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PARAMETER AND DIMENSION DEPENDENCE OF CONVERGENCE RATES
TO STATIONARITY FOR REFLECTING BROWNIAN MOTIONS

BY SAYAN BANERJEE* AND AMARJIT BUDHIRAJA†

Department of Statistics and Operations Research, University of North Carolina, Chapel Hill, *sayan@email.unc.edu;
†amarjit@unc.edu

We obtain rates of convergence to stationarity in L1-Wasserstein distance
for a d-dimensional reflected Brownian motion (RBM) in the nonnegative or-
thant that are explicit in the dimension and the system parameters. The re-
sults are then applied to a class of RBMs considered in (Blanchet and Xinyun
(2016)) and to rank-based diffusions including the Atlas model. In both cases,
we obtain explicit rates and bounds on relaxation times. In the first case we
improve the relaxation time estimates of O(d4(logd)2) obtained in (Blanchet
and Xinyun (2016)) to O((logd)2). In the latter case, we give the first results
on explicit parameter and dimension dependent rates under the Wasserstein
distance. The proofs do not require an explicit form for the stationary mea-
sure or reversibility of the process with respect to this measure, and cover
settings where these properties are not available. In the special case of the
standard Atlas model (In Stochastic Portfolio Theory (2002) 1–24 Springer),
we obtain a bound on the relaxation time of O(d6(logd)2).
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A LIMIT THEOREM FOR THE SURVIVAL PROBABILITY OF A SIMPLE
RANDOM WALK AMONG POWER-LAW RENEWAL OBSTACLES

BY JULIEN POISAT* AND FRANÇOIS SIMENHAUS†

Université Paris-Dauphine, CNRS, UMR [7534], CEREMADE, *poisat@ceremade.dauphine.fr;
†simenhaus@ceremade.dauphine.fr

We consider a one-dimensional simple random walk surviving among
a field of static soft obstacles: each time it meets an obstacle the walk is
killed with probability 1 − e−β , where β is a positive and fixed parameter.
The positions of the obstacles are sampled independently from the walk and
according to a renewal process. The increments between consecutive obsta-
cles, or gaps, are assumed to have a power-law decaying tail with exponent
γ > 0. We prove convergence in law for the properly rescaled logarithm of
the quenched survival probability as time goes to infinity. The normalization
exponent is γ /(γ + 2), while the limiting law writes as a variational formula
with both universal and nonuniversal features. The latter involves (i) a Pois-
son point process that emerges as the universal scaling limit of the properly
rescaled gaps and (ii) a function of the parameter β that we call asymptotic
cost of crossing per obstacle and that may, in principle, depend on the de-
tails of the gap distribution. Our proof suggests a confinement strategy of the
walk in a single large gap. This model may also be seen as a (1 + 1)-directed
polymer among many repulsive interfaces, in which case β corresponds to
the strength of repulsion, the survival probability to the partition function and
its logarithm to the finite-volume free energy.
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The Bouncy Particle Sampler (BPS) is a Monte Carlo Markov chain algo-
rithm to sample from a target density known up to a multiplicative constant.
This method is based on a kinetic piecewise deterministic Markov process
for which the target measure is invariant. This paper deals with theoretical
properties of BPS. First, we establish geometric ergodicity of the associated
semi-group under weaker conditions than in (Ann. Statist. 47 (2019) 1268–
1287) both on the target distribution and the velocity probability distribution.
This result is based on a new coupling of the process which gives a quantita-
tive minorization condition and yields more insights on the convergence. In
addition, we study on a toy model the dependency of the convergence rates on
the dimension of the state space. Finally, we apply our results to the analysis
of simulated annealing algorithms based on BPS.
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In this article we study imaginary Gaussian multiplicative chaos—
namely a family of random generalized functions which can formally be writ-
ten as eiX(x), where X is a log-correlated real-valued Gaussian field on Rd ,
that is, it has a logarithmic singularity on the diagonal of its covariance. We
study basic analytic properties of these random generalized functions, such
as what spaces of distributions these objects live in, along with their basic
stochastic properties, such as moment and tail estimates.

After this, we discuss connections between imaginary multiplicative
chaos and the critical planar Ising model, namely that the scaling limit of the
spin field of the critical planar XOR-Ising model can be expressed in terms
of the cosine of the Gaussian free field, that is, the real part of an imaginary
multiplicative chaos distribution. Moreover, if one adds a magnetic perturba-
tion to the XOR-Ising model, then the scaling limit of the spin field can be
expressed in terms of the cosine of the sine-Gordon field, which can also be
viewed as the real part of an imaginary multiplicative chaos distribution.

The first sections of the article have been written in the style of a review,
and we hope that the text will also serve as an introduction to imaginary chaos
for an uninitiated reader.
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This work is devoted to the study of conservative affine processes on
the canonical state space D = R

m+ × R
n, where m + n > 0. We show that

each affine process can be obtained as the pathwise unique strong solution
to a stochastic equation driven by Brownian motions and Poisson random
measures. Then we study the long-time behavior of affine processes, that
is, we show that under first moment condition on the state-dependent and
log-moment conditions on the state-independent jump measures, respectively,
each subcritical affine process is exponentially ergodic in a suitably chosen
Wasserstein distance. Moments of affine processes are studied as well.
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We describe the limit (for two topologies) of large uniform random
square permutations, that is, permutations where every point is a record. The
starting point for all our results is a sampling procedure for asymptotically
uniform square permutations. Building on that, we first describe the global
behavior by showing that these permutations have a permuton limit which
can be described by a random rectangle. We also explore fluctuations about
this random rectangle, which we can describe through coupled Brownian mo-
tions. Second, we consider the limiting behavior of the neighborhood of a
point in the permutation through local limits. As a byproduct, we also de-
termine the random limits of the proportion of occurrences (and consecutive
occurrences) of any given pattern in a uniform random square permutation.

