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LOWER BOUNDS FOR TRACE RECONSTRUCTION

BY NINA HOLDEN1 AND RUSSELL LYONS2

1Department of Mathematics, Massachusetts Institute of Technology, ninahold@gmail.com
2Department of Mathematics, Indiana University, rdlyons@indiana.edu

In the trace reconstruction problem, an unknown bit string x ∈ {0,1}n is
sent through a deletion channel where each bit is deleted independently with
some probability q ∈ (0,1), yielding a contracted string x̃. How many i.i.d.
samples of x̃ are needed to reconstruct x with high probability? We prove
that there exist x,y ∈ {0,1}n such that at least cn5/4/

√
logn traces are re-

quired to distinguish between x and y for some absolute constant c, improving
the previous lower bound of cn. Furthermore, our result improves the previ-
ously known lower bound for reconstruction of random strings from c log2 n

to c log9/4 n/
√

log logn.
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ADAPTIVE EULER–MARUYAMA METHOD FOR SDES WITH
NONGLOBALLY LIPSCHITZ DRIFT

BY WEI FANG* AND MICHAEL B. GILES**

Mathematical Institute, University of Oxford, *wei.fang@maths.ox.ac.uk; **mike.giles@maths.ox.ac.uk

This paper proposes an adaptive timestep construction for an Euler–
Maruyama approximation of SDEs with nonglobally Lipschitz drift. It is
proved that if the timestep is bounded appropriately, then over a finite time
interval the numerical approximation is stable, and the expected number of
timesteps is finite. Furthermore, the order of strong convergence is the same
as usual, that is, order 1

2 for SDEs with a nonuniform globally Lipschitz
volatility, and order 1 for Langevin SDEs with unit volatility and a drift with
sufficient smoothness. For a class of ergodic SDEs, we also show that the
bound for the moments and the strong error of the numerical solution are uni-
form in T , which allow us to introduce the adaptive multilevel Monte Carlo
method to compute the expectations with respect to the invariant distribution.
The analysis is supported by numerical experiments.

REFERENCES

[1] ARNOLD, L. (1988). Lyapunov exponents of nonlinear stochastic systems. In Nonlinear Stochastic Dynamic
Engineering Systems 181–201. Springer, Berlin.

[2] BARRETT, J. W. and SÜLI, E. (2007). Existence of global weak solutions to some regularized kinetic
models for dilute polymers. Multiscale Model. Simul. 6 506–546. MR2338493 https://doi.org/10.1137/
060666810

[3] FANG, W. and GILES, M. B. (2016). Adaptive Euler–Maruyama method for SDEs with non-globally Lips-
chitz drift: Part I, finite time interval. arXiv preprint arXiv:1609.08101.

[4] FANG, W. and GILES, M. B. (2017). Adaptive Euler–Maruyama method for SDEs with non-globally Lips-
chitz drift: Part II, infinite time interval. arXiv preprint arXiv:1703.06743.

[5] FANG, W. and GILES, M. B. (2019). Multilevel Monte Carlo method for ergodic SDEs without contractiv-
ity. J. Math. Anal. Appl. 476 149–176. MR3944422 https://doi.org/10.1016/j.jmaa.2018.12.032

[6] GAINES, J. G. and LYONS, T. J. (1997). Variable step size control in the numerical solution of stochas-
tic differential equations. SIAM J. Appl. Math. 57 1455–1484. MR1470933 https://doi.org/10.1137/
S0036139995286515

[7] GILES, M. B. (2008). Multilevel Monte Carlo path simulation. Oper. Res. 56 607–617. MR2436856
https://doi.org/10.1287/opre.1070.0496

[8] GILES, M. B. (2015). Multilevel Monte Carlo methods. Acta Numer. 24 259–328. MR3349310
https://doi.org/10.1017/S096249291500001X

[9] GILES, M. B., LESTER, C. and WHITTLE, J. (2016). Non-nested adaptive timesteps in multilevel Monte
Carlo computations. In Monte Carlo and Quasi-Monte Carlo Methods. Springer Proc. Math. Stat. 163
303–314. Springer, Cham. MR3536666 https://doi.org/10.1007/978-3-319-33507-0_14

[10] GLYNN, P. W. and RHEE, C.-H. (2014). Exact estimation for Markov chain equilibrium expectations.
J. Appl. Probab. 51A 377–389. MR3317370 https://doi.org/10.1239/jap/1417528487

