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A FINITE HORIZON PROBLEM

BY JULIEN CLAISSE!
Ecole Polytechnique

In this paper, we aim to develop the stochastic control theory of branch-
ing diffusion processes where both the movement and the reproduction of
the particles depend on the control. More precisely, we study the problem
of minimizing the expected value of the product of individual costs penal-
izing the final position of each particle. In this setting, we show that the
value function is the unique viscosity solution of a nonlinear parabolic PDE,
that is, the Hamilton—Jacobi—Bellman equation corresponding to the prob-
lem. To this end, we extend the dynamic programming approach initiated by
Nisio [J. Math. Kyoto Univ. 25 (1985) 549-575] to deal with the lack of in-
dependence between the particles as well as between the reproduction and
the movement of each particle. In particular, we exploit the particular form of
the optimization criterion to derive a weak form of the branching property. In
addition, we provide a precise formulation and a detailed justification of the
adequate dynamic programming principle.
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CHANGE POINT DETECTION IN NETWORK MODELS:
PREFERENTIAL ATTACHMENT AND
LONG RANGE DEPENDENCE

BY SHANKAR BHAMIDI!, JIMMY JIN?> AND ANDREW NOBEL?
University of North Carolina

Inspired by empirical data on real world complex networks, the last few
years have seen an explosion in proposed generative models to understand
and explain observed properties of real world networks, including power law
degree distribution and “small world” distance scaling. In this context, a nat-
ural question is how to understand the effect of change points—how abrupt
changes in parameters driving the network model change structural properties
of the network. We study this phenomenon in one popular class of dynami-
cally evolving networks: preferential attachment models. We derive asymp-
totic properties of various functionals of the network including the degree
distribution as well as maximal degree asymptotics, in essence showing that
the change point does effect the degree distribution but does nor change the
degree exponent. This provides evidence for long range dependence and sen-
sitive dependence of the evolution of the network on the initial evolution of
the process. We propose an estimator for the change point and prove consis-
tency properties of this estimator. The methodology developed highlights the
effect of the nonergodic nature of the evolution of the network on classical
change point estimators.
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ERGODIC THEORY FOR CONTROLLED MARKOV CHAINS
WITH STATIONARY INPUTS!

BY YUE CHEN*, ANA BUSICT# AND SEAN MEYN*
University of Florida*, Inria’ and Ecole Normale Supérieure*

Consider a stochastic process X on a finite state space X = {1,...,d}.
It is conditionally Markov, given a real-valued “input process” ¢. This is as-
sumed to be small, which is modeled through the scaling,

g=etl, 0<e<l,

where ¢! is a bounded stationary process. The following conclusions are ob-
tained, subject to smoothness assumptions on the controlled transition matrix
and a mixing condition on ¢:

(i) A stationary version of the process is constructed, that is coupled with
a stationary version of the Markov chain X*® obtained with ¢ = 0. The triple
(X, X*, ¢) is a jointly stationary process satisfying

P{X (@) #X*(1)}=0(e).
Moreover, a second-order Taylor-series approximation is obtained:

P{X(t) =i} =P{X*(t) =i} + &2 P (i) + o(¢?), 1<i<d,

with an explicit formula for the vector & @ ere,

(ii) For any m > 1 and any function f :{l,...,d} x R — R™, the sta-
tionary stochastic process Y () = f(X(¢), ¢(¢)) has a power spectral den-
sity Sy that admits a second-order Taylor series expansion: A function

S?) :[—m, m] — C™>™M is constructed such that

Sy 0) =8%©) +e28P©O) +o(e?),  6el-m 7]

in which the first term is the power spectral density obtained with ¢ = 0. An
explicit formula for the function S(fz) is obtained, based in part on the bounds
in (i).

