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NONPARAMETRIC ESTIMATION FOR LINEAR SPDES FROM LOCAL
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BY RANDOLF ALTMEYER* AND MARKUS REISS†
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The coefficient function of the leading differential operator is estimated
from observations of a linear stochastic partial differential equation (SPDE).
The estimation is based on continuous time observations which are localised
in space. For the asymptotic regime with fixed time horizon and with the spa-
tial resolution of the observations tending to zero, we provide rate-optimal
estimators and establish scaling limits of the deterministic PDE and of the
SPDE on growing domains. The estimators are robust to lower order pertur-
bations of the underlying differential operator and achieve the parametric rate
even in the nonparametric setup with a spatially varying coefficient. A numer-
ical example illustrates the main results.
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We study the Crank–Nicolson scheme for stochastic differential equa-
tions (SDEs) driven by a multidimensional fractional Brownian motion with
Hurst parameter H > 1/2. It is well known that for ordinary differential equa-
tions with proper conditions on the regularity of the coefficients, the Crank–
Nicolson scheme achieves a convergence rate of n−2, regardless of the di-
mension. In this paper we show that, due to the interactions between the driv-
ing processes, the corresponding Crank–Nicolson scheme for m-dimensional
SDEs has a slower rate than for one-dimensional SDEs. Precisely, we shall
prove that when the fBm is one-dimensional and when the drift term is zero,
the Crank–Nicolson scheme achieves the convergence rate n−2H , and when

the drift term is nonzero, the exact rate turns out to be n− 1
2 −H . In the gen-

eral multidimensional case the exact rate equals n
1
2 −2H . In all these cases the

asymptotic error is proved to satisfy some linear SDE. We also consider the
degenerated cases when the asymptotic error equals zero.

REFERENCES

[1] ALDOUS, D. J. and EAGLESON, G. K. (1978). On mixing and stability of limit theorems. Ann. Probab. 6
325–331. MR0517416 https://doi.org/10.1214/aop/1176995577

[2] BILLINGSLEY, P. (1999). Convergence of Probability Measures, 2nd ed. Wiley Series in Probability and
Statistics: Probability and Statistics. Wiley, New York. A Wiley-Interscience Publication. MR1700749
https://doi.org/10.1002/9780470316962

[3] CORCUERA, J. M., NUALART, D. and PODOLSKIJ, M. (2014). Asymptotics of weighted random sums.
Commun. Appl. Ind. Math. 6 e-486, 11. MR3277312 https://doi.org/10.1685/journal.caim.486

[4] DAVIE, A. M. (2008). Differential equations driven by rough paths: An approach via discrete approximation.
Appl. Math. Res. Express. AMRX Art. ID abm009, 40. [Issue information previously given as no. 2
(2007)]. MR2387018

[5] DEYA, A., NEUENKIRCH, A. and TINDEL, S. (2012). A Milstein-type scheme without Lévy area terms
for SDEs driven by fractional Brownian motion. Ann. Inst. Henri Poincaré Probab. Stat. 48 518–550.
MR2954265 https://doi.org/10.1214/10-AIHP392

[6] FRIZ, P. and RIEDEL, S. (2014). Convergence rates for the full Gaussian rough paths. Ann. Inst. Henri
Poincaré Probab. Stat. 50 154–194. MR3161527 https://doi.org/10.1214/12-AIHP507

[7] FRIZ, P. K. and VICTOIR, N. B. (2010). Multidimensional Stochastic Processes as Rough Paths: Theory and
Applications. Cambridge Studies in Advanced Mathematics 120. Cambridge Univ. Press, Cambridge.
MR2604669 https://doi.org/10.1017/CBO9780511845079

[8] GIRAITIS, L. and SURGAILIS, D. (1985). CLT and other limit theorems for functionals of Gaussian pro-
cesses. Z. Wahrsch. Verw. Gebiete 70 191–212. MR0799146 https://doi.org/10.1007/BF02451428

[9] GRADINARU, M. and NOURDIN, I. (2009). Milstein’s type schemes for fractional SDEs. Ann. Inst. Henri
Poincaré Probab. Stat. 45 1085–1098. MR2572165 https://doi.org/10.1214/08-AIHP196