[11] HANSEN, N. R. (2003). Geometric ergodicity of discrete-time approximations to multivariate diffusions.
Bernoulli 9 725–743. MR1996277 https://doi.org/10.3150/bj/1066223276

[12] HIGHAM, D. J., MAO, X. and STUART, A. M. (2002). Strong convergence of Euler-type methods
for nonlinear stochastic differential equations. SIAM J. Numer. Anal. 40 1041–1063. MR1949404
https://doi.org/10.1137/S0036142901389530

[13] HOFMANN, N., MÜLLER-GRONBACH, T. and RITTER, K. (2001). The optimal discretization of stochas-
tic differential equations. J. Complexity 17 117–153. MR1817611 https://doi.org/10.1006/jcom.2000.
0570

MSC2010 subject classifications. 60H10, 60H35, 65C30.
Key words and phrases. SDE, Euler–Maruyama, strong convergence, adaptive time-step, ergodicity, invariant

measure.

http://www.imstat.org/aap/
https://doi.org/10.1214/19-AAP1507
http://www.imstat.org
mailto:wei.fang@maths.ox.ac.uk
mailto:mike.giles@maths.ox.ac.uk
http://www.ams.org/mathscinet-getitem?mr=2338493
https://doi.org/10.1137/060666810
http://arxiv.org/abs/arXiv:1609.08101
http://arxiv.org/abs/arXiv:1703.06743
http://www.ams.org/mathscinet-getitem?mr=3944422
https://doi.org/10.1016/j.jmaa.2018.12.032
http://www.ams.org/mathscinet-getitem?mr=1470933
https://doi.org/10.1137/S0036139995286515
http://www.ams.org/mathscinet-getitem?mr=2436856
https://doi.org/10.1287/opre.1070.0496
http://www.ams.org/mathscinet-getitem?mr=3349310
https://doi.org/10.1017/S096249291500001X
http://www.ams.org/mathscinet-getitem?mr=3536666
https://doi.org/10.1007/978-3-319-33507-0_14
http://www.ams.org/mathscinet-getitem?mr=3317370
https://doi.org/10.1239/jap/1417528487
http://www.ams.org/mathscinet-getitem?mr=1996277
https://doi.org/10.3150/bj/1066223276
http://www.ams.org/mathscinet-getitem?mr=1949404
https://doi.org/10.1137/S0036142901389530
http://www.ams.org/mathscinet-getitem?mr=1817611
https://doi.org/10.1006/jcom.2000.0570
http://www.ams.org/mathscinet/msc/msc2010.html
https://doi.org/10.1137/060666810
https://doi.org/10.1137/S0036139995286515
https://doi.org/10.1006/jcom.2000.0570


[14] HUTZENTHALER, M. and JENTZEN, A. (2015). Numerical approximations of stochastic differential
equations with non-globally Lipschitz continuous coefficients. Mem. Amer. Math. Soc. 236 v+99.
MR3364862 https://doi.org/10.1090/memo/1112

[15] HUTZENTHALER, M., JENTZEN, A. and KLOEDEN, P. E. (2011). Strong and weak divergence in fi-
nite time of Euler’s method for stochastic differential equations with non-globally Lipschitz con-
tinuous coefficients. Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 467 1563–1576. MR2795791
https://doi.org/10.1098/rspa.2010.0348

[16] HUTZENTHALER, M., JENTZEN, A. and KLOEDEN, P. E. (2012). Strong convergence of an explicit nu-
merical method for SDEs with nonglobally Lipschitz continuous coefficients. Ann. Appl. Probab. 22
1611–1641. MR2985171 https://doi.org/10.1214/11-AAP803

[17] KELLY, C. and LORD, G. J. (2018). Adaptive time-stepping strategies for nonlinear stochastic systems.
IMA J. Numer. Anal. 38 1523–1549. MR3829168 https://doi.org/10.1093/imanum/drx036

[18] KLOEDEN, P. E. and PLATEN, E. (1992). Numerical Solution of Stochastic Differential Equations. Ap-
plications of Mathematics (New York) 23. Springer, Berlin. MR1214374 https://doi.org/10.1007/
978-3-662-12616-5

[19] LAMBA, H. (2003). An adaptive timestepping algorithm for stochastic differential equations. J. Comput.
Appl. Math. 161 417–430. MR2017023 https://doi.org/10.1016/j.cam.2003.05.001

