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Let X = (X1,X2) be a two-dimensional random variable and X(n),
n ∈ N, a sequence of i.i.d. copies of X. The associated random walk is
S(n) = X(1)+· · ·+X(n). The corresponding absorbed-reflected walk W(n),
n ∈ N, in the first quadrant is given by W(0) = x ∈ R

2+ and W(n) =
max{0,W(n − 1) − X(n)}, where the maximum is taken coordinate-wise.
This is often called the Lindley process and models the waiting times in a
two-server queue. We characterize recurrence of this process, assuming suit-
able, rather mild moment conditions on X. It turns out that this is directly
related with the tail asymptotics of the exit time of the random walk x +S(n)

from the quadrant, so that the main part of this paper is devoted to an analysis
of that exit time in relation with the drift vector, that is, the expectation of X.
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We study mean field games with scalar Itô-type dynamics and costs that
are submodular with respect to a suitable order relation on the state and mea-
sure space. The submodularity assumption has a number of interesting conse-
quences. First, it allows us to prove existence of solutions via an application
of Tarski’s fixed point theorem, covering cases with discontinuous depen-
dence on the measure variable. Second, it ensures that the set of solutions
enjoys a lattice structure: in particular, there exist minimal and maximal so-
lutions. Third, it guarantees that those two solutions can be obtained through
a simple learning procedure based on the iterations of the best-response-map.
The mean field game is first defined over ordinary stochastic controls, then
extended to relaxed controls. Our approach also allows us to prove existence
of a strong solution for a class of submodular mean field games with com-
mon noise, where the representative player at equilibrium interacts with the
(conditional) mean of its state’s distribution.
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A SIMPLE FOURIER ANALYTIC PROOF OF THE AKT OPTIMAL
MATCHING THEOREM
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We present a short and elementary proof of the Ajtai–Komlós–Tusnády
(AKT) optimal matching theorem in dimension 2 via Fourier analysis and a
smoothing argument. The upper bound applies to more general families of
samples, including dependent variables, of interest in the study of rates of
convergence for empirical measures. Following the recent pde approach by
L. Ambrosio, F. Stra and D. Trevisan, we also adapt a simple proof of the
lower bound.

REFERENCES

[1] ACERBI, E. and FUSCO, N. (1984). Semicontinuity problems in the calculus of variations. Arch. Ration.
Mech. Anal. 86 125–145. MR0751305 https://doi.org/10.1007/BF00275731

[2] AJTAI, M., KOMLÓS, J. and TUSNÁDY, G. (1984). On optimal matchings. Combinatorica 4 259–264.
MR0779885 https://doi.org/10.1007/BF02579135

[3] AMBROSIO, L., STRA, F. and TREVISAN, D. (2019). A PDE approach to a 2-dimensional match-
ing problem. Probab. Theory Related Fields 173 433–477. MR3916111 https://doi.org/10.1007/
s00440-018-0837-x

[4] BARTHE, F. and BORDENAVE, C. (2013). Combinatorial optimization over two random point sets. In
Séminaire de Probabilités XLV. Lecture Notes in Math. 2078 483–535. Springer, Cham. MR3185927
https://doi.org/10.1007/978-3-319-00321-4_19

[5] BOBKOV, S. and LEDOUX, M. (2019). One-dimensional empirical measures, order statistics, and Kan-
torovich transport distances. Mem. Amer. Math. Soc. 261 v+126. MR4028181 https://doi.org/10.1090/
memo/1259

[6] BRADLEY, R. C. (2005). Basic properties of strong mixing conditions. A survey and some open questions.
Probab. Surv. 2 107–144. MR2178042 https://doi.org/10.1214/154957805100000104

[7] BRADLEY, R. C. (2007). Introduction to Strong Mixing Conditions. Vols. 1–3. Kendrick Press, Heber City,
UT. MR2325295

[8] COFFMAN, E. G. JR. and SHOR, P. W. (1991). A simple proof of the O(
√

n log3/4 n) upright matching
bound. SIAM J. Discrete Math. 4 48–57. MR1090288 https://doi.org/10.1137/0404005

[9] DEREICH, S., SCHEUTZOW, M. and SCHOTTSTEDT, R. (2013). Constructive quantization: Approxima-
tion by empirical measures. Ann. Inst. Henri Poincaré Probab. Stat. 49 1183–1203. MR3127919
https://doi.org/10.1214/12-AIHP489

[10] DUDLEY, R. M. (1968). The speed of mean Glivenko–Cantelli convergence. Ann. Math. Stat. 40 40–50.
MR0236977 https://doi.org/10.1214/aoms/1177697802

[11] DUDLEY, R. M. (2002). Real Analysis and Probability. Cambridge Studies in Advanced Mathematics 74.
Cambridge Univ. Press, Cambridge. MR1932358 https://doi.org/10.1017/CBO9780511755347