[10] HU, Y., LIU, Y. and NUALART, D. (2016). Rate of convergence and asymptotic error distribution of Eu-
ler approximation schemes for fractional diffusions. Ann. Appl. Probab. 26 1147–1207. MR3476635
https://doi.org/10.1214/15-AAP1114

MSC2020 subject classifications. Primary 60F17; secondary 60H10, 60H35, 65C30.
Key words and phrases. Fractional Brownian motion, stochastic differential equations, Crank–Nicolson

scheme, strong convergence, exact rate, degenerate equations, Lie bracket, limiting distribution, fractional cal-
culus, Malliavin calculus.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/20-AAP1582
http://www.imstat.org
mailto:yaozhong@ualberta.ca
mailto:yanghui.liu@baruch.cuny.edu
mailto:nualart@ku.edu
http://www.ams.org/mathscinet-getitem?mr=0517416
https://doi.org/10.1214/aop/1176995577
http://www.ams.org/mathscinet-getitem?mr=1700749
https://doi.org/10.1002/9780470316962
http://www.ams.org/mathscinet-getitem?mr=3277312
https://doi.org/10.1685/journal.caim.486
http://www.ams.org/mathscinet-getitem?mr=2387018
http://www.ams.org/mathscinet-getitem?mr=2954265
https://doi.org/10.1214/10-AIHP392
http://www.ams.org/mathscinet-getitem?mr=3161527
https://doi.org/10.1214/12-AIHP507
http://www.ams.org/mathscinet-getitem?mr=2604669
https://doi.org/10.1017/CBO9780511845079
http://www.ams.org/mathscinet-getitem?mr=0799146
https://doi.org/10.1007/BF02451428
http://www.ams.org/mathscinet-getitem?mr=2572165
https://doi.org/10.1214/08-AIHP196
http://www.ams.org/mathscinet-getitem?mr=3476635
https://doi.org/10.1214/15-AAP1114
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[11] HU, Y., LIU, Y. and NUALART, D. (2016). Taylor schemes for rough differential equations and fractional
diffusions. Discrete Contin. Dyn. Syst. Ser. B 21 3115–3162. MR3567804 https://doi.org/10.3934/
dcdsb.2016090

[12] JACOD, J. and SHIRYAEV, A. N. (2003). Limit Theorems for Stochastic Processes, 2nd ed. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 288. Springer,
Berlin. MR1943877 https://doi.org/10.1007/978-3-662-05265-5

[13] LIU, Y. and TINDEL, S. (2019). First-order Euler scheme for SDEs driven by fractional Brownian motions:
The rough case. Ann. Appl. Probab. 29 758–826. MR3910017 https://doi.org/10.1214/17-AAP1374

[14] LYONS, T. (1994). Differential equations driven by rough signals. I. An extension of an inequality of L. C.
Young. Math. Res. Lett. 1 451–464. MR1302388 https://doi.org/10.4310/MRL.1994.v1.n4.a5

[15] MISHURA, YU. and SHEVCHENKO, G. (2008). The rate of convergence for Euler approximations of so-
lutions of stochastic differential equations driven by fractional Brownian motion. Stochastics 80 489–
511. MR2456334 https://doi.org/10.1080/17442500802024892

[16] NAGANUMA, N. (2015). Asymptotic error distributions of the Crank–Nicholson scheme for SDEs driven by
fractional Brownian motion. J. Theoret. Probab. 28 1082–1124. MR3413970 https://doi.org/10.1007/
s10959-014-0539-y

[17] NEUENKIRCH, A. (2006). Optimal approximation of SDE’s with additive fractional noise. J. Complexity 22
459–474. MR2246891 https://doi.org/10.1016/j.jco.2006.02.001

[18] NEUENKIRCH, A. and NOURDIN, I. (2007). Exact rate of convergence of some approximation schemes
associated to SDEs driven by a fractional Brownian motion. J. Theoret. Probab. 20 871–899.
MR2359060 https://doi.org/10.1007/s10959-007-0083-0

[19] NEUENKIRCH, A., TINDEL, S. and UNTERBERGER, J. (2010). Discretizing the fractional Lévy area.
Stochastic Process. Appl. 120 223–254. MR2576888 https://doi.org/10.1016/j.spa.2009.10.007