[20] LAMBA, H., MATTINGLY, J. C. and STUART, A. M. (2007). An adaptive Euler–Maruyama scheme for
SDEs: Convergence and stability. IMA J. Numer. Anal. 27 479–506. MR2337577 https://doi.org/10.
1093/imanum/drl032

[21] LEMAIRE, V. (2007). An adaptive scheme for the approximation of dissipative systems. Stochastic Process.
Appl. 117 1491–1518. MR2353037 https://doi.org/10.1016/j.spa.2007.02.004

[22] MAO, X. (1997). Stochastic Differential Equations and Applications. Horwood Publishing Limited.
MR2380366 https://doi.org/10.1533/9780857099402

[23] MAO, X. (2015). The truncated Euler–Maruyama method for stochastic differential equations. J. Comput.
Appl. Math. 290 370–384. MR3370415 https://doi.org/10.1016/j.cam.2015.06.002

[24] MAO, X. (2016). Convergence rates of the truncated Euler–Maruyama method for stochastic differential
equations. J. Comput. Appl. Math. 296 362–375. MR3430145 https://doi.org/10.1016/j.cam.2015.09.
035

[25] MAO, X. and SZPRUCH, L. (2013). Strong convergence and stability of implicit numerical methods for
stochastic differential equations with non-globally Lipschitz continuous coefficients. J. Comput. Appl.
Math. 238 14–28. MR2972586 https://doi.org/10.1016/j.cam.2012.08.015

[26] MATTINGLY, J. C., STUART, A. M. and HIGHAM, D. J. (2002). Ergodicity for SDEs and approxima-
tions: Locally Lipschitz vector fields and degenerate noise. Stochastic Process. Appl. 101 185–232.
MR1931266 https://doi.org/10.1016/S0304-4149(02)00150-3

[27] MAUTHNER, S. (1998). Step size control in the numerical solution of stochastic differential equations.
J. Comput. Appl. Math. 100 93–109. MR1658738 https://doi.org/10.1016/S0377-0427(98)00139-3

[28] MEYN, S. P. and TWEEDIE, R. L. (1993). Stability of Markovian processes. III. Foster–Lyapunov criteria
for continuous-time processes. Adv. in Appl. Probab. 25 518–548. MR1234295 https://doi.org/10.2307/
1427522

[29] MILSTEIN, G. N. and TRETYAKOV, M. V. (2005). Numerical integration of stochastic differential equa-
tions with nonglobally Lipschitz coefficients. SIAM J. Numer. Anal. 43 1139–1154. MR2177799
https://doi.org/10.1137/040612026

[30] MILSTEIN, G. N. and TRETYAKOV, M. V. (2007). Computing ergodic limits for Langevin equations. Phys.
D 229 81–95. MR2340180 https://doi.org/10.1016/j.physd.2007.03.011

[31] MÜLLER-GRONBACH, T. (2004). Optimal pointwise approximation of SDEs based on Brownian mo-
tion at discrete points. Ann. Appl. Probab. 14 1605–1642. MR2099646 https://doi.org/10.1214/
105051604000000954

[32] PROTTER, P., QIU, L. and MARTIN, J. (2017). Asymptotic error distribution for the Euler scheme with
locally Lipschitz coefficients. arXiv preprint, arXiv:1709.04480.

[33] ROBERTS, G. O. and ROSENTHAL, J. S. (1998). Optimal scaling of discrete approximations to Langevin
diffusions. J. R. Stat. Soc. Ser. B. Stat. Methodol. 60 255–268. MR1625691 https://doi.org/10.1111/
1467-9868.00123

[34] ROBERTS, G. O. and TWEEDIE, R. L. (1996). Exponential convergence of Langevin distributions and their
discrete approximations. Bernoulli 2 341–363. MR1440273 https://doi.org/10.2307/3318418

