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GLOBAL C1 REGULARITY OF THE VALUE FUNCTION IN OPTIMAL
STOPPING PROBLEMS

BY T. DE ANGELIS1 AND G. PESKIR2

1School of Mathematics, University of Leeds, t.deangelis@leeds.ac.uk
2Department of Mathematics, The University of Manchester, goran@maths.man.ac.uk

We show that if either the process is strong Feller and the boundary
point is probabilistically regular for the stopping set, or the process is strong
Markov and the boundary point is probabilistically regular for the interior of
the stopping set, then the boundary point is Green regular for the stopping
set. Combining this implication with the existence of a continuously differ-
entiable flow of the process we show that the value function is continuously
differentiable at the optimal stopping boundary whenever the gain function is
so. The derived fact holds both in the parabolic and elliptic case of the bound-
ary value problem under the sole hypothesis of probabilistic regularity of the
optimal stopping boundary, thus improving upon known analytic results in
the PDE literature, and establishing the fact for the first time in the case of
integro-differential equations. The method of proof is purely probabilistic and
conceptually simple. Examples of application include the first known proba-
bilistic proof of the fact that the time derivative of the value function in the
American put problem is continuous across the optimal stopping boundary.
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OPTIMAL REAL-TIME DETECTION OF A DRIFTING
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Consider the motion of a Brownian particle in three dimensions, whose
two spatial coordinates are standard Brownian motions with zero drift, and
the remaining (unknown) spatial coordinate is a standard Brownian motion
with a (known) nonzero drift. Given that the position of the Brownian parti-
cle is being observed in real time, the problem is to detect as soon as possible
and with minimal probabilities of the wrong terminal decisions, which spa-
tial coordinate has the nonzero drift. We solve this problem in the Bayesian
formulation, under any prior probabilities of the nonzero drift being in any of
the three spatial coordinates, when the passage of time is penalised linearly.
Finding the exact solution to the problem in three dimensions, including a
rigorous treatment of its nonmonotone optimal stopping boundaries, is the
main contribution of the present paper. To our knowledge this is the first time
that such a problem has been solved in the literature.

REFERENCES

[1] BAYRAKTAR, E. and KRAVITZ, R. (2014). Quickest search over Brownian channels. Stochastics 86 473–
490. MR3212670 https://doi.org/10.1080/17442508.2013.819874

[2] BORWEIN, J. M. and VANDERWERFF, J. D. (2010). Convex Functions: Constructions, Characterizations
and Counterexamples. Encyclopedia of Mathematics and Its Applications 109. Cambridge Univ. Press,
Cambridge. MR2596822 https://doi.org/10.1017/CBO9781139087322

[3] DAYANIK, S., POOR, H. V. and SEZER, S. O. (2008). Sequential multi-hypothesis testing for compound
Poisson processes. Stochastics 80 19–50. MR2384820 https://doi.org/10.1080/17442500701594490

[4] DE ANGELIS, T. and PESKIR, G. (2016). Global C1 regularity of the value function in optimal stopping
problems. Ann. Appl. Probab. Research Report No. 13, Probab. Statist. Group Manchester (29 pp.). To
appear.

[5] DU TOIT, J. and PESKIR, G. (2009). Selling a stock at the ultimate maximum. Ann. Appl. Probab. 19 983–
1014. MR2537196 https://doi.org/10.1214/08-AAP566

[6] FELLER, W. (1952). The parabolic differential equations and the associated semi-groups of transformations.
Ann. of Math. (2) 55 468–519. MR0047886 https://doi.org/10.2307/1969644

[7] GAPEEV, P. V. and PESKIR, G. (2004). The Wiener sequential testing problem with finite horizon. Stoch.
Stoch. Rep. 76 59–75. MR2038029 https://doi.org/10.1080/10451120410001663753

[8] GAPEEV, P. V. and SHIRYAEV, A. N. (2011). On the sequential testing problem for some diffusion pro-
cesses. Stochastics 83 519–535. MR2842593 https://doi.org/10.1080/17442508.2010.530349

[9] GILBARG, D. and TRUDINGER, N. S. (2001). Elliptic Partial Differential Equations of Second Order.
Classics in Mathematics. Springer, Berlin. MR1814364

[10] JOHNSON, P. and PESKIR, G. (2018). Sequential testing problems for Bessel processes. Trans. Amer. Math.
Soc. 370 2085–2113. MR3739203 https://doi.org/10.1090/tran/7068

[11] KARATZAS, I. and SHREVE, S. E. (1991). Brownian Motion and Stochastic Calculus, 2nd ed.
Graduate Texts in Mathematics 113. Springer, New York. MR1121940 https://doi.org/10.1007/
978-1-4612-0949-2

MSC2020 subject classifications. Primary 60G40, 60J65, 60H30; secondary 35J15, 45G10, 62C10.
Key words and phrases. Optimal detection, sequential testing, Brownian motion, optimal stopping, elliptic par-