The results are illustrated with two general examples: mean field games,
and a version of the timing channel of Anantharam and Verdu.
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This paper analyses two-player nonzero-sum games of optimal stopping
on a class of linear regular diffusions with not nonsingular boundary be-
haviour [in the sense of Itd and McKean (Diffusion Processes and Their Sam-
ple Paths (1974) Springer, page 108)]. We provide sufficient conditions under
which Nash equilibria are realised by each player stopping the diffusion at
one of the two boundary points of an interval. The boundaries of this interval
solve a system of algebraic equations. We also provide conditions sufficient
for the uniqueness of the equilibrium in this class.
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LOCAL INHOMOGENEOUS CIRCULAR LAW!'

BY JOHANNES ALT, LASZLO ERDOS AND TORBEN KRUGER
Institute of Science and Technology Austria

We consider large random matrices X with centered, independent en-
tries, which have comparable but not necessarily identical variances. Girko’s
circular law asserts that the spectrum is supported in a disk and in case of
identical variances, the limiting density is uniform. In this special case, the
local circular law by Bourgade et al. [Probab. Theory Related Fields 159
(2014) 545-595; Probab. Theory Related Fields 159 (2014) 619-660] shows
that the empirical density converges even locally on scales slightly above the
typical eigenvalue spacing. In the general case, the limiting density is typi-
cally inhomogeneous and it is obtained via solving a system of determinis-
tic equations. Our main result is the local inhomogeneous circular law in the
bulk spectrum on the optimal scale for a general variance profile of the entries
of X.

REFERENCES

AJANKI, O., ERDOS, L. and KRUGER, T. (2016). Universality for general Wigner-type matri-
ces. Probab. Theory Related Fields. To appear. DOI:10.1007/s00440-016-0740-2.

AJANKI, O., ERDOS, L. and KRUGER, T. (2015). Quadratic vector equations on complex
upper half-plane. Available at arXiv:1506.05095v4.

AJANKI, O., ERDOS, L. and KRUGER, T. (2016). Stability of the matrix Dyson equation and
random matrices with correlations. Available at arXiv:1604.08188.

AJANKI, O., ERDOS, L. and KRUGER, T. (2017). Singularities of solutions to quadratic vec-
tor equations on the complex upper half-plane. Comm. Pure Appl. Math. 70 1672-1705.
MR3684307

ALJADEFF, J., RENFREW, D. and STERN, M. (2015). Eigenvalues of block structured asym-
metric random matrices. J. Math. Phys. 56 103502. MR3403052

ALJADEFF, J., STERN, M. and SHARPEE, T. (2015). Transition to chaos in random networks
with cell-type-specific connectivity. Phys. Rev. Lett. 114 088101.

ALT, J., ERDOS, L. and KRUGER, T. (2017). Local law for random Gram matrices. Electron.
J. Probab. 22 paper no. 25, 41 pp. MR3622895

ALT, J., ERDOS, L. KRUGER, T. and NEMISH, Y. (2017). Location of the spectrum of Kro-
necker random matrices. Available at arXiv:1706.08343.

BAl, Z. D. (1997). Circular law. Ann. Probab. 25 494-529. MR1428519

BAO, Z., ERDOS, L. and SCHNELLI, K. (2016). Local single ring theorem on optimal scale.
Available at arXiv:1612.05920.

BORDENAVE, C. and CHAFAI, D. (2012). Around the circular law. Probab. Surv. 9 1-89.
MR2908617

BOURGADE, P., YAU, H.-T. and YIN, J. (2014). Local circular law for random matrices.
Probab. Theory Related Fields 159 545-595. MR3230002

MSC2010 subject classifications. Primary 60B20; secondary 15B52.
Key words and phrases. Circular law, local law, variance profile.


http://www.imstat.org/aap/
https://doi.org/10.1214/17-AAP1302
http://www.imstat.org
https://doi.org/10.1007/s00440-016-0740-2
http://arxiv.org/abs/arXiv:1506.05095v4
http://arxiv.org/abs/arXiv:1604.08188
http://www.ams.org/mathscinet-getitem?mr=3684307
http://www.ams.org/mathscinet-getitem?mr=3403052
http://www.ams.org/mathscinet-getitem?mr=3622895
http://arxiv.org/abs/arXiv:1706.08343
http://www.ams.org/mathscinet-getitem?mr=1428519
http://arxiv.org/abs/arXiv:1612.05920
http://www.ams.org/mathscinet-getitem?mr=2908617
http://www.ams.org/mathscinet-getitem?mr=3230002
http://www.ams.org/mathscinet/msc/msc2010.html

