
ISSN 1050-5164 (print)
ISSN 2168-8737 (online)

THE ANNALS
of

APPLIED
PROBABILITY

AN OFFICIAL JOURNAL OF THE

INSTITUTE OF MATHEMATICAL STATISTICS

Vol. 30, No. 1—February 2020

Articles

Generalized couplings and ergodic rates for SPDEs and other Markov models
OLEG BUTKOVSKY, ALEXEI KULIK AND MICHAEL SCHEUTZOW 1

Local weak convergence for PageRank
ALESSANDRO GARAVAGLIA, REMCO VAN DER HOFSTAD AND NELLY LITVAK 40

Join-the-Shortest Queue diffusion limit in Halfin–Whitt regime: Sensitivity on the
heavy-traffic parameter . . . . . . . . . . SAYAN BANERJEE AND DEBANKUR MUKHERJEE 80

Bootstrap percolation on the product of the two-dimensional lattice with a Hamming
square . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . JANKO GRAVNER AND DAVID SIVAKOFF 145

Propagation of chaos for stochastic spatially structured neuronal networks with delay
driven by jump diffusions . . . . . . . . . . . . . . . . . SIMA MEHRI, MICHAEL SCHEUTZOW,

WILHELM STANNAT AND BIAN Z. ZANGENEH 175
On an epidemic model on finite graphs . . . . . . . ITAI BENJAMINI, LUIZ RENATO FONTES,

JONATHAN HERMON AND FÁBIO PRATES MACHADO 208
Convergence to the mean field game limit: A case study

MARCEL NUTZ, JAIME SAN MARTIN AND XIAOWEI TAN 259
Central limit theorems for patterns in multiset permutations and set partitions

VALENTIN FÉRAY 287
Large deviation principles for first-order scalar conservation laws with stochastic forcing

ZHAO DONG, JIANG-LUN WU, RANGRANG ZHANG AND
TUSHENG ZHANG 324

Monte Carlo with determinantal point processes . . . . . . . . . . . . . . . . RÉMI BARDENET AND
ADRIEN HARDY 368

Random-cluster dynamics in Z
2: Rapid mixing with general boundary conditions

ANTONIO BLANCA, REZA GHEISSARI AND ERIC VIGODA 418
The largest real eigenvalue in the real Ginibre ensemble and its relation to the

Zakharov–Shabat system . . . . . . . . . . . . . . . . . . . JINHO BAIK AND THOMAS BOTHNER 460



THE ANNALS OF APPLIED PROBABILITY Vol. 30, No. 1, pp. 1–501 February 2020



INSTITUTE OF MATHEMATICAL STATISTICS

(Organized September 12, 1935)

The purpose of the Institute is to foster the development and dissemination of the theory and
applications of statistics and probability.

The Annals of Applied Probability [ISSN 1050-5164 (print); ISSN 2168-8737 (online)], Volume 30, Number 1,
February 2020. Published bimonthly by the Institute of Mathematical Statistics, 3163 Somerset Drive, Cleveland,
Ohio 44122, USA. Periodicals postage paid at Cleveland, Ohio, and at additional mailing offices.

POSTMASTER: Send address changes to The Annals of Applied Probability, Institute of Mathematical Statistics,
Dues and Subscriptions Office, 9650 Rockville Pike, Suite L 2310, Bethesda, Maryland 20814-3998, USA.

Copyright © 2020 by the Institute of Mathematical Statistics
Printed in the United States of America

IMS OFFICERS

President: Susan Murphy, Department of Statistics, Harvard University, Cambridge, Massachusetts 02138-2901,
USA

President-Elect: Regina Y. Liu, Department of Statistics, Rutgers University, Piscataway, New Jersey 08854-8019,
USA

Past President: Xiao-Li Meng, Department of Statistics, Harvard University, Cambridge, Massachusetts 02138-
2901, USA

Executive Secretary: Edsel Peña, Department of Statistics, University of South Carolina, Columbia, South Car-
olina 29208-001, USA

Treasurer: Zhengjun Zhang, Department of Statistics, University of Wisconsin, Madison, Wisconsin 53706-1510,
USA