tial differential equation, free-boundary problem, nonmonotone boundary, smooth fit, nonlinear Fredholm integral
equation, the change-of-variable formula with local time on surfaces.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/19-AAP1522
http://www.imstat.org
mailto:philip.ernst@rice.edu
mailto:goran@maths.man.ac.uk
mailto:quan@stat.tamu.edu
http://www.ams.org/mathscinet-getitem?mr=3212670
https://doi.org/10.1080/17442508.2013.819874
http://www.ams.org/mathscinet-getitem?mr=2596822
https://doi.org/10.1017/CBO9781139087322
http://www.ams.org/mathscinet-getitem?mr=2384820
https://doi.org/10.1080/17442500701594490
http://www.ams.org/mathscinet-getitem?mr=2537196
https://doi.org/10.1214/08-AAP566
http://www.ams.org/mathscinet-getitem?mr=0047886
https://doi.org/10.2307/1969644
http://www.ams.org/mathscinet-getitem?mr=2038029
https://doi.org/10.1080/10451120410001663753
http://www.ams.org/mathscinet-getitem?mr=2842593
https://doi.org/10.1080/17442508.2010.530349
http://www.ams.org/mathscinet-getitem?mr=1814364
http://www.ams.org/mathscinet-getitem?mr=3739203
https://doi.org/10.1090/tran/7068
http://www.ams.org/mathscinet-getitem?mr=1121940
https://doi.org/10.1007/978-1-4612-0949-2
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/978-1-4612-0949-2


[12] LAI, L., POOR, H. V., XIN, Y. and GEORGIADIS, G. (2011). Quickest search over multiple sequences.
IEEE Trans. Inform. Theory 57 5375–5386. MR2849122 https://doi.org/10.1109/TIT.2011.2159038

[13] MIKHALEVICH, V. S. (1958). A Bayes test of two hypotheses concerning the mean of a normal process.
Visn. Kiiv. Univ. 1 254–264.

[14] PESKIR, G. (2005). On the American option problem. Math. Finance 15 169–181. MR2116800
https://doi.org/10.1111/j.0960-1627.2005.00214.x

[15] PESKIR, G. (2007). A change-of-variable formula with local time on surfaces. In Séminaire de Probabilités
XL. Lecture Notes in Math. 1899 69–96. Springer, Berlin. MR2408999

[16] PESKIR, G. (2019). Continuity of the optimal stopping boundary for two-dimensional diffusions. Ann. Appl.
Probab. 29 505–530. MR3910010 https://doi.org/10.1214/18-AAP1426

[17] PESKIR, G. and SHIRYAEV, A. (2006). Optimal Stopping and Free-Boundary Problems. Lectures in Math-
ematics ETH Zürich. Birkhäuser, Basel. MR2256030

[18] POSNER, E. C. and RUMSEY, H. JR. (1966). Continuous sequential decision in the presence of a finite
number of hypotheses. IEEE Trans. Inform. Theory 12 248–255.

[19] REVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd ed. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 293. Springer,
Berlin. MR1725357 https://doi.org/10.1007/978-3-662-06400-9

[20] ROGERS, L. C. G. and WILLIAMS, D. (2000). Diffusions, Markov Processes, and Martingales. Vol. 2.
Itô Calculus. Cambridge Mathematical Library. Cambridge Univ. Press, Cambridge. MR1780932
https://doi.org/10.1017/CBO9781107590120

[21] SHIRYAEV, A. N. (1967). Two problems of sequential analysis. Cybernetics 3 63–69 (1969). MR0272119
https://doi.org/10.1007/BF01078755

[22] SHIRYAYEV, A. N. (1978). Optimal Stopping Rules. Springer, New York. MR0468067
[23] SOBEL, M. and WALD, A. (1949). A sequential decision procedure for choosing one of three hypotheses

concerning the unknown mean of a normal distribution. Ann. Math. Stat. 20 502–522. MR0032172
https://doi.org/10.1214/aoms/1177729944

[24] WALD, A. (1947). Sequential Analysis. Wiley, New York; CRC Press, London. MR0020764
[25] ZHITLUKHIN, M. V. and SHIRYAEV, A. N. (2011). A Bayesian sequential testing problem of three hy-

potheses for Brownian motion. Stat. Risk Model. 28 227–249. MR2838317 https://doi.org/10.1524/
stnd.2011.1109

http://www.ams.org/mathscinet-getitem?mr=2849122
https://doi.org/10.1109/TIT.2011.2159038
http://www.ams.org/mathscinet-getitem?mr=2116800
https://doi.org/10.1111/j.0960-1627.2005.00214.x
http://www.ams.org/mathscinet-getitem?mr=2408999
http://www.ams.org/mathscinet-getitem?mr=3910010
https://doi.org/10.1214/18-AAP1426
http://www.ams.org/mathscinet-getitem?mr=2256030
http://www.ams.org/mathscinet-getitem?mr=1725357
https://doi.org/10.1007/978-3-662-06400-9
http://www.ams.org/mathscinet-getitem?mr=1780932
https://doi.org/10.1017/CBO9781107590120
http://www.ams.org/mathscinet-getitem?mr=0272119
https://doi.org/10.1007/BF01078755
http://www.ams.org/mathscinet-getitem?mr=0468067
http://www.ams.org/mathscinet-getitem?mr=0032172
https://doi.org/10.1214/aoms/1177729944
http://www.ams.org/mathscinet-getitem?mr=0020764
http://www.ams.org/mathscinet-getitem?mr=2838317
https://doi.org/10.1524/stnd.2011.1109
https://doi.org/10.1524/stnd.2011.1109


The Annals of Applied Probability
2020, Vol. 30, No. 3, 1066–1090
https://doi.org/10.1214/19-AAP1523
© Institute of Mathematical Statistics, 2020

AN INFORMATION-PERCOLATION BOUND FOR SPIN
SYNCHRONIZATION ON GENERAL GRAPHS

BY EMMANUEL ABBE1 AND ENRIC BOIX-ADSERÀ2

1Electrical Engineering and Applied and Computational Mathematics, Princeton University, emmanuel.abbe@epfl.edu
2Department of Mathematics, Princeton University, eboix@mit.edu

