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GENERAL SELECTION MODELS: BERNSTEIN DUALITY AND MINIMAL
ANCESTRAL STRUCTURES

BY FERNANDO CORDERO1,a, SEBASTIAN HUMMEL1,b AND EMMANUEL SCHERTZER2,c

1Faculty of Technology, Bielefeld University, afcordero@techfak.uni-bielefeld.de, bshummel@berkeley.edu
2Laboratoire de Probabilités, Statistiques et Modélisation (LPSM), Sorbonne Université, cemmanuel.schertzer@upmc.fr

�-Wright–Fisher processes provide a robust framework to describe the
type-frequency evolution of an infinite neutral population. We add a polyno-
mial drift to the corresponding stochastic differential equation to incorporate
frequency-dependent selection. A decomposition of the drift allows us to ap-
proximate the solution of the stochastic differential equation by a sequence
of Moran models. The genealogical structure underlying the Moran model
leads in the large population limit to a generalisation of the ancestral selec-
tion graph of Krone and Neuhauser. Building on this object, we construct a
continuous-time Markov chain and relate it to the forward process via a new
form of duality, which we call Bernstein duality. We adapt classical meth-
ods based on the moment duality to determine the time to absorption and
criteria for the accessibility of the boundaries; this extends a recent result by
González Casanova and Spanò. An intriguing feature of the construction is
that the same forward process is compatible with multiple backward models.
In this context we introduce suitable notions for minimality among the ances-
tral processes and characterise the corresponding parameter sets. In this way
we recover classic ancestral structures as minimal ones.

REFERENCES

[1] ACHAZ, G., LAMBERT, A. and SCHERTZER, E. (2018). The sequential loss of allelic diversity. Adv. in
Appl. Probab. 50 13–29. MR3905088 https://doi.org/10.1017/apr.2018.67

[2] AYALA, F. J. and CAMPBELL, C. A. (1974). Frequency-dependent selection. Ann. Rev. Ecolog. Syst. 5
115–138.

[3] BAAKE, E., CORDERO, F. and HUMMEL, S. (in press). Lines of descent in the deterministic mutation-
selection model with pairwise interaction. Ann. Appl. Probab.

[4] BAAKE, E., LENZ, U. and WAKOLBINGER, A. (2016). The common ancestor type distribution of a �-
Wright-Fisher process with selection and mutation. Electron. Commun. Probab. 21 Paper No. 59, 16.
MR3548771 https://doi.org/10.1214/16-ECP16

[5] BAH, B. and PARDOUX, E. (2015). The �-lookdown model with selection. Stochastic Process. Appl. 125
1089–1126. MR3303969 https://doi.org/10.1016/j.spa.2014.10.014

[6] BARBOUR, A. D., ETHIER, S. N. and GRIFFITHS, R. C. (2000). A transition function expansion for a
diffusion model with selection. Ann. Appl. Probab. 10 123–162. MR1765206 https://doi.org/10.1214/
aoap/1019737667

[7] BARCZY, M., LI, Z. and PAP, G. (2015). Yamada-Watanabe results for stochastic differential equations
with jumps. Int. J. Stoch. Anal. Art. ID 460472, 23. MR3298537 https://doi.org/10.1155/2015/460472

[8] BERESTYCKI, N. (2009). Recent Progress in Coalescent Theory. Ensaios Matemáticos [Mathematical Sur-
veys] 16. Sociedade Brasileira de Matemática, Rio de Janeiro. MR2574323

[9] BERTOIN, J. and LE GALL, J.-F. (2003). Stochastic flows associated to coalescent processes. Probab.
Theory Related Fields 126 261–288. MR1990057 https://doi.org/10.1007/s00440-003-0264-4

[10] BOLTHAUSEN, E. and SZNITMAN, A.-S. (1998). On Ruelle’s probability cascades and an abstract cavity
method. Comm. Math. Phys. 197 247–276. MR1652734 https://doi.org/10.1007/s002200050450