Program Secretary: Ming Yuan, Department of Statistics, Columbia University, New York, NY 10027-5927, USA

IMS EDITORS

The Annals of Statistics. Editors: Richard J. Samworth, Statistical Laboratory, Centre for Mathematical Sciences,
University of Cambridge, Cambridge, CB3 0WB, UK. Ming Yuan, Department of Statistics, Columbia Uni-
versity, New York, NY 10027, USA

The Annals of Applied Statistics. Editor-in-Chief : Karen Kafadar, Department of Statistics, University of Virginia,
Heidelberg Institute for Theoretical Studies, Charlottesville, VA 22904-4135, USA

The Annals of Probability. Editor: Amir Dembo, Department of Statistics and Department of Mathematics, Stan-
ford University, Stanford, California 94305, USA

The Annals of Applied Probability. Editors: François Delarue, Laboratoire J. A. Dieudonné, Université de Nice
Sophia-Antipolis, France-06108 Nice Cedex 2. Peter Friz, Institut für Mathematik, Technische Universität
Berlin, 10623 Berlin, Germany and Weierstrass-Institut für Angewandte Analysis und Stochastik, 10117
Berlin, Germany

Statistical Science. Editor: Cun-Hui Zhang, Department of Statistics, Rutgers University, Piscataway, New Jersey
08854, USA

The IMS Bulletin. Editor: Vlada Limic, UMR 7501 de l’Université de Strasbourg et du CNRS, 7 rue René
Descartes, 67084 Strasbourg Cedex, France



The Annals of Applied Probability
2020, Vol. 30, No. 1, 1–39
https://doi.org/10.1214/19-AAP1485
© Institute of Mathematical Statistics, 2020

GENERALIZED COUPLINGS AND ERGODIC RATES FOR SPDES AND
OTHER MARKOV MODELS
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We establish verifiable general sufficient conditions for exponential or
subexponential ergodicity of Markov processes that may lack the strong
Feller property. We apply the obtained results to show exponential ergodicity
of a variety of nonlinear stochastic partial differential equations with additive
forcing, including 2D stochastic Navier–Stokes equations. Our main tool is
a new version of the generalized coupling method.
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LOCAL WEAK CONVERGENCE FOR PAGERANK

BY ALESSANDRO GARAVAGLIA1,*, REMCO VAN DER HOFSTAD1,** AND
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PageRank is a well-known algorithm for measuring centrality in net-
works. It was originally proposed by Google for ranking pages in the World
Wide Web. One of the intriguing empirical properties of PageRank is the so-
called ‘power-law hypothesis’: in a scale-free network, the PageRank scores
follow a power law with the same exponent as the (in-)degrees. To date, this
hypothesis has been confirmed empirically and in several specific random
graphs models. In contrast, this paper does not focus on one random graph
model but investigates the existence of an asymptotic PageRank distribution,
when the graph size goes to infinity, using local weak convergence. This may
help to identify general network structures in which the power-law hypothesis
holds. We start from the definition of local weak convergence for sequences of
(random) undirected graphs, and extend this notion to directed graphs. To this
end, we define an exploration process in the directed setting that keeps track
of in- and out-degrees of vertices. Then we use this to prove the existence of
an asymptotic PageRank distribution. As a result, the limiting distribution of
PageRank can be computed directly as a function of the limiting object. We
apply our results to the directed configuration model and continuous-time
branching processes trees, as well as to preferential attachment models.
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Consider a system of N parallel single-server queues with unit-exponen-
tial service time distribution and a single dispatcher where tasks arrive as a
Poisson process of rate λ(N). When a task arrives, the dispatcher assigns it
to one of the servers according to the Join-the-Shortest Queue (JSQ) policy.
Eschenfeldt and Gamarnik (Math. Oper. Res. 43 (2018) 867–886) identified
a novel limiting diffusion process that arises as the weak-limit of the ap-
propriately scaled occupancy measure of the system under the JSQ policy
in the Halfin–Whitt regime, where (N − λ(N))/

√
N → β > 0 as N → ∞.