This paper considers the problem of reconstructing n independent uni-
form spins X1, . . . ,Xn living on the vertices of an n-vertex graph G, by ob-
serving their interactions on the edges of the graph. This captures instances of
models such as (i) broadcasting on trees, (ii) block models, (iii) synchroniza-
tion on grids, (iv) spiked Wigner models. The paper gives an upper bound on
the mutual information between two vertices in terms of a bond percolation
estimate. Namely, the information between two vertices’ spins is bounded
by the probability that these vertices are connected when edges are opened
with a probability that “emulates” the edge-information. Both the informa-
tion and the open-probability are based on the Chi-squared mutual informa-
tion. The main results allow us to re-derive known results for information-
theoretic nonreconstruction in models (i)–(iv), with more direct or improved
bounds in some cases, and to obtain new results, such as for a spiked Wigner
model on grids. The main result also implies a new subadditivity property
for the Chi-squared mutual information for symmetric channels and general
graphs, extending the subadditivity property obtained by Evans–Kenyon–
Peres–Schulman (Ann. Appl. Probab. 10 (2000) 410–433) for trees. Some
cases of nonsymmetrical channels are also discussed.
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We consider the speed of propagation of a continuous-time continuous-
space branching random walk with the additional restriction that the birth rate
at any spatial point cannot exceed 1. The dispersion kernel is taken to have
density that decays polynomially as |x|−2α , x → ∞. We show that if α > 2,
then the system spreads at a linear speed, while for α ∈ ( 1

2 ,2] the spread is
faster than linear. We also consider the mesoscopic equation corresponding
to the microscopic stochastic system. We show that in contrast to the micro-
scopic process, the solution to the mesoscopic equation spreads exponentially
fast for every α > 1

2 .
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ON THE EXIT TIME FROM OPEN SETS OF SOME
SEMI-MARKOV PROCESSES
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In this paper we characterize the distribution of the first exit time from
an arbitrary open set for a class of semi-Markov processes obtained as time-
changed Markov processes. We estimate the asymptotic behaviour of the sur-
vival function (for large t) and of the distribution function (for small t) and
we provide some conditions for absolute continuity. We have been inspired
by a problem of neurophyshiology and our results are particularly usefull in
this field, precisely for the so-called Leaky Integrate-and-Fire (LIF) models:
the use of semi-Markov processes in these models appear to be realistic un-
der several aspects, for example, it makes the intertimes between spikes a r.v.
with infinite expectation, which is a desiderable property. Hence, after the
theoretical part, we provide a LIF model based on semi-Markov processes.
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We consider an ordinary differential equation with a unique hyperbolic
attractor at the origin, to which we add a small random perturbation. It is
known that under general conditions, the solution of this stochastic differen-
tial equation converges exponentially fast to an equilibrium distribution. We
show that the convergence occurs abruptly: in a time window of small size
compared to the natural time scale of the process, the distance to equilibrium
drops from its maximal possible value to near zero, and only after this time
window the convergence is exponentially fast. This is what is known as the
cut-off phenomenon in the context of Markov chains of increasing complex-
ity. In addition, we are able to give general conditions to decide whether the
distance to equilibrium converges in this time window to a universal function,
a fact known as profile cut-off.
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Based on a new coupling approach, we prove that the transition step
of the Hamiltonian Monte Carlo algorithm is contractive w.r.t. a carefully
designed Kantorovich (L1 Wasserstein) distance. The lower bound for the
contraction rate is explicit. Global convexity of the potential is not required,
and thus multimodal target distributions are included. Explicit quantitative
bounds for the number of steps required to approximate the stationary distri-
bution up to a given error ε are a direct consequence of contractivity. These
bounds show that HMC can overcome diffusive behavior if the duration of
the Hamiltonian dynamics is adjusted appropriately.
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The classical inverse first passage time problem asks whether, for a
Brownian motion (Bt )t≥0 and a positive random variable ξ , there exists a
barrier b : R+ → R such that P{Bs > b(s),0 ≤ s ≤ t} = P{ξ > t}, for all
t ≥ 0. We study a variant of the inverse first passage time problem for killed
Brownian motion. We show that if λ > 0 is a killing rate parameter and
1(−∞,0] is the indicator of the set (−∞,0] then, under certain compatibility
assumptions, there exists a unique continuous function b : R+ →R such that
E[−λ

∫ t
0 1(−∞,0](Bs −b(s)) ds] = P{ζ > t} holds for all t ≥ 0. This is a sig-

nificant improvement of a result of the first two authors (Ann. Appl. Probab.
24 (2014) 1–33).

The main difficulty arises because 1(−∞,0] is discontinuous. We associate
a semilinear parabolic partial differential equation (PDE) coupled with an
integral constraint to this version of the inverse first passage time problem. We
prove the existence and uniqueness of weak solutions to this constrained PDE
system. In addition, we use the recent Feynman–Kac representation results of
Glau (Finance Stoch. 20 (2016) 1021–1059) to prove that the weak solutions
give the correct probabilistic interpretation.
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This paper is the discrete time counterpart of the previous work in the
continuous time case by Guillin, Léonard, the second named author and Yao
[Probab. Theory Related Fields 144 (2009), 669–695]. We investigate the fol-
lowing transport-information TV I inequality: α(TV (ν,μ)) ≤ I (ν|P,μ) for
all probability measures ν on some metric space (X , d), where μ is an invari-
ant and ergodic probability measure of some given transition kernel P(x, dy),
TV (ν,μ) is some transportation cost from ν to μ, I (ν|P,μ) is the Donsker–
Varadhan information of ν with respect to (P,μ) and α : [0,∞) → [0,∞] is
some left continuous increasing function. Using large deviation techniques,
we show that TV I is equivalent to some concentration inequality for the oc-
cupation measure of the μ-reversible Markov chain (Xn)n≥0 with transition
probability P(x, dy). Its relationships with the transport-entropy inequalities
are discussed. Several easy-to-check sufficient conditions are provided for
TV I . We show the usefulness and sharpness of our general results by a num-
ber of applications and examples. The main difficulty resides in the fact that
the information I (ν|P,μ) has no closed expression, contrary to the continu-
ous time or independent and identically distributed case.

