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Abstract. We consider a problem of checking whether the coefficient
of the scale and location function is a constant. Both the. scale .and lo-
cation functions are modeled as single-index models. Two test statistics
based on Kolmogorov-Smirnov and Cramér-von Mises type functionals
of the difference of the empirical residual processes are proposed. The
asymptotic distribution of the estimator for single-index parameter is
derived, and the empirical distribution function of residuals is shown to
converge to a Gaussian process. Moreover, the proposed test statistics
can be able to detect local alternatives/that converge to zero at a para-
metric convergence rate. A bootstrap procedure is further proposed to
calculate critical values. Simulation studies and a real data analysis are
conducted to demonstrate the performance of the proposed methods.

1 Introduction

1 Single-index models, a generalization of multivariate linear regression mod-
2 els with an unknown link function, have been paid great attention because
s they gain more flexibility and relax restrictive assumptions imposed on para-
4 metric models of conditional mean functions. There have been many pa-
s pers to consider the consistency estimation of the single-index parameter
s and the nenparametric link function. See for example, Wang et al. (2012);
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2 Jun Zhang et al.

Xia et al. (2002); Ichimura (1993); Wang and Zhu (2015); Feng et al. (2013);
Guo et al. (2016); Hardle et al. (1993); Peng and Huang (2011); Li et al.
(2014); Wang et al. (2015). In this paper, we consider a single-index het-
eroscedasticity regression model:

Y =g(BsX)+0(BiX)e, (1°1)
where “7”7 denotes the transpose operator on a vector or a matrix.through-
out this paper. In model (1.1), Y is the response variable and ‘X is a p-
dimensional covariate vector. g(-) and o(:) are two unknown univariate s-
mooth functions, and throughout this paper we assume that the function
o(+) in the model (1.1) is positive. The error term e satisfies E(e) = 0 and
E(e?) = 1. The last condition for € is assumed fof identifiability of the
model. The parameter 3, is an unknown index vector which belongs to the
parameter space B = {,6 = (B1,P2,--.,8p), 1BIh= 1,81 > 0,8 € Rp}.

Amongst the various methods of estimation, we are interested in testing
whether a constant coefficient of variation exists in a dataset, that is,

Ho : g() =ca(-), (1.2)

for some nonzero constant ¢/ Carroll and Ruppert (1988) investigated a
parametric model with a constant coefficient of variation as a special case
of the hypothesis (1.2). Eagleson and Miiller (1997) considered the prob-
lem of nonparametric/estimation of the mean regression function where the
standard deviation funetion is proportional to the mean regression func-
tion. Model (1.1) ‘generalizes the models considered by Dette et al. (2012);
Dette and Wieczorek (2009) who focused on the one dimensional case of X.
Dette and Wieczorek (2009) proposed an estimate of the Lo-distance be-
tween thewariance and squared regression function. As claimed in Dette et al.
(2012), the test statistic proposed by Dette and Wieczorek (2009) is not able
to-detect alternatives converging to the null hypothesis at the rate of n=1/2,
while  the empirical process statistic proposed by Dette et al. (2012) suc-
ceeds. Moreover, the Kolmogorov-Smirnov and Cramér-von Mises statistics
by using the empirical process constructed from the residuals-based em-
pirical distribution functions to test model assumptions also have the the
advantage of detecting local alternatives that converge to zero at the rate
of n~1/2, independent of the dimension of X (Neumeyer and Van Keilegom;
2010). However, the estimation and test procedures for g(-) and o(-) pro-
posed in Dette and Wieczorek (2009); Dette et al. (2012, 2009) can not be
directly extended to the case of multivariate X due to the “curse of dimen-
sionality”. This motivates us to investigate the estimation method for model
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Single-index variation 3

(1.1) and test procedure for the constant coefficient of variation hypothesis
(1.2) with a single-index structure.

In this article, the first goal is to estimate the unknown single-index pa-
rameter B, and unknown g¢(-) and o(-). The profile estimation equation is
proposed to estimate 3, and the large sample properties of the estimator
is obtained. The second goal is to check whether the constant coefficient of
variation hypothesis (1.2) is true or not. Under the null hypothesis (1.2), the

estimator of distribution function F¢(s) of model error € is obtained from the
Y E[Y] g

cBrX) ~ BB X At the same time, the

estimator of Fi(s) under the full model (1.1) can be also obtained by using

the residuals based on %. Then, we obtain the @asymptotic expres-

residuals based on the error € =

sions for the estimators of F¢(s) under the full model (1.1) and under the
null hypothesis (1.2). Two test statistics, namely, Kolmegorov-Smirnov test
statistic and Cramér-von Mises test statistic‘arerused to check whether the
null hypothesis (1.2) is true or not. The limiting distributions of these two
test statistics are also derived. To mimie the null distributions of the test
statistics, a bootstrap procedure is proposed to define p-values. We conduct
Monte Carlo simulation experiments to'examine the performance of the pro-
posed procedures. Our simulation results show that the proposed methods
perform well both in estimation and hypothesis testing.

This paper is organized as follows. In Section 2, we propose the estimation
procedure for 3, ¢g(-) and @ (:). In Section 3, we provide the estimators of
error distribution function; and two test statistics for the testing problem.
A bootstrap procedure is also proposed to mimic the null distribution of
test statisticssIn Seetion 4, we report the results of simulation studies. In
Section 5, a real data is analyzed as an illustration . All the technical proofs
of the asymptotic results are given in Appendix.

2" Estimation method for 3, g(-) and o(-)

Suppose that we have an i.i.d. sample {X;,Y;}" (1, X; = (Xu4, ..., Xpi)”
from the model (1.1). We now employ the profile least squares estimation
procedure proposed in Cui et al. (2011); Liang et al. (2010); Liang and Wang
(2005).

(1) A local linear smoothing technique is used to estimate g(-). We ap-
proximate g(u) by g(us) + ¢'(us)(u — uy) in a neighborhood of .
Given 8, the local linear estimators of g(u) and its derivative ¢’(u) are
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Jun Zhang et al.

obtained by minimizing (2.1) with respect to ag and aj,
n
Y {Yi—ao— a1 (87X —u)}’ K, (87X —u), (2.1)
i=1

BTXZ' — U
h
nel function and h being a bandwidth. Let (ag,a;) be the minimizer

of (2.1), denoted as (§(u,B3),d (u,3)). Then, the estimator of g(u) is
obtained as

where K;,(8"X; —u) = h 'K with K(-) being a ker=

3w, B) = o = Tn,QO(;an)Tn,Ol(uvﬁ) - Tn,lO(u;ﬁ)Tmll(uaﬁ)’ (22)
n,OO(u’ ,@)ngo(u, B) - Tn,IO(uv /3)
where T, 1,1, (u, 8) = S0 Kn(B7X; —u)(BEX7 — w1 Y2 for I) =
0,1,2, 1o =0,1.
The local linear smoothing technique is used to estimate the variance
function o2(-). Similar to (2.1) and'(2.2), we estimate o2(u) as:

Sn,20(t, B)Sn01(us B) — Sn10(u, B)Sn,11(u, B)
Sn,00(th8) S 20(u, B) — SE 10(u, B) ’

52 (u, B) = (2.3)

!