[35] SABANIS, S. (2016). Euler approximations with varying coefficients: The case of superlinearly grow-
ing diffusion coefficients. Ann. Appl. Probab. 26 2083–2105. MR3543890 https://doi.org/10.1214/
15-AAP1140

http://www.ams.org/mathscinet-getitem?mr=3364862
https://doi.org/10.1090/memo/1112
http://www.ams.org/mathscinet-getitem?mr=2795791
https://doi.org/10.1098/rspa.2010.0348
http://www.ams.org/mathscinet-getitem?mr=2985171
https://doi.org/10.1214/11-AAP803
http://www.ams.org/mathscinet-getitem?mr=3829168
https://doi.org/10.1093/imanum/drx036
http://www.ams.org/mathscinet-getitem?mr=1214374
https://doi.org/10.1007/978-3-662-12616-5
http://www.ams.org/mathscinet-getitem?mr=2017023
https://doi.org/10.1016/j.cam.2003.05.001
http://www.ams.org/mathscinet-getitem?mr=2337577
https://doi.org/10.1093/imanum/drl032
http://www.ams.org/mathscinet-getitem?mr=2353037
https://doi.org/10.1016/j.spa.2007.02.004
http://www.ams.org/mathscinet-getitem?mr=2380366
https://doi.org/10.1533/9780857099402
http://www.ams.org/mathscinet-getitem?mr=3370415
https://doi.org/10.1016/j.cam.2015.06.002
http://www.ams.org/mathscinet-getitem?mr=3430145
https://doi.org/10.1016/j.cam.2015.09.035
http://www.ams.org/mathscinet-getitem?mr=2972586
https://doi.org/10.1016/j.cam.2012.08.015
http://www.ams.org/mathscinet-getitem?mr=1931266
https://doi.org/10.1016/S0304-4149(02)00150-3
http://www.ams.org/mathscinet-getitem?mr=1658738
https://doi.org/10.1016/S0377-0427(98)00139-3
http://www.ams.org/mathscinet-getitem?mr=1234295
https://doi.org/10.2307/1427522
http://www.ams.org/mathscinet-getitem?mr=2177799
https://doi.org/10.1137/040612026
http://www.ams.org/mathscinet-getitem?mr=2340180
https://doi.org/10.1016/j.physd.2007.03.011
http://www.ams.org/mathscinet-getitem?mr=2099646
https://doi.org/10.1214/105051604000000954
http://arxiv.org/abs/arXiv:1709.04480
http://www.ams.org/mathscinet-getitem?mr=1625691
https://doi.org/10.1111/1467-9868.00123
http://www.ams.org/mathscinet-getitem?mr=1440273
https://doi.org/10.2307/3318418
http://www.ams.org/mathscinet-getitem?mr=3543890
https://doi.org/10.1214/15-AAP1140
https://doi.org/10.1007/978-3-662-12616-5
https://doi.org/10.1093/imanum/drl032
https://doi.org/10.1016/j.cam.2015.09.035
https://doi.org/10.2307/1427522
https://doi.org/10.1214/105051604000000954
https://doi.org/10.1111/1467-9868.00123
https://doi.org/10.1214/15-AAP1140