REFERENCES

[1] BOBKOV, S. G., GENTIL, I. and LEDOUX, M. (2001). Hypercontractivity of Hamilton–Jacobi equations.
J. Math. Pures Appl. (9) 80 669–696. MR1846020 https://doi.org/10.1016/S0021-7824(01)01208-9

[2] BOBKOV, S. G. and GÖTZE, F. (1999). Exponential integrability and transportation cost related to loga-
rithmic Sobolev inequalities. J. Funct. Anal. 163 1–28. MR1682772 https://doi.org/10.1006/jfan.1998.
3326

[3] BOBKOV, S. G., HOUDRÉ, C. and TETALI, P. (2006). The subgaussian constant and concentration inequal-
ities. Israel J. Math. 156 255–283. MR2282379 https://doi.org/10.1007/BF02773835

[4] BOLLEY, F. and VILLANI, C. (2005). Weighted Csiszár–Kullback–Pinsker inequalities and applications to
transportation inequalities. Ann. Fac. Sci. Toulouse Math. (6) 14 331–352. MR2172583

[5] CHEN, M.-F. (2005). Eigenvalues, Inequalities, and Ergodic Theory. Probability and Its Applications (New
York). Springer London, Ltd., London. MR2105651

[6] CHEN, M.-F. (2007). Exponential convergence rate in entropy. Front. Math. China 2 329–358. MR2327010
https://doi.org/10.1007/s11464-007-0022-5

[7] CHEN, M. F. (1992). From Markov Chains to Nonequilibrium Particle Systems. World Scientific Co., Inc.,
River Edge, NJ. MR1168209 https://doi.org/10.1142/1389

[8] DEL MORAL, P., LEDOUX, M. and MICLO, L. (2003). On contraction properties of Markov kernels.
Probab. Theory Related Fields 126 395–420. MR1992499 https://doi.org/10.1007/s00440-003-0270-6

[9] DEMBO, A. and ZEITOUNI, O. (1998). Large Deviations Techniques and Applications, 2nd ed. Appli-
cations of Mathematics (New York) 38. Springer, New York. MR1619036 https://doi.org/10.1007/
978-1-4612-5320-4

[10] DEUSCHEL, J.-D. and STROOCK, D. W. (1989). Large Deviations. Pure and Applied Mathematics 137.
Academic Press, Boston, MA. MR0997938

[11] DINWOODIE, I. H. (1995). A probability inequality for the occupation measure of a reversible Markov
chain. Ann. Appl. Probab. 5 37–43. MR1325039

MSC2020 subject classifications. 60E15, 60F10, 60J05.
Key words and phrases. Transport-information inequality, concentration inequality, Donsker–Varadhan infor-

mation.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/19-AAP1530
http://www.imstat.org
mailto:wangnengyi@hust.edu.cn
mailto:Li-Ming.Wu@math.univ-bpclermont.fr
http://www.ams.org/mathscinet-getitem?mr=1846020
https://doi.org/10.1016/S0021-7824(01)01208-9
http://www.ams.org/mathscinet-getitem?mr=1682772
https://doi.org/10.1006/jfan.1998.3326
http://www.ams.org/mathscinet-getitem?mr=2282379
https://doi.org/10.1007/BF02773835
http://www.ams.org/mathscinet-getitem?mr=2172583
http://www.ams.org/mathscinet-getitem?mr=2105651
http://www.ams.org/mathscinet-getitem?mr=2327010
https://doi.org/10.1007/s11464-007-0022-5
http://www.ams.org/mathscinet-getitem?mr=1168209
https://doi.org/10.1142/1389
http://www.ams.org/mathscinet-getitem?mr=1992499
https://doi.org/10.1007/s00440-003-0270-6
http://www.ams.org/mathscinet-getitem?mr=1619036
https://doi.org/10.1007/978-1-4612-5320-4
http://www.ams.org/mathscinet-getitem?mr=0997938
http://www.ams.org/mathscinet-getitem?mr=1325039
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1006/jfan.1998.3326
https://doi.org/10.1007/978-1-4612-5320-4


[12] DJELLOUT, H., GUILLIN, A. and WU, L. (2004). Transportation cost-information inequalities and ap-
plications to random dynamical systems and diffusions. Ann. Probab. 32 2702–2732. MR2078555
https://doi.org/10.1214/009117904000000531

[13] DJELLOUT, H. and WU, L. (2011). Lipschitzian norm estimate of one-dimensional Poisson equations and
applications. Ann. Inst. Henri Poincaré Probab. Stat. 47 450–465. MR2814418 https://doi.org/10.1214/
10-AIHP360

[14] DOBRUŠIN, R. L. (1968). Description of a random field by means of conditional probabilities and conditions
for its regularity. Teor. Veroyatn. Primen. 13 201–229. MR0231434