Snista(:B) = Y FR(BIX —u) (BT X — )" |(Yi — (87X, 8))%]
for ll = O, 1,2, l2 = O, 1.
A noted in Zhu et al. (2010), the restriction of ||3]| = 1 leads to a non-
differential problem at the point 3 lying on the boundary of a unit ball.
To solveiit, we transform the boundary of a unit ball in R? to the inte-
rior of a unit ball in RP~1. We now proceed to estimate 3, by using the
profile estimation function (Liang et al.; 2010; Liang and Wang; 2005)
and'the “leave-one-component” procedure (Cui et al.; 2011; Zhu et al.;
2010),

def

Wa(BY) IR (87X B) [ X - V(87X 678X )
1=1
x [Y; = 9(B" X4, B)] (2:4)

in which, §'(u,3) = %Z’B), Jg = 0B/8BY) is the Jacobian matrix of
size d x (p — 1) with

Jp = _’6(1)7/\/ 1= H’a(l)Hz : (2.5)

I,
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Single-index variation )

where I,,_; = diag(1,...,1), an identity matrix of size p — 1. More-
over, V(t) is the local linear estimator of V(u) = E(X|B7X = u) =
(Vi(u), ..., Vy(u))", defined as V(u) = %, where by, ;(u) =
Kn(B7 X —u) [Th20(u, B) — (B7X; —u)Ty,10(u, B3)]. To solve (2.4), af
consistent initial estimate of ,@él) will speed up to obtain its final es-
timator. We suggest to use more stable, more robust and widely used
dimension reduction methods for this initial estimator in practice. For
example, Xia et al. (2002); Xia and Hérdle (2006).

~(1 A(1
Denote that ,8(() ) is the solution of the estimation equation W, (,B(() )) =

/ 2
0p—1. Then, we apply the equation By, = 1/1 — HB(()I)H to estimate

. / N
Bo1 by Bo1 = /11— H,B((Jl)H , and the_ estimator of 3, is obtained

~ ~ ~ T
as B, = (,6071,,8(()1)7) . Finally, the estimators of g(u) and o?(u) are
obtained by substituting 8 with Bo in(2.1) and (2.3), respectively.

It is noted that the model (1.1) is different from the generalized single-index
proposed in Cui et al. (2011). Cuiet al. (2011) assumed that E(Y|X) =
w(g(BiX)) and Var(Y|X) =V (g(B5X))o?, where yu(-) is a known mono-
tonic function, V() is a kmowmn-covariance function. Cui et al. (2011) as-
sumed that the variance function Var(Y|X) is linked with the mean func-
tion E(Y|X). Our model (1.1) is different with Cui et al. (2011) because we
assume that the variance function Var(Y|X) = 02?(87X) does not need to
involve the mean function F(Y|X) = ¢(87X). Next, when the null hypoth-
esis ‘Ho holds, the:model (1.1) becomes to Y = co(BiX) + (85X )e, and
also E(Y|X) = co(B7X), Var(Y|X) = 0%(8]X). Thus, our model (1.1) is
a special one proposed in Cui et al. (2011) under the null hypothesis H.
However, if the null hypothesis H fails, our model (1.1) is different from
Cui et al. (2011). It is also noted that the profile estimation function (2.5)
is different from EFM method proposed in Cui et al. (2011). It is seen that
if the null hypothesis Hy holds, we can use both the estimation equation
(2.4) and also the EFM approach proposed in Cui et al. (2011) to estimate
the single-index parameter 3.

In what follows, A®? = AA” for any matrix or vector A. We list the
conditions needed in our asymptotic results.

(C1) E[|X,])] < oo for r = 1,...,p, and the covariance matrix £ defined
in Theorem 2.1 is a positive definite matrix and finite.
(C2) The functions g(u), o(u), V(u) = E(X|B"X = w) and the density
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6 Jun Zhang et al.

function fgrx (u) of the random variable 3" X are twice continuously

differentiable with respect u. Their second derivatives are uniform-

ly Lipschitz continuous on C = {u = "z : x € X C RP, 8 € B},

where X is a compact support set. Furthermore, 1r€1£ Jarx(u) > co > 0,
u

info(u) > ¢y > 0 for some positive constant cg, and [ o%(u) fgrx (u)di <

ueC
0.

(C3) The kernel function K(-) is a symmetric bounded density funetion
supported on [—A, A] and satisfies a Lipschitz condition. (Mereover,
The kernel function K(-) has twice continuous bounded derivatives,
satisfying KU (£A) =0 for j = 0,1 and [ s?K(s)ds # 0:

(C4) As n — oo, the bandwidth h satisfies nh* — 0 and % — 0 for

some s > 0.

(C5) The model error e satisfies Ele?] < oo. The distribution function F.(s)
of € is twice continuously differentiable; and the density function f(s)
of e satisfies [ f2(s)dF.(s) < oo, sup fe(s)<oo, sup |s|fe(s) <

—00<8<00

—00<s<0o0
oo and sup s%|f/(s)] < oo.
—00<s<0

We now present the asymptotic properties of [5’(()1) and ,30.
Theorem 2.1. Under the conditions (C1)-(C4), we have

\/E <B(()1) - B(()D) i} N (Opfl)ﬂal) ’

where Qo = Jj E {glz(,B(T]X)sz( 0 X) [X —V( 6X)]®2] Jg,. Moreover,

by a simple application of the multivariate delta-method, we also have
~ L _ T
Vn (50 - /30) — N (Op’ I, 1‘]60) :

Remark 1. A population version of (2.4) when ,8(1) = ,8(()1) is defined as
* 1 - T T T — T T
Wi (B1) = 3 5,0/ (B5X0) [Xi — V(B3 X)) 085 X.) [Yi — 9(B5 X))
i=1

The function W} (,85”) entails the second Bartlett identity as Cui et al.

(2011) claimed, that is,
« (1)
el o (1)) - )

—Q.  (26)
26" ’

The second Bartlett identity (2.6) makes the estimator B(()l) obtained from
(2.4) is possible semiparametric efficiency (Cui et al.; 2011).
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Single-index variation 7
3 The test Statistics and their asymptotic properties

The idea for testing the hypothesis (1.2) is to compare the estimated error
distribution F,(s) obtained under the full model (1.1) with the estimated
error distribution function Fp(s) obtained under the null hypothesis (1.2).
That is, we adopt Kolmogorov-Smirnov or Cramer-von Mises test statistics
based on the difference between F(s) and Fy(s) by using the process

Vi (Fuc(s) = Eu(s)) (3.1)

In the following, we introduce the estimators F.(s), Fo.(§) and the test s-
tatistics, and present the associated theoretical results.