[13]

[14]

[15]
[16]
(17]
(18]
(19]
(20]
(21]
(22]
(23]
[24]
[25]
[26]
[27]
(28]
[29]
(30]
(31]
(32]

(33]

BOURGADE, P., YAU, H.-T. and YIN, J. (2014). The local circular law II: The edge case.
Probab. Theory Related Fields 159 619-660. MR3230004

CoOK, N., HACHEM, W., NAJIM, J. and RENFREW, D. (2016). Limiting spectral dis-
tribution for non-Hermitian random matrices with a variance profile. Available at
arXiv:1612.04428.

CoOOK, N. A. (2016). Lower bounds for the smallest singular value of structured random ma-
trices. Available at arXiv:1608.07347v3.

ERDOS, L. and YAU, H.-T. (2012). Universality of local spectral statistics of random matrices.
Bull. Amer. Math. Soc. (N.S.) 49 377-414. MR2917064

ERDOS, L., YAU, H.-T. and YIN, J. (2011). Universality for generalized Wigner matrices with
Bernoulli distribution. J. Comb. 2 15-81. MR2847916

ERDOS, L., YAU, H.-T. and YIN, J. (2012). Bulk universality for generalized Wigner matrices.
Probab. Theory Related Fields 154 341-407. MR2981427

FEY, A., VAN DER HOFSTAD, R. and KLOK, M. J. (2008). Large deviations for eigenvalues
of sample covariance matrices, with applications to mobile communication systems. Adv.
in Appl. Probab. 40 1048-1071. MR2488532

GIRKO, V. L. (1984). The circular law. Teor. Veroyatn. Primen. 29 669-679. MR0773436

GIRKO, V. L. (2001). Theory of Stochastic Canonical Equations: Vol. I and Il. Mathematics
and Its Applications 535. Kluwer Academic, Dordrecht. MR1887676

GOTZE, F. and TIKHOMIROV, A. (2010). The circular law for random matrices. Ann. Probab.
38 1444-1491. MR2663633

GUIONNET, A., KRISHNAPUR, M. and ZEITOUNI, O. (2011). The single ring theorem. Ann.
of Math. (2) 174 1189-1217. MR2831116

HELTON, J. W., RASHIDI FAR, R. and SPEICHER, R. (2007). Operator-valued semicircular
elements: Solving a quadratic matrix equation with positivity constraints. Int. Math. Res.
Not. IMRN 2007. MR2376207

MAY, R. M. (1972). Will a large complex system be stable? Nature 238 413—414.

PAN, G. and ZHOU, W. (2010). Circular law, extreme singular values and potential theory.
J. Multivariate Anal. 101 645-656. MR2575411

RUDELSON, M. and VERSHYNIN, R. (2015). Delocalization of eigenvectors of random matri-
ces with independent entries. Duke Math. J. 164 2507-2538. MR3405592

SOMPOLINSKY, H., CRISANTI, A. and SOMMERS, H.-J. (1988). Chaos in random neural
networks. Phys. Rev. Lett. 61 259-262. MR0949871

TAo, T. and VU, V. (2008). Random matrices: The circular law. Commun. Contemp. Math. 10
261-307. MR2409368

TAao, T. and VU, V. (2010). Random matrices: Universality of ESDs and the circular law. Ann.
Probab. 38 2023-2065. MR2722794

TAo, T. and VU, V. (2015). Random matrices: Universality of local spectral statistics of non-
Hermitian matrices. Ann. Probab. 43 782-874. MR3306005

X1, H., YANG, F. and YIN, J. (2017). Local circular law for the product of a deterministic
matrix with a random matrix. Electron. J. Probab. 22 paper no. 60, 77 pp.

