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1 Introduction

Methods of nonparametric estimation of a density function and regression function are widely
discussed in the literature (cf. Prakasa Rao (1983, 1999a)). It is known that the estimation
of derivatives of a density are also of importance and interest to detect possible bumps and to
detect monotonicity, concavity or.convexity properties of the density function. Asymptotic
properties of the kernel type estimators for the derivatives of density have been investigated

earlier (cf. Prakasa Rao(1983)).

Our aim in this paper is to discuss wavelet linear estimators for the derivative of a
probability density function in the presence of an additive noise. Estimators of density
using wavelets-was studied for independent and identically distributed random variables in
Antoniadis et al. (1994), for some stationary dependent random variables in Leblanc (1996)
and for stationary associated sequences in Prakasa Rao (2003). Chaubey et al. (2006,
2008) extended these results to derivatives of density estimators for associated sequences
and for negatively associated processes. The advantages and disadvantages of the use of
wavelet based probability density estimators are discussed in Walter and Ghorai (1992) in
the case of independent and identically distributed observations. However it was shown
in Prakasa Rao (1996, 1999b) that one can obtain precise limits on the asymptotic mean
integrated squared error for a wavelet based linear estimator for the density function and its

derivatives as well as some other functionals of the density (cf. Theorem 3.1, Prakasa Rao



(1996)). By ”precise limit”, we mean that the mean integrated squared error, after suitable
scaling, converges to a finite limit as the sample size tends to infinity and this limit can
be computed explicitly. Tribouley (1995) studied estimation of multivariate densities using
wavelet methods. Prakasa Rao (2000) investigated nonparametric estimation of the partial
derivatives of a multivariate probability density. Donoho et al. (1996) investigated density
estimation by wavelet thresholding. For a discussion on statistical modeling by wavelets, see
Vidakovic (1999).

In recent papers, Chesneau and Doosti (2012) studied wavelet estimation of density for
a GARCH model under various dependence structures and Chesneau{(2013) investigated
wavelet estimation of a density in a GARCH-type model leading to upper bounds on the
mean integrated squared error. Shirazi et al. (2012) obtained wavelet based estimation
of the derivative of a density by blockthresholding under randem censorship. We studied
estimation of the derivative of a density in GARCH-type model, which can be considered
as a generalization of multiplicative censoring modely in Prakasa Rao (2017). Vardi (1989)
(cf. Vardi and Zhang (1992)) introduced the multiplicative censoring model which unifies
several models including nonparametric inference for renewal processes, non-parametric de-
convolution problems and estimation of decreasing density functions. Chaubey et al. (2014)
studied adaptive wavelet estimation of ardensity from mixtures under multiplicative censoring
model generalizing the results in Prakasa Rao (2010). Asgharian et al. (2012) investigated
asymptotic properties of the kernel density estimators under multiplicative censoring model.
Andersen and Hansen (2001) studied density estimation for multiplicative censoring model
using a series expansion approach. Chaubey et al. (2011) give a survey of recent results on

linear wavelet density estimation.

Estimation-of 'a probability density function, in the presence of an additive noise, via
wavelets has been recently investgated in Li and Liu (2014), Geng and Wang (2015) and
Hosseinioun (2016). Density estimation for a statistical model with additive noise plays an
important role in statistics and econometrics (cf. Li and Racine (2007)). For earlier work on
this problem, see Fan and Koo (2002) and Lounici and Nicki (2011). In practical situations,
it is not possible to observe data directly . Suppose we have observed data consisting of

independent and identically distributed observations Y7i,...,Y, based on the model
Y=X+¢

where X is a real valued random variable with unknown probability density function fx and



€ is an independent random noise with a known probabilty density function g. The problem
of estimation of the density fx based on the observed data Y7,...Y,, has been investigated by
the authors cited earlier among others. Our aim is to investgate the problem of estimation of
the derivatives of the density fx, whenever they exist, based on the observed data Yi,...Y,.
As we mentioned earlier, this problem is also of importance and interest to detect poessible
bumps of the unknown density function fx and to detect monotonicity, concavity or convexity
properties of the density function fx. Let fy denote the probability density function of the
random variable Y. Note that fy is the convolution of the probability density functions fx

and g, i.e., fy = fx * ¢ in the standard notation for convolution.