3.1 Test statistics

After obtaining B3, we define the estimator of the error distribution F.(s)
under the full model (1.1) as

N R LY — §(Bo X1, By)
F(s) = - Z.ZII{EZ < s} pwhere & = &(,@SXi,,BO) , (3.2)

where, Q(BSXZ-,BO),(%(,BSXZ-,,QO) are obtained from (2.2) and (2.3) respec-
tively.
If the null hypothesis Hg is true, it is easily seen that E[Y] = cE[o(87X)],
c= 20 angeg L Y __ElY]
Elo(B5 X)) v 3 o(BTXi)  El0(B5X)]
the error distribution' F.(s) as

. This motivates us to estimate

Fh(s) = %Zl{émgs}, (3.3)
=1

R ATYi ~ T n AYAT NE (34)
U(,Bon‘nBo) 521:10(50)@‘750)

€0 =

and Y = % >, Y;. Then the test statistics based on Kolmogorov-Smirnov

and Cramér-von Mises type functionals of the process /n (Foe(s) - F5(3)>
are defined as

TnKS = sup nt/? FOG(S) — Fe(s)

—00<s<+400

Toom = n / (FOG(S)—FG(S))QdFE(S).

)
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1 3.2 Theoretical results

> We now present some asymptotic properties of the proposed estimators and
s test statistics. In this subsection, Theorems 3.1-3.2 present the asymptotic
+ normalities of Fs(s) and 13’05(3), respectively. Theorem 3.3 is the asymptotic
s result for the difference of process F.(s) — Fpe(s) and the test statistics
s Tpks and T, oy Theorems 3.4-3.5 reveal the properties when the‘local
7 alternatives converge to zero at an n=1/2 rate.

s Theorem 3.1. Assumed that the conditions of Theorem 2.1 and. condition
o (C5) are satisfied, we have

R 1 &
0o Fls)=Fls) = - ; [I{q < s} — Fu(s) H () (ei oy g(eg - 1))}
11 +0P(n71/2))
2 uniformly in s € R

13 Remark 2. The process ﬁ(ﬁe(s) —Fe(s)) ,(—00 < s < 00) converges

1 weakly to a zero-mean Gaussian process N (s) with covariance function

15 Fe(min{sl,SQ}) _FE(SI)FE(SQ) +f5(31)f6(32)

16 +fe(51)E[€I{€ < so}] + fe(s2)Elel{e < s1}]

. b gl L e < so] + safulsn) B He < s1}]}
18 +ife(81)fe(82) {2(s1 + 52) B[] + s152B[¢"] — s150}

o 5 I fels) Fi(s2) + safe(s2) Fu(sn))

20 Next, we present the asymptotic expansion for the estimator FOG(S). Define

0 X
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Theorem 3.2. Under the conditions of Theorem 3.1, we have

R - X, .
Foe(s) — Ff(s) = %ZI {ei + % —me < s} — FX(s) (3.5)
i=1 0=
1Y —meo(BiX;
el S
l s+ me _g(ﬁg Z)) 62_
272 (s me S %) D
1~ my, o(8)me

uniformly in s € R

Under H,, g%’ggg = ¢, m. = ¢, then f, (s—i—mc— g%g%g) = fe(s),
F¥(s) = Fe(s), my, c(s) = fe(s). From Theorem 3.1 and Theorem 3.2, we

have the following theorem.

Theorem 3.3. Under the conditions of Theorem 3.1, if the null hypothesis
Ho holds, we have

futs) ~ i = 52 3 Cootaecy 1) [e 56— 0] +ort

Moreover, n'/? (13’05(8) - Fg(s)), s € R, converges weakly to a zero-mean

Gaussian process.f.(s)N, where N is a zero-mean normal random variable
with the variance

¢ ar(o (37
g{Po

4
The continuous mapping theorem further entails that

T KS N sup  fe(s) N, FTncom N /ff(s)dFe(s)‘ﬁz.

—o00<s<+00

We now investigate the asymptotic properties of the test statistics by
considering the local alternative hypothesis:

Hipn : g(Bhx) = co(Bhx) +n~ 2y (), (3.6)

where y(-) # 0. Under H1,,, the estimators [5’(()1) and Bo are still v/n-consistent.
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10 Jun Zhang et al.

Theorem 3.4. Under the conditions of Theorem 3.1, if the local alternative
hypothesis Hiy, holds, we have

Vi (By = B") < N (98B0, 204)

where,
/ TX
Buo = el B| GO (X - V(X)) (X))
120 a1
Qo = &@E%%%}%X—w%xm1hw

Moreover, we have \/n (Bo — ,80> N (J,@OQ;&BC’O, J@OQ;S)JZ,O).

Remark 3. From the definition of B, it is easily seen that if y(x) =
w(Bix) such that E[w?(B]x)] < oo or v(#)is a constant function, the biased
term B, equals to zero by using the fact/of that E[X —V (87 X)|8;X] = 0,.

Theorem 3.5. Under the conditions of Theorem 3.1, if the local alternative
hypothesis Hip, holds, we have

) R fe(s) o= (. a(B5 X ; c fe(s
Foe(s) = Fels) = T(z);(E[((T([O% ))]_1) [Ei‘ﬁ(e?—1>]+ %)5

+0p(n_1/2),

where § = % — F [ngéigg)()] Then, under the local hypothesis Hiy,

the continuous‘mapping theorem entails that

L L

Tpeiscs —  sup  fe(s) M+, Thom — /f?(s)dFe(s)(‘ﬁ + 5)2.
—00<s<+00

Remark 4. This theorem tells us the test statistics ¥, x5 and %, cpr detect

the local alternative hypothesises converging to null hypothesis at an n~1/2

rate when () satisfies {fy(a:) : Eﬂ?ég()?)} +FE [0(7[5?))()] }

3.3 A wild bootstrap procedure

We use the smooth residual bootstrap (Neumeyer and Van Keilegom; 2010;
Neumeyer; 2009) to mimic the distributions of the test statistics T,, kg and
%n.cm- The procedure is summarized as follows:

Step 1: Compute T, ks, %n cM-
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Step 2: Generate N times i.i.d. variables ¢, i =1,...,n,b=1,..., B from
a standard normal distribution N (0, 1). They are independent from the
original sample {Y;, X} ;. Let & = W

0<*i:20

define

,t=1,...,n, and

N 1 n A
. . _ €i— =y 16
€ = € +ansp, &= e o\ 1/27
1 | -
(ﬁ > i [Ei — e 5@'} )

a = 9(BoXi,Bo) + (B X, Bo)Eh

(3.7)

Step 3: For each b, using bootstraps {Y;;, X;}."_,, we re-caleulate the boot-
5[0]

strap estimators B[Ob] and gl (u,B[Ob]), &% (u, By Ylet
S AR ) s £
ol TX By g e e X By
and ) ,
. Vi g8l X, )
b = Tl gl (6]
g (B, X 08y)
Then, define

. 1 R 1
Fo“j(s) = Zf{éoz‘,b <s}y, El(s)= - Zl{éi,b < s},
i=1 =1

and the bootstrap statistics

sup 02 B (s) — E(s)

(5]
‘In,KS
—00<s<+00

A N 2 4
Wow = n [ (B6) - £9)) " dEV (),

Step 4: We calculate the 1 — k quantile of the bootstrap test statistics

’7;%( 9> n[b]c a b=1,... N as the r-level critical value.