[20] NOURDIN, I. and PECCATI, G. (2012). Normal Approximations with Malliavin Calculus: From Stein’s
Method to Universality. Cambridge Tracts in Mathematics 192. Cambridge Univ. Press, Cambridge.
MR2962301 https://doi.org/10.1017/CBO9781139084659

[21] NUALART, D. (2006). The Malliavin Calculus and Related Topics, 2nd ed. Probability and Its Applications
(New York). Springer, Berlin. MR2200233

[22] NUALART, D. and PECCATI, G. (2005). Central limit theorems for sequences of multiple stochastic inte-
grals. Ann. Probab. 33 177–193. MR2118863 https://doi.org/10.1214/009117904000000621
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We resolve a long-standing conjecture of Wilson (Ann. Appl. Probab. 14
(2004) 274–325), reiterated by Oliveira (2016), asserting that the mixing time
of the interchange process with unit edge rates on the n-dimensional hyper-
cube is of order n. This follows from a sharp inequality established at the
level of Dirichlet forms, from which we also deduce that macroscopic cycles
emerge in constant time, and that the log-Sobolev constant of the exclusion
process is of order 1. Beyond the hypercube, our results apply to cartesian
products of arbitrary graphs of fixed size, shedding light on a broad conjec-
ture of Oliveira (Ann. Probab. 41 (2013) 871–913).
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We consider the continuous time symmetric random walk with a slow
bond on Z, which rates are equal to 1/2 for all bonds, except for the bond
of vertices {−1,0}, which associated rate is given by αn−β/2, where α > 0
and β ∈ [0,∞] are the parameters of the model. We prove here a functional
central limit theorem for the random walk with a slow bond: if β ∈ [0,1),
then it converges to the usual Brownian motion. If β ∈ (1,∞], then it con-
verges to the reflected Brownian motion. And at the critical value β = 1,
it converges to the snapping out Brownian motion (SNOB) of parameter
κ = 2α, which is a Brownian type-process recently constructed by A. Lejay
in Ann. Appl. Probab. 26 (2016) 1727–1742. We also provide Berry–Esseen
estimates in the dual bounded Lipschitz metric for the weak convergence of
one-dimensional distributions, which we believe to be sharp.
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THE RANDOM CONNECTION MODEL AND FUNCTIONS OF
EDGE-MARKED POISSON PROCESSES: SECOND ORDER PROPERTIES

AND NORMAL APPROXIMATION
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The random connection model is a random graph whose vertices are
given by the points of a Poisson process and whose edges are obtained by
randomly connecting pairs of Poisson points in a position dependent but in-
dependent way. We study first and second order properties of the numbers of
components isomorphic to given finite connected graphs. For increasing ob-
servation windows in an Euclidean setting we prove qualitative multivariate
and quantitative univariate central limit theorems for these component counts
as well as a qualitative central limit theorem for the total number of finite
components. To this end we first derive general results for functions of edge
marked Poisson processes, which we believe to be of independent interest.
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[9] ERDŐS, P. and RÉNYI, A. (1959). On random graphs. I. Publ. Math. Debrecen 6 290–297. MR0120167
[10] FRANCESCHETTI, M. and MEESTER, R. (2007). Random Networks for Communication: From Statistical

Physics to Information Systems. Cambridge Series in Statistical and Probabilistic Mathematics 24.
Cambridge Univ. Press, Cambridge. MR2398551

[11] GILBERT, E. N. (1959). Random graphs. Ann. Math. Stat. 30 1141–1144. MR0108839 https://doi.org/10.
1214/aoms/1177706098

[12] GILBERT, E. N. (1961). Random plane networks. J. Soc. Indust. Appl. Math. 9 533–543. MR0132566
[13] GILES, A. P., GEORGIOU, O. and DETTMANN, C. P. (2016). Connectivity of soft random geometric graphs

over annuli. J. Stat. Phys. 162 1068–1083. MR3456988 https://doi.org/10.1007/s10955-015-1436-1
[14] GRACAR, P., GRAUER, A., LÜCHTRATH, L. and MÖRTERS, P. (2019). The age-dependent random con-

nection model. Queueing Syst. 93 309–331. MR4032928 https://doi.org/10.1007/s11134-019-09625-y
[15] GRIMMETT, G. R., KEANE, M. and MARSTRAND, J. M. (1984). On the connectedness of a ran-

dom graph. Math. Proc. Cambridge Philos. Soc. 96 151–166. MR0743711 https://doi.org/10.1017/
S0305004100062034