[12] FOURNIER, N. and GUILLIN, A. (2015). On the rate of convergence in Wasserstein distance of the em-
pirical measure. Probab. Theory Related Fields 162 707–738. MR3383341 https://doi.org/10.1007/
s00440-014-0583-7

[13] HAHN, M. G. and SHAO, Y. (1992). An exposition of Talagrand’s mini-course on matching theorems. In
Probability in Banach Spaces, 8 (Brunswick, ME, 1991). Progress in Probability 30 3–38. Birkhäuser,
Boston, MA. MR1227607

[14] HOLDEN, N., PERES, Y. and ZHAI, A. (2018). Gravitational allocation on the sphere. Proc. Natl. Acad.
Sci. USA 115 9666–9671. MR3860784 https://doi.org/10.1073/pnas.1720804115

MSC2020 subject classifications. Primary 60D05, 49Q22; secondary 62G30, 60H15, 58J35, 49J55.
Key words and phrases. Optimal matching, Ajtai–Komlós–Tusnády theorem, Fourier analysis, heat kernel

smoothing, empirical measure.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/20-AAP1656
http://www.imstat.org
mailto:bobkov@math.umn.edu
mailto:ledoux@math.univ-toulouse.fr
http://www.ams.org/mathscinet-getitem?mr=0751305
https://doi.org/10.1007/BF00275731
http://www.ams.org/mathscinet-getitem?mr=0779885
https://doi.org/10.1007/BF02579135
http://www.ams.org/mathscinet-getitem?mr=3916111
https://doi.org/10.1007/s00440-018-0837-x
http://www.ams.org/mathscinet-getitem?mr=3185927
https://doi.org/10.1007/978-3-319-00321-4_19
http://www.ams.org/mathscinet-getitem?mr=4028181
https://doi.org/10.1090/memo/1259
http://www.ams.org/mathscinet-getitem?mr=2178042
https://doi.org/10.1214/154957805100000104
http://www.ams.org/mathscinet-getitem?mr=2325295
http://www.ams.org/mathscinet-getitem?mr=1090288
https://doi.org/10.1137/0404005
http://www.ams.org/mathscinet-getitem?mr=3127919
https://doi.org/10.1214/12-AIHP489
http://www.ams.org/mathscinet-getitem?mr=0236977
https://doi.org/10.1214/aoms/1177697802
http://www.ams.org/mathscinet-getitem?mr=1932358
https://doi.org/10.1017/CBO9780511755347
http://www.ams.org/mathscinet-getitem?mr=3383341
https://doi.org/10.1007/s00440-014-0583-7
http://www.ams.org/mathscinet-getitem?mr=1227607
http://www.ams.org/mathscinet-getitem?mr=3860784
https://doi.org/10.1073/pnas.1720804115
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/s00440-018-0837-x
https://doi.org/10.1090/memo/1259
https://doi.org/10.1007/s00440-014-0583-7


[15] LEDOUX, M. (2017). On optimal matching of Gaussian samples. Zap. Nauchn. Sem. S.-Peterburg. Otdel.
Mat. Inst. Steklov. (POMI) 457 226–264. MR3723584

[16] LEIGHTON, T. and SHOR, P. (1989). Tight bounds for minimax grid matching with applications to the
average case analysis of algorithms. Combinatorica 9 161–187. MR1030371 https://doi.org/10.1007/
BF02124678

[17] PEYRE, R. (2018). Comparison between W2 distance and Ḣ−1 norm, and localization of Wasserstein dis-
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We investigate the behaviour of a finite chain of Brownian particles, in-
teracting through a pairwise linear force, with one end of the chain fixed and
the other end pulled away at slow speed, in the limit of slow speed and small
Brownian noise.