4 Implementation

In this section, we report simulation results to evaluate the performance
of the proposed estimators and test statistics. In the following simulations,
the Epanechnikov kernel K (t) = 0.75(1 — t?)* is used. It is worthwhile
to point out that undersmoothing is necessary as condition (C4) requires
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12 Jun Zhang et al.

that nh* — 0. To meet this requirement, we follow Carroll et al. (1997)’s
suggestion by using the order of O(n='/%) x n=2/15 = O(n~1/3) for the
bandwidth h. Define the cross-validation score as

712{}/ BO szZ’IBO 71)}2,

where BO,—i and Q_Z-(Bgy_iXi,BO’_i) are computed analogous to (2.2)=(2.4)
from the data with the ith observation deleted. Let hy = argmingCV (h).
Then the final choice for h is defined as h = n=2/15 x hy. For the ¢hoiée of a,
n (3.7), Neumeyer (2009); Neumeyer and Van Keilegom (2010) suggested
to use a, = cln*1/4 for some positive constant c¢;. We used a,, = n~1/4
in the following simulations and the numerical results were stable when we
shifted several values around the selected values.

Example 1. We generate 500 realizations and choose the sample size to be
n = 300, 500, 1000 from model:

Y = 2exp(BiX)H exp(ByX)e
Here, By = (1,0,3,-2,1)" /15, X4~ N5(u, %) with p = (2,...,2)7,

Y = (0i), 05 = 0.5/°=J1. For the.model error €, we consider two cases:
e ~ N(0,1), and ¢ ~ 2(Exp(2) ~ 1/2), where Exp(2) is an exponential
distribution with expectation, 1/2.

The performance of estihators F,(s) and Fy(s) are evaluated using the
average squared error (ASE) and the average absolute error (AAE)

2 .
ASE = n,* Z { — F.(sy)| , AAE =ng Sy) — Fe(sy)],

s=1

where {s14...,8n,} are the given grid points, and ng = 400 is the number
of grid points.

The simulation results for ,30 are reported in Table 1 and Table 2. The
values of Bo are close to the true value of 3, and the values of MSE(,@O, Bo)
become smaller as the sample size n increases to 1000. Moreover, the an-
gles (in radians) of arccos(By,/3,) become closer to zero when the sam-
ple size n increases to 1000. In Table 3 and Table 4, we also report the
numerical results of ASE and AAE for the estimators Fi(s) and Fp(s).
Both estimators perform better as the sample size n increases. The perfor-
mance of F,(s ) is better than Fy(s) in this simulation study. It is seen that

€oi = € + gEg );)) — Ty Y s BX) From this equation, the performance
of estimator Fy.(s) involves both €; and §B7X0) Y Under

6B X)) LYr, 6B X))
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v
LY, 68 X0)

n

the null hypothesis, 2 ¢ with root-n convergence rate, and

Q(@:X i)
(B Xi)
Moreover, the variance function estimator 6(3 X;) performs not as well
as the mean function estimator Q(BTX ;) because the variance function are
usually more difficult to estimate than the mean function. So the estima-
tor Fge(s) performs not better than FE(S). Figure 1 presents fours plots for
the estimators §(t), 6(t), F.(s) and Fp(s) against their true valties,when
e ~ N(0,1) with the sample size n = 1000. From Figure 1, we sée that those
estimators perform well.

Example 2. In this example, we investigate the performances of test s-
tatistics T, ks and T, car. 500 data sets consisting.of n = 300, 500, 1000
observations are generated, and 1000 bootstrap samples-are generated in
each simulation for power calculation. We consider the data generating pro-
cess (DGP) as follows:

9(X) = 2exp(B7X) + Co(Bfa) 2t exp (87 X) €. (5.1)

B ¢ with root-(nh) convergence rate, slowly then the former one.

The parameter 3, covariate X and model error € are the same as Example 1.
The null hypothesis H( considered in (1:2) is true if and only is C, = 0. The
simulation results are reported in Table 5 and Table 6. All empirical levels
obtained by the bootstrap test statistics are close to four nominal levels when
the null hypothesis Hg is true; which indicates that the bootstrap method
provides proper Type'l errors. That is, when C, = 0, the percentages of
Ho being rejected are close to the corresponding nominal level for all four
nominal levels, and they are much closer to the significance levels when
n = 1000. As the value of Cj increases, the power functions increase rapidly
and approach to one when the sample size n increases. In this example,
the Cramér-von Mises test statistic 7, cas performs more powerful than the
Kelmogorov-Smirnov test statistic 7, xps. This phenomenon is the same
as-the simulation results obtained in Neumeyer and Van Keilegom (2010),
they-also found that the performances of 7, car show larger values of power
functions than that of 7,, x as in testing additivity of a multivariate regression
function.

5 A real data analysis

In this example,we analyze the Boston housing price dataset (available from
the Machine Learning Repository at the University of California-Irvine) to
illustrate our proposed method. In the Boston Housing dataset, there are
506 instances and variables about environment of the property as well as its
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Table 1 The Mean (M), Standard Errors (SD) and Mean Squared Errors (MSE) of B,
when € ~ N(0,1).

Bo.1 Bo.2 Bo.3 Bo.a Bos arccos(By, Bg)

n = 300
M 0.2633  0.0015 0.7768 -0.5044  0.2590 0.0525
SD 0.0260 0.0294 0.0178  0.0230 0.0261 0.0218
MSE 6.8593 9.5309 3.1337  5.6836 7.0219 32.2438
n = 500
M 0.2582  0.0078 0.7776 -0.5077  0.2596 0.0389
SD 0.0206 0.0214 0.0131 0.0197  0.0183 0.0175
MSE 4.1818 4.5705 1.7471 4.2543  3.4318 18.1908
n = 1000
M 0.2574  0.0027 0.7759 -0.5067  0.2603 0.0301
SD 0.0149  0.0131 0.0095  0.0097 0.0110 0.0126
MSE  2.4792  3.4727  0.9085 1.5780  2.1688 10.6087

Note: MSE is in the scale of x10~%

Table 2 The Mean (M), Standard Errors (SD) and'Mean Squared Errors (MSE) of B,
when e ~ 2(Exp(2) — 1/2):

Bo. Bo.s Bo.s Bo.4 Bos  arccos(By,Bo)

n =300
M 0.2588  0.0077 0.7761/ -0.5078  0.2652 0.0494
SD 0.0251  0.0263 0.0146  0.0229 0.0226 0.0173
MSE 6.2339 7.4574 2.1391 5.9357  5.5536 27.3290
n = 500
M 0.2611  0.0059  0.7752 -0.5114  0.2602 0.0372
SD 0.0183 0.0191 . 0.0140  0.0165 0.0208 0.0166
MSE  3.4077 3.9480 ¢ 1.9557  2.9528  4.3063 16.5743
n = 1000
M 0.2611° . 0.0040 0.7753 -0.5131 0.2577 0.0287
SD 0.0143 0.0172 0.0101 0.0113  0.0143 0.0118
MSE  2:1145  3.0960 1.0081 1.3707  2.0369 9.6275

Note: MSE is in the scale of x10~%

Table 3 The Mean (M) and Standard Errors (SD) for ASE and AAE when € ~ N(0,1).