[36] SOIZE, C. (1994). The Fokker–Planck Equation for Stochastic Dynamical Systems and Its Explicit Steady
State Solutions. Series on Advances in Mathematics for Applied Sciences 17. World Scientific Co., Inc.,
River Edge, NJ. MR1287386 https://doi.org/10.1142/9789814354110
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We introduce the level perimeter integral and the total curvature integral
associated with a real-valued function f defined on the plane R2, as integrals
allowing to compute the perimeter of the excursion set of f above level t and
the total (signed) curvature of its boundary for almost every level t . Thanks
to the Gauss–Bonnet theorem, the total curvature is directly related to the Eu-
ler characteristic of the excursion set. We show that the level perimeter and
the total curvature integrals can be computed in two different frameworks:
smooth (at least C2) functions and piecewise constant functions (also called
here elementary functions). Considering 2D random fields (in particular shot
noise random fields), we compute their mean perimeter and total curvature
integrals, and this provides new “explicit” computations of the mean perime-
ter and Euler characteristic densities of excursion sets, beyond the Gaussian
framework: for piecewise constant shot noise random fields, we give some
examples of completely explicit formulas, and for smooth shot noise random
fields the provided examples are only partly explicit, since the formulas are
given under the form of integrals of some special functions.
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In this paper, we give an explicit bound on the distance to chi-square
for the likelihood ratio statistic when the data are realisations of independent
and identically distributed random elements. To our knowledge, this is the
first explicit bound which is available in the literature. The bound depends on
the number of samples as well as on the dimension of the parameter space.
We illustrate the bound with three examples: samples from an exponential
distribution, samples from a normal distribution and logistic regression.
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We consider a variant of the basic problem of the calculus of varia-
tions, where the Lagrangian is convex and subject to randomness adapted
to a Brownian filtration. We solve the problem by reducing it, via a limit-
ing argument, to an unconstrained control problem that consists in finding
an absolutely continuous process minimizing the expected sum of the La-
grangian and the deviation of the terminal state from a given target position.
Using the Pontryagin maximum principle, we characterize a solution of the
unconstrained control problem in terms of a fully coupled forward–backward
stochastic differential equation (FBSDE). We use the method of decoupling
fields for proving that the FBSDE has a unique solution. We exploit a mono-
tonicity property of the decoupling field for solving the original constrained
problem and characterize its solution in terms of an FBSDE with a free back-
ward part.
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We introduce a semi-implicit Euler–Maruyama approximation which
preserves the noncolliding property for some class of noncolliding particle
systems such as Dyson–Brownian motions, Dyson–Ornstein–Uhlenbeck pro-
cesses and Brownian particle systems with nearest neighbor repulsion, and
study its rates of convergence in both Lp-norm and pathwise sense.
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We study portfolio choice with small nonlinear price impact on gen-
eral market dynamics. Using probabilistic techniques and convex duality, we
show that the asymptotic optimum can be described explicitly up to the solu-
tion of a nonlinear ODE, which identifies the optimal trading speed and the
performance loss due to the trading friction. Previous asymptotic results for
proportional and quadratic trading costs are obtained as limiting cases. As
an illustration, we discuss how nonlinear trading costs affect the pricing and
hedging of derivative securities and active portfolio management.
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We consider the problem of optimal consumption from labor income and
investment in a general incomplete semimartingale market. The economic
agent cannot borrow against future income, so the total wealth is required to
be positive at (all or some) previous times. Under very general conditions, we
show that an optimal consumption and investment plan exists and is unique,
and provide a dual characterization in terms of an optional strong super-
martingale deflator and a decreasing part, which charges only the times when
the no-borrowing constraint is binding. The analysis relies on the infinite-
dimensional parametrization of the income/liability streams and, therefore,
provides the first-order dependence of the optimal investment and consump-
tion plans on future income/liabilities (as well as a pricing rule).
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[24] KARATZAS, I. and ŽITKOVIĆ, G. (2003). Optimal consumption from investment and random endowment
in incomplete semimartingale markets. Ann. Probab. 31 1821–1858. MR2016601 https://doi.org/10.
1214/aop/1068646367

[25] KARDARAS, C. (2013). On the closure in the Emery topology of semimartingale wealth-process sets. Ann.
Appl. Probab. 23 1355–1376. MR3098435 https://doi.org/10.1214/12-aap872

[26] KLEIN, I., LÉPINETTE, E. and PEREZ-OSTAFE, L. (2014). Asymptotic arbitrage with small transaction
costs. Finance Stoch. 18 917–939. MR3255756 https://doi.org/10.1007/s00780-014-0242-y

[27] KRAMKOV, D. O. (1996). Optional decomposition of supermartingales and hedging contingent claims
in incomplete security markets. Probab. Theory Related Fields 105 459–479. MR1402653
https://doi.org/10.1007/BF01191909

[28] MALAMUD, S. and TRUBOWITZ, E. (2007). The structure of optimal consumption streams in gen-
eral incomplete markets. Math. Financ. Econ. 1 129–161. MR2365686 https://doi.org/10.1007/
s11579-007-0006-y

[29] MATOUSSI, A. and XING, H. (2018). Convex duality for Epstein–Zin stochastic differential utility. Math.
Finance 28 991–1019. MR3858077 https://doi.org/10.1111/mafi.12168

[30] MNIF, M. and PHAM, H. (2001). Stochastic optimization under constraints. Stochastic Process. Appl. 93
149–180. MR1819488 https://doi.org/10.1016/S0304-4149(00)00089-2

[31] MOSTOVYI, O. (2015). Necessary and sufficient conditions in the problem of optimal investment
with intermediate consumption. Finance Stoch. 19 135–159. MR3292127 https://doi.org/10.1007/
s00780-014-0248-5

[32] MOSTOVYI, O. (2017). Optimal investment with intermediate consumption and random endowment. Math.
Finance 27 96–114. MR3609722 https://doi.org/10.1111/mafi.12089

[33] PROTTER, P. E. (2004). Stochastic Integration and Differential Equations: Stochastic Modelling and Ap-
plied Probability, 2nd ed. Applications of Mathematics (New York) 21. Springer, Berlin. MR2020294