REFERENCES

[1] ALBERT, M. H., ATKINSON, M. D., BOUVEL, M., RUŠKUC, N. and VATTER, V. (2013). Geometric grid
classes of permutations. Trans. Amer. Math. Soc. 365 5859–5881. MR3091268 https://doi.org/10.1090/
S0002-9947-2013-05804-7

[2] ALBERT, M. H., LINTON, S., RUŠKUC, N., VATTER, V. and WATON, S. (2011). On convex permutations.
Discrete Math. 311 715–722. MR2774227 https://doi.org/10.1016/j.disc.2011.01.009

[3] ATKINSON, M. D. (1999). Restricted permutations. Discrete Math. 195 27–38. MR1663866
https://doi.org/10.1016/S0012-365X(98)00162-9

[4] BASSINO, F., BOUVEL, M., FÉRAY, V., GERIN, L., MAAZOUN, M. and PIERROT, A. Universal limits of
substitution-closed permutation classes. J. Eur. Math. Soc. (JEMS). To appear.

[5] BASSINO, F., BOUVEL, M., FÉRAY, V., GERIN, L., MAAZOUN, M. and PIERROT, A. (2019). Scaling
limits of permutation classes with a finite specification: A dichotomy. Available at arXiv:1903.07522.

[6] BASSINO, F., BOUVEL, M., FÉRAY, V., GERIN, L. and PIERROT, A. (2018). The Brownian limit of sepa-
rable permutations. Ann. Probab. 46 2134–2189. MR3813988 https://doi.org/10.1214/17-AOP1223

[7] BENJAMINI, I. and SCHRAMM, O. (2001). Recurrence of distributional limits of finite planar graphs. Elec-
tron. J. Probab. 6 23. MR1873300 https://doi.org/10.1214/EJP.v6-96

[8] BEVAN, D. (2015). Growth rates of permutation grid classes, tours on graphs, and the spectral radius. Trans.
Amer. Math. Soc. 367 5863–5889. MR3347191 https://doi.org/10.1090/S0002-9947-2015-06280-1

[9] BÓNA, M. (2012). Combinatorics of Permutations, 2nd ed. Discrete Mathematics and Its Applications
(Boca Raton). CRC Press, Boca Raton, FL. With a foreword by Richard Stanley. MR2919720
https://doi.org/10.1201/b12210

[10] BORGA, J. (2020). Local convergence for permutations and local limits for uniform ρ-avoiding permuta-
tions with |ρ| = 3. Probab. Theory Related Fields 176 449–531. MR4055194 https://doi.org/10.1007/
s00440-019-00922-4

[11] BORGA, J., BOUVEL, M., FÉRAY, V. and STUFLER, B. (2020). A decorated tree approach to random per-
mutations in substitution-closed classes. Electron. J. Probab. 25 67. Available at https://projecteuclid.
org/euclid.ejp/1592618469. https://doi.org/10.1214/20-EJP469

[12] BORGA, J., DUCHI, E. and SLIVKEN, E. (2019). Almost square permutations are typically square. Avail-
able at arXiv:1910.04813.

[13] DISANTO, F., DUCHI, E., RINALDI, S. and SCHAEFFER, G. (2011). Permutations with few internal points.
In The Sixth European Conference on Combinatorics, Graph Theory and Applications, EuroComb
2011. Electronic Notes in Discrete Mathematics 38 291–296.

[14] DUCHI, E. (2019). A code for square permutations and convex permutominoes. Discrete Math. Theor. Com-
put. Sci. 21 2. MR4050237

MSC2020 subject classifications. 60C05, 05A05.
Key words and phrases. Local and scaling limits, permutation patterns, permutons.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/19-AAP1555
http://www.imstat.org
mailto:jacopo.borga@math.uzh.ch
mailto:slivkene@uncw.edu
http://www.ams.org/mathscinet-getitem?mr=3091268
https://doi.org/10.1090/S0002-9947-2013-05804-7
http://www.ams.org/mathscinet-getitem?mr=2774227
https://doi.org/10.1016/j.disc.2011.01.009
http://www.ams.org/mathscinet-getitem?mr=1663866
https://doi.org/10.1016/S0012-365X(98)00162-9
http://arxiv.org/abs/arXiv:1903.07522
http://www.ams.org/mathscinet-getitem?mr=3813988
https://doi.org/10.1214/17-AOP1223
http://www.ams.org/mathscinet-getitem?mr=1873300
https://doi.org/10.1214/EJP.v6-96
http://www.ams.org/mathscinet-getitem?mr=3347191
https://doi.org/10.1090/S0002-9947-2015-06280-1
http://www.ams.org/mathscinet-getitem?mr=2919720
https://doi.org/10.1201/b12210
http://www.ams.org/mathscinet-getitem?mr=4055194
https://doi.org/10.1007/s00440-019-00922-4
https://projecteuclid.org/euclid.ejp/1592618469
https://doi.org/10.1214/20-EJP469
http://arxiv.org/abs/arXiv:1910.04813
http://www.ams.org/mathscinet-getitem?mr=4050237
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1090/S0002-9947-2013-05804-7
https://doi.org/10.1007/s00440-019-00922-4
https://projecteuclid.org/euclid.ejp/1592618469