MSC2020 subject classifications. 60F05, 60D05, 05C80, 60G55.
Key words and phrases. Random connection model, component count, covariance structure, central limit the-

orem, Poisson process, edge marking, Gilbert graph, random geometric graph.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/20-AAP1585
http://www.imstat.org
mailto:guenter.last@kit.edu
mailto:franz.nestmann2@kit.edu
mailto:m.schulte@hw.ac.uk
http://www.ams.org/mathscinet-getitem?mr=1864966
https://doi.org/10.1017/CBO9780511814068
http://www.ams.org/mathscinet-getitem?mr=0672305
http://www.ams.org/mathscinet-getitem?mr=1206675
https://doi.org/10.1002/rsa.3240040205
http://www.ams.org/mathscinet-getitem?mr=3112435
https://doi.org/10.1214/12-AIHP480
http://www.ams.org/mathscinet-getitem?mr=3497602
http://www.ams.org/mathscinet-getitem?mr=3986777
https://doi.org/10.1007/s40304-018-0142-0
http://www.ams.org/mathscinet-getitem?mr=3657789
https://doi.org/10.1103/physreve.93.032313
http://www.ams.org/mathscinet-getitem?mr=3249224
https://doi.org/10.1017/S0963548313000631
http://www.ams.org/mathscinet-getitem?mr=0120167
http://www.ams.org/mathscinet-getitem?mr=2398551
http://www.ams.org/mathscinet-getitem?mr=0108839
https://doi.org/10.1214/aoms/1177706098
http://www.ams.org/mathscinet-getitem?mr=0132566
http://www.ams.org/mathscinet-getitem?mr=3456988
https://doi.org/10.1007/s10955-015-1436-1
http://www.ams.org/mathscinet-getitem?mr=4032928
https://doi.org/10.1007/s11134-019-09625-y
http://www.ams.org/mathscinet-getitem?mr=0743711
https://doi.org/10.1017/S0305004100062034
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/aoms/1177706098
https://doi.org/10.1017/S0305004100062034


[16] HUG, D., LAST, G. and SCHULTE, M. (2016). Second-order properties and central limit theorems for geo-
metric functionals of Boolean models. Ann. Appl. Probab. 26 73–135. MR3449314 https://doi.org/10.
1214/14-AAP1086

[17] IYER, S. K. (2018). The random connection model: Connectivity, edge lengths, and degree distributions.
Random Structures Algorithms 52 283–300. MR3758960 https://doi.org/10.1002/rsa.20741

[18] JANSON, S., ŁUCZAK, T. and RUCINSKI, A. (2000). Random Graphs. Wiley-Interscience Series in Discrete
Mathematics and Optimization. Wiley Interscience, New York. MR1782847 https://doi.org/10.1002/
9781118032718

[19] KALLENBERG, O. (2002). Foundations of Modern Probability, 2nd ed. Probability and Its Applications
(New York). Springer, New York. MR1876169 https://doi.org/10.1007/978-1-4757-4015-8

[20] KALLENBERG, O. (2017). Random Measures, Theory and Applications. Probability Theory and Stochastic
Modelling 77. Springer, Cham. MR3642325 https://doi.org/10.1007/978-3-319-41598-7

[21] LAST, G., PECCATI, G. and SCHULTE, M. (2016). Normal approximation on Poisson spaces: Mehler’s
formula, second order Poincaré inequalities and stabilization. Probab. Theory Related Fields 165 667–
723. MR3520016 https://doi.org/10.1007/s00440-015-0643-7

[22] LAST, G. and PENROSE, M. (2018). Lectures on the Poisson Process. Institute of Mathematical Statistics
Textbooks 7. Cambridge Univ. Press, Cambridge. MR3791470

[23] LAST, G. and PENROSE, M. D. (2011). Martingale representation for Poisson processes with applications to
minimal variance hedging. Stochastic Process. Appl. 121 1588–1606. MR2802467 https://doi.org/10.
1016/j.spa.2011.03.014

[24] MAO, G. and ANDERSON, B. (2012). Towards a better understanding of large-scale network models.
IEEE/ACM Trans. Netw. 20 408–421.