[34] RÁSONYI, M. (2018). On utility maximization without passing by the dual problem. Stochastics 90 955–
971. MR3854522 https://doi.org/10.1080/17442508.2018.1457677

[35] ROKHLIN, D. B. (2010). On the existence of an equivalent supermartingale density for a fork-
convex family of random processes. Mat. Zametki 87 594–603. MR2762746 https://doi.org/10.1134/
S0001434610030338

[36] YU, X. (2015). Utility maximization with addictive consumption habit formation in incomplete semimartin-
gale markets. Ann. Appl. Probab. 25 1383–1419. MR3325277 https://doi.org/10.1214/14-AAP1026
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This is the second, and last paper in which we address the behavior of
oriented first passage percolation on the hypercube in the limit of large di-
mensions. We prove here that the extremal process converges to a Cox pro-
cess with exponential intensity. This entails, in particular, that the first pas-
sage time converges weakly to a random shift of the Gumbel distribution. The
random shift, which has an explicit, universal distribution related to modified
Bessel functions of the second kind, is the sole manifestation of correlations
ensuing from the geometry of Euclidean space in infinite dimensions. The
proof combines the multiscale refinement of the second moment method with
a conditional version of the Chen–Stein bounds, and a contraction principle.
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NONLINEAR LARGE DEVIATIONS: BEYOND THE HYPERCUBE

BY JUN YAN
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By extending (Adv. Math. 299 (2016) 396–450), we present a framework
to calculate large deviations for nonlinear functions of independent random
variables supported on compact sets in Banach spaces. Previous research on
nonlinear large deviations has only focused on random variables supported
on {−1,+1}n, and accordingly we build theory for random variables with
general distributions, increasing flexibility in the applications. As examples,
we compute the large deviation rate functions for monochromatic subgraph
counts in edge-colored complete graphs, and for triangle counts in dense ran-
dom graphs with continuous edge weights. Moreover, we verify the mean
field approximation for a class of vector spin models.
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This paper contributes to the study of the random number Kn of blocks
in the random partition of {1, . . . , n} induced by random sampling from
the celebrated two parameter Poisson–Dirichlet process. For any α ∈ (0,1)

and θ > −α Pitman (Combinatorial Stochastic Processes (2006) Springer,

Berlin) showed that n−αKn
a.s.−→ Sα,θ as n → +∞, where the limiting ran-

dom variable, referred to as Pitman’s α-diversity, is distributed according to a
polynomially scaled Mittag–Leffler distribution function. Our main result is
a Berry–Esseen theorem for Pitman’s α-diversity Sα,θ , namely we show that

sup
x≥0

∣∣∣∣P
[
Kn

nα
≤ x

]
− P[Sα,θ ≤ x]

∣∣∣∣ ≤ C(α, θ)

nα

holds for every n ∈ N with an explicit constant term C(α, θ), for α ∈ (0,1)

and θ > 0. The proof relies on three intermediate novel results which are
of independent interest: (i) a probabilistic representation of the distribution
of Kn in terms of a compound distribution; (ii) a quantitative version of
the Laplace’s approximation method for integrals; (iii) a refined quantita-
tive bound for Poisson approximation. An application of our Berry–Esseen
theorem is presented in the context of Bayesian nonparametric inference for
species sampling problems, quantifying the error of a posterior approxima-
tion that has been extensively applied to infer the number of unseen species
in a population.
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We consider the following distributed service model: jobs with unit
mean, general distribution, and independent processing times arrive as a re-
newal process of rate λn, with 0 < λ < 1, and are immediately dispatched
to one of several queues associated with n identical servers with unit pro-
cessing rate. We assume that the dispatching decisions are made by a central
dispatcher endowed with a finite memory, and with the ability to exchange
messages with the servers.

