 and Theorem 4.3. The term J# is defined as

t —
# =(k1 + ro) E /0 / 9 A goe(x — ) Ko(m)s (n — Enbs(n — O)
t
_E / / 0c(x — ) e (m)a(n — E)bs(n — ) dvm(€)dnt2(y, s, ()
0

t
_E /0 / 0:( — Y Ko()s( — E)05(n — ©) A2 (O)dn (., 5, ),

where we used the notation v3%(§) = Gy (s,0)(§) and similarly for vy2(¢).
Thus,

J#— /ﬁ?l—i-lig

XE/ /TN)Q/QEx_ ) Ko(n)s(n — u)hs(n — u™)Vau"™ - Vyu™?
mE [ S et = DR st )

o E/ /11‘1\7 / o=(x — y) Ko(n)wbs(n — w™ )ps(n — u'™)|V,yu"|?
< (Vr1 — Vh2)?

XE/ /TN)Q/QEx_ yY)Ke(n)bs(n — u™)hs(n — u™?)Vau™ - Vyu'™
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< (VA1 — 2 )°E /0 / PR E (s (n — €)s(n — O] Avee(z — )
< C(T — /i )22,

where we proceeded as for I in the last step. Consequently, we see that

T
K1 ke + z
E/O /TN (1 (1) — w2 (1)) " de dt <p 5(0)

+ Coe® + 6+ e 82|V || oo (—2e—s,2046)t + 677 2|0 Nl o ((—e—b,04))
+ 0712 £ 5+ (k1 + Ro) e 228

Therefore, given ¥ > 0 one can fix ¢ sufficiently large so that the first term
on the right hand side is estimated by /3, then fix £ and 0 small enough
so that the second and third line is also estimated by /3 and then find
¢t > 0 such that the third line is estimated by ¥/3 for any ki,ke < t.
Thus, we have shown that the set of approximate solutions (u") is Cauchy
in LY(Q x [0,T],P,dP ® dt; L'(T")), as x — 0. Hence there exists u €
LY(Q x [0,T],P,dP ® dt; L}(T")) such that

(4.13) u —u in LYQx[0,T],P,dP®dt; L (TV)).

Step 4: Since ug € L"(€; LY(TY)) for some r > 1, we can choose (uf)
uniformly bounded in L"(Q; L'(TV)). By Lemma 4.5, we obtain that for
each k > 0

(4.14) sup E|m”(By)|" < C,
K

where By, := [0,7] x TV x [~k,k]. Consequently, the sequence (m") is
bounded in L"(Q; M(By)). Following the same arguments as [17, proof of
Theorem 20], we extract a subsequence (not relabeled) and a random Borel
measure m on [0, 7] x TN x R such that m"” —* m weakly* in L"(Q; M(B},))
for every k € N.

Since the estimates derived in Proposition 4.7 are uniform with respect to
K, the limit m satisfies Definition 2.1, (ii). We further note that m satisfies
Definition 2.1, (i), since this property is stable with respect to weak limits.
Hence, m is a kinetic measure.

We next check that (u,m) is a kinetic solution to (1.1) in the sense of
Definition 2.2. Let ¢ € C2°(R) be nonnegative and denote by ® a function
satisfying ®” = ¢ and ® > 0. Then, similarly to (4.5), we obtain

E / 6(€) dm" (¢, 2, €)
[0,T]xTN xR

1 r K K K
< 2E/0 x G?*(x,u"(t,x))o(u (t,az))dxdtﬂ—E/T O (ug(z)) de.

N
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Hence, due to (2.5) and since

E / 6(6) dnf(t, 7, €)
[0,T]xTN xR

T uk 9
:E/O /TN le/O Vo(Q) [VaId+o(¢)] d¢| dadt,
we obtain that
T ur )
(4.15) E /0 /TN div /O VOO [VrId+a(¢)] d¢| dadt

< C(T7 ”d)HL"Oa Supp ¢7 ]EHUOHL}E)

From the strong convergence (4.13) and the fact that /¢ o € C.(R), we con-
clude using integration by parts, for all n € L2(0,T; C*(TY)), ¢ € L*>®(Q),

Ev /OT/TN <div /Ou Vo) [VrId +a(¢)] d()n(t,x) dz dt
— Ew/OT/TN (div/ou V() a(0) d()n(t, ) dz dt,

and therefore, using (4.15),

(416)  div /0 0 [VRId+ o(C)] d¢ — div /0 VDo (0)dC

in L2(Q x [0,7] x TV). Hence, Definition 2.2, (i) is satisfied.

Concerning the chain rule formula (2.7), we observe that the corresponding
version holds true for all u”, since u” is a kinetic solution, i.e. for any

¢17¢2 S CC(R)? ¢1a¢2 2 07

div /  1(Q)6(O) [VRId + 0(0)] d¢
(4.17) 0

— 6 (u") div /0 " 6a(O)[VRId + 0 (0)] d¢

holds true as an equality in L?(2 x [0,7] x TV). Due to (4.16) we can
pass to the limit on the left hand side and, making use of the strong-weak

convergence, also on the right hand side of (4.17). In conclusion, Definition
2.2, (ii) holds.

Let now ¢ € C°(R), ¢ > 0, and let n® be defined as in Definition 2.2, (iii).
Since u” is a kinetic solution, (u*, m") satisfy (2.9) with the corresponding
diffusion matrix A”. Passing to the limit x — 0 yields (2.9) for (u,m)
with the original diffusion matrix A. It remains to prove that for all ¢ €
C2([0,T] x TV), ¢ > 0, m(pg) > n®(p) P-a.s.  Since each m* can be
decomposed into the sum of the parabolic dissipation measure nf and the



46 BENJAMIN GESS AND MARTINA HOFMANOVA

corresponding (nonnegative) entropy dissipation measure nf, that is m" =
nt 4+ nf, from (4.14) it follows that

sup E|nf(Bg)|" < Cy.
K

By the same argument as above, we extract a subsequence (not relabeled)
and a random measure o1 such that nf —* o; weakly* in L"(Q2; M(By))
for all £ € N. Since m" > nf P-a.s. we have m > o1, P-a.s. Moreover,

since by sequentially weak lower semicontinuity of the norm, it follows for
all p € L>2([0,T] x TV), ¢ € L®(Q), P-a.s.,

Eqpn?( Ew/ le/ \ o d{ 2(t,z)dxdt
TN
<hm1anE¢/ / le/ Vo) [VEId+o(C)] ©?*(t, ) dx dt
TN
= Eapo1 (pp?).
and, thus, n? given by (2.8) satisfies n?(-) < 01(¢-), P-a.s., which completes
the proof. O

APPENDIX A. MULTIPLIER LEMMAS

We state a result concerning Fourier multipliers used in Section 3. For the
proof, we refer the reader to [52], namely to Lemma 2.2 and the discussion
at the end of the proof of Averaging Lemma 2.1.

Lemma A.1 (Multiplier Lemma). Let m(u,n,&) = i(u+b(§) -n)+n*A(§)n
and let ¥ be a bump function. For each £ € R and § > 0 let

5 n.8) € supp¢}.

Consider the velocity-averaged multiplier operator
() = [ Mofn s = [ ot 7 . o

then for every p € [1,2] we have the estimate
By, < Csup|Qu,mi )7 £l

Qu,n; o) := {5 eR; miw,n,§)

tz,6

Moreover, for every pair (e,q.) satisfying

N
—<e<l<g<

€

N — €’
where g, is the conjugate exponent to q., it holds true that
1My fll prypeae < ClFllMepe-
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