Fe(s) Foe(s)
ASE AAE ASE AAE
n = 300
M 4.8929 0.0171 21.9599 0.0363
SD 3.6795 0.0064 22.0420 0.0203
n = 500
M 6.2402 0.0142 8.2263 0.0222
SD 7.6969 0.0173 9.1560 0.0114
n = 1000
M 1.4782 0.0094 4.5914 0.0159
SD 1.1630 0.0037 6.4110 0.0110
Note: ASE is in the scale of x10~%
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Table 4 The Mean (M) and Standard Errors (SD) for ASE and AAE when
e ~ 2(Exp(2) — 1/2).

F(s) Foe(s)
ASE AAE ASE AAE
n = 300
M 5.7764 0.0181 18.3054 0.0303
SD 8.9399 0.0128 39.9751 0.0278
n = 500
M 10.0468 0.0145 10.0037 0.0228
SD 57.6307  0.0274 20.4832 0.0195
n = 1000
M 1.0768 0.0083 3.0179 0.0137
SD 0.9591 0.0040 3.4882 0.0087
Note: ASE is in the scale of x10~%
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Figure 1 (a) The plots of estimator G(t) (dashed line) against g(t) (solid line). (b) The
plots of estimator 6(t) (dashed line) against o(t) (solid line). (c) The plots of estimator
F.(s) (dashed line) against F.(s) (solid line). (d) The plots of estimator Fo(s) (dashed
line) against F.(s) (solid line).
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Table 5 The simulation results for power calculations in Example 2 when ¢ ~ N(0,1).

TKs Tem
Significant level 0.01 0.025 0.05 0.10 0.01 0.025 0.05 0.10
n = 300
Co = 0.00 0.0091 0.0239 0.0489 0.0967 0.0113 0.0251 0.0491 0.1079
Cp =0.05 0.6423 0.6585 0.6829 0.6911 0.7723 0.7845 0.8247 0.8423
Cop =0.10 0.7154 0.7317 0.7449 0.7723 0.8011 0.8247 0.8754 0.9011
Cp=0.15 0.8537 0.9024 0.9357 0.9768 0.9277 0.9545 0.9689 0.9912
Co =0.20 0.9423 0.9524 0.9632 0.9814 0.9872 0.9948 1.0000 1.0000
n = 500
Cp = 0.00 0.0091 0.0251 0.0487 0.1108 0.0112 0.0253 0.0561 “0.1011
Co =0.05 0.7317 0.7967 0.8211 0.8780 0.8456 0.8823 0.9131 . 0.9277
Co =0.10 0.8211 0.8943 0.9105 0.9512 0.8999 0.9345 0.9620 @ 1.0000
Cop=0.15 0.9023 0.9468 0.9749 1.0000 0.9367 0.9825 0.9933 1.0000
Cp =0.20 0.9857 0.9946 1.0000 1.0000 0.9978 0.9997 1.0000 1.0000
n = 1000
Co = 0.00 0.0101 0.0247 0.0489 0.0979 0.0107 0.0251.. 0.0511 0.0989
Cp =0.05 0.8834 0.9011 0.9578 0.9923 0.9315 ..0.9559 0.9733 0.9821
Cop =0.10 0.9457 0.9722 0.9978 1.0000 0:9850. 0:9979 1.0000 1.0000
Co =0.15 0.9837 0.9921 1.0000 1.0000 0.9919 .1.0000 1.0000 1.0000
Co =0.20 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Table 6 The simulation results for power calculations in Example 2 when
e~ 2(Exp(2) = 1/2).

TKS Tem
Significant level 0.01 0.025 0.05 0.10 0.01 0.025 0.05 0.10
n = 300
Co = 0.00 0.0082 0.0227 0.0467 0.0925 0.0101 0.0246 0.0476 0.0990
Cp =0.05 0.6122 »0.6367 0.6589 0.6724 0.7319 0.7622 0.7935 0.8117
Cop =0.10 0.6926 0.7166 0.7287 0.7569 0.7878 0.8166 0.8572 0.8989
Co =0.15 0.8269 10.8917 0.9155 0.9614 0.9159 0.9360 0.9521 0.9844
Co =0.20 0.9115 0.9269 0.9332 0.9711 0.9799 0.9821 0.9974 1.0000
n = 500
Co = 0.00 0.0088 0.0248 0.0491 0.1024 0.0101 0.0257 0.0535 0.1100
Co = 0.05 0.7126 0.7790 0.8087 0.8692 0.8334 0.8769 0.9099 0.9197
Co = 0.10 0.8154 0.8845 0.9027 0.9316 0.8879 0.9165 0.9528 0.9897
Co.=10.15 0.8911 0.9275 0.9613 0.9829 0.9289 0.9739 0.9821 0.9997
Co =0.20 0.9788 0.9822 0.9990 1.0000 0.9914 0.9979 1.0000 1.0000
n = 1000
Cp = 0.00 0.0098 0.0263 0.0482 0.0996 0.0101 0.0249 0.0508 0.1019
Co = 0.05 0.8721 0.8934 0.9299 0.9819 0.9217 0.9431 0.9655 0.9939
Cop =0.10 0.9320 0.9658 0.9819 0.9930 0.9769 0.9894 0.9930 1.0000
Co =0.15 0.9621 0.9857 0.9933 1.0000 0.9822 0.9929 1.0000 1.0000
Co =0.20 0.9870 0.9940 1.0000 1.0000 0.9990 1.0000 1.0000 1.0000

selling price and other relevant variables. For this dataset, we consider to
use the values of NOX (the nitric oxide concentration per 10 million) which
are greater or equal to the median of NOX. Eight attributes are included in
the model (1.1): MEDV (Y)- the median value of owner-occupied homes in
$ 1000’s, RM (X;)-the average number of rooms per dwelling, AGE (X3)-
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the proportion of owner-occupied units built prior to 1940, DIS (X3)-the
weighted distances to five Boston employment centres, RAD (X4)-the index
of accessibility to radial highways, TAX (X5)- the full-value property-tax
rate per $10,000, PTRATIO (X¢)-the pupil-teacher ratio by town, BLACKS
(X7)-the transformed proportion of Blacks which is calculated by 1000(Bk =
0.63)? and Bk is the proportion of blacks by town.