[25] MEESTER, R. and ROY, R. (1996). Continuum Percolation. Cambridge Tracts in Mathematics 119. Cam-
bridge Univ. Press, Cambridge. MR1409145 https://doi.org/10.1017/CBO9780511895357

[26] PECCATI, G. and REITZNER, M., eds. (2016). Stochastic Analysis for Poisson Point Processes: Malli-
avin Calculus, Wiener–Itô Chaos Expansions and Stochastic Geometry. Bocconi & Springer Series 7.
Springer, Cham. MR3444831 https://doi.org/10.1007/978-3-319-05233-5

[27] PENROSE, M. (2003). Random Geometric Graphs. Oxford Studies in Probability 5. Oxford Univ. Press,
Oxford. MR1986198 https://doi.org/10.1093/acprof:oso/9780198506263.001.0001

[28] PENROSE, M. D. (1991). On a continuum percolation model. Adv. in Appl. Probab. 23 536–556.
MR1122874 https://doi.org/10.2307/1427621

[29] PENROSE, M. D. (2016). Connectivity of soft random geometric graphs. Ann. Appl. Probab. 26 986–1028.
MR3476631 https://doi.org/10.1214/15-AAP1110

[30] PENROSE, M. D. (2018). Inhomogeneous random graphs, isolated vertices, and Poisson approximation. J.
Appl. Probab. 55 112–136. MR3780386 https://doi.org/10.1017/jpr.2018.9

[31] ROY, R. and SARKAR, A. (2003). High density asymptotics of the Poisson random connection model. Phys.
A 318 230–242.

[32] SCHNEIDER, R. (2014). Convex Bodies: The Brunn–Minkowski Theory, expanded ed. Encyclopedia of
Mathematics and Its Applications 151. Cambridge Univ. Press, Cambridge. MR3155183

[33] VAN DE BRUG, T. and MEESTER, R. (2004). On central limit theorems in the random connection model.
Phys. A 332 263–278. MR2048371 https://doi.org/10.1016/j.physa.2003.10.003

[34] VAN DER HOFSTAD, R. (2017). Random Graphs and Complex Networks. Vol. 1. Cambridge Series
in Statistical and Probabilistic Mathematics 43. Cambridge Univ. Press, Cambridge. MR3617364
https://doi.org/10.1017/9781316779422

http://www.ams.org/mathscinet-getitem?mr=3449314
https://doi.org/10.1214/14-AAP1086
http://www.ams.org/mathscinet-getitem?mr=3758960
https://doi.org/10.1002/rsa.20741
http://www.ams.org/mathscinet-getitem?mr=1782847
https://doi.org/10.1002/9781118032718
http://www.ams.org/mathscinet-getitem?mr=1876169
https://doi.org/10.1007/978-1-4757-4015-8
http://www.ams.org/mathscinet-getitem?mr=3642325
https://doi.org/10.1007/978-3-319-41598-7
http://www.ams.org/mathscinet-getitem?mr=3520016
https://doi.org/10.1007/s00440-015-0643-7
http://www.ams.org/mathscinet-getitem?mr=3791470
http://www.ams.org/mathscinet-getitem?mr=2802467
https://doi.org/10.1016/j.spa.2011.03.014
http://www.ams.org/mathscinet-getitem?mr=1409145
https://doi.org/10.1017/CBO9780511895357
http://www.ams.org/mathscinet-getitem?mr=3444831
https://doi.org/10.1007/978-3-319-05233-5
http://www.ams.org/mathscinet-getitem?mr=1986198
https://doi.org/10.1093/acprof:oso/9780198506263.001.0001
http://www.ams.org/mathscinet-getitem?mr=1122874
https://doi.org/10.2307/1427621
http://www.ams.org/mathscinet-getitem?mr=3476631
https://doi.org/10.1214/15-AAP1110
http://www.ams.org/mathscinet-getitem?mr=3780386
https://doi.org/10.1017/jpr.2018.9
http://www.ams.org/mathscinet-getitem?mr=3155183
http://www.ams.org/mathscinet-getitem?mr=2048371
https://doi.org/10.1016/j.physa.2003.10.003
http://www.ams.org/mathscinet-getitem?mr=3617364
https://doi.org/10.1017/9781316779422
https://doi.org/10.1214/14-AAP1086
https://doi.org/10.1002/9781118032718
https://doi.org/10.1016/j.spa.2011.03.014