[15] DUCHI, E. and POULALHON, D. (2008). On square permutations. In Fifth Colloquium on Mathematics and
Computer Science. Discrete Math. Theor. Comput. Sci. Proc., vol. AI 207–222. Assoc. Discrete Math.
Theor. Comput. Sci., Nancy. MR2508788

[16] ELIZALDE, S. (2011). The X-class and almost-increasing permutations. Ann. Comb. 15 51–68. MR2785755
https://doi.org/10.1007/s00026-011-0082-9

[17] FLAJOLET, P. and SEDGEWICK, R. (2009). Analytic Combinatorics. Cambridge Univ. Press, Cambridge.
MR2483235 https://doi.org/10.1017/CBO9780511801655

[18] HOFFMAN, C., RIZZOLO, D. and SLIVKEN, E. (2017). Pattern-avoiding permutations and Brownian ex-
cursion Part I: Shapes and fluctuations. Random Structures Algorithms 50 394–419. MR3632417
https://doi.org/10.1002/rsa.20677

[19] HOFFMAN, C., RIZZOLO, D. and SLIVKEN, E. (2017). Pattern-avoiding permutations and Brownian excur-
sion, part II: Fixed points. Probab. Theory Related Fields 169 377–424. MR3704772 https://doi.org/10.
1007/s00440-016-0732-2

[20] HOFFMAN, C., RIZZOLO, D. and SLIVKEN, E. (2019). Pattern-avoiding permutations and Dyson Brownian
motion. To appear.

[21] HOFFMAN, C., RIZZOLO, D. and SLIVKEN, E. (2019). Fixed points of 321-avoiding permutations. Proc.
Amer. Math. Soc. 147 861–872. MR3894923 https://doi.org/10.1090/proc/14299

[22] HOPPEN, C., KOHAYAKAWA, Y., MOREIRA, C. G., RÁTH, B. and MENEZES SAMPAIO, R. (2013). Limits
of permutation sequences. J. Combin. Theory Ser. B 103 93–113. MR2995721 https://doi.org/10.1016/
j.jctb.2012.09.003

[23] HUCZYNSKA, S. and VATTER, V. (2006). Grid classes and the Fibonacci dichotomy for restricted permu-
tations. Electron. J. Combin. 13 54. MR2240760

[24] JANSON, S. (2017). Patterns in random permutations avoiding the pattern 132. Combin. Probab. Comput.
26 24–51. MR3579588 https://doi.org/10.1017/S0963548316000171

[25] JANSON, S. (2019). Patterns in random permutations avoiding the pattern 321. Random Structures Algo-
rithms 55 249–270. MR3983781 https://doi.org/10.1002/rsa.20806

[26] JANSON, S. (2020). Patterns in random permutations avoiding some sets of multiple patterns. Algorithmica
82 616–641. MR4058419 https://doi.org/10.1007/s00453-019-00586-5

[27] KENYON, R., KRÁL’, D., RADIN, C. and WINKLER, P. (2020). Permutations with fixed pattern densities.
Random Structures Algorithms 56 220–250. MR4052852 https://doi.org/10.1002/rsa.20882

[28] KITAEV, S. (2011). Patterns in Permutations and Words. Monographs in Theoretical Computer Sci-
ence. An EATCS Series. Springer, Heidelberg. With a foreword by Jeffrey B. Remmel. MR3012380
https://doi.org/10.1007/978-3-642-17333-2

[29] MAAZOUN, M. (2019). On the Brownian separable permuton. Combin. Probab. Comput. 1–26.
[30] MADRAS, N. and LIU, H. (2010). Random pattern-avoiding permutations. In Algorithmic Probability

and Combinatorics. Contemp. Math. 520 173–194. Amer. Math. Soc., Providence, RI. MR2681860
https://doi.org/10.1090/conm/520/10259

[31] MADRAS, N. and PEHLIVAN, L. (2016). Large deviations for permutations avoiding monotone patterns.
Electron. J. Combin. 23 4.36. MR3604794 https://doi.org/10.37236/6225

[32] MANSOUR, T. and SEVERINI, S. (2007). Grid polygons from permutations and their enumeration by the
kernel method. In 19th Intern. Conf. on Formal Power Series and Algebraic Combinatorics, Centre for
Combin.

[33] MANSOUR, T. and YILDIRIM, G. (2020). Permutations avoiding 312 and another pattern, Chebyshev
polynomials and longest increasing subsequences. Adv. in Appl. Math. 116 102002. MR4056113
https://doi.org/10.1016/j.aam.2020.102002

[34] MINER, S. and PAK, I. (2014). The shape of random pattern-avoiding permutations. Adv. in Appl. Math. 55
86–130. MR3176717 https://doi.org/10.1016/j.aam.2013.12.004

[35] MINER, S., RIZZOLO, D. and SLIVKEN, E. (2017). Asymptotic distribution of fixed points of pattern-
avoiding involutions. Discrete Math. Theor. Comput. Sci. 19 5. MR3742441

[36] PETROV, V. V. (1975). Sums of Independent Random Variables. Springer, New York. Translated from the
Russian by A. A. Brown, Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 82. MR0388499

[37] SCHWARTZ, B. L. (1978). Square Permutations. Math. Mag. 51 64–66. MR1572249
[38] STARR, S. (2009). Thermodynamic limit for the Mallows model on Sn. J. Math. Phys. 50 095208.