[11] CLIFFORD, P. and SUDBURY, A. (1985). A sample path proof of the duality for stochastically monotone
Markov processes. Ann. Probab. 13 558–565. MR0781422

MSC2020 subject classifications. Primary 60K35, 92D15; secondary 60G99, 60J25, 60J27.
Key words and phrases. �-Wright–Fisher process, duality, frequency-dependent selection, branching-

coalescing system, ancestral selection graph, absorption probability, coming down from infinity.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/21-AAP1683
http://www.imstat.org
mailto:fcordero@techfak.uni-bielefeld.de
mailto:shummel@berkeley.edu
mailto:emmanuel.schertzer@upmc.fr
http://www.ams.org/mathscinet-getitem?mr=3905088
https://doi.org/10.1017/apr.2018.67
http://www.ams.org/mathscinet-getitem?mr=3548771
https://doi.org/10.1214/16-ECP16
http://www.ams.org/mathscinet-getitem?mr=3303969
https://doi.org/10.1016/j.spa.2014.10.014
http://www.ams.org/mathscinet-getitem?mr=1765206
https://doi.org/10.1214/aoap/1019737667
http://www.ams.org/mathscinet-getitem?mr=3298537
https://doi.org/10.1155/2015/460472
http://www.ams.org/mathscinet-getitem?mr=2574323
http://www.ams.org/mathscinet-getitem?mr=1990057
https://doi.org/10.1007/s00440-003-0264-4
http://www.ams.org/mathscinet-getitem?mr=1652734
https://doi.org/10.1007/s002200050450
http://www.ams.org/mathscinet-getitem?mr=0781422
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/aoap/1019737667


[12] CORDERO, F. and MÖHLE, M. (2019). On the stationary distribution of the block counting process for
population models with mutation and selection. J. Math. Anal. Appl. 474 1049–1081. MR3926155
https://doi.org/10.1016/j.jmaa.2019.02.004

[13] CYRUS, M. and BECK, J. (1978). Generalized two-and three-dimensional clipping. Comput. Graph. 3 23–
28.

[14] DAWSON, D. A. and LI, Z (2012). Stochastic equations, flows and measure valued processes. Ann. Probab.
40 813–857. MR2952093 https://doi.org/10.1214/10-AOP629

[15] DONNELLY, P. and KURTZ, T. G. (1999). Particle representations for measure-valued population models.
Ann. Probab. 27 166–205. MR1681126 https://doi.org/10.1214/aop/1022677258

[16] ELDON, B. and WAKELEY, J. (2006). Coalescent processes when the distribution of offspring number
among individuals is highly skewed. Genetics 172 2621–2633.

[17] ETHERIDGE, A. (2011). Some Mathematical Models from Population Genetics. Lecture Notes in Math.
2012. Springer, Heidelberg. MR2759587 https://doi.org/10.1007/978-3-642-16632-7

[18] ETHERIDGE, A., FREEMAN, N. and PENINGTON, S. (2017). Branching Brownian motion, mean curva-
ture flow and the motion of hybrid zones. Electron. J. Probab. 22 Paper No. 103, 40. MR3733661
https://doi.org/10.1214/17-EJP127

[19] ETHERIDGE, A., FREEMAN, N., PENINGTON, S. and STRAULINO, D. (2017). Branching Brownian motion
and selection in the spatial �-Fleming-Viot process. Ann. Appl. Probab. 27 2605–2645. MR3719942
https://doi.org/10.1214/16-AAP1245

[20] ETHERIDGE, A. M. and GRIFFITHS, R. C. (2009). A coalescent dual process in a Moran model with genic
selection. Theor. Popul. Biol. 75 320–330.

[21] ETHERIDGE, A. M., GRIFFITHS, R. C. and TAYLOR, J. E. (2010). A coalescent dual process in a Moran
model with genic selection, and the lambda coalescent limit. Theor. Popul. Biol. 78 77–92.