2 Preliminaries on wavelets

A wavelet system is an infinite collection of translated and scaled versions of functions ¢(.)
and v(.) called the scaling function and the primary wavelet function respectively. In the
following discussion, we assume that ¢(.) is real-valued.. The function ¢(x) is a solution of
the equation
o0
(2. 1) plx) = Y Cpp(2x — k)
k=—00

with
(2. 2) / ¢(z)dr =1
and the function v (z) is defined by

o0

(2. 3) B@) = > (~)FC (22 — k).

k=—o00

The choice of the sequence {C}} determines the wavelet system. It is easy to see that

(2. 4) Y Cp=
k=—00
Define
(2. 5) pin(x) = 272¢(2x — k), —00 < j, k < o0
and
(2.°6) Yip(x) = 2722 — k), —00 < j, k < 0.
Suppose the coefficients {C}} satisfy the condition
(2. 7) > CiCrioe = 2if £=0
k=—o00
= 0 if £#0.



It is known that, under some additional conditions on ¢(.), the collection {1, —00 < j, k <
oo} is an orthonormal basis for L?(R), and {¢;, —00 < k < oo} is an orthonormal system

in L?(R), for each —oo < j < oo (cf. Daubechies (1988, 1992)).

Definition 2.1: The scaling function ¢ is said to be r-regular for an integer r > 1, if for

every nonnegative integer ¢ < r, and for any integer k > 1,
O -k _
(2. 8) |0\ (2)| < cp(1+ |z]) 7", —c0 <z < 00
for some ¢ > 0 depending only on k. Here ¢(g)<_) denotes the ¢-th derivative of ¢(.).

Definition 2.2: A multiresolution analysis of L?(R) consists of an/inereasing sequence of
closed subspaces {V;} of L?(R) such that
() NF2_oVj = {0} ;

Jj=—00
()05 Vs = L*(R);

(iii) there is a scaling function ¢ € Vj such that {¢(x —k), —00 < k < 0o} is an orthonormal
basis for Vp;

(iv) for all h(.) € L*(R), —00 < k < 00, h(z) €Vy = h(z — k) € Vp; and

(v) h(.) € V; = h(2z) € Vj41.

Mallat (1989) has shown that, given any multiresolution analysis, it is possible to find a
function v (.) (called primary wavelet function) such that , for any fixed j, —oco < j < oo, the
family {1, —00 < k < oo} s an orthonormal basis of the orthogonal complement W; of
V; in Vj41 so that {1, —60.< j,k < 0o} is an orthonormal basis of L2(R) (cf. Daubechies
(1988, 1992)). When the scaling function ¢(.) is r-regular, the corresponding multiresolution
analysis is said to be#r-regular.

Let f € La(R). The function f can be expanded in the form (cf. Daubechies (1992)):

o0

(2. 9) fo= ) asrdsk+>, Y, bixtjk

k=—o00 Jj=sk=—o0

for.any integer —oo < s < co. Observe that the wavelet coefficients are given by

(2. 10) ask = /_ O:o f(@) s r(x)dz
and -
(2. 11) bk = Lw f(@) k() de.



Suppose that the functions ¢ and ¢ belong to C™, the space of functions with r continuous
derivatives for some r > 1, and have compact support contained in an interval [—d,d] for
some 0 > 0. It follows, from the Corollary 5.5.2 in Daubechies (1992), that the function (.)

is orthogonal to polynomials of degree less than or equal to r. In particular

/ Y()atde =0,0=0,1,...,7

This brief discussion on wavelets is based on Antoniades et al. (1994). For a.more details,
see Daubechies (1992) and Strang (1989).

3 More on wavelets

Let ¢(.) be a scaling function as defined earlier. Define

o0

Op(x) = D lo(z=k)].

k=—00

Suppose the following conditions hold:
(C1) The esssup, 04(x) < oo where
esssup g(z) =inf{y = A([z : g(x) > y]) = 0}

and A is the Lebesgue measure on the real line.
(C2) There exists a bounded nomincreasing function ®(.) such that |¢p(u)| < ®(Ju|) almost

every where and

/ " ®(|ul)du < oo.
0

for some integer.> 0.