MR2566888 https://doi.org/10.1063/1.3156746
[39] VATTER, V. (2015). Permutation classes. In Handbook of Enumerative Combinatorics. Discrete Math. Appl.

(Boca Raton) 753–833. CRC Press, Boca Raton, FL. MR3409353
[40] VATTER, V. and WATON, S. (2011). On partial well-order for monotone grid classes of permutations. Order

28 193–199. MR2819219 https://doi.org/10.1007/s11083-010-9165-1
[41] WATON, S. D. (2007). On permutation classes defined by token passing networks, gridding matrices and

pictures: Three flavours of involvement. Ph.D. thesis, Univ. St. Andrews.

http://www.ams.org/mathscinet-getitem?mr=2508788
http://www.ams.org/mathscinet-getitem?mr=2785755
https://doi.org/10.1007/s00026-011-0082-9
http://www.ams.org/mathscinet-getitem?mr=2483235
https://doi.org/10.1017/CBO9780511801655
http://www.ams.org/mathscinet-getitem?mr=3632417
https://doi.org/10.1002/rsa.20677
http://www.ams.org/mathscinet-getitem?mr=3704772
https://doi.org/10.1007/s00440-016-0732-2
http://www.ams.org/mathscinet-getitem?mr=3894923
https://doi.org/10.1090/proc/14299
http://www.ams.org/mathscinet-getitem?mr=2995721
https://doi.org/10.1016/j.jctb.2012.09.003
http://www.ams.org/mathscinet-getitem?mr=2240760
http://www.ams.org/mathscinet-getitem?mr=3579588
https://doi.org/10.1017/S0963548316000171
http://www.ams.org/mathscinet-getitem?mr=3983781
https://doi.org/10.1002/rsa.20806
http://www.ams.org/mathscinet-getitem?mr=4058419
https://doi.org/10.1007/s00453-019-00586-5
http://www.ams.org/mathscinet-getitem?mr=4052852
https://doi.org/10.1002/rsa.20882
http://www.ams.org/mathscinet-getitem?mr=3012380
https://doi.org/10.1007/978-3-642-17333-2
http://www.ams.org/mathscinet-getitem?mr=2681860
https://doi.org/10.1090/conm/520/10259
http://www.ams.org/mathscinet-getitem?mr=3604794
https://doi.org/10.37236/6225
http://www.ams.org/mathscinet-getitem?mr=4056113
https://doi.org/10.1016/j.aam.2020.102002
http://www.ams.org/mathscinet-getitem?mr=3176717
https://doi.org/10.1016/j.aam.2013.12.004
http://www.ams.org/mathscinet-getitem?mr=3742441
http://www.ams.org/mathscinet-getitem?mr=0388499
http://www.ams.org/mathscinet-getitem?mr=1572249
http://www.ams.org/mathscinet-getitem?mr=2566888
https://doi.org/10.1063/1.3156746
http://www.ams.org/mathscinet-getitem?mr=3409353
http://www.ams.org/mathscinet-getitem?mr=2819219
https://doi.org/10.1007/s11083-010-9165-1
https://doi.org/10.1007/s00440-016-0732-2
https://doi.org/10.1016/j.jctb.2012.09.003


The Annals of Applied Probability
2020, Vol. 30, No. 5, 2234–2260
https://doi.org/10.1214/19-AAP1556
© Institute of Mathematical Statistics, 2020