[15] DOBRUŠIN, R. L. (1970). Definition of a system of random variables by means of conditional distributions.
Teor. Veroyatn. Primen. 15 469–497. MR0298716

[16] DONSKER, M. D. and VARADHAN, S. R. S. (1975). Asymptotic evaluation of certain Markov pro-
cess expectations for large time. I. II. Comm. Pure Appl. Math. 28 1–47; ibid. 28 (1975), 279–301.
MR0386024 https://doi.org/10.1002/cpa.3160280102

[17] DONSKER, M. D. and VARADHAN, S. R. S. (1976). Asymptotic evaluation of certain Markov process
expectations for large time. III. Comm. Pure Appl. Math. 29 389–461. MR0428471 https://doi.org/10.
1002/cpa.3160290405

[18] DONSKER, M. D. and VARADHAN, S. R. S. (1983). Asymptotic evaluation of certain Markov process
expectations for large time. IV. Comm. Pure Appl. Math. 36 183–212. MR0690656 https://doi.org/10.
1002/cpa.3160360204

[19] GAO, F., GUILLIN, A. and WU, L. (2014). Bernstein-type concentration inequalities for symmet-
ric Markov processes. Theory Probab. Appl. 58 358–382. MR3403002 https://doi.org/10.1137/
S0040585X97986667

[20] GEORGII, H.-O. (1988). Gibbs Measures and Phase Transitions. De Gruyter Studies in Mathematics 9. de
Gruyter, Berlin. MR0956646 https://doi.org/10.1515/9783110850147

[21] GILLMAN, D. (1993). A Chernoff bound for random walks on expander graphs. In 34th Annual Symposium
on Foundations of Computer Science (Palo Alto, CA, 1993) 680–691. IEEE Comput. Soc. Press, Los
Alamitos, CA. MR1328459 https://doi.org/10.1109/SFCS.1993.366819

[22] GOZLAN, N. and LÉONARD, C. (2007). A large deviation approach to some transportation cost inequalities.
Probab. Theory Related Fields 139 235–283. MR2322697 https://doi.org/10.1007/s00440-006-0045-y

[23] GOZLAN, N. and LÉONARD, C. (2010). Transport inequalities. A survey. Markov Process. Related Fields
16 635–736. MR2895086

[24] GUILLIN, A., JOULIN, A., LÉONARD, C. and WU, L. (2007). Transport-information inequalities for
Markov processes (III): Jumps processes case. Preprint.

[25] GUILLIN, A., LÉONARD, C., WANG, F. Y. and WU, L. (2007). Transport-information inequalities for
Markov processes (II): Relations with other functional inequalities. Preprint.

[26] GUILLIN, A., LÉONARD, C., WU, L. and YAO, N. (2009). Transportation-information inequalities for
Markov processes. Probab. Theory Related Fields 144 669–695. MR2496446 https://doi.org/10.1007/
s00440-008-0159-5

[27] JOULIN, A. and OLLIVIER, Y. (2010). Curvature, concentration and error estimates for Markov chain Monte
Carlo. Ann. Probab. 38 2418–2442. MR2683634 https://doi.org/10.1214/10-AOP541

[28] LEDOUX, M. (2001). The Concentration of Measure Phenomenon. Mathematical Surveys and Monographs
89. Amer. Math. Soc., Providence, RI. MR1849347

[29] LEI, L. (2006). Large deviations of the kernel density estimator in L1(Rd) for reversible Markov processes.
Bernoulli 12 65–83. MR2202321

[30] LEÓN, C. A. and PERRON, F. (2004). Optimal Hoeffding bounds for discrete reversible Markov chains.
Ann. Appl. Probab. 14 958–970. MR2052909 https://doi.org/10.1214/105051604000000170

[31] LEZAUD, P. (1998). Chernoff-type bound for finite Markov chains. Ann. Appl. Probab. 8 849–867.
MR1627795 https://doi.org/10.1214/aoap/1028903453

[32] LEZAUD, P. (2001). Chernoff and Berry–Esséen inequalities for Markov processes. ESAIM Probab. Stat. 5
183–201. MR1875670 https://doi.org/10.1051/ps:2001108

[33] LIN, Y., LU, L. and YAU, S.-T. (2011). Ricci curvature of graphs. Tohoku Math. J. (2) 63 605–627.
MR2872958 https://doi.org/10.2748/tmj/1325886283

[34] LIU, W. and MA, Y. (2009). Spectral gap and convex concentration inequalities for birth-death processes.
Ann. Inst. Henri Poincaré Probab. Stat. 45 58–69. MR2500228 https://doi.org/10.1214/07-AIHP149

[35] LIU, W. and WU, L. (2009). Identification of the rate function for large deviations of an irreducible Markov
chain. Electron. Commun. Probab. 14 540–551. MR2564488 https://doi.org/10.1214/ECP.v14-1512

[36] MARTON, K. (1996). A measure concentration inequality for contracting Markov chains. Geom. Funct.
Anal. 6 556–571. MR1392329 https://doi.org/10.1007/BF02249263