We study the instant when the chain “breaks,” that is, the distance between
two neighbouring particles becomes larger than a certain threshold. There are
three different regimes depending on the relation between the speed of pulling
and the Brownian noise. We provide weak limit theorems for the break time
and the break position for each regime.
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RANDOMIZED HAMILTONIAN MONTE CARLO AS SCALING LIMIT OF
THE BOUNCY PARTICLE SAMPLER AND DIMENSION-FREE
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The bouncy particle sampler is a Markov chain Monte Carlo method
based on a nonreversible piecewise deterministic Markov process. In this
scheme, a particle explores the state space of interest by evolving according
to a linear dynamics which is altered by bouncing on the hyperplane perpen-
dicular to the gradient of the negative log-target density at the arrival times
of an inhomogeneous poisson process (PP) and by randomly perturbing its
velocity at the arrival times of a homogeneous PP. Under regularity condi-
tions, we show here that the process corresponding to the first component
of the particle and its corresponding velocity converges weakly towards a
randomized Hamiltonian Monte Carlo (RHMC) process as the dimension of
the ambient space goes to infinity. RHMC is another piecewise determinis-
tic nonreversible Markov process where a Hamiltonian dynamics is altered
at the arrival times of a homogeneous PP by randomly perturbing the mo-
mentum component. We then establish dimension-free convergence rates for
RHMC for strongly log-concave targets with bounded Hessians using cou-
pling ideas and hypocoercivity techniques. We use our understanding of the
mixing properties of the limiting RHMC process to choose the refreshment
rate parameter of BPS. This results in significantly better performance in our
simulation study than previously suggested guidelines.
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We study the problem of recovering a planted matching in randomly
weighted complete bipartite graphs Kn,n. For some unknown perfect match-
ing M∗, the weight of an edge is drawn from one distribution P if e ∈ M∗
and another distribution Q if e /∈ M∗. Our goal is to infer M∗, exactly or
approximately, from the edge weights. In this paper we take P = exp(λ) and
Q = exp(1/n), in which case the maximum-likelihood estimator of M∗ is the
minimum-weight matching Mmin. We obtain precise results on the overlap
between M∗ and Mmin, that is, the fraction of edges they have in common.
For λ ≥ 4 we have almost perfect recovery, with overlap 1 − o(1) with high
probability. For λ < 4 the expected overlap is an explicit function α(λ) < 1:
we compute it by generalizing Aldous’ celebrated proof of the ζ(2) conjec-
ture for the unplanted model, using local weak convergence to relate Kn,n

to a type of weighted infinite tree, and then deriving a system of differential
equations from a message-passing algorithm on this tree.
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In the random geometric graph G(n, rn), n vertices are placed randomly
in Euclidean d-space and edges are added between any pair of vertices dis-
tant at most rn from each other. We establish strong laws of large numbers
(LLNs) for a large class of graph parameters, evaluated for G(n, rn) in the
thermodynamic limit with nrd

n = const., and also in the dense limit with
nrd

n → ∞, rn → 0. Examples include domination number, independence
number, clique-covering number, eternal domination number and triangle
packing number. The general theory is based on certain subadditivity and
superadditivity properties, and also yields LLNs for other functionals such
as the minimum weight for the traveling salesman, spanning tree, matching,
bipartite matching and bipartite traveling salesman problems, for a general
class of weight functions with at most polynomial growth of order d − ε,
under thermodynamic scaling of the distance parameter.
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We study the problem of learning a node-labeled tree given indepen-
dent traces from an appropriately defined deletion channel. This problem,
tree trace reconstruction, generalizes string trace reconstruction, which corre-
sponds to the tree being a path. For many classes of trees, including complete
trees and spiders, we provide algorithms that reconstruct the labels using only
a polynomial number of traces. This exhibits a stark contrast to known results
on string trace reconstruction, which require exponentially many traces, and
where a central open problem is to determine whether a polynomial number
of traces suffice. Our techniques combine novel combinatorial and complex
analytic methods.

REFERENCES

[1] ABRAHAO, B., CHIERICHETTI, F., KLEINBERG, R. and PANCONESI, A. (2013). Trace complexity of
network inference. In Proceedings of the 19th ACM SIGKDD International Conference on Knowledge
Discovery and Data Mining (KDD) 491–499. ACM, New York.

[2] AHLFORS, L. V. (1953). Complex Analysis. An Introduction to the Theory of Analytic Functions of One
Complex Variable. McGraw-Hill Book Company, Inc., New York-Toronto-London. MR0054016

[3] ANAVY, L., VAKNIN, I., ATAR, O., AMIT, R. and YAKHINI, Z. (2019). Data storage in DNA with fewer
synthesis cycles using composite DNA letters. Nat. Biotechnol. 37 1229–1236. https://doi.org/10.1038/
s41587-019-0240-x

[4] ANDONI, A., DASKALAKIS, C., HASSIDIM, A. and ROCH, S. (2012). Global alignment of molecular
sequences via ancestral state reconstruction. Stochastic Process. Appl. 122 3852–3874. MR2971717
https://doi.org/10.1016/j.spa.2012.08.004

[5] BAN, F., CHEN, X., FREILICH, A., SERVEDIO, R. A. and SINHA, S. (2019). Beyond trace reconstruction:
Population recovery from the deletion channel. In Proceedings of the 60th Annual Symposium on
Foundations of Computer Science (FOCS) 745–768. IEEE, New York.