Corresponding to covariates (X1, Xa,...,X7)", parameters 3, and the
associated p-values (p[io) are obtained as follows:

By
Pa,

/0852, —0.510, —0.085, 0.066, —0.003; =0.016, 0.049
— \ 0.000, 0.000, 0246, 0.205, 0.122,0..0.821, 0.000 )

The p-values are calculated by estimating the asymptotic variances of Bo
obtained in Theorem 2.1. When the significance level is set at 0.05, we find
that RM-X7, Age-X5 and BLACKS-X7 ‘are significant. Note that the high-
values of NOX is reasonably highly/ related to life quality and then house
price. The significance of these indices RM and Age are very reasonable.
Next, we used the test statisti¢ proposed by Stute and Zhu (2005) to check
whether the single-index medel g(8) X ) is appropriate for this dataset. The
associated value of the test statistics is 1.8941 with a p-value of 0.2131. This
indicates that the single-index model g(837X) is not a constant function,
see also Figure 2. #We eonducted 1000 bootstraps to test g(u) = co(u) for
some constant c, and the corresponding 7, ks, Tn,car are both larger than
the 99% quantile 6f-1000 bootstraps, and this suggests a rejection of the null
hypothesis Hg. The estimators §(u), along with its 95% pointwise confidence
bands, are'presented in Figure 2. We also present the estimated figure onr the
(B X))
(B Xi)

Inthis figure, the estimated function ¢&(u) is not a constant function, which
indicates that the heteroscedasticity exists in this dataset. Moreover, it is
seen that ¢&(u) is not encapsulated in the 95% pointwise confidence bands.
This indicates that the null hypothesis Hg is not true, although g(u) and
¢o(u) has a similar variation tendency in Figure 2.

. A A . . At . N 1 n
efror function ¢&(u) in Figure 2, where ¢ is obtained as ¢ = -~ > " |
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Figure 2 The plot for the estimator §(u) (solid line) against estimated single-index

BSX, along with the associated 95% pointwise confidence intervals (dotted lines);
The plot for estimator éa(w) (thick longdash line) against estimated single-index

BoX.
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Appendix

5.1 Proof of Theorem 2.1

Lemma 5.1. Suppose that X;, i = 1,...,n are i.i.d. random vector, and
E[m(X)|B"X = u] have a continuous bounded second derivative on u, sat
isfying E[m?(X)] < oo. Let K(-) be a bounded positive function withea
bounded support satisfying the Lipschitz condition: there exits a neighbour-
hood of the origin, say YT, and a constant ¢ > 0 such that forany e € T:
|K(u+¢€) — K(u)| < cle|]. Given that h = n=9 for some d < 4, weshave, for
s>0,7=0,1,2,

n

sup 1 Z K,(B"X,; — B x) (

(z.8)eXxA| T i

7'87Xih_ ﬁ%>] m(X;)

—for x (Byx) E[m(X)|B5X= Bhz] ux,j — hS(BIT) 1 j+1

— OP(Cnl)a

where A = {B € 0,||B — Byl < Cn=12} for some positive constant C,
BEl = fth(t)dt, S(Bhx)= % {fggx(u)E[m(X)\,BSX = u] } ]uzggm, and

1 1+sy 1/2
Cpl = {7( ognnh) } FhZ

Proof. This proef is completed by the Lemma A6.1 in Xia (2006). O

Proof of Theorem 2.1.

H(1)

Proof. Note that W, (8 ") = 0. Taylor expansion entails that

oW, (BV)
17\ ) 50 50
n 3,6(1) B(l):,@él) [\/ﬁ (/3 0 )]’ (A'l)
where B((Jl) is between ,3(1) and [3(()1).
Step 1. In this sub-step, we analyze n=Y/2W), (,@él)). Directly using Lem-
ma 5.1 we have that §(85X, 8y) = 9(83X:) + Op(cn1), V(B3 X, By) =
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V(B5Xi) + Op(cn1). Moreover,

S (B3 X 5 B,) (A2)

= ST KMB5X; - BEXOBFX; — B5X0) 0 (55X,
j=1

+%iﬁM%Xr%ﬂ&XEﬂ—%Xﬁw(%w—m%XMM]
B xo(BoX )€

+% Zn;Kh(/BEXj - B5X:)(B5X; — B3X )" [9(BaX )~ 9(B5 X 5, Bo))?

=H;mXU%XﬂHU%Xﬂum1+Opmh%y+ww%)

for I; = 0, 1,2. Directly using (A.2), we obtain 62(3] X, 8y) = o2(87X;) +

OP(Cnl)-
Define
gn? (U, BO)
1 1 1 9
= WTn,QO(uaBO)ETn,OO(UaBO) - WTn,m(Uu@o),
gnl (ua BO)
1 1 1 1
= WTn,QO(UaBO)ETn,Ol(UaBO) - %Tn,lo(uaBO)%Tn,ll(un@O)'

G Gn1(u,Bo) - G (1,80) /90U Gt (1,80)9Gn2 (u,B,) /0
Then, 3(u O] gt 5 9'( Bo) = PP — Sl

Using Lemma 5.1, we have that §'(u,3y) = ¢'(u) + Op (h2 + %)

and-also ¢' (87X, By) = ¢ (85 X:) + Op <h2 + %) As a result, as

242s

nh® = 0, % — 0, we have that

n 12w, (,ag”) (A.3)

=0 V2N 5 585X, Bo) [ X — V(85X B0)] 685X 0, Bo)
=1

= n 23" g5 (BEX0) (X — V(BEX:) o (B5 X i)ei + op (1),
=1
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Step 2. In this sub-step, we deal

~(1
Sm(BY))

n
def 1 {
n 1=1

1 Wn(BW)

o (e [Xi - Vx| o X B

oM

x [Yi — §(B5 X, Bo)] H

,6(1)7,@(1)7
=Mo

',6“>-Bé”} |

and
Sn(By)
def 1 JT A/
SR URICENDIEERCE N o
0B
Then,
1 oW, (/@(U)
n 90 B3
where 3, = ( 1= (1) él)a ~(()1)T '

By, and (A Dy entafls that B,y =

5.1, we have that
— o leval

=I5,

By using the fact that B(()l) i /3(()1)

Sa(By)) L T3, F 9283 X)02(85X) [X — V(B X)]%?| g, (A0)

(X = V(B5X)]

J(B5X:) +Op <h2 +

(1) + Op(n~'/?). Then, Using

nh3

(logn)**

(83X Bo) |

(A4)

. Note that Bél) is between [5’(1) and

Lemma

(A.5)

) |

and S, N Bo and (A.5), we have

Moreover, a direct calculation for Snl(fi’(()l)) and Lemma 5.1 entail that

Snl(Bél)) = op(1). Together with (A.3) and (A.6), we have completed the
proof of Theorem 2.1.
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Single-index variation 23

5.2 Proof of Theorem 3.1

Lemma 5.2. Suppose that Conditions (A1)-(A5) hold. Let Fe(s|#7,) be the

distribution function of € = Y(?@(Bioxﬁﬂ)‘)) conditional on the data 74, =
(B0 X8