The following Lemmas 3.1 to 3.3 follow from the results in Hardle et al. (1998).
Lemma 3.1: Suppose the condition (C1) holds. Then, for any sequence {\;,s € Z} € £,

CilIMle, 2277 < 11D Medsikllp < CallA]], 2277
k

where
C1 = (1641271161114~

and
1 _
Cy = (1104]12£9]16]11/7) !



where 1 < p < o0, % + % = 1 with suitable interpretation for p and ¢ in the boundary case.
Since the scaling function ¢ satisfies the condition (C1), the kernel function
K(z,y) = Ek: $la — K)oy — k)
is well defined and it is called the orthonormal projection associated with the function'¢. Let
Kq(z,y) = 2°K(2°x, 2°%y)
for any integer s > 0. For any function h € Ly(R),1 < p < oo, define
(3.1) K@) = [ Koy = 3 awsdua)
- S

where

Qo= [ bunle)h(a)ds.
Lemma 3.2: Suppose the condition (C2) holds. Then

(i) [ O:O Kz g)dy =1 ac.

and

(id) i, )] < Cra(1” = Y e

where C] and (5 are positive/constants depending on .
Let F(x) = Cﬂb(%). Then the function F' € L1(R)N Lo (R) and | K (z,y)| < F(z—y) a.e
Lemma 3.3: Suppose the condition (C2) holds and h € L,(R),1 < p < co. Then
Tim ([ K, hll, = 0.
Suppose the function h(® exists and h(® L,(R) for some 1 < p < co. As a consequence
of Lemma 3.3, it follows that
(3. 2) lim || KD — D], =0.

It can be shown that Lemma 3.3 holds for h € L (R) if the function h(.) is uniformly
continuous. We will now state another result known as Rosenthal’s inequality (Rosenthal

(1970)) which will be used in the sequel.



Lemma 3.4: Let X1,...,X, be independent random variables with mean zero and further

suppose that | X;| < M < 00,1 <i < n. Then there exists a constant C), > 0, such that

n

DE(YXP) < 23" B(X2) + (3 B(X2)P?).p > 2
=1 =1 =1

and

(B X) <G> B0 <p<2,
=1 =1

4 Estimation of the d-th derivative of a probability density

function

For any function h(.) € L1(R), define the Fourier transform
h(t) = / h(z)e " dz, —0o 4 E% bo.

It is known that fy(t) = fx(¢)§(t),t € R. Suppose‘that the Fourier transform §(t) of the
probability density function g is non-vanishing for all t € R.

Let {X;,1 < i < n} be independent and identically distributed random variables with
probability density function fx which is d-times differentiable. Suppose that the derivative
f)(? ) of fx exists, bounded, has compact support and f)(g ) ¢ Lo(R). Let us first consider the
estimation of the probability density function fx. A wavelet based density estimator of the
density function fx can be motivated in the following way from the expansion given in the
equation (2.9) (cf. Prakasa Rao (2003)). We can estimate fx () by fx(z) where

(4. 1) fx(@) =" asrdsn()
kEN,

where o

(4. 2) Qs == bsi(Xi)-
ni4

Here Ny is the set of integers k such that supp(fx) N supp(¢s ) is nonempty. Since the
functions fx and ¢ have compact supports, the cardinality of the set N is finite and it is of
the order O(2%).

Let us now consider the problem of estimation of the derivative f )(g ) of fx. As in Prakasa
Rao (1996), we assume that f¢ € Lo(R) and that there exist D; > 0, 8; > 0, such that

1£9 (@) < Dyl %, ] > 1,0 < j < d



where By > 4d + 1. Suppose the multiresolution analysis generated by the scaling function
¢ is r-regular for some r > d. Then, by definition, ¢ € C"), ¢ and its derivatives ¢\9) up to
order r are rapidly decreasing, i.e., for every integer m > 1, there exists a constant A,, > 0,
such that

69 (@) < A (1 +|2)™™, 0<j<r
If d > 1, then it is clear that

lim (b(j)(x)f(d—j—l)(x) =0,0<j<d-1

|z| =00 sk

for any fixed s and k. The projection of f)((d ) on Vs is

(4. 3) O@) =Y aspdsn(@)
kEN,

where

(4. 4) asp = /_ h £ (@) s go(@)d

= 0! [ rx@ofa)de

The last equality given above can be justified by using integration by parts since the function

¢(.) is r-regular (cf. Prakasa Rao (1996)). This expression motivates the following estimator
) .

for fx’(z) :

(4. 5) P = Y alpoun(@)
k€N
where ( )d
* -1 = d
a’s,k = n Z(bi,g(Xz)
i=1

Note that theestimator defined above in the equation (4.5) reduces to the density estimator
given in (4.1) for d = 0. Since the random sample X;,1 < ¢ < n is unobservable and the

observed.data is Y; = X; + ¢;,1 < i < n, we now modify the estimator f)(fl)s(x)

By. Plancherel formula,

a = (0 [ @)