The analysis of this diffusion goes beyond the state of the art techniques,
and even proving its ergodicity is nontrivial, and was left as an open ques-
tion. Recently, exploiting a generator expansion framework via the Stein’s
method, Braverman (2018) established its exponential ergodicity, and adapt-
ing a regenerative approach, Banerjee and Mukherjee (Ann. Appl. Probab. 29
(2018) 1262–1309) analyzed the tail properties of the stationary distribution
and path fluctuations of the diffusion.

However, the analysis of the bulk behavior of the stationary distribution,
namely, the moments, remained intractable until this work. In this paper, we
perform a thorough analysis of the bulk behavior of the stationary distribu-
tion of the diffusion process, and discover that it exhibits different qualitative
behavior, depending on the value of the heavy-traffic parameter β. Moreover,
we obtain precise asymptotic laws of the centered and scaled steady-state
distribution, as β tends to 0 and ∞. Of particular interest, we also establish
a certain intermittency phenomena in the β → ∞ regime and a surprising
distributional convergence result in the β → 0 regime.
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Bootstrap percolation on a graph is a deterministic process that iteratively
enlarges a set of occupied sites by adjoining points with at least θ occupied
neighbors. The initially occupied set is random, given by a uniform product
measure with a low density p. Our main focus is on this process on the prod-
uct graph Z2 × K2

n , where Kn is a complete graph. We investigate how p

scales with n so that a typical site is eventually occupied. Under critical scal-
ing, the dynamics with even θ exhibits a sharp phase transition, while odd
θ yields a gradual percolation transition. We also establish a gradual transi-
tion for bootstrap percolation on Z2 × Kn. The community structure of the
product graphs connects our process to a heterogeneous bootstrap percola-
tion on Z

2. This natural relation with a generalization of polluted bootstrap
percolation is the leading theme in our analysis.
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Spatially structured neural networks driven by jump diffusion noise with
monotone coefficients, fully path dependent delay and with a disorder pa-
rameter are considered. Well-posedness for the associated McKean–Vlasov
equation and a corresponding propagation of chaos result in the infinite popu-
lation limit are proven. Our existence result for the McKean–Vlasov equation
is based on the Euler approximation that is applied to this type of equation
for the first time.
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We study a system of random walks, known as the frog model, starting
from a profile of independent Poisson(λ) particles per site, with one addi-
tional active particle planted at some vertex o of a finite connected simple
graph G = (V,E). Initially, only the particles occupying o are active. Active
particles perform t ∈ N ∪ {∞} steps of the walk they picked before vanish-
ing and activate all inactive particles they hit. This system is often taken as a
model for the spread of an epidemic over a population. Let Rt be the set of
vertices which are visited by the process, when active particles vanish after t