[6] BATU, T., KANNAN, S., KHANNA, S. and MCGREGOR, A. (2004). Reconstructing strings from random
traces. In Proceedings of the Fifteenth Annual ACM-SIAM Symposium on Discrete Algorithms 910–
918. ACM, New York. MR2290981

[7] BILLE, P. (2005). A survey on tree edit distance and related problems. Theoret. Comput. Sci. 337 217–239.
MR2141222 https://doi.org/10.1016/j.tcs.2004.12.030

[8] BORWEIN, P. and ERDÉLYI, T. (1997). Littlewood-type problems on subarcs of the unit circle. Indiana
Univ. Math. J. 46 1323–1346. MR1631600 https://doi.org/10.1512/iumj.1997.46.1435

[9] CEZE, L., NIVALA, J. and STRAUSS, K. (2019). Molecular digital data storage using DNA. Nat. Rev. Genet.
20 456–466. https://doi.org/10.1038/s41576-019-0125-3

[10] CHASE, Z. (2019). New lower bounds for trace reconstruction. Preprint. Available at https://arxiv.org/abs/
1905.03031.

[11] CHERAGHCHI, M., GABRYS, R., MILENKOVIC, O. and RIBEIRO, J. (2020). Coded trace reconstruction.
IEEE Trans. Inf. Theory 66 6084–6103. MR4173526 https://doi.org/10.1109/TIT.2020.2996377

[12] CHURCH, G. M., GAO, Y. and KOSURI, S. (2012). Next-generation digital information storage in DNA.
Science 337 1628.

[13] DAVIES, S., RÁCZ, M. Z. and RASHTCHIAN, C. (2019). Reconstructing trees from traces. In Proceedings
of the 32nd Conference on Learning Theory (COLT) 961–978.

MSC2020 subject classifications. Primary 60C05, 68Q32; secondary 30C80.
Key words and phrases. Trace reconstruction, tree trace reconstruction, deletion channel, Littlewood polyno-

mials.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/21-AAP1662
http://www.imstat.org
mailto:daviess@uw.edu
mailto:mracz@princeton.edu
mailto:crashtchian@eng.ucsd.edu
http://www.ams.org/mathscinet-getitem?mr=0054016
https://doi.org/10.1038/s41587-019-0240-x
http://www.ams.org/mathscinet-getitem?mr=2971717
https://doi.org/10.1016/j.spa.2012.08.004
http://www.ams.org/mathscinet-getitem?mr=2290981
http://www.ams.org/mathscinet-getitem?mr=2141222
https://doi.org/10.1016/j.tcs.2004.12.030
http://www.ams.org/mathscinet-getitem?mr=1631600
https://doi.org/10.1512/iumj.1997.46.1435
https://doi.org/10.1038/s41576-019-0125-3
https://arxiv.org/abs/1905.03031
http://www.ams.org/mathscinet-getitem?mr=4173526
https://doi.org/10.1109/TIT.2020.2996377
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1038/s41587-019-0240-x
https://arxiv.org/abs/1905.03031


[14] DE ANINDYA, A., O’DONNELL, R. and SERVEDIO, R. A. (2017). Optimal mean-based algorithms for
trace reconstruction. In STOC’17—Proceedings of the 49th Annual ACM SIGACT Symposium on
Theory of Computing 1047–1056. ACM, New York. MR3678250 https://doi.org/10.1145/3055399.
3055450

[15] DE ANINDYA, A., O’DONNELL, R. and SERVEDIO, R. A. (2019). Optimal mean-based algorithms
for trace reconstruction. Ann. Appl. Probab. 29 851–874. MR3910019 https://doi.org/10.1214/
18-AAP1394

[16] DUDÍK, M. and SCHULMAN, L. J. (2003). Reconstruction from subsequences. J. Combin. Theory Ser. A
103 337–348. MR1996071 https://doi.org/10.1016/S0097-3165(03)00103-1

[17] ERLICH, Y. and ZIELINSKI, D. (2017). DNA fountain enables a robust and efficient storage architecture.
Science 355 950–954. https://doi.org/10.1126/science.aaj2038

[18] GARNETT, J. B. and MARSHALL, D. E. (2005). Harmonic Measure. New Mathematical Monographs 2.
Cambridge Univ. Press, Cambridge. MR2150803 https://doi.org/10.1017/CBO9780511546617

[19] GOLDMAN, N., BERTONE, P., CHEN, S., DESSIMOZ, C., LEPROUST, E. M., SIPOS, B. and BIRNEY, E.
(2013). Towards practical, high-capacity, low-maintenance information storage in synthesized DNA.
Nature 494 77–80.

[20] HARTUNG, L., HOLDEN, N. and PERES, Y. (2018). Trace reconstruction with varying deletion probabil-
ities. In 2018 Proceedings of the Fifteenth Workshop on Analytic Algorithmics and Combinatorics
(ANALCO) 54–61. SIAM, Philadelphia, PA. MR3773635 https://doi.org/10.1137/1.9781611975062.6

[21] HOLDEN, N. and LYONS, R. (2020). Lower bounds for trace reconstruction. Ann. Appl. Probab. 30 503–
525. MR4108114 https://doi.org/10.1214/19-AAP1506

[22] HOLDEN, N., PEMANTLE, R. and PERES, Y. (2018). Subpolynomial trace reconstruction for random strings
and arbitrary deletion probability. In Proceedings of the 31st Conference on Learning Theory (COLT)
1799–1840.