[37] MARTON, K. (1996). Bounding d-distance by informational divergence: A method to prove measure con-
centration. Ann. Probab. 24 857–866. MR1404531 https://doi.org/10.1214/aop/1039639365

http://www.ams.org/mathscinet-getitem?mr=2078555
https://doi.org/10.1214/009117904000000531
http://www.ams.org/mathscinet-getitem?mr=2814418
https://doi.org/10.1214/10-AIHP360
http://www.ams.org/mathscinet-getitem?mr=0231434
http://www.ams.org/mathscinet-getitem?mr=0298716
http://www.ams.org/mathscinet-getitem?mr=0386024
https://doi.org/10.1002/cpa.3160280102
http://www.ams.org/mathscinet-getitem?mr=0428471
https://doi.org/10.1002/cpa.3160290405
http://www.ams.org/mathscinet-getitem?mr=0690656
https://doi.org/10.1002/cpa.3160360204
http://www.ams.org/mathscinet-getitem?mr=3403002
https://doi.org/10.1137/S0040585X97986667
http://www.ams.org/mathscinet-getitem?mr=0956646
https://doi.org/10.1515/9783110850147
http://www.ams.org/mathscinet-getitem?mr=1328459
https://doi.org/10.1109/SFCS.1993.366819
http://www.ams.org/mathscinet-getitem?mr=2322697
https://doi.org/10.1007/s00440-006-0045-y
http://www.ams.org/mathscinet-getitem?mr=2895086
http://www.ams.org/mathscinet-getitem?mr=2496446
https://doi.org/10.1007/s00440-008-0159-5
http://www.ams.org/mathscinet-getitem?mr=2683634
https://doi.org/10.1214/10-AOP541
http://www.ams.org/mathscinet-getitem?mr=1849347
http://www.ams.org/mathscinet-getitem?mr=2202321
http://www.ams.org/mathscinet-getitem?mr=2052909
https://doi.org/10.1214/105051604000000170
http://www.ams.org/mathscinet-getitem?mr=1627795
https://doi.org/10.1214/aoap/1028903453
http://www.ams.org/mathscinet-getitem?mr=1875670
https://doi.org/10.1051/ps:2001108
http://www.ams.org/mathscinet-getitem?mr=2872958
https://doi.org/10.2748/tmj/1325886283
http://www.ams.org/mathscinet-getitem?mr=2500228
https://doi.org/10.1214/07-AIHP149
http://www.ams.org/mathscinet-getitem?mr=2564488
https://doi.org/10.1214/ECP.v14-1512
http://www.ams.org/mathscinet-getitem?mr=1392329
https://doi.org/10.1007/BF02249263
http://www.ams.org/mathscinet-getitem?mr=1404531
https://doi.org/10.1214/aop/1039639365
https://doi.org/10.1214/10-AIHP360
https://doi.org/10.1002/cpa.3160290405
https://doi.org/10.1002/cpa.3160360204
https://doi.org/10.1137/S0040585X97986667
https://doi.org/10.1007/s00440-008-0159-5


[38] MEYN, S. P. and TWEEDIE, R. L. (1993). Markov Chains and Stochastic Stability. Communications and
Control Engineering Series. Springer London, Ltd., London. MR1287609 https://doi.org/10.1007/
978-1-4471-3267-7

[39] MIASOJEDOW, B. (2014). Hoeffding’s inequalities for geometrically ergodic Markov chains on general state
space. Statist. Probab. Lett. 87 115–120. MR3168944 https://doi.org/10.1016/j.spl.2014.01.013

[40] MICLO, L. (2015). On hyperboundedness and spectrum of Markov operators. Invent. Math. 200 311–343.
MR3323580 https://doi.org/10.1007/s00222-014-0538-8

[41] MILMAN, E. (2012). Properties of isoperimetric, functional and transport-entropy inequalities via
concentration. Probab. Theory Related Fields 152 475–507. MR2892954 https://doi.org/10.1007/
s00440-010-0328-1

[42] OLLIVIER, Y. (2009). Ricci curvature of Markov chains on metric spaces. J. Funct. Anal. 256 810–864.
MR2484937 https://doi.org/10.1016/j.jfa.2008.11.001

[43] OTTO, F. and VILLANI, C. (2000). Generalization of an inequality by Talagrand and links with the logarith-
mic Sobolev inequality. J. Funct. Anal. 173 361–400. MR1760620 https://doi.org/10.1006/jfan.1999.
3557

[44] PAULIN, D. (2015). Concentration inequalities for Markov chains by Marton couplings and spectral meth-
ods. Electron. J. Probab. 20 no. 79, 32. MR3383563 https://doi.org/10.1214/EJP.v20-4039

[45] PAULIN, D. (2018). Concentration inequalities for Markov chains by Marton couplings and spectral meth-
ods. Preprint. Available at arXiv:1212.2015.

[46] PAULIN, D. (2016). Mixing and concentration by Ricci curvature. J. Funct. Anal. 270 1623–1662.
MR3452712 https://doi.org/10.1016/j.jfa.2015.12.010

[47] FAN, J., JIANG, B. and SUN, Q. (2018). Hoeffding’s lemma for Markov chains and its applications to
statistical learning. Preprint. Available at arXiv:1802.00211.