steps. We study the susceptibility of the process on the underlying graph, de-
fined as the random quantity S(G) := inf{t : Rt = V } (essentially, the short-
est particles’ lifespan required for the entire population to get infected). We
consider the cases that the underlying graph is either a regular expander or
a d-dimensional torus of side length n (for all d ≥ 1) Td (n) and determine
the asymptotic behavior of S up to a constant factor. In fact, throughout we
allow the particle density λ to depend on n and for d ≥ 2 we determine the
asymptotic behavior of S(Td (n)) up to smaller order terms for a wide range
of λ = λn.
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We study the convergence of Nash equilibria in a game of optimal stop-
ping. If the associated mean field game has a unique equilibrium, any se-
quence of n-player equilibria converges to it as n → ∞. However, both the
finite and infinite player versions of the game often admit multiple equilibria.
We show that mean field equilibria satisfying a transversality condition are
limit points of n-player equilibria, but we also exhibit a remarkable class of
mean field equilibria that are not limits, thus questioning their interpretation
as “large n” equilibria.
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CENTRAL LIMIT THEOREMS FOR PATTERNS IN MULTISET
PERMUTATIONS AND SET PARTITIONS
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We use the recently developed method of weighted dependency graphs
to prove central limit theorems for the number of occurrences of any fixed
pattern in multiset permutations and in set partitions. This generalizes results
for patterns of size 2 in both settings, obtained by Canfield, Janson and Zeil-
berger and Chern, Diaconis, Kane and Rhoades, respectively.
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In this paper, we established the Freidlin–Wentzell-type large deviation
principles for first-order scalar conservation laws perturbed by small multi-
plicative noise. Due to the lack of the viscous terms in the stochastic equa-
tions, the kinetic solution to the Cauchy problem for these first-order con-
servation laws is studied. Then, based on the well-posedness of the kinetic
solutions, we show that the large deviations holds by utilising the weak con-
vergence approach.
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We show that repulsive random variables can yield Monte Carlo meth-
ods with faster convergence rates than the typical N−1/2, where N is the
number of integrand evaluations. More precisely, we propose stochastic nu-
merical quadratures involving determinantal point processes associated with
multivariate orthogonal polynomials, and we obtain root mean square errors
that decrease as N−(1+1/d)/2, where d is the dimension of the ambient space.
First, we prove a central limit theorem (CLT) for the linear statistics of a class
of determinantal point processes, when the reference measure is a product
measure supported on a hypercube, which satisfies the Nevai-class regularity
condition; a result which may be of independent interest. Next, we introduce
a Monte Carlo method based on these determinantal point processes, and
prove a CLT with explicit limiting variance for the quadrature error, when the
reference measure satisfies a stronger regularity condition. As a corollary, by
taking a specific reference measure and using a construction similar to im-
portance sampling, we obtain a general Monte Carlo method, which applies
to any measure with continuously derivable density. Loosely speaking, our
method can be interpreted as a stochastic counterpart to Gaussian quadrature,
which at the price of some convergence rate, is easily generalizable to any
dimension and has a more explicit error term.
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The random-cluster model with parameters (p, q) is a random graph
model that generalizes bond percolation (q = 1) and the Ising and Potts mod-
els (q ≥ 2). We study its Glauber dynamics on n × n boxes �n of the in-
teger lattice graph Z

2, where the model exhibits a sharp phase transition at
p = pc(q). Unlike traditional spin systems like the Ising and Potts models,
the random-cluster model has non-local interactions. Long-range interactions
can be imposed as external connections in the boundary of �n, known as
boundary conditions. For select boundary conditions that do not carry long-
range information (namely, wired and free), Blanca and Sinclair proved that
when q > 1 and p �= pc(q), the Glauber dynamics on �n mixes in optimal
O(n2 logn) time. In this paper, we prove that this mixing time is polyno-
mial in n for every boundary condition that is realizable as a configuration on
Z

2 \�n. We then use this to prove near-optimal Õ(n2) mixing time for “typ-
ical” boundary conditions. As a complementary result, we construct classes
of nonrealizable (nonplanar) boundary conditions inducing slow (stretched-
exponential) mixing at p 	 pc.
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The real Ginibre ensemble consists of n × n real matrices X whose en-
tries are i.i.d. standard normal random variables. In sharp contrast to the
complex and quaternion Ginibre ensemble, real eigenvalues in the real Gini-
bre ensemble attain positive likelihood. In turn, the spectral radius Rn =
max1≤j≤n |zj (X)| of the eigenvalues zj (X) ∈ C of a real Ginibre matrix
X follows a different limiting law (as n → ∞) for zj (X) ∈ R than for
zj (X) ∈ C \R. Building on previous work by Rider and Sinclair (Ann. Appl.
Probab. 24 (2014) 1621–1651) and Poplavskyi, Tribe and Zaboronski (Ann.
Appl. Probab. 27 (2017) 1395–1413), we show that the limiting distribution
of maxj :zj ∈R zj (X) admits a closed-form expression in terms of a distin-
guished solution to an inverse scattering problem for the Zakharov–Shabat
system. As byproducts of our analysis, we also obtain a new determinantal
representation for the limiting distribution of maxj :zj ∈R zj (X) and extend
recent tail estimates in (Ann. Appl. Probab. 27 (2017) 1395–1413) via non-
linear steepest descent techniques.
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