YIN, J. (2014). The local circular law III: General case. Probab. Theory Related Fields 160
679-732. MR3278919


http://www.ams.org/mathscinet-getitem?mr=3230004
http://arxiv.org/abs/arXiv:1612.04428
http://arxiv.org/abs/arXiv:1608.07347v3
http://www.ams.org/mathscinet-getitem?mr=2917064
http://www.ams.org/mathscinet-getitem?mr=2847916
http://www.ams.org/mathscinet-getitem?mr=2981427
http://www.ams.org/mathscinet-getitem?mr=2488532
http://www.ams.org/mathscinet-getitem?mr=0773436
http://www.ams.org/mathscinet-getitem?mr=1887676
http://www.ams.org/mathscinet-getitem?mr=2663633
http://www.ams.org/mathscinet-getitem?mr=2831116
http://www.ams.org/mathscinet-getitem?mr=2376207
http://www.ams.org/mathscinet-getitem?mr=2575411
http://www.ams.org/mathscinet-getitem?mr=3405592
http://www.ams.org/mathscinet-getitem?mr=0949871
http://www.ams.org/mathscinet-getitem?mr=2409368
http://www.ams.org/mathscinet-getitem?mr=2722794
http://www.ams.org/mathscinet-getitem?mr=3306005
http://www.ams.org/mathscinet-getitem?mr=3278919

The Annals of Applied Probability

2018, Vol. 28, No. 1, 204-249
https://doi.org/10.1214/17-AAP1303

© Institute of Mathematical Statistics, 2018

DIFFUSION APPROXIMATIONS FOR CONTROLLED WEAKLY

(2]

(3]

(4]
(5]
(6]
(71

INTERACTING LARGE FINITE STATE SYSTEMS
WITH SIMULTANEOUS JUMPS!

BY AMARIJIT BUDHIRAJA AND ERIC FRIEDLANDER
University of North Carolina at Chapel Hill

We consider a rate control problem for an N-particle weakly interacting
finite state Markov process. The process models the state evolution of a large
collection of particles and allows for multiple particles to change state simul-
taneously. Such models have been proposed for large communication systems
(e.g., ad hoc wireless networks) but are also suitable for other settings such
as chemical-reaction networks. An associated diffusion control problem is
presented and we show that the value function of the N-particle controlled
system converges to the value function of the limit diffusion control problem
as N — oo. The diffusion coefficient in the limit model is typically degen-
erate; however, under suitable conditions there is an equivalent formulation
in terms of a controlled diffusion with a uniformly nondegenerate diffusion
coefficient. Using this equivalence, we show that near optimal continuous
feedback controls exist for the diffusion control problem. We then construct
near asymptotically optimal control policies for the N-particle system based
on such continuous feedback controls. Results from some numerical experi-
ments are presented.
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A two-types, discrete-time population model with finite, constant size
is constructed, allowing for a general form of frequency-dependent selection
and skewed offspring distribution. Selection is defined based on the idea that
individuals first choose a (random) number of potential parents from the pre-
vious generation and then, from the selected pool, they inherit the type of the
fittest parent. The probability distribution function of the number of potential
parents per individual thus parametrises entirely the selection mechanism.
Using sampling- and moment-duality, weak convergence is then proved both
for the allele frequency process of the selectively weak type and for the pop-
ulation’s ancestral process. The scaling limits are, respectively, a two-types
&-Fleming—Viot jump-diffusion process with frequency-dependent selection,
and a branching-coalescing process with general branching and simultaneous
multiple collisions. Duality also leads to a characterisation of the probability
of extinction of the selectively weak allele, in terms of the ancestral process’
ergodic properties.
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COMBINATORIAL LEVY PROCESSES!