For any function t(.) which is d-times differentiable, define 1, x(z) = 2%/24(2%2 — k) for
integers s,k and let @DSQ () denote the d-th derivative of the function s (). Define the

operator H, by the transformation

7.(d)
1o W
(&W%M@—ZméﬁéégﬁweR

for all integers —oo < s,k < 0o. It can be checked that
lz{gd]g (u) — 6ik”252_d5+%'&£d]2 (u28)
which we will use in the computations later. Let

(=1)¢

(4. 6) s o = Y (Hop ) o ke (Vi)
=1

We will consider the modified estimator f)(g )s (x) defined by

(4. 7) @) = Y asndsp(z)

kEN,
_ (=D (d) ,
5 (5 1. 69), 000
kEN; =1

L =DEL (d)
= TZ[Z(Hscb )s.k(Yi)bs k()]

i=1 k€N

as an estimator of f)(g) (x).

Lemma 4.1: If the function f)((d) € La(R), then the estimator aj defined by the equation

(4.6) is an unbiased estimator of the wavelet coefficient a, ) given by the equation (4.4).

Proof : Note that

. I L (d)
E[a&k} = E[TZ(HS¢ )S,k(Y;)]

=1
= () B((HG D), (V1)
_1\d oo 0o 7(d)
= GO T e gy

2w —oo J—o00 g(*t
7(d)

_1)d roo o
— ( 1) / [/ eztyfy(y>dy]¢is,k(tt)dt

2m J—co S0 g(—1)




I SIS0

- ot . fY(_t) g(—t) dt
—1)¢ poo -

= G 7 o
—1)¢ poo _ -

= O 7 i
—1)¢ fpoo _ -

= CUN ™ he@ilma

= (V' fx@ela)ds

= [ A @)

= as,k-o

We will now discuss Lj,-consistency of the estimator f )((d l (z) for estimating of the function
)(;—1) (x) following the techniques in Geng and Wang (2015). For any function f € L,(R), we
write || f[[b for Jg |f(z)[Pd.

Theorem 4.1: Suppose that §(t) ~ (1 4 [t?])?/2,t € R for some 8 > 0 and the function
f)(g) € Ly(R) for some 2 < p < oo. Further suppose that fy € L,/5(R). Choose the positive

1—e
1+28+4d p

integer s such that 2° ~n ~ for some 0 < ¢ < 1. Define the estimator fX (z) as an

estimator of the function f)g (). Then the estimator f X S( x) is Ly-consistent, i.e.,

. Ad d
Tim B - £, =0

Proof : Note that

E[f{(2)] = E[Y aspsp())
kEN,

_ (=1 (d)
= E[Y [ (Hd'D)s (Vi) s ()]

keN, U i=l

= E[(-1) Z (Hsﬁb(d))s,k(yl)]ﬁbs,k(m)}

k€N

= ()Y Bl(HGD ), (7)) ()

keNg

= Z as,k¢s,k($)

k€N

10



where the operator K is as defined by the equation (3.1).
As a consequence of the equation (3.2) following Lemma 3.3 (cf. Hardle et al. (1998))4it
follows that

. d Ad . d d
(4. 8) Tim (| = BIEO), = lim |17 - K, 7@, =o.

In the following discussion, we will denote A ~ By if there exist positive constants C and
(5 such that
ClBs S As S CQBS

as s — 00. We will now estimate the term

~d Ad
1A — EFO-

Note that
A(d a(d .
1O = EFONE = 1Y agda@) — > auroar(@)lE
kEN, kEN,
= || D3 (ask — ask)sni(@)[f
kEN,
~p®G) | Z lask — ask|’] (by Lemma 3.1)
keNg
and hence

~(d A(d s(P_ N
B, - BIFONE ~ 2GVELY Jags — agil?]

keN
= 2251 > Blasy — asxl)-
kEN,
Observe that
R 1 &
sk —ask| = |7Z( S¢( EZ S¢ sk (Yol
=1 =1

= 7|Zsz|

11



where

Ziy = (H¢\D) s (V) — E[(Hs¢ D) 1o (Y:).

Therefore
7(d)
1 Pg (1)
(d) - |— ity
(HAD)u) = |- / e t)dt\
(d)
- ()
(
~ o /y¢ V(1 + [¢])P/2at
~ 2d8_§/ 16D ()] (1 + |u]2%)P/228du
R
Hence
’Zik’ = ’(HS‘Zs(d))S,k(Yi)_E[(HS¢’(d)) (YZ)”
< [(Hed D)o (V)| + BI(H s¢<d ) (Yi)]
_ ,7/ ods+3 git(2Y 2k) @ () |
g(=25)
s (1)
_‘_7 / 2d8+ ’lt 2Y— k‘) dt d
| it W)y
~ 28(2+ﬁ+d).