[48] RIO, E. (2000). Inégalités de Hoeffding pour les fonctions lipschitziennes de suites dépendantes. C. R. Acad.
Sci. Paris Sér. I Math. 330 905–908. MR1771956 https://doi.org/10.1016/S0764-4442(00)00290-1

[49] SALOFF-COSTE, L. (1997). Lectures on finite Markov chains. In Lectures on Probability Theory and
Statistics (Saint-Flour, 1996). Lecture Notes in Math. 1665 301–413. Springer, Berlin. MR1490046
https://doi.org/10.1007/BFb0092621

[50] SAMSON, P.-M. (2000). Concentration of measure inequalities for Markov chains and �-mixing processes.
Ann. Probab. 28 416–461. MR1756011 https://doi.org/10.1214/aop/1019160125

[51] TALAGRAND, M. (1996). Transportation cost for Gaussian and other product measures. Geom. Funct. Anal.
6 587–600. MR1392331 https://doi.org/10.1007/BF02249265

[52] VILLANI, C. (2003). Topics in Optimal Transportation. Graduate Studies in Mathematics 58. Amer. Math.
Soc., Providence, RI. MR1964483 https://doi.org/10.1090/gsm/058

[53] VILLANI, C. (2009). Optimal Transport: Old and New. Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 338. Springer, Berlin. MR2459454
https://doi.org/10.1007/978-3-540-71050-9

[54] WANG, F.-Y. (2004). Probability distance inequalities on Riemannian manifolds and path spaces. J. Funct.
Anal. 206 167–190. MR2024350 https://doi.org/10.1016/S0022-1236(02)00100-3

[55] WANG, F.-Y. (2014). Criteria of spectral gap for Markov operators. J. Funct. Anal. 266 2137–2152.
MR3150155 https://doi.org/10.1016/j.jfa.2013.11.016

[56] WANG, F. Y. (2005). Functional Inequalities, Markov Semigroups and Spectral Theory. Sci. Press, Beijing.
[57] WATANABE, S. and HAYASHI, M. (2017). Finite-length analysis on tail probability for Markov

chain and application to simple hypothesis testing. Ann. Appl. Probab. 27 811–845. MR3655854
https://doi.org/10.1214/16-AAP1216

[58] WINTENBERGER, O. (2015). Weak transport inequalities and applications to exponential and oracle in-
equalities. Electron. J. Probab. 20 no. 114, 27. MR3418546 https://doi.org/10.1214/EJP.v20-3558

[59] WU, L. (1999). Forward-backward martingale decomposition and compactness results for additive func-
tionals of stationary ergodic Markov processes. Ann. Inst. Henri Poincaré Probab. Stat. 35 121–141.
MR1678517 https://doi.org/10.1016/S0246-0203(99)80008-9

[60] WU, L. (2000). A deviation inequality for non-reversible Markov processes. Ann. Inst. Henri Poincaré
Probab. Stat. 36 435–445. MR1785390 https://doi.org/10.1016/S0246-0203(00)00135-7

[61] WU, L. (2000). Uniformly integrable operators and large deviations for Markov processes. J. Funct. Anal.
172 301–376. MR1753178 https://doi.org/10.1006/jfan.1999.3544

[62] WU, L. (2004). Essential spectral radius for Markov semigroups. I. Discrete time case. Probab. Theory
Related Fields 128 255–321. MR2031227 https://doi.org/10.1007/s00440-003-0304-0

[63] WU, L. (2006). Poincaré and transportation inequalities for Gibbs measures under the Dobrushin uniqueness
condition. Ann. Probab. 34 1960–1989. MR2271488 https://doi.org/10.1214/009117906000000368

[64] WU, L. (2009). Gradient estimates of Poisson equations on Riemannian manifolds and applications.
J. Funct. Anal. 257 4015–4033. MR2557733 https://doi.org/10.1016/j.jfa.2009.07.013

http://www.ams.org/mathscinet-getitem?mr=1287609
https://doi.org/10.1007/978-1-4471-3267-7
http://www.ams.org/mathscinet-getitem?mr=3168944
https://doi.org/10.1016/j.spl.2014.01.013
http://www.ams.org/mathscinet-getitem?mr=3323580
https://doi.org/10.1007/s00222-014-0538-8
http://www.ams.org/mathscinet-getitem?mr=2892954
https://doi.org/10.1007/s00440-010-0328-1
http://www.ams.org/mathscinet-getitem?mr=2484937
https://doi.org/10.1016/j.jfa.2008.11.001
http://www.ams.org/mathscinet-getitem?mr=1760620
https://doi.org/10.1006/jfan.1999.3557
http://www.ams.org/mathscinet-getitem?mr=3383563
https://doi.org/10.1214/EJP.v20-4039
http://arxiv.org/abs/arXiv:1212.2015
http://www.ams.org/mathscinet-getitem?mr=3452712
https://doi.org/10.1016/j.jfa.2015.12.010
http://arxiv.org/abs/arXiv:1802.00211
http://www.ams.org/mathscinet-getitem?mr=1771956
https://doi.org/10.1016/S0764-4442(00)00290-1
http://www.ams.org/mathscinet-getitem?mr=1490046
https://doi.org/10.1007/BFb0092621
http://www.ams.org/mathscinet-getitem?mr=1756011
https://doi.org/10.1214/aop/1019160125
http://www.ams.org/mathscinet-getitem?mr=1392331
https://doi.org/10.1007/BF02249265
http://www.ams.org/mathscinet-getitem?mr=1964483
https://doi.org/10.1090/gsm/058
http://www.ams.org/mathscinet-getitem?mr=2459454
https://doi.org/10.1007/978-3-540-71050-9
http://www.ams.org/mathscinet-getitem?mr=2024350
https://doi.org/10.1016/S0022-1236(02)00100-3
http://www.ams.org/mathscinet-getitem?mr=3150155
https://doi.org/10.1016/j.jfa.2013.11.016
http://www.ams.org/mathscinet-getitem?mr=3655854
https://doi.org/10.1214/16-AAP1216
http://www.ams.org/mathscinet-getitem?mr=3418546
https://doi.org/10.1214/EJP.v20-3558
http://www.ams.org/mathscinet-getitem?mr=1678517
https://doi.org/10.1016/S0246-0203(99)80008-9
http://www.ams.org/mathscinet-getitem?mr=1785390
https://doi.org/10.1016/S0246-0203(00)00135-7
http://www.ams.org/mathscinet-getitem?mr=1753178
https://doi.org/10.1006/jfan.1999.3544
http://www.ams.org/mathscinet-getitem?mr=2031227
https://doi.org/10.1007/s00440-003-0304-0
http://www.ams.org/mathscinet-getitem?mr=2271488
https://doi.org/10.1214/009117906000000368
http://www.ams.org/mathscinet-getitem?mr=2557733
https://doi.org/10.1016/j.jfa.2009.07.013
https://doi.org/10.1007/978-1-4471-3267-7
https://doi.org/10.1007/s00440-010-0328-1
https://doi.org/10.1006/jfan.1999.3557