The Annals of Applied Probability
2021, Vol. 31, No. 1, 169–198
https://doi.org/10.1214/20-AAP1586
© Institute of Mathematical Statistics, 2021

THE MAJORITY VOTE PROCESS AND OTHER
CONSENSUS PROCESSES ON TREES

BY MAURY BRAMSON* AND LAWRENCE F. GRAY†

School of Mathematics, University of Minnesota, *bramson@math.umn.edu; †gray@math.umn.edu

The majority vote process was one of the first interacting particle sys-
tems to be investigated. It can be described briefly as follows. There are two
possible opinions at each site of a graph G. At rate 1 − ε, the opinion at a
site aligns with the majority opinion at its neighboring sites and, at rate ε, the
opinion at a site is randomized due to noise, where ε ∈ [0,1] is a parameter.

Despite the simple dynamics of the majority vote process, its equilibrium
behavior is difficult to analyze when the noise rate is small but positive. In
particular, when the underlying graph is G = Z

n with n ≥ 2, it is not known
whether the process possesses more than one equilibrium. This is surprising,
especially in light of the close analogy between this model and the stochastic
Ising model, where much more is known.

Here, we study the majority vote process on the infinite tree Td with vertex
degree d. For d ≥ 5 and small noise, we show that there are uncountably
many mutually singular equilibria, with convergence to such an equilibrium
occurring exponentially quickly from nearby initial states.

Our methods are quite flexible and extend to a broader class of models,
consensus processes. This class includes the stochastic Ising model and other
processes in which the dynamics at a site depend on the number of neighbors
holding a given opinion. All of our proofs are carried out in this broader
context.
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We study a class of reinforcement models involving a Poisson process on
the vertices of certain infinite graphs G. When a vertex fires, one of the edges
incident to that vertex is selected. The edge selection is biased towards edges
that have been selected many times previously, and a parameter α governs the
strength of this bias.

We show that for various graphs (including all graphs of bounded degree),
if α � 1 (the very strong reinforcement regime) then the random subgraph
consisting of edges that are ever selected by this process does not percolate
(all connected components are finite).

Combined with results appearing in a companion paper, this proves that
on these graphs, with α sufficiently large, all connected components are in
fact trees. If the Poisson firing rates are constant over the vertices, then these
trees are of diameter at most 3.

The proof of nonpercolation relies on coupling with a percolation-type
model that may be of interest in its own right.
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In the polluted bootstrap percolation model, vertices of the cubic lattice
Z

3 are independently declared initially occupied with probability p or closed
with probability q, where p + q ≤ 1. Under the standard (respectively, mod-
ified) bootstrap rule, a vertex becomes occupied at a subsequent step if it is
not closed and it has at least 3 occupied neighbors (respectively, an occupied
neighbor in each coordinate). We study the final density of occupied vertices
as p,q → 0. We show that this density converges to 1 if q � p3(logp−1)−3

for both standard and modified rules. Our principal result is a complementary
bound with a matching power for the modified model: there exists C such
that the final density converges to 0 if q > Cp3. For the standard model, we
establish convergence to 0 under the stronger condition q > Cp2.
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A Cramér-type moderate deviation theorem quantifies the relative error
of the tail probability approximation. It provides a criterion whether the lim-
iting tail probability can be used to estimate the tail probability under study.
Chen, Fang and Shao (2013) obtained a general Cramér-type moderate result
using Stein’s method when the limiting was a normal distribution. In this pa-
per, Cramér-type moderate deviation theorems are established for nonnormal
approximation under a general Stein identity, which is satisfied via the ex-
changeable pair approach and Stein’s coupling. In particular, a Cramér-type
moderate deviation theorem is obtained for the general Curie–Weiss model
and the imitative monomer-dimer mean-field model.
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We consider uniform random domino tilings of the restricted Aztec dia-
mond which is obtained by cutting off an upper triangular part of the Aztec
diamond by a horizontal line. The restriction line asymptotically touches the
arctic circle that is the limit shape of the north polar region in the unrestricted
model. We prove that the rescaled boundary of the north polar region in the
restricted domain converges to the Airy2 process conditioned to stay below
a parabola with explicit continuous statistics and the finite dimensional dis-
tribution kernels. The limit is the hard-edge tacnode process which was first
discovered in the framework of nonintersecting Brownian bridges. The proof
relies on a random walk representation of the correlation kernel of the nonin-
tersecting line ensemble which corresponds to a random tiling.
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[18] FERRARI, P. L. and VETŐ, B. (2012). Non-colliding Brownian bridges and the asymmetric tacnode process.
Electron. J. Probab. 17 no. 44, 1–17. MR2946151 https://doi.org/10.1214/EJP.v17-1811
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GUE × GUE LIMIT LAW AT HARD SHOCKS IN ASEP