Applying Rosenthal’s inequality (Lemma 3.4), it follows that

. 1 -
(4. 9) Ellasg — askl’] = EE| > Zil?
i=1

1 n n
7[25(%&3%)(19*2) ZE|Zik|2 + (Z E|Zus| )P/

p
n i=1 i=1

12

9s(5+B+d)(p—2)

1
= —— Bzl + o (ElZi 2)PL2,

We will now estimate 3", (E|Z1x|?)?/2. Observe that

4 = /|(Hs¢(d))s,k(y)|2dy
R

12



Hence

Furthermore

12

12

12

12

(E|Zu 2P =
<

IN

S (Het ) ok@))?

k

7(d)
27T/ |¢~S7k(t)‘2d

odds— S/ 20w2) ‘ "
( ) oy
s(4d—1) ‘ S | 0
g(—u2s)
24ds/R’ (1+ ‘u222s’)5/2&(d)(u)’2du
24d8+2ﬁs.

(BI(Hs¢'D)s (V1) — BIHGD) s (¥0)]1%)7*

(E|(Hyb ) (V2) )7/
( /R (H D) 1 () PP () P72

Ap/2/|(HS¢(d))s’k ek Fy (y)dy)?"?

ABY( /I DY, ()2 (Fy ()P 2dy.

7(d)
E 1 it ¢s k(t) 2

7Iy ~d s
= Z(zds_s/z‘ /4 o eit(y—k)MdH)Z
k —47‘r/3 g(_t)
iy Nd s
>y P gty SO
—47/3 g(_t)
dr/3 . 7 (d)
= sy |/ ol u2¢()28d|)
47r/3 (—u25)
7(d
sy [ e 2200
4”/3 G(—u2%)
= 22d5+8 |/ ’LtQS t) _itgskdt‘
25t)

t) _it2skdt‘)2
2813)

+|/ 11529
4 /3

13



s 7(d
~ 22ds+8[2(‘ 4m/3 (it2°y fb( )(t) =2k gy 2
— " Jo g(—=2%)
0 7(d)
sy OV _iosk 2
+;(/;47r/36 g(_zst)e dt’ ]

Observe that the function »
o2y ¢( )(75

9(=2°t)

and the series {e"#2"* k € Z} is an orthonormal basis for Ly[0,27]. An application of the

I[O,QW] € Ly [O> 27T]

Parseval formula shows that

(it2°y (t) o~ it2°k gy 2 /4ﬂ 25y ¢( (t)42 2583
'/ 25t) w=) e et

In a similar way, we get that

d
S /0 (it2%y ~¢( )(t) T2k |2 s 9258

" J—an/3 g(=2%)

Combining the above bounds, it follows that

Z ’ )|2 < 95(268+1+42d)

which in turn implies that

Z(E’ZMF)MQ < A5 —19s(28+142d) _ os(Bp+1)+2d(p—1))

k
Hence
) 9s(5+B+d)(p—2) 1
;Ems,k—as,k‘p = TZE]ZM\Z—F —7 (E|Z1k!2)p/2
25(%+5+d)(p72)28(26+1+2d) 28 (Bp+1+2d(p—1))
= np—1 + np/?2
9s((Bp+1)+2d(p—1)) 9s(5—1-d(p—2))
= (1 + D_
np/2 n2 1

As a consequence of the bound obtained above, it follows that

~(d (d e 9s(Bp+1)+2d(p—1) 9s(5—1—d(p—2))
BIFE - B < 28D (14 =)
s(28+1+4d2=1)
~ (2 oy

n

14



1—e

14+28+4a 221

Choosing 2° ~ n for some 0 < € < 1, we obtain that

(4. 10) Tim B[If, - BIFO]IE = o.
Combining the relations (4.8) and (4.10), we obtain that
(4. 11) Jim B FE) - A1) =0
by the inequality
U+ Vlp < 1[Ullp + [Vl
for U,V € Ly(R). This proves the L,-consistency of the estimator f;(? )S for estimating the

derivative f )((d ) R

Remarks : We have discussed the problem of estimation of derivative of a density function
in the presence of independent additive noise whose distribution is known using linear wavelet
estimators. It is not clear how to estimate the original density or its derivative if the error
density is also unknown. Another problem is to study adaptive nonlinear wavelet estimators
of derivative of a density in the presence of known or unknown independent additive noise

and to construct shape preserving estimagors. These problems need investigation.
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