BY HARRY CRANE
Rutgers University

Combinatorial Lévy processes evolve on general state spaces of com-
binatorial structures, of which standard examples include processes on sets,
graphs and n-ary relations and more general possibilities are given by pro-
cesses on graphs with community structure and multilayer networks. In this
setting, the usual Lévy process properties of stationary, independent incre-
ments are defined in an unconventional way in terms of the symmetric dif-
ference operation on sets. The main theorems characterize both finite and
infinite state space combinatorial Lévy processes by a unique o-finite mea-
sure. Under the additional assumption of exchangeability, I prove a more
explicit characterization by which every exchangeable combinatorial Lévy
process corresponds to a Poisson point process on the same state space. As-
sociated behavior of the projection into a space of limiting objects reflects
certain structural features of the covering process.
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(9]

We study paths of time-length 7 of a continuous-time random walk on 72
subject to self-interaction that depends on the geometry of the walk range and
a collection of random, uniformly positive and finite edge weights. The inter-
action enters through a Gibbs weight at inverse temperature f; the “energy” is
the total sum of the edge weights for edges on the outer boundary of the range.
For edge weights sampled from a translation-invariant, ergodic law, we prove
that the range boundary condensates around an asymptotic shape in the limit
t — oo followed by 8 — oo. The limit shape is a minimizer (unique, modulo
translates) of the sum of the principal harmonic frequency of the domain and
the perimeter with respect to the first-passage percolation norm derived from
(the law of) the edge weights. A dense subset of all norms in R2, and thus a
large variety of shapes, arise from the class of weight distributions to which
our proofs apply.
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The capitalization-weighted cumulative variation

d .

> [ i) dtog )@

i=1"0

in an equity market consisting of a fixed number d of assets with capitaliza-
tion weights w;(-), is an observable and a nondecreasing function of time.
If this observable of the market is not just nondecreasing but actually grows
at a rate bounded away from zero, then strong arbitrage can be constructed
relative to the market over sufficiently long time horizons. It has been an
open issue for more than ten years, whether such strong outperformance of
the market is possible also over arbitrary time horizons under the stated con-
dition. We show that this is not possible in general, thus settling this long-
open question. We also show that, under appropriate additional conditions,
outperformance over any time horizon indeed becomes possible, and exhibit
investment strategies that effect it.
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The Skorokhod map on the half-line has proved to be a useful tool for
studying processes with nonnegativity constraints. In this work, we introduce
a measure-valued analog of this map that transforms each element ¢ of a cer-
tain class of cadlag paths that take values in the space of signed measures on
[0, 00) to a cadlag path that takes values in the space of nonnegative measures
on [0, 00) in such a way that for each x > 0, the path 7 — &[0, x] is trans-
formed via a Skorokhod map on the half-line, and the regulating functions for
different x > 0 are coupled. We establish regularity properties of this map and
show that the map provides a convenient tool for studying queueing systems
in which tasks are prioritized according to a continuous parameter. Three such
well-known models are the earliest-deadline-first, the shortest-job-first and
the shortest-remaining-processing-time scheduling policies. For these appli-
cations, we show how the map provides a unified framework within which
to form fluid model equations, prove uniqueness of solutions to these equa-
tions and establish convergence of scaled state processes to the fluid model.
In particular, for these models, we obtain new convergence results in time-
inhomogeneous settings, which appear to fall outside the purview of existing
approaches.
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BSDES WITH MEAN REFLECTION
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In this paper, we study a new type of BSDE, where the distribution of
the Y-component of the solution is required to satisfy an additional con-
straint, written in terms of the expectation of a loss function. This constraint
is imposed at any deterministic time ¢ and is typically weaker than the clas-
sical pointwise one associated to reflected BSDEs. Focusing on solutions
(Y, Z, K) with deterministic K, we obtain the well-posedness of such equa-
tion, in the presence of a natural Skorokhod-type condition. Such condition
indeed ensures the minimality of the enhanced solution, under an additional
structural condition on the driver. Our results extend to the more general
framework where the constraint is written in terms of a static risk measure
on Y. In particular, we provide an application to the super-hedging of claims
under running risk management constraint.
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LIMIT THEOREMS FOR INTEGRATED LOCAL EMPIRICAL
CHARACTERISTIC EXPONENTS FROM NOISY
HIGH-FREQUENCY DATA WITH APPLICATION