HAMILTON–JACOBI EQUATIONS FOR FINITE-RANK MATRIX INFERENCE

BY J.-C. MOURRAT

DMA, Ecole normale supérieure, CNRS, PSL University, mourrat@dma.ens.fr

We compute the large-scale limit of the free energy associated with the
problem of inference of a finite-rank matrix. The method follows the prin-
ciple put forward in Mourrat (2018) which consists in identifying a suitable
Hamilton–Jacobi equation satisfied by the limit free energy. We simplify the
approach of Mourrat (2018) using a notion of weak solution of the Hamilton–
Jacobi equation which is more convenient to work with and is applicable
whenever the nonlinearity in the equation is convex.
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The two-type Richardson model describes the growth of two competing
infection types on the two or higher dimensional integer lattice. For types that
spread with the same intensity, it is known that there is a positive probability
for infinite coexistence, while for types with different intensities, it is con-
jectured that infinite coexistence is not possible. In this paper we study the
two-type Richardson model in the upper half-plane Z × Z+, and prove that
coexistence of two types starting on the horizontal axis has positive probabil-
ity if and only if the types have the same intensity.
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We study the problem of pathwise stochastic optimal control, where the
optimization is performed for each fixed realisation of the driving noise, by
phrasing the problem in terms of the optimal control of rough differential
equations. We investigate the degeneracy phenomenon induced by directly
controlling the coefficient of the noise term, and propose a simple proce-
dure to resolve this degeneracy whilst retaining dynamic programming. As
an application, we use pathwise stochastic control in the context of stochastic
filtering to construct filters which are robust to parameter uncertainty, demon-
strating an original application of rough path theory to statistics.
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Propagation of chaos is a well-studied phenomenon and shows that
weakly interacting diffusions may become independent as the system size
converges to infinity. Most of the literature focuses on the case of exchange-
able systems where all involved diffusions have the same distribution and
are “of the same size”. In this paper, we analyze the case where only a few
diffusions start outside of an accessible trap. Our main result shows that in
this “sparse regime” the system of weakly interacting diffusions converges
in distribution to a forest of excursions from the trap. In particular, initial
independence propagates in the limit and results in a forest of independent
trees.
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We take a pathwise approach to classical McKean–Vlasov stochastic dif-
ferential equations with additive noise, as for example, exposed in Sznitmann
(In École D’Été de Probabilités de Saint-Flour XIX—1989 (1991) 165–251,
Springer). Our study was prompted by some concrete problems in battery
modelling (Contin. Mech. Thermodyn. 30 (2018) 593–628), and also by re-
cent progrss on rough-pathwise McKean–Vlasov theory, notably Cass–Lyons
(Proc. Lond. Math. Soc. (3) 110 (2015) 83–107), and then Bailleul, Catel-
lier and Delarue (Bailleul, Catellier and Delarue (2018)). Such a “pathwise
McKean–Vlasov theory” can be traced back to Tanaka (In Stochastic Analy-
sis (Katata/Kyoto, 1982) (1984) 469–488, North-Holland). This paper can be
seen as an attempt to advertize the ideas, power and simplicity of the path-
wise appproach, not so easily extracted from (Bailleul, Catellier and Delarue
(2018); Proc. Lond. Math. Soc. (3) 110 (2015) 83–107; In Stochastic Analysis
(Katata/Kyoto, 1982) (1984) 469–488, North-Holland), together with a num-
ber of novel applications. These include mean field convergence without a
priori independence and exchangeability assumption; common noise, càdlàg
noise, and reflecting boundaries. Last not least, we generalize Dawson–
Gärtner large deviations and the central limit theorem to a non-Brownian
noise setting.

REFERENCES

[1] AIDA, S. (2015). Reflected rough differential equations. Stochastic Process. Appl. 125 3570–3595.
MR3357620 https://doi.org/10.1016/j.spa.2015.03.008

[2] AMBROSIO, L., GIGLI, N. and SAVARÉ, G. (2008). Gradient Flows in Metric Spaces and in the Space of
Probability Measures, 2nd ed. Lectures in Mathematics ETH Zürich. Birkhäuser, Basel. MR2401600

[3] BAILLEUL, I. (2015). Flows driven by rough paths. Rev. Mat. Iberoam. 31 901–934. MR3420480
https://doi.org/10.4171/RMI/858

[4] BAILLEUL, I., CATELLIER, R. and DELARUE, F. (2020). Solving mean field rough differential equations.
Electron. J. Probab. 25. https://doi.org/10.1214/19-EJP409

[5] BAILLEUL, I., CATELLIER, R. and DELARUE, F. (2019). Propagation of chaos for mean field rough differ-
ential equations. Preprint. Available at arXiv:1907.00578.

[6] BESSAIH, H., COGHI, M. and FLANDOLI, F. (2019). Mean field limit of interacting filaments for 3D Euler
equations. J. Stat. Phys. 174 562–578. MR3911777 https://doi.org/10.1007/s10955-018-2189-4

[7] BILLINGSLEY, P. (1999). Convergence of Probability Measures, 2nd ed. Wiley Series in Probability
and Statistics: Probability and Statistics. Wiley, New York. MR1700749 https://doi.org/10.1002/
9780470316962

[8] BOGACHEV, V. I. (2007). Measure Theory. Vols. I, II. Springer, Berlin. MR2267655 https://doi.org/10.1007/
978-3-540-34514-5

[9] BRIAND, P., DE RAYNAL, P. C., GUILLIN, A. and LABART, C. (2016). Particles systems and numerical
schemes for mean reflected stochastic differential equations. Available at arXiv:1612.06886.

[10] CASS, T. and LYONS, T. (2015). Evolving communities with individual preferences. Proc. Lond. Math.
Soc. (3) 110 83–107. MR3299600 https://doi.org/10.1112/plms/pdu040

MSC2020 subject classifications. 60F10, 60G09, 60H10, 60F05, 60F15, 60J50.
Key words and phrases. Mean-field, McKean–Vlasov, large deviations, central limit theorem, jump-processes,

additive noise.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/20-AAP1560
http://www.imstat.org
mailto:coghi@math.tu-berlin.de
mailto:deuschel@math.tu-berlin.de
mailto:friz@math.tu-berlin.de
mailto:mario.maurelli@unimi.it
http://www.ams.org/mathscinet-getitem?mr=3357620
https://doi.org/10.1016/j.spa.2015.03.008
http://www.ams.org/mathscinet-getitem?mr=2401600
http://www.ams.org/mathscinet-getitem?mr=3420480
https://doi.org/10.4171/RMI/858
https://doi.org/10.1214/19-EJP409
http://arxiv.org/abs/arXiv:1907.00578
http://www.ams.org/mathscinet-getitem?mr=3911777
https://doi.org/10.1007/s10955-018-2189-4
http://www.ams.org/mathscinet-getitem?mr=1700749
https://doi.org/10.1002/9780470316962
http://www.ams.org/mathscinet-getitem?mr=2267655
https://doi.org/10.1007/978-3-540-34514-5
http://arxiv.org/abs/arXiv:1612.06886
http://www.ams.org/mathscinet-getitem?mr=3299600
https://doi.org/10.1112/plms/pdu040
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1002/9780470316962
https://doi.org/10.1007/978-3-540-34514-5


[11] CHONG, C. and KLUEPPELBERG, C. (2015). Partial mean field limits in heterogeneous networks. Available
at arXiv:1507.01905.