[23] HOLENSTEIN, T., MITZENMACHER, M., PANIGRAHY, R. and WIEDER, U. (2008). Trace reconstruction
with constant deletion probability and related results. In Proceedings of the Nineteenth Annual ACM-
SIAM Symposium on Discrete Algorithms 389–398. ACM, New York. MR2487606

[24] KARAU, P. and TABARD-COSSA, V. (2018). Capture and translocation characteristics of short branched
DNA labels in solid-state nanopores. ACS Sens 3 1308–1315. https://doi.org/10.1021/acssensors.
8b00165

[25] KELLY, P. J. (1957). A congruence theorem for trees. Pacific J. Math. 7 961–968. MR0087949
[26] KRASIKOV, I. and RODITTY, Y. (1997). On a reconstruction problem for sequences. J. Combin. Theory Ser.

A 77 344–348. MR1429086 https://doi.org/10.1006/jcta.1997.2732
[27] KRISHNAMURTHY, A., MAZUMDAR, A., MCGREGOR, A. and PAL, S. (2019). Trace reconstruction: Gen-

eralized and parameterized. In 27th Annual European Symposium on Algorithms. LIPIcs. Leibniz Int.
Proc. Inform. 144 Art. No. 68, 25. Schloss Dagstuhl. Leibniz-Zent. Inform., Wadern. MR4007907

[28] LAURI, J. and SCAPELLATO, R. (2016). Topics in Graph Automorphisms and Reconstruction, 2nd ed. Lon-
don Mathematical Society Lecture Note Series 432. Cambridge Univ. Press, Cambridge. MR3496604
https://doi.org/10.1017/CBO9781316669846

[29] LEVENSHTEIN, V. I. (2001). Efficient reconstruction of sequences from their subsequences or superse-
quences. J. Combin. Theory Ser. A 93 310–332. MR1805300 https://doi.org/10.1006/jcta.2000.3081

[30] MARANZATTO, T. J. (2020). Tree trace reconstruction: Some results. Thesis, New College of Florida.
[31] MCGREGOR, A., PRICE, E. and VOROTNIKOVA, S. (2014). Trace reconstruction revisited. In Algorithms—

ESA 2014. Lecture Notes in Computer Science 8737 689–700. Springer, Heidelberg. MR3253172
https://doi.org/10.1007/978-3-662-44777-2_57

[32] MITZENMACHER, M. (2009). A survey of results for deletion channels and related synchronization chan-
nels. Probab. Surv. 6 1–33. MR2525669 https://doi.org/10.1214/08-PS141

[33] MOSSEL, E. and ROSS, N. (2019). Shotgun assembly of labeled graphs. IEEE Trans. Netw. Sci. Eng. 6
145–157. MR3969756 https://doi.org/10.1109/TNSE.2017.2776913

[34] NAZAROV, F. and PERES, Y. (2017). Trace reconstruction with exp(O(n1/3)) samples. In STOC’17—
Proceedings of the 49th Annual ACM SIGACT Symposium on Theory of Computing 1042–1046. ACM,
New York. MR3678249

[35] ORGANICK, L., ANG, S. D., CHEN, Y.-J., LOPEZ, R., YEKHANIN, S., MAKARYCHEV, K., RACZ, M. Z.,
KAMATH, G., GOPALAN, P. et al. (2018). Random access in large-scale DNA data storage. Nat.
Biotechnol. 36 242–248.

[36] ULAM, S. M. (1960). A Collection of Mathematical Problems. Interscience Tracts in Pure and Applied
Mathematics, No. 8. Interscience Publishers, New York. MR0120127

[37] VISWANATHAN, K. and SWAMINATHAN, R. (2008). Improved string reconstruction over insertion-deletion
channels. In Proceedings of the Nineteenth Annual ACM-SIAM Symposium on Discrete Algorithms
399–408. ACM, New York. MR2487607