We study the fundamental resource requirements (memory bits and mes-
sage exchange rate), in order to drive the expected queueing delay in steady-
state of a typical job to zero, as n increases. We develop a novel approach
to show that, within a certain broad class of “symmetric” policies, every dis-
patching policy with a message rate of the order of n, and with a memory
of the order of logn bits, results in an expected queueing delay which is
bounded away from zero, uniformly as n → ∞. This complements existing
results which show that, in the absence of such limitations on the memory or
the message rate, there exist policies with vanishing queueing delay (at least
with Poisson arrivals and exponential service times).
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Given an infinite connected regular graph G = (V,E), place at each ver-
tex Poisson(λ) walkers performing independent lazy simple random walks on
G simultaneously. When two walkers visit the same vertex at the same time
they are declared to be acquainted. We show that when G is vertex-transitive
and amenable, for all λ > 0 a.s. any pair of walkers will eventually have a
path of acquaintances between them. In contrast, we show that when G is
nonamenable (not necessarily transitive) there is always a phase transition at
some λc(G) > 0. We give general bounds on λc(G) and study the case that G

is the d-regular tree in more detail. Finally, we show that in the nonamenable
setup, for every λ there exists a finite time tλ(G) such that a.s. there exists an
infinite set of walkers having a path of acquaintances between them by time
tλ(G).

REFERENCES

[1] ALVES, O. S. M., MACHADO, F. P. and POPOV, S. YU. (2002). The shape theorem for the frog model.
Ann. Appl. Probab. 12 533–546. MR1910638 https://doi.org/10.1214/aoap/1026915614

[2] BENJAMINI, I. (2012). Private communication.
[3] BENJAMINI, I., FONTES, L. R., HERMON, J. and MACHADO, F. P. (2016). On an epidemic model on finite

graphs. Ann. Appl. Probab. To appear. Available at arXiv:1610.04301.
[4] BENJAMINI, I. and HERMON, J. (2019). Rapid social connectivity. Electron. J. Probab. 24 Art. ID 32.

MR3940762 https://doi.org/10.1214/19-EJP294
[5] BENJAMINI, I., NACHMIAS, A. and PERES, Y. (2011). Is the critical percolation probability local? Probab.

Theory Related Fields 149 261–269. MR2773031 https://doi.org/10.1007/s00440-009-0251-5
[6] GANDOLFI, A., KEANE, M. S. and NEWMAN, C. M. (1992). Uniqueness of the infinite component in

a random graph with applications to percolation and spin glasses. Probab. Theory Related Fields 92
511–527. MR1169017 https://doi.org/10.1007/BF01274266

[7] GANTERT, N. and MÜLLER, S. (2006). The critical branching Markov chain is transient. Markov Process.
Related Fields 12 805–814. MR2284404

[8] HERMON, J. and HUTCHCROFT, H. (2019). Supercritical percolation on nonamenable graphs: Isoperime-
try, analyticity, and exponential decay of the cluster size distribution. Preprint. Available at
arXiv:1904.10448.

[9] HOFFMAN, C., JOHNSON, T. and JUNGE, M. (2016). From transience to recurrence with Poisson tree frogs.
Ann. Appl. Probab. 26 1620–1635. MR3513600 https://doi.org/10.1214/15-AAP1127

[10] HOFFMAN, C., JOHNSON, T. and JUNGE, M. (2017). Recurrence and transience for the frog model on
trees. Ann. Probab. 45 2826–2854. MR3706732 https://doi.org/10.1214/16-AOP1125

[11] KESTEN, H. and SIDORAVICIUS, V. (2005). The spread of a rumor or infection in a moving population.
Ann. Probab. 33 2402–2462. MR2184100 https://doi.org/10.1214/009117905000000413

[12] LYONS, R. and OVEIS GHARAN, S. (2018). Sharp bounds on random walk eigenvalues via spectral embed-
ding. Int. Math. Res. Not. IMRN 2018 7555–7605. MR3892273 https://doi.org/10.1093/imrn/rnx082

[13] LYONS, R. and PERES, Y. (2016). Probability on Trees and Networks. Cambridge Series in Statistical
and Probabilistic Mathematics 42. Cambridge Univ. Press, New York. MR3616205 https://doi.org/10.
1017/9781316672815

MSC2010 subject classifications. Primary 60J10, 60G50, 60K35; secondary 82C41, 82B43.
Key words and phrases. Social network, percolation, random walks, infinite cluster, amenability, phase transi-

tion.