TO VOLATILITY AND JUMP ACTIVITY ESTIMATION

BY JEAN JACOD AND VIKTOR TODOROV1
UPMC (Université Paris-6) and Northwestern University

We derive limit theorems for functionals of local empirical characteristic
functions constructed from high-frequency observations of Itd semimartin-
gales contaminated with noise. In a first step, we average locally the data
to mitigate the effect of the noise, and then in a second step, we form lo-
cal empirical characteristic functions from the pre-averaged data. The final
statistics are formed by summing the local empirical characteristic exponents
over the observation interval. The limit behavior of the statistics is governed
by the observation noise, the diffusion coefficient of the It6 semimartingale
and the behavior of its jump compensator around zero. Different choices for
the block sizes for pre-averaging and formation of the local empirical char-
acteristic function as well as for the argument of the characteristic function
make the asymptotic role of the diffusion, the jumps and the noise differ. The
derived limit results can be used in a wide range of applications and in par-
ticular for doing the following in a noisy setting: (1) efficient estimation of
the time-integrated diffusion coefficient in presence of jumps of arbitrary ac-
tivity, and (2) efficient estimation of the jump activity (Blumenthal-Getoor)
index.
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DISORDER AND WETTING TRANSITION: THE PINNED
HARMONIC CRYSTAL IN DIMENSION THREE OR LARGER

BY GIAMBATTISTA GIACOMIN! AND HUBERT LACOIN?
Université Paris Diderot and IMPA

We consider the lattice Gaussian free field in d 4+ 1 dimensions, d = 3
or larger, on a large box (linear size N) with boundary conditions zero. On
this field, two potentials are acting: one, that models the presence of a wall,
penalizes the field when it enters the lower half space and one, the pinning
potential, rewards visits to the proximity of the wall. The wall can be soft, that
is, the field has a finite penalty to enter the lower half-plane, or hard, when the
penalty is infinite. In general, the pinning potential is disordered and it gives
on average a reward & € R (a negative reward is a penalty): the energetic
contribution when the field at site x visits the pinning region is fwy + h,
{wx} ez are iid. centered and exponentially integrable random variables
of unit variance and 8 > 0. In [J. Math. Phys. 41 (2000) 1211-1223], it is
shown that, when 8 =0 (i.e., in the nondisordered model), a delocalization-
localization transition happens at 4 = 0, in particular the free energy of the
system is zero for 4 < 0 and positive for # > 0. We show that, for 8 # 0, the
transition happens at h = h.(8) := —log[Eexp(Bwy), and we find the precise
asymptotic behavior of the logarithm of the free energy density of the system
when i \( h¢(B). In particular, we show that the transition is of infinite order
in the sense that the free energy is smaller than any power of & — k() in the
neighborhood of the critical point and that disorder does not modify at all the
nature of the transition. We also provide results on the behavior of the paths
of the random field in the limit N — oo.
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IN A HYPERBOLIC MODEL OF COMPLEX NETWORKS

BY NIKOLAOS FOUNTOULAKIS' AND TOBIAS MULLER?
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We consider the component structure of a recent model of random graphs
on the hyperbolic plane that was introduced by Krioukov et al. The model ex-
hibits a power law degree sequence, small distances and clustering, features
that are associated with so-called complex networks. The model is controlled
by two parameters « and v where, roughly speaking, o controls the exponent
of the power law and v controls the average degree. Refining earlier results,
we are able to show a law of large numbers for the largest component. That
is, we show that the fraction of points in the largest component tends in prob-
ability to a constant ¢ that depends only on «, v, while all other components
are sublinear. We also study how ¢ depends on «, v. To deduce our results,
we introduce a local approximation of the random graph by a continuum per-
colation model on R? that may be of independent interest.
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