[12] COGHI, M. and FLANDOLI, F. (2016). Propagation of chaos for interacting particles subject to environmen-
tal noise. Ann. Appl. Probab. 26 1407–1442. MR3513594 https://doi.org/10.1214/15-AAP1120

[13] COGHI, M. and GESS, B. (2019). Stochastic nonlinear Fokker–Planck equations. Nonlinear Anal. 187 259–
278. MR3954095 https://doi.org/10.1016/j.na.2019.05.003

[14] COGHI, M. and NILSSEN, T. (2019). Rough nonlocal diffusions. Preprint. Available at arXiv:1905.07270.
[15] DAWSON, D. A. and GÄRTNER, J. (1987). Large deviations from the McKean–Vlasov limit

for weakly interacting diffusions. Stochastics 20 247–308. MR0885876 https://doi.org/10.1080/
17442508708833446

[16] DELARUE, F., INGLIS, J., RUBENTHALER, S. and TANRÉ, E. (2015). Global solvability of a networked
integrate-and-fire model of McKean–Vlasov type. Ann. Appl. Probab. 25 2096–2133. MR3349003
https://doi.org/10.1214/14-AAP1044

[17] DEUSCHEL, J.-D., FRIZ, P. K., MAURELLI, M. and SLOWIK, M. (2018). The enhanced Sanov theorem
and propagation of chaos. Stochastic Process. Appl. 128 2228–2269. MR3804792 https://doi.org/10.
1016/j.spa.2017.09.010

[18] DEYA, A., GUBINELLI, M., HOFMANOVÁ, M. and TINDEL, S. (2019). One-dimensional reflected rough
differential equations. Stochastic Process. Appl. 129 3261–3281. MR3985562 https://doi.org/10.1016/
j.spa.2018.09.007

[19] DREYER, W., HUTH, R., MIELKE, A., REHBERG, J. and WINKLER, M. (2015). Global existence for
a nonlocal and nonlinear Fokker–Planck equation. Z. Angew. Math. Phys. 66 293–315. MR3327367
https://doi.org/10.1007/s00033-014-0401-1

[20] DUPUIS, P. and ISHII, H. (1991). On Lipschitz continuity of the solution mapping to the Skorokhod
problem, with applications. Stoch. Stoch. Rep. 35 31–62. MR1110990 https://doi.org/10.1080/
17442509108833688

[21] FOURNIER, N., HAURAY, M. and MISCHLER, S. (2014). Propagation of chaos for the 2D viscous vortex
model. J. Eur. Math. Soc. (JEMS) 16 1423–1466. MR3254330 https://doi.org/10.4171/JEMS/465

[22] GRAHAM, C. and MÉTIVIER, M. (1989). System of interacting particles and nonlinear diffusion reflect-
ing in a domain with sticky boundary. Probab. Theory Related Fields 82 225–240. MR0998932
https://doi.org/10.1007/BF00354761

[23] GUHLKE, C., GAJEWSKI, P., MAURELLI, M., FRIZ, P. K. and DREYER, W. (2018). Stochastic
many-particle model for LFP electrodes. Contin. Mech. Thermodyn. 30 593–628. MR3783112
https://doi.org/10.1007/s00161-018-0629-7

[24] HAMBLY, B. and LEDGER, S. (2017). A stochastic McKean–Vlasov equation for absorbing diffusions on
the half-line. Ann. Appl. Probab. 27 2698–2752. MR3719945 https://doi.org/10.1214/16-AAP1256

[25] KURTZ, T. G. and XIONG, J. (1999). Particle representations for a class of nonlinear SPDEs. Stochastic
Process. Appl. 83 103–126. MR1705602 https://doi.org/10.1016/S0304-4149(99)00024-1

[26] KURTZ, T. G. and XIONG, J. (2001). Numerical solutions for a class of SPDEs with application to filtering.
In Stochastics in Finite and Infinite Dimensions. Trends Math. 233–258. Birkhäuser, Boston, MA.
MR1797090

[27] LASRY, J.-M. and LIONS, P.-L. (2006). Jeux à champ moyen. I. Le cas stationnaire. C. R. Math. Acad. Sci.
Paris 343 619–625. MR2269875 https://doi.org/10.1016/j.crma.2006.09.019

[28] LASRY, J.-M. and LIONS, P.-L. (2006). Jeux à champ moyen. II. Horizon fini et contrôle optimal. C. R.
Math. Acad. Sci. Paris 343 679–684. MR2271747 https://doi.org/10.1016/j.crma.2006.09.018

[29] LASRY, J.-M. and LIONS, P.-L. (2007). Mean field games. Jpn. J. Math. 2 229–260. MR2295621
https://doi.org/10.1007/s11537-007-0657-8

[30] LIONS, P.-L. and SZNITMAN, A.-S. (1984). Stochastic differential equations with reflecting boundary con-
ditions. Comm. Pure Appl. Math. 37 511–537. MR0745330 https://doi.org/10.1002/cpa.3160370408

[31] LUÇON, E. and STANNAT, W. (2014). Mean field limit for disordered diffusions with singular interactions.
Ann. Appl. Probab. 24 1946–1993. MR3226169 https://doi.org/10.1214/13-AAP968

[32] MARCHIORO, C. and PULVIRENTI, M. (1984). Vortex Methods in Two-Dimensional Fluid Dynamics. Lec-
ture Notes in Physics 203. Springer, Berlin. MR0750980

[33] NADTOCHIY, S. and SHKOLNIKOV, M. (2018). Mean field systems on networks, with singular interaction
through hitting times. Preprint. Available at arXiv:1807.02015.