[65] WU, L. M. (1995). Moderate deviations of dependent random variables related to CLT. Ann. Probab. 23
420–445. MR1330777

http://www.ams.org/mathscinet-getitem?mr=1330777


The Annals of Applied Probability
2020, Vol. 30, No. 3, 1321–1367
https://doi.org/10.1214/19-AAP1531
© Institute of Mathematical Statistics, 2020

NONEXPONENTIAL SANOV AND SCHILDER THEOREMS ON WIENER
SPACE: BSDES, SCHRÖDINGER PROBLEMS AND CONTROL

BY JULIO BACKHOFF-VERAGUAS1, DANIEL LACKER2 AND LUDOVIC TANGPI3

1Stochastics and Financial Mathematics Group, University of Vienna, julio.backhoff@univie.ac.at
2Industrial Engineering and Operations Research, Columbia University, daniel.lacker@columbia.edu

3Operations Research and Financial Engineering, Princeton University, ludovic.tangpi@princeton.edu

We derive new limit theorems for Brownian motion, which can be seen
as nonexponential analogues of the large deviation theorems of Sanov and
Schilder in their Laplace principle forms. As a first application, we obtain
novel scaling limits of backward stochastic differential equations and their re-
lated partial differential equations. As a second application, we extend prior
results on the small-noise limit of the Schrödinger problem as an optimal
transport cost, unifying the control-theoretic and probabilistic approaches ini-
tiated respectively by T. Mikami and C. Léonard. Lastly, our results suggest
a new scheme for the computation of mean field optimal control problems,
distinct from the conventional particle approximation. A key ingredient in our
analysis is an extension of the classical variational formula (often attributed
to Borell or Boué–Dupuis) for the Laplace transform of Wiener measure.
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Take a continuous-time Galton–Watson tree. If the system survives un-
til a large time T , then choose k particles uniformly from those alive. What
does the ancestral tree drawn out by these k particles look like? Some spe-
cial cases are known but we give a more complete answer. We concentrate on
near-critical cases where the mean number of offspring is 1 + μ/T for some
μ ∈ R, and show that a scaling limit exists as T → ∞. Viewed backwards
in time, the resulting coalescent process is topologically equivalent to King-
man’s coalescent, but the times of coalescence have an interesting and highly
nontrivial structure. The randomly fluctuating population size, as opposed to
constant size populations where the Kingman coalescent more usually arises,
have a pronounced effect on both the results and the method of proof required.
We give explicit formulas for the distribution of the coalescent times, as well
as a construction of the genealogical tree involving a mixture of independent
and identically distributed random variables. In general subcritical and super-
critical cases it is not possible to give such explicit formulas, but we highlight
the special case of birth–death processes.
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We consider zero-sum stochastic differential games with possibly path-
dependent volatility controls. Unlike the previous literature, we allow for
weak solutions of the state equation so that the players’ controls are auto-
matically of feedback type. In particular, we do not require the controls to
be “simple,” which has fundamental importance for the possible existence
of saddle-points. Under some restrictions, needed for the a priori regularity
of the upper and lower value functions of the game, we show that the game
value exists when both the appropriate path-dependent Isaacs condition, and
the uniqueness of viscosity solutions of the corresponding path-dependent
Isaacs-HJB equation hold. We also provide a general verification argument
and a characterisation of saddle-points by means of an appropriate notion of
second-order backward SDE.
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Let d ≥ 2. The Cheeger constant of a graph is the minimum surface-
to-volume ratio of all subsets of the vertex set with relative volume at most
1/2. There are several ways to define surface and volume here: the simplest
method is to count boundary edges (for the surface) and vertices (for the vol-
ume). We show that for a geometric (possibly weighted) graph on n random
points in a d-dimensional domain with Lipschitz boundary and with distance
parameter decaying more slowly (as a function of n) than the connectivity
threshold, the Cheeger constant (under several possible definitions of sur-
face and volume), also known as conductance, suitably rescaled, converges
for large n to an analogous Cheeger-type constant of the domain. Previously,
García Trillos et al. had shown this for d ≥ 3 but had required an extra con-
dition on the distance parameter when d = 2.
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RANDOM PERMUTATIONS WITHOUT MACROSCOPIC CYCLES
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We consider uniform random permutations of length n conditioned to
have no cycle longer than nβ with 0 < β < 1, in the limit of large n. Since in
unconstrained uniform random permutations most of the indices are in cycles
of macroscopic length, this is a singular conditioning in the limit. Neverthe-
less, we obtain a fairly complete picture about the cycle number distribution
at various lengths. Depending on the scale at which cycle numbers are stud-
ied, our results include Poisson convergence, a central limit theorem, a shape
theorem and two different functional central limit theorems.
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