{X:,Yi}, (i.e., considering g(ﬁox,ﬁo),&(ﬁgm,ﬁo) as fized functions on

x). Then, we have

S n Y [I{é < s} — I{e < s} — Fu(s|7,) + Fe(s)]
0o<Ls<+00 i—1
=op (n_1/2) . (A.7)

Proof. Define d,;(x) = 9(50“’7%%)0;;(501”) dpo () = 76530[3?50) and

F = {He < sd(X) + di(X)} - Hes s} %P < sdy(X) + di (X))

4 P(e < s);—00 < 5 < +0dydi 1l € 011+5(9%Ig)},

where C1 2 (2) is the class of all differential functions d(-) defined on the
domain RE of & and ||d||11s5 <'1. Here RL is a compact set of RP and

ldll1ss = {sup |d(x ]—i-z sup }

Using Lemma 5.1 and Bo = ,30+0P(n_1/2) we have 9(/301”:30 = 9(Bo=z)+
ogn)lts Ny U P (log n)1+s
Op <h2 + %) and §'(Box, By) = ¢'(Byz) + Op (h2 1 gnhS )
uniformly in = € RE. From Theorem 2.1, we have ‘ (Box, By) — o [301: =
oo n)lts AT - ogn)t+s
Op <h2 + %) &' (Box, Bo) — U’(/Bow)‘ = Op (h2 (l gnh3 >

So, P (dnl € Cll+5(9fi§)> -1, P <dn2 € 01”5(9%5)) —lasn—o00, h—0

zeR? 1—1 TERE aIl
od —0d
v sy 1241 (6962)!_
:1:1,:1:269%5 le - «'BQH

and W — OQ.
By directly using the Corollary 2.7.2 of van der Vaart and Wellner (1996),

we have that the bracketing number N, (52, CLIHo(mP), LQ(P)) will be at

2
most exp (cosffpé) for some positive constant ¢y, Following the proof of
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Lemma 1 in Appendix B of Akritas and Van Keilegom (2001) and the proof

of Lemma A.3 in Neumeyer and Van Keilegom (2010), the afore-defined
o0

class .% is a Donsker class, i.e., / \/N[ 1(8, 7, La(P))de < oo. Then, we
0

finish the proof of (A.7). O

Proof of Theorem 3.1.

Proof. Using Lemma 5.2, we have that

Fu(s) = Fu(s) = % S I{E < s} - Fi(s) (A8)
i=1
= % Y I{ei < s} = Fu(s) + (Fe(s|26) 5FHS)) + Rua(s)-
i=1

Raa(s) = 150 [[{& < s} — I {e; < s}JFL(s) — Fx(sl) = op(n~1/?)

—n

uniformly in s € R. For F:(s|.74,) — F.(s); Taylor expansion entails that
Fe(s|7,) — Fe(s) (A9)
= [1Fuls + slduat@ 1]+ (@) - Fol)] dFx (@)

= f(s)s / (@) 1]dFx () + f(s) / o () dFx ()

n / 118 + 555, 2)) {5ldua(@) — 1] + dos ()} dFx (x)
= Rp2(8) + Ry, 3(s) + Ryals),

where s (8;x) is between 0 and s[da(x) — 1] + dy1 ().
Step 2.1 Recall the definition of g(u,3) and d,i(x), we have that

dn1(x) (A.10)

AT oA AT 2 AT T2 (BTQ%B ) AT
Tn01(Box, Bg) — Tno0(Box, By)g(Byx) + mg(ﬁoﬂ

AT o T2 AT:B,A
o(B) (Tn,oowow,ﬁo) - M)

Tn,20(Box,B)
B i T,10(Bo, Bo) Tn,11 (Bo: By)
Tn,20(:88w7 Bo)Tn,oo(ng, Bo) - Tg,lo(ﬁgwaﬁo)
9(Bo) — 9(Bj)
o(Box)

+
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From Theorem 2.1, we have 3, = By + Op(n~'/2). Using Lemma 5.1, we
have that

1 AT 7 (logn)t+s
%Tnvlm(ﬁow,ﬁo)zOp <h+ — m=0,1.

Moreover

T 01(Bh, Bo) — - Tooo(Bye, Boa(Bie) (A11)

_ % ; Ky (85X — Bjz) o(B5 X1 )e;
— %Z K5 (85X — Bhx) [g(BSXi) 5 g(BEXi)]
=1
+ 157 [k, (B X - Byw) LENGTX - Bt o (85X e
Tlizl

1 — R S . R
+ =3 K (B X B [9(B0X0) - g(Byw)]
ni=
def
= Dp1—Dpo+Dy3+ Dy 4.

For D,, o, as h — 0, % — 0, Taylor expansion and Lemma 5.1 entail

that

Duy = =57 K (85X: - Be) (B X0XT (Bo—By)  (A12)
1=1

+0p (1180 - Bol3)
= fapx(B52)g (B5@)V" (B5w) (By — By ) + op(n1/2).

Let K (-) = h™'K'(:), and B, is between B, and 8. Using lemma 5.1, we
have

Doy = > o(BiX0ak; (BiX: - Bye) (Xi )7 (Bo - o)
i=1
= op(n~/?), (A.13)
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26 Jun Zhang et al.
and as h(logn)'** — 0, nh* — 0,
o TXZ' oz T:c
Dn,4 = ,80:11 ZK}L (,BOX ,80:1:> <M> + Op(hz)
1+s
n

Note that %Tn,oo(ﬁgw,ﬁo) = farx(Byx)+O0p <h2 + W) ytogether
with (A.10)-(A.14), we have that

LS Ky (85X, — Bhz) o(BX)ef

dp, A.
(@) Tos x (Bo)o () (A.15)
g8z — V(B52))” (Bo~B0) 1
~1/2
+ 0(5613) + Op(n )
Step 2.2 Similar to the analysis of (A.10), we have that
5* (Bow, Bo) — o (B5a)
= f[BTX (Box)— ZKh (Bo X — Bjzx) o (,GSXZ)(E? —1)
— Far A BE) — Z K (85X — Bym) o (85X e
< (983X, Bo) — 9(8 X))
il OP(n—l/Q)
o Dy5 — Dy +op(n=/?).
Directly using (A.15), we have that
Dus = fax(B3z)> ZKh (B5 X = Bix) o(B5X1)g' (Bf X )ei

(X, = V(X)) By~ Bo)
+larx (Bz) ZZfﬁT (B3 X ) Kn (B3 X — Bj)

=1 s=1
x K, (B0 X s — B5Xi) 0(B5Xi)o(ByX s )eies
def
= Dng[l] + Dyg[2].
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Single-index variation 27

Using Lemma 5.1 and 8, = By + Op(n~"/?), we have that D,g[1] =
op(n~1/?). The projection of U-statistics with second order (Serfling; 1980,
Section 5.5.2) entails that nD,, ¢[2] converges in distribution to a weight-
ed sum of independent y? random variables, i.e., D,[2] = Op(n~!) =
op(n~1/2). Then,

o () — 1 (A.16)
% (Bom.By ) — o*(Bja)
N a?(Bjx)
- ZKh (85X — ) @3 %) (e — 1)
+ Op(nfl/Q).