http://www.imstat.org/aap/
https://doi.org/10.1214/19-AAP1520
http://www.imstat.org
mailto:jonathan.hermon@statslab.cam.ac.uk
mailto:morris@math.ucdavis.edu
mailto:chuanqin@slcg.com
mailto:asly@math.princeton.edu
http://www.ams.org/mathscinet-getitem?mr=1910638
https://doi.org/10.1214/aoap/1026915614
http://arxiv.org/abs/arXiv:1610.04301
http://www.ams.org/mathscinet-getitem?mr=3940762
https://doi.org/10.1214/19-EJP294
http://www.ams.org/mathscinet-getitem?mr=2773031
https://doi.org/10.1007/s00440-009-0251-5
http://www.ams.org/mathscinet-getitem?mr=1169017
https://doi.org/10.1007/BF01274266
http://www.ams.org/mathscinet-getitem?mr=2284404
http://arxiv.org/abs/arXiv:1904.10448
http://www.ams.org/mathscinet-getitem?mr=3513600
https://doi.org/10.1214/15-AAP1127
http://www.ams.org/mathscinet-getitem?mr=3706732
https://doi.org/10.1214/16-AOP1125
http://www.ams.org/mathscinet-getitem?mr=2184100
https://doi.org/10.1214/009117905000000413
http://www.ams.org/mathscinet-getitem?mr=3892273
https://doi.org/10.1093/imrn/rnx082
http://www.ams.org/mathscinet-getitem?mr=3616205
https://doi.org/10.1017/9781316672815
http://www.ams.org/mathscinet/msc/msc2010.html
https://doi.org/10.1017/9781316672815


[14] POPOV, S. YU. (2001). Frogs in random environment. J. Stat. Phys. 102 191–201. MR1819703
https://doi.org/10.1023/A:1026516826875

[15] TEIXEIRA, A. and TYKESSON, J. (2013). Random interlacements and amenability. Ann. Appl. Probab. 23
923–956. MR3076674 https://doi.org/10.1214/12-aap860

[16] TELCS, A. and WORMALD, N. C. (1999). Branching and tree indexed random walks on fractals. J. Appl.
Probab. 36 999–1011. MR1742145 https://doi.org/10.1017/s0021900200017812

http://www.ams.org/mathscinet-getitem?mr=1819703
https://doi.org/10.1023/A:1026516826875
http://www.ams.org/mathscinet-getitem?mr=3076674
https://doi.org/10.1214/12-aap860
http://www.ams.org/mathscinet-getitem?mr=1742145
https://doi.org/10.1017/s0021900200017812


The Annals of Applied Probability
2020, Vol. 30, No. 2, 936–986
https://doi.org/10.1214/19-AAP1521
© Institute of Mathematical Statistics, 2020

VISCOSITY SOLUTIONS TO PARABOLIC MASTER EQUATIONS AND
MCKEAN–VLASOV SDES WITH CLOSED-LOOP CONTROLS

BY CONG WU1 AND JIANFENG ZHANG2

1Wells Fargo Securities, wucong085@gmail.com
2Department of Mathematics, University of Southern California, jianfenz@usc.edu

The master equation is a type of PDE whose state variable involves
the distribution of certain underlying state process. It is a powerful tool for
studying the limit behavior of large interacting systems, including mean field
games and systemic risk. It also appears naturally in stochastic control prob-
lems with partial information and in time inconsistent problems. In this paper
we propose a novel notion of viscosity solution for parabolic master equa-
tions, arising mainly from control problems, and establish its wellposedness.
Our main innovation is to restrict the involved measures to a certain set of
semimartingale measures which satisfy the desired compactness. As an im-
portant example, we study the HJB master equation associated with the con-
trol problems for McKean–Vlasov SDEs. Due to practical considerations, we
consider closed-loop controls. It turns out that the regularity of the value func-
tion becomes much more involved in this framework than the counterpart in
the standard control problems. Finally, we build the whole theory in the path
dependent setting, which is often seen in applications. The main result in
this part is an extension of Dupire’s (2009) functional Itô formula. This Itô
formula requires a special structure of the derivatives with respect to the mea-
sures, which was originally due to Lions in the state dependent case. We pro-
vided an elementary proof for this well known result in the short note (2017),
and the same arguments work in the path dependent setting here.
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KINETICALLY CONSTRAINED MODELS WITH RANDOM CONSTRAINTS

BY ASSAF SHAPIRA
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We study two kinetically constrained models in a quenched random envi-
ronment. The first model is a mixed threshold Fredrickson–Andersen model
on Z

2, where the update threshold is either 1 or 2. The second is a mixture
of the Fredrickson–Andersen 1-spin facilitated constraint and the North-East
constraint in Z

2. We compare three time scales related to these models—the
bootstrap percolation time for emptying the origin, the relaxation time of the
kinetically constrained model, and the time for emptying the origin of the
kinetically constrained model—and understand the effect of the random en-
vironment on each of them.
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