[34] SAISHO, Y. (1987). Stochastic differential equations for multidimensional domain with reflecting boundary.
Probab. Theory Related Fields 74 455–477. MR0873889 https://doi.org/10.1007/BF00699100

[35] SKOROHOD, A. V. (1961). Stochastic equations for diffusion processes with a boundary. Teor. Veroyatn.
Primen. 6 287–298. MR0145598

[36] SKOROHOD, A. V. (1962). Stochastic equations for diffusion processes with boundaries. II. Teor. Veroyatn.
Primen. 7 5–25. MR0153047

http://arxiv.org/abs/arXiv:1507.01905
http://www.ams.org/mathscinet-getitem?mr=3513594
https://doi.org/10.1214/15-AAP1120
http://www.ams.org/mathscinet-getitem?mr=3954095
https://doi.org/10.1016/j.na.2019.05.003
http://arxiv.org/abs/arXiv:1905.07270
http://www.ams.org/mathscinet-getitem?mr=0885876
https://doi.org/10.1080/17442508708833446
http://www.ams.org/mathscinet-getitem?mr=3349003
https://doi.org/10.1214/14-AAP1044
http://www.ams.org/mathscinet-getitem?mr=3804792
https://doi.org/10.1016/j.spa.2017.09.010
http://www.ams.org/mathscinet-getitem?mr=3985562
https://doi.org/10.1016/j.spa.2018.09.007
http://www.ams.org/mathscinet-getitem?mr=3327367
https://doi.org/10.1007/s00033-014-0401-1
http://www.ams.org/mathscinet-getitem?mr=1110990
https://doi.org/10.1080/17442509108833688
http://www.ams.org/mathscinet-getitem?mr=3254330
https://doi.org/10.4171/JEMS/465
http://www.ams.org/mathscinet-getitem?mr=0998932
https://doi.org/10.1007/BF00354761
http://www.ams.org/mathscinet-getitem?mr=3783112
https://doi.org/10.1007/s00161-018-0629-7
http://www.ams.org/mathscinet-getitem?mr=3719945
https://doi.org/10.1214/16-AAP1256
http://www.ams.org/mathscinet-getitem?mr=1705602
https://doi.org/10.1016/S0304-4149(99)00024-1
http://www.ams.org/mathscinet-getitem?mr=1797090
http://www.ams.org/mathscinet-getitem?mr=2269875
https://doi.org/10.1016/j.crma.2006.09.019
http://www.ams.org/mathscinet-getitem?mr=2271747
https://doi.org/10.1016/j.crma.2006.09.018
http://www.ams.org/mathscinet-getitem?mr=2295621
https://doi.org/10.1007/s11537-007-0657-8
http://www.ams.org/mathscinet-getitem?mr=0745330
https://doi.org/10.1002/cpa.3160370408
http://www.ams.org/mathscinet-getitem?mr=3226169
https://doi.org/10.1214/13-AAP968
http://www.ams.org/mathscinet-getitem?mr=0750980
http://arxiv.org/abs/arXiv:1807.02015
http://www.ams.org/mathscinet-getitem?mr=0873889
https://doi.org/10.1007/BF00699100
http://www.ams.org/mathscinet-getitem?mr=0145598
http://www.ams.org/mathscinet-getitem?mr=0153047
https://doi.org/10.1080/17442508708833446
https://doi.org/10.1016/j.spa.2017.09.010
https://doi.org/10.1016/j.spa.2018.09.007
https://doi.org/10.1080/17442509108833688


[37] SZNITMAN, A.-S. (1984). Nonlinear reflecting diffusion process, and the propagation of chaos and fluc-
tuations associated. J. Funct. Anal. 56 311–336. MR0743844 https://doi.org/10.1016/0022-1236(84)
90080-6

[38] SZNITMAN, A.-S. (1991). Topics in propagation of chaos. In École D’Été de Probabilités de Saint-Flour
XIX—1989. Lecture Notes in Math. 1464 165–251. Springer, Berlin. MR1108185 https://doi.org/10.
1007/BFb0085169

[39] TANAKA, H. (1979). Stochastic differential equations with reflecting boundary condition in convex regions.
Hiroshima Math. J. 9 163–177. MR0529332

[40] TANAKA, H. (1984). Limit theorems for certain diffusion processes with interaction. In Stochastic Anal-
ysis (Katata/Kyoto, 1982). North-Holland Math. Library 32 469–488. North-Holland, Amsterdam.
MR0780770 https://doi.org/10.1016/S0924-6509(08)70405-7

[41] TOUBOUL, J. (2014). Propagation of chaos in neural fields. Ann. Appl. Probab. 24 1298–1328. MR3199987
https://doi.org/10.1214/13-AAP950

[42] WANG, R., WANG, X. and WU, L. (2010). Sanov’s theorem in the Wasserstein distance: A necessary and
sufficient condition. Statist. Probab. Lett. 80 505–512. MR2593592 https://doi.org/10.1016/j.spl.2009.
12.003