Using (A.16), we have that

dp2(x) — 1 (A.17)
— 1 l - TY._ AT 22T v . 2 _
= 2070 ey P Bi) B X )
+ Op(nfl/Q).
Step 2.3 Note thatE[X=V (35X)] = 0, then [ £50= EZT:)“’O“” dFx (z) =
E [g/(ﬂaxjgg *XV)(%X”] — 0. Together with (A.9), (A.15) and (A.17), we have
Fe(s[,) = Fe(s) (A.18)
_ 1 - 2 1o2(BTX Ky, (By X — Box) IF
Sfe(S) m ;(Gz 1)0 (50 z) Jz(ﬁgx)fﬁgx(,@6$) X(:L')
1N~ grxne [ En(BiXi - Biz) | oy
+f6(5)n ;U(BOXZ)EZ I x (Bi2)7(Bi) Fx(x) +op(n~/*)
= sfe(s)% Z(GZQ —-1)+ fe(s)% Zei +op(n~1?).
=1 =1

Moreover, (A.15), (A.17) and Condition (C5) entail R, 4(s) = op(n~'/?)
uniformly in s. Together with (A.8), (A.9) and (A.18), we have completed
the proof of Theorem 3.1. U
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5.3 Proof of Theorem 3.2
Recalling F(s) = E [F (s+mc g('@O )] Mme = gg ‘;?)}} and we fur-
ther define Y = 1211Yand0—1211&3 i B0)-

Foe(s) — F*(s) = % Z e < s} — F*(s) (As10)

= — )—m s p (s
- Z o+ S <o) D
[FOE( |<%ﬁ) ( )] +Qn,1(8)a

where Fy:(s|74,) be the distribution function of & =
ditional on the data 77, = {X;,Y;} , and

Y _V/5 -
Zarxay 7o

Quals) = = I éos < s} — 1 {es UETX) /o (BT X) —me < 5}

+ F¥(s) — Foe(s| ) = op(n~1/?),

uniformly in s € R. Similar.to Lemma 5.2, we have sup [Qn1(s)] =
—00<s<0

op(n~"/?). Directly using (A-17) and the projection of U-statistics (Serfling;
1980, Section 5.3.1), we have that

7~ Elo 3] o
TX. _ OBTX. 02 Ty
n ZZ 20(B5X fm Frx) S P = B Xy) o (B3 X)
(ej -1)
t ,11 > (85 X;:) — Elo(B5X)] + op(n~'/?)
i=1
= 1 YB3~ Elo(BX)] + 5 - 0B X0 ~ 1)+ op(n ™)
i=1 i—1

From (A.20), we have that 6 — E[o(87X)] = OP(TL_l/Q) and
Y /6 —me (A.21)

_Y-Ey] ElY] % _ Blo(ar -
FoX)]  Ep@rx))e 0 - EleBeX]) +op(n).
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Then, (A.20) and (A.21) entail that Y /6 —m, = op(1). As a result, we use
the Taylor expansion and have that

Foe(s|74,) — FX(s) (A122)
= S mMe — g(ﬁgw) S Y 5’ ) — g —m £
- /F( e BT (o [6)dra(a) — 1)+ 5 — ) )

y <s+ ) (4 73) hate) - 1)
Jrloon )
: KS " %) [dn2() — 1] + %
(

= Qna2(s) + Qnsl(s),

Sl

- mc} dFx (x)

— mc} 2 dFx (x)

where s3*(s, @) is between 0 afid (s + Y /&) [dp2(2) —1]+Y /6 —m.. Recalling
the definition of my, .(s) =& [fe (s +Mme — g o X) > then

0'

Qn,2(s) (A.23)

Y 9(B52)\ Kn (B3 X~ )
=g ;/fe (s +me — U(ng)> aQ(ﬁSm)f%X(BSm)dFX(m)

xo?(B5X ) (e — 1) + (Y /6 — me) my, o(s) + op(n™"/?)

_ %Z(Hmc)fs <S+mc — M) (& — 1)

— o(Bye:)

+my.o(s) (V)6 —me) +op(n~1/?).

Similar to the analysis of (A.23), we have that Q,, 3(s) = op(n~'/2) uniform-
ly in s € R. From (A.19)- (A.23), we have completed the proof of Theorem
3.2.
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5.4 Proofs of Theorems 3.4-3.5

Proof. Under the local alternative hypothesis H1,, we have that

n=12W, (@g”) (A.24)
=2 " T co! (B X)) [Xi = V(B§X )] o (B7 X )i
=1
+n Y T o’ (B5X0) [ X — V(B85 X)) o (85K )X )
=1
+ Op(l).

It is easily seen that the second summation of (A.24) eonverges in probability
to
o' (B5X)
5. F| -5 (X — 0 X X ] .

Moreover, using the fact that Y; =co(85X ;) + nil/ny(,BgXi) + o (85X )€

under the local alternative hypothesis H,,, similar to the analysis of (A.10)
and (A.17), we have that

§(Byz. By) — co(Bh)

domi(x) = (A.25)
o S Kn (B3X — B) [0(B5 X i)ei +n~ ' /2(X)]
Ie;x (Boz)o(Bjx)
o' (B5) [ — V(B52))” (B — Bo) 1
~1/2
+ (B) +op(n="/7)
_ arin K (BiX — Bjz) o(Bi X )ei
fesx (Box)o(Boz)
LBl — V(g (B o)
o(Byx)
1 E[N(X)|BiX = Bjz] 1/
B

and similar to the analysis of (A.25), we have that d,2(x) — 1 has the same
asymptotic expression with (A.17) under the local alternative hypothesis
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H1n. Moreover, together with (A.25), (A.9) becomes to

Fs (A.26)

def (s + s[d — U+ de(z) - n_1/20’(y,éoi)ﬂ)> ()
F(s)

00 atomrsi- e 255

n

(& 1)+ Juls)- S e+ op(nall
= =1

+ fels)s /[dnz(m) — 1JdFx (@) + op(n~'7?)
= st(S)% Z
i=1

We see that the asymptotic expression (A.26) is also the same as the one
obtained in Theorem 3.1. Moreover, similar to the analysis of (A.20) and
(A.21), using (A.26) and that Y = £} 7 (87X ;) + ﬁ% Yo (X)) +
LS 0(B5X)ei, we have that

Foe(s|-70) — Fe(s) (A.27)
= [F s+ (s+ 7/5)fBa@) - 1)+ 7/5 — e - L 22 z
= [F (54 (4 V3@ ~ 1475 - o -2 arx(a
_Fe(s)
- PP .
= 1) [ | (77 dua(e) ~ 04 ¥/ - e -2 arx ()
+op(n 3
5 — I~ o
549 [ -0 S
_ (o) |8 o(BoXi) 2
fe”[znz@[o(ﬂaxn 1) 1)]
Fo) [ BB [ &) T]. .
15 et & [l oo
Together with (A.26) and (A.27), we have completed the proof of Theorem
3.4.

O
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