BY PETER NEJJAR

Institute of Applied Mathematics, Bonn University, nejjar@iam.uni-bonn.de

We consider the asymmetric simple exclusion process (ASEP) on Z with
initial data such that in the large time particle density ρ(·) a discontinuity
(shock) at the origin is created. At the shock, the value of ρ jumps from
zero to one, but ρ(−ε),1 − ρ(ε) > 0 for any ε > 0. We are interested in the
rescaled position of a tagged particle which enters the shock with positive
probability. We show that, inside the shock region, the particle position has
the KPZ-typical 1/3 fluctuations, a FGUE × FGUE limit law and a degener-
ated correlation length. Outside the shock region, the particle fluctuates as if
there was no shock. Our arguments are mostly probabilistic, in particular, the
mixing times of countable state space ASEPs are instrumental to study the
fluctuations at shocks.
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We say that one point process on the line R mimics another at a band-
width B if for each n ≥ 1 the two point processes have n-level correlation
functions that agree when integrated against all band-limited test functions
on bandwidth [−B,B]. This paper asks the question of for what values a and
B can a given point process on the real line be mimicked at bandwidth B by
a point process supported on the lattice aZ. For Poisson point processes we
give a complete answer for allowed parameter ranges (a,B), and for the sine
process we give existence and nonexistence regions for parameter ranges. The
results for the sine process have an application to the alternative hypothesis
regarding the scaled spacing of zeros of the Riemann zeta function, given in
a companion paper.
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We prove optimal quantitative estimates on the first-order correctors on
supercritical percolation clusters: we show that they are bounded in dimen-
sion larger than 3 and have logarithmic growth in dimension 2 in the sense
of stretched exponential moments. The main ingredients are a renormaliza-
tion scheme of the supercritical percolation cluster, following the works of
Pisztora (Probab. Theory Related Fields 104 (1996) 427–466); large-scale
regularity estimates developed by Armstrong and the author in (Comm. Pure
Appl. Math. 71 (2018) 1717–1849); and a nonlinear concentration inequal-
ity of the Efron–Stein type which is used to transfer quantitative information
from the environment to the correctors.
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Recently, we proposed a new stochastic interpretation of the parabolic-
parabolic Keller–Segel system without cut-off via a McKean–Vlasov stochas-
tic process. The process was defined through an original type of interaction
kernel which involved, in a singular way, all its past time marginal distri-
butions. In the present paper, we study this McKean–Vlasov representation
in the two-dimensional case. In this setting, there exists a possibility of a
blow-up in finite time for the Keller–Segel system if some parameters of the
model are large. Indeed, we prove the global in time well-posedness of the
McKean–Vlasov process under some constraints involving a parameter of the
model and the initial datum. Under these constraints, we also prove the global
well-posedness for the Keller–Segel model in the plane.
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REPRESENTATION OF OPEN-LOOP OPTIMAL CONTROLS
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This paper is concerned with a stochastic linear-quadratic optimal control
problem in a finite time horizon, where the coefficients of the control system
are allowed to be random, and the weighting matrices in the cost functional
are allowed to be random and indefinite. It is shown, with a Hilbert space ap-
proach, that for the existence of an open-loop optimal control, the convexity
of the cost functional (with respect to the control) is necessary; and the uni-
form convexity, which is slightly stronger, turns out to be sufficient, which
also leads to the unique solvability of the associated stochastic Riccati equa-
tion. Further, it is shown that the open-loop optimal control admits a closed-
loop representation. In addition, some sufficient conditions are obtained for
the uniform convexity of the cost functional, which are strictly more general
than the classical conditions that the weighting matrix-valued processes are
positive (semi-) definite.
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