[43] WELLNER, J. A. (1981). A Glivenko–Cantelli theorem for empirical measures of independent but
nonidentically distributed random variables. Stochastic Process. Appl. 11 309–312. MR0622172
https://doi.org/10.1016/0304-4149(81)90033-8

http://www.ams.org/mathscinet-getitem?mr=0743844
https://doi.org/10.1016/0022-1236(84)90080-6
http://www.ams.org/mathscinet-getitem?mr=1108185
https://doi.org/10.1007/BFb0085169
http://www.ams.org/mathscinet-getitem?mr=0529332
http://www.ams.org/mathscinet-getitem?mr=0780770
https://doi.org/10.1016/S0924-6509(08)70405-7
http://www.ams.org/mathscinet-getitem?mr=3199987
https://doi.org/10.1214/13-AAP950
http://www.ams.org/mathscinet-getitem?mr=2593592
https://doi.org/10.1016/j.spl.2009.12.003
http://www.ams.org/mathscinet-getitem?mr=0622172
https://doi.org/10.1016/0304-4149(81)90033-8
https://doi.org/10.1016/0022-1236(84)90080-6
https://doi.org/10.1007/BFb0085169
https://doi.org/10.1016/j.spl.2009.12.003


The Annals of Applied Probability
2020, Vol. 30, No. 5, 2393–2438
https://doi.org/10.1214/20-AAP1561
© Institute of Mathematical Statistics, 2020

STOCHASTIC APPROXIMATION ON NONCOMPACT MEASURE SPACES
AND APPLICATION TO MEASURE-VALUED PÓLYA PROCESSES

BY CÉCILE MAILLER1 AND DENIS VILLEMONAIS2

1Department of Mathematical Sciences, University of Bath, c.mailler@bath.ac.uk
2Université de Lorraine, CNRS, Inria, IECL, denis.villemonais@univ-lorraine.fr

Our main result is to prove almost-sure convergence of a stochastic-
approximation algorithm defined on the space of measures on a noncompact
space. Our motivation is to apply this result to measure-valued Pólya pro-
cesses (MVPPs, also known as infinitely-many Pólya urns). Our main idea is
to use Foster–Lyapunov type criteria in a novel way to generalize stochastic-
approximation methods to measure-valued Markov processes with a noncom-
pact underlying space, overcoming in a fairly general context one of the major
difficulties of existing studies on this subject.

From the MVPPs point of view, our result implies almost-sure conver-
gence of a large class of MVPPs; this convergence was only obtained until
now for specific examples, with only convergence in probability established
for general classes. Furthermore, our approach allows us to extend the defini-
tion of MVPPs by adding “weights” to the different colors of the infinitely-
many-color urn. We also exhibit a link between non-“balanced” MVPPs and
quasi-stationary distributions of Markovian processes, which allows us to
treat, for the first time in the literature, the nonbalanced case.

Finally, we show how our result can be applied to designing stochastic-
approximation algorithms for the approximation of quasi-stationary distri-
butions of discrete- and continuous-time Markov processes on noncompact
spaces.
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RARITY OF EXTREMAL EDGES IN RANDOM SURFACES AND OTHER
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Motivated by questions on the delocalization of random surfaces, we
prove that random surfaces satisfying a Lipschitz constraint rarely develop
extremal gradients. Previous proofs of this fact relied on reflection positiv-
ity and were thus limited to random surfaces defined on highly symmetric
graphs, whereas our argument applies to general graphs. Our proof makes
use of a cluster algorithm and reflection transformation for random surfaces
of the type introduced by Swendsen–Wang, Wolff and Evertz et al. We dis-
cuss the general framework for such cluster algorithms, reviewing several
particular cases with emphasis on their use in obtaining theoretical results.
Two additional applications are presented: A reflection principle for random
surfaces and a proof that pair correlations in the spin O(n) model have mono-
tone densities, strengthening Griffiths’ first inequality for such correlations.
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We consider an infinite-server queue into which customers arrive accord-
ing to a Cox process and have independent service times with a general dis-
tribution. We prove a functional large deviations principle for the equilibrium
queue length process. The model is motivated by a linear feed-forward gene
regulatory network, in which the rate of protein synthesis is modulated by
the number of RNA molecules present in a cell. The system can be modelled
as a nonstandard tandem of infinite-server queues, in which the number of
customers present in a queue modulates the arrival rate into the next queue in
the tandem. We establish large deviation principles for this queueing system
in the asymptotic regime in which the arrival process is sped up, while the
service process is not scaled.
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The Bradley–Terry model is a fundamental model in the analysis of net-
work data involving paired comparison. Assuming every pair of subjects in
the network have an equal number of comparisons, Simons and Yao (Ann.
Statist. 27 (1999) 1041–1060) established an asymptotic theory for statistical
estimation in the Bradley–Terry model. In practice, when the size of the net-
work becomes large, the paired comparisons are generally sparse. The spar-
sity can be characterized by the probability pn that a pair of subjects have at
least one comparison, which tends to zero as the size of the network n goes to
infinity. In this paper, the asymptotic properties of the maximum likelihood
estimate of the Bradley–Terry model are shown under minimal conditions of
the sparsity. Specifically, the uniform consistency is proved when pn is as
small as the order of (logn)3/n, which is near the theoretical lower bound
logn/n by the theory of the Erdős–Rényi graph. Asymptotic normality and
inference are also provided. Evidence in support of the theory is presented in
simulation results, along with an application to the analysis of the ATP data.
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