http://www.ams.org/mathscinet-getitem?mr=3678250
https://doi.org/10.1145/3055399.3055450
http://www.ams.org/mathscinet-getitem?mr=3910019
https://doi.org/10.1214/18-AAP1394
http://www.ams.org/mathscinet-getitem?mr=1996071
https://doi.org/10.1016/S0097-3165(03)00103-1
https://doi.org/10.1126/science.aaj2038
http://www.ams.org/mathscinet-getitem?mr=2150803
https://doi.org/10.1017/CBO9780511546617
http://www.ams.org/mathscinet-getitem?mr=3773635
https://doi.org/10.1137/1.9781611975062.6
http://www.ams.org/mathscinet-getitem?mr=4108114
https://doi.org/10.1214/19-AAP1506
http://www.ams.org/mathscinet-getitem?mr=2487606
https://doi.org/10.1021/acssensors.8b00165
http://www.ams.org/mathscinet-getitem?mr=0087949
http://www.ams.org/mathscinet-getitem?mr=1429086
https://doi.org/10.1006/jcta.1997.2732
http://www.ams.org/mathscinet-getitem?mr=4007907
http://www.ams.org/mathscinet-getitem?mr=3496604
https://doi.org/10.1017/CBO9781316669846
http://www.ams.org/mathscinet-getitem?mr=1805300
https://doi.org/10.1006/jcta.2000.3081
http://www.ams.org/mathscinet-getitem?mr=3253172
https://doi.org/10.1007/978-3-662-44777-2_57
http://www.ams.org/mathscinet-getitem?mr=2525669
https://doi.org/10.1214/08-PS141
http://www.ams.org/mathscinet-getitem?mr=3969756
https://doi.org/10.1109/TNSE.2017.2776913
http://www.ams.org/mathscinet-getitem?mr=3678249
http://www.ams.org/mathscinet-getitem?mr=0120127
http://www.ams.org/mathscinet-getitem?mr=2487607
https://doi.org/10.1145/3055399.3055450
https://doi.org/10.1214/18-AAP1394
https://doi.org/10.1021/acssensors.8b00165


[38] YAZDI, S. H. T., GABRYS, R. and MILENKOVIC, O. (2017). Portable and error-free DNA-based data
storage. Sci. Rep. 7 5011.

[39] YAZDI, S. H. T., KIAH, H. M., GARCIA-RUIZ, E., MA, J., ZHAO, H. and MILENKOVIC, O. (2015).
DNA-based storage: Trends and methods. IEEE Transactions on Molecular, Biological and Multi-
Scale Communications 1 230–248.

[40] ZHANG, K. and SHASHA, D. (1989). Simple fast algorithms for the editing distance between trees and
related problems. SIAM J. Comput. 18 1245–1262. MR1025472 https://doi.org/10.1137/0218082

http://www.ams.org/mathscinet-getitem?mr=1025472
https://doi.org/10.1137/0218082


The Annals of Applied Probability
2021, Vol. 31, No. 6, 2811–2843
https://doi.org/10.1214/21-AAP1663
© Institute of Mathematical Statistics, 2021

LARGE DEVIATIONS FOR THE EMPIRICAL MEASURE OF
THE ZIG-ZAG PROCESS

BY JORIS BIERKENS1, PIERRE NYQUIST2 AND MIKOLA C. SCHLOTTKE3

1Delft Institute of Applied Mathematics, Technische Universiteit Delft, joris.bierkens@tudelft.nl
2Department of Mathematics, KTH Royal Institute of Technology, pierren@kth.se

3Department of Mathematics and Computer Science, Technische Universiteit Eindhoven, mikola.schlottke@outlook.com

The zig-zag process is a piecewise deterministic Markov process in po-
sition and velocity space. The process can be designed to have an arbitrary
Gibbs type marginal probability density for its position coordinate, which
makes it suitable for Monte Carlo simulation of continuous probability dis-
tributions. An important question in assessing the efficiency of this method is
how fast the empirical measure converges to the stationary distribution of the
process. In this paper we provide a partial answer to this question by charac-
terizing the large deviations of the empirical measure from the stationary dis-
tribution. Based on the Feng–Kurtz approach, we develop an abstract frame-
work aimed at encompassing piecewise deterministic Markov processes in
position-velocity space. We derive explicit conditions for the zig-zag process
to allow the Donsker–Varadhan variational formulation of the rate function,
both for a compact setting (the torus) and one-dimensional Euclidean space.
Finally we derive an explicit expression for the Donsker–Varadhan functional
for the case of a compact state space and use this form of the rate function to
address a key question concerning the optimal choice of the switching rate of
the zig-zag process.
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Regenerative properties of the linear Hawkes process are proved under
minimal assumptions on the transfer function, which may have unbounded
support. For this, an original construction of the Hawkes process as a func-
tional of a Poisson point process is derived from the immigration-birth rep-
resentation, and the independence properties of the Poisson point process are
exploited to exhibit regeneration times which are anticipative and not even
measurable w.r.t. the Hawkes process. The regeneration time is interpreted as
the renewal time at zero of an M/G/∞ queue, which yields a formula for its
Laplace transform. When the transfer function has exponential moments, we
stochastically dominate the cluster length by exponential random variables
with computable parameters. This provides explicit bounds on the Laplace
transform of the regeneration time in terms of simple integrals or of special
functions, which yields an explicit negative upper-bound on its abscissa of
convergence. The power of the regenerative properties is showcased by being
applied to long-time asymptotic results for a class of sliding window statisti-
cal estimators, using coupling and sample-path decomposition techniques.
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We study dynamics for asymmetric spin glass models, proposed by Hertz
et al. and Sompolinsky et al. in the 1980’s in the context of neural networks:
particles evolve via a modified Langevin dynamics for the Sherrington–
Kirkpatrick model with soft spins, whereby the disorder is i.i.d. standard
Gaussian rather than symmetric. Ben Arous and Guionnet (Probab. Theory
Related Fields 102 (1995) 455–509), followed by Guionnet (Probab. Theory
Related Fields 109 (1997) 183–215), proved for Gaussian interactions that as
the number of particles grows, the short-term empirical law of this dynamics
converges a.s. to a nonrandom law μ� of a “self-consistent single spin dy-
namics,” as predicted by physicists. Here we obtain universality of this fact:
For asymmetric disorder given by i.i.d. variables of zero mean, unit variance
and exponential or better tail decay, at every temperature, the empirical law
of sample paths of the Langevin-like dynamics in a fixed time interval has the
same a.s. limit μ�.
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We establish a general Berry–Esseen type bound which gives optimal
bounds in many situations under suitable moment assumptions. By combin-
ing the general bound with Palm theory, we deduce a new error bound for
assessing the accuracy of normal approximation to statistics arising from ran-
dom measures, including stochastic geometry. We illustrate the use of the
bound in four examples: completely random measures, excursion random
measure of a locally dependent random process, and the total edge length of
Ginibre–Voronoi tessellations and of Poisson–Voronoi tessellations. More-
over, we apply the general bound to Stein couplings and discuss the special
cases of local dependence and additive functionals in occupancy problems.
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We obtain general weak existence and stability results for stochastic con-
volution equations with jumps under mild regularity assumptions, allowing
for non-Lipschitz coefficients and singular kernels. Our approach relies on
weak convergence in Lp spaces. The main tools are new a priori estimates
on Sobolev–Slobodeckij norms of the solution, as well as a novel martingale
problem that is equivalent to the original equation. This leads to generic ap-
proximation and stability theorems in the spirit of classical martingale prob-
lem theory. We also prove uniqueness and path regularity of solutions under
additional hypotheses. To illustrate the applicability of our results, we con-
sider scaling limits of nonlinear Hawkes processes and approximations of
stochastic Volterra processes by Markovian semimartingales.
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Consider a standard white Wishart matrix with parameters n and p. Mo-
tivated by applications in high-dimensional statistics and signal processing,
we perform asymptotic analysis on the maxima and minima of the eigenval-
ues of all the m × m principal minors, under the asymptotic regime that n,
p, m go to infinity. Asymptotic results concerning extreme eigenvalues of
principal minors of real Wigner matrices are also obtained. In addition, we
discuss an application of the theoretical results to the construction of com-
pressed sensing matrices, which provides insights to compressed sensing in
signal processing and high-dimensional linear regression in statistics.
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ASYMPTOTIC BEHAVIOR OF THE OCCUPANCY DENSITY FOR
OBLIQUELY REFLECTED BROWNIAN MOTION IN A HALF-PLANE AND

MARTIN BOUNDARY
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Let π be the occupancy density of an obliquely reflected Brownian mo-
tion in the half plane and let (ρ,α) be the polar coordinates of a point in
the upper half plane. This work determines the exact asymptotic behavior of
π(ρ,α) as ρ → ∞ with α ∈ (0,π). We find explicit functions a, b, c such
that

π(ρ,α) ∼
ρ→∞ a(α)ρb(α)e−c(α)ρ .

This closes an open problem first stated by Professor J. Michael Harrison in
August 2013. We also compute the exact asymptotics for the tail distribution
of the boundary occupancy measure and we obtain an explicit integral ex-
pression for π . We conclude by finding the Martin boundary of the process
and giving all of the corresponding harmonic functions satisfying an oblique
Neumann boundary problem.
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sparse Erdős–Rényi graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1687–1723

CASTIEL, EYAL, BORST, SEM, MICLO, LAURENT, SIMATOS, FLORIAN AND

WHITING, PHIL. Induced idleness leads to deterministic heavy traffic
limits for queue-based random-access algorithms . . . . . . . . . . . . . . . . . . . . . . 941–971

CHAMPAGNAT, NICOLAS, MÉLÉARD, SYLVIE AND TRAN, VIET CHI. Stoch-
astic analysis of emergence of evolutionary cyclic behavior in population
dynamics with transfer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1820–1867

CHEN, HONG-BIN AND BAKHTIN, YURI. Long exit times near a repelling
equilibrium. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 594–624

CHEN, LOUIS H. Y., RÖLLIN, ADRIAN AND XIA, AIHUA. Palm theory, ran-
dom measures and Stein couplings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2881–2923

CHEN, WEI-KUO, HANDSCHY, MADELINE AND LERMAN, GILAD. Phase
transition in random tensors with multiple independent spikes . . . . . . . . . . . 1868–1913

CHEN, XIN, KUMAGAI, TAKASHI AND WANG, JIAN. Random conductance
models with stable-like jumps: Quenched invariance principle . . . . . . . . . . . 1180–1231

CHLEBOUN, PAUL AND SMITH, AARON. Cutoff for the square plaquette
model on a critical length scale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 668–702

CONNOR, STEPHEN B., MATHEAU-RAVEN, OLIVER AND BATE, MICHAEL

E. Cutoff for a one-sided transposition shuffle . . . . . . . . . . . . . . . . . . . . . . . . 1746–1773
CUCHIERO, CHRISTA, LARSSON, MARTIN, PULIDO, SERGIO AND ABI

JABER, EDUARDO. A weak solution theory for stochastic Volterra equa-
tions of convolution type. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2924–2952

DA SILVA, DIOGO S., ERHARD, DIRK AND FRANCO, TERTULIANO. The
slow bond random walk and the snapping out Brownian motion . . . . . . . . . 99–127

DARIO, PAUL. Optimal corrector estimates on percolation cluster . . . . . . . . . . . 377–431
DAVIES, SAMI, RÁCZ, MIKLÓS Z. AND RASHTCHIAN, CYRUS. Reconstruct-

ing trees from traces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2772–2810
DELIGIANNIDIS, GEORGE, PAULIN, DANIEL, BOUCHARD-CÔTÉ, ALEXAN-

DRE AND DOUCET, ARNAUD. Randomized Hamiltonian Monte Carlo
as scaling limit of the bouncy particle sampler and dimension-free conver-
gence rates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2612–2662



DEMBO, AMIR, LUBETZKY, EYAL AND ZEITOUNI, OFER. Universality for
Langevin-like spin glass dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2864–2880

DEN HOLLANDER, FRANK, RÖLLIN, ADRIAN AND ATHREYA, SIVA. Graph-
on-valued stochastic processes from population genetics . . . . . . . . . . . . . . . . 1724–1745

DIACONIS, PERSI, HOUSTON-EDWARDS, KELSEY AND SALOFF-COSTE,
LAURENT. Gambler’s ruin estimates on finite inner uniform domains . . . 865–895

DIANETTI, JODI, FERRARI, GIORGIO, FISCHER, MARKUS AND NENDEL,
MAX. Submodular mean field games: Existence and approximation of
solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2538–2566

DOUCET, ARNAUD, DELIGIANNIDIS, GEORGE, PAULIN, DANIEL AND

BOUCHARD-CÔTÉ, ALEXANDRE. Randomized Hamiltonian Monte
Carlo as scaling limit of the bouncy particle sampler and dimension-free
convergence rates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2612–2662

DU, QIMING AND GUYADER, ARNAUD. Variance estimation in adaptive se-
quential Monte Carlo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1021–1060

DUPUIS, PAUL, WU, RUOYU, ATAR, RAMI AND BUDHIRAJA, AMARJIT.
Robust bounds and optimization at the large deviations scale for queueing
models via Rényi divergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1061–1099

DURMUS, ALAIN, NÜSKEN, NIKOLAS, ROUSSEL, JULIEN AND ANDRIEU,
CHRISTOPHE. Hypocoercivity of piecewise deterministic Markov
process-Monte Carlo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2478–2517

ELIAS, OLOF, MUSSINI, FILIPE, TYKESSON, JOHAN AND BROMAN, ERIK I.
The fractal cylinder process: Existence and connectivity phase transitions 2192–2243

ERHARD, DIRK, FRANCO, TERTULIANO AND DA SILVA, DIOGO S. The
slow bond random walk and the snapping out Brownian motion . . . . . . . . . 99–127

ERNST, PHILIP A. AND FRANCESCHI, SANDRO. Asymptotic behavior of the
occupancy density for obliquely reflected Brownian motion in a half-plane
and Martin boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2991–3016

FANG, XIAO AND KOIKE, YUTA. High-dimensional central limit theorems by
Stein’s method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1660–1686

FERRARI, GIORGIO, FISCHER, MARKUS, NENDEL, MAX AND DIANETTI,
JODI. Submodular mean field games: Existence and approximation of so-
lutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2538–2566
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JEANBLANC, MONIQUE, NIEWĘGŁOWSKI, MARIUSZ, BIELECKI, TOMASZ

R. AND JAKUBOWSKI, JACEK. Semimartingales and shrinkage of filtra-
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1376–1402

JIANG, TIEFENG, LI, XIAOOU AND CAI, T. TONY. Asymptotic analysis for
extreme eigenvalues of principal minors of random matrices. . . . . . . . . . . . . 2953–2990

JOURDAIN, BENJAMIN, LELIÈVRE, TONY AND ZITT, PIERRE-ANDRÉ. Con-
vergence of metadynamics: Discussion of the adiabatic hypothesis . . . . . . . 2441–2477
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