[22] ETHIER, S. N. and KURTZ, T. G. (1986). Markov Processes: Characterization and Convergence. Wiley
Series in Probability and Mathematical Statistics: Probability and Mathematical Statistics. Wiley, New
York. MR0838085 https://doi.org/10.1002/9780470316658

[23] EWENS, W. J. (2004). Mathematical Population Genetics. I. Theoretical Introduction, 2nd ed. Inter-
disciplinary Applied Mathematics 27. Springer, New York. MR2026891 https://doi.org/10.1007/
978-0-387-21822-9

[24] FEARNHEAD, P. (2002). The common ancestor at a nonneutral locus. J. Appl. Probab. 39 38–54.
MR1895142 https://doi.org/10.1017/s0021900200021495

[25] FOLEY, J. D., VAN DAM, A., FEINER, S. K. and HUGHES, J. F. (1996). Computer Graphics: Principles
and Practice., 2nd ed. Addison-Wesley, Reading, MA.

[26] FOUCART, C. (2013). The impact of selection in the �-Wright-Fisher model. Electron. Commun. Probab.
18 no. 72, 10. MR3101637 https://doi.org/10.1214/ECP.v18-2838

[27] FOUCART, C. (2014). Erratum: The impact of selection in the �-Wright-Fisher model [MR3101637]. Elec-
tron. Commun. Probab. 19 no. 15, 3. MR3174833 https://doi.org/10.1214/ECP.v19-3351

[28] FU, Z. and LI, Z. (2010). Stochastic equations of non-negative processes with jumps. Stochastic Process.
Appl. 120 306–330. MR2584896 https://doi.org/10.1016/j.spa.2009.11.005

[29] GAISER, F. and MÖHLE, M. (2016). On the block counting process and the fixation line of exchangeable
coalescents. ALEA Lat. Am. J. Probab. Math. Stat. 13 809–833. MR3546382 https://doi.org/10.30757/
alea.v13-32

[30] GONZALEZ CASANOVA, A. and SMADI, C. (2020). On �-Fleming-Viot processes with general frequency-
dependent selection. J. Appl. Probab. 57 1162–1197. MR4179604 https://doi.org/10.1017/jpr.2020.55

[31] GONZÁLEZ CASANOVA, A. and SPANÒ, D. (2018). Duality and fixation in �-Wright-Fisher processes
with frequency-dependent selection. Ann. Appl. Probab. 28 250–284. MR3770877 https://doi.org/10.
1214/17-AAP1305

[32] GRIFFITHS, R. C., JENKINS, P. A. and LESSARD, S. (2016). A coalescent dual process for a Wright–
Fisher diffusion with recombination and its application to haplotype partitioning. Theor. Popul. Biol.
112 126–138.

[33] HÉNARD, O. (2015). The fixation line in the �-coalescent. Ann. Appl. Probab. 25 3007–3032. MR3375893
https://doi.org/10.1214/14-AAP1077

[34] HERRIGER, P. and MÖHLE, M. (2012). Conditions for exchangeable coalescents to come down from infin-
ity. ALEA Lat. Am. J. Probab. Math. Stat. 9 637–665. MR3069379

[35] JANSEN, S. and KURT, N. (2014). On the notion(s) of duality for Markov processes. Probab. Surv. 11
59–120. MR3201861 https://doi.org/10.1214/12-PS206

[36] KERSTING, G., SCHWEINSBERG, J. and WAKOLBINGER, A. (2018). The size of the last merger and
time reversal in �-coalescents. Ann. Inst. Henri Poincaré Probab. Stat. 54 1527–1555. MR3825890
https://doi.org/10.1214/17-AIHP847

http://www.ams.org/mathscinet-getitem?mr=3926155
https://doi.org/10.1016/j.jmaa.2019.02.004
http://www.ams.org/mathscinet-getitem?mr=2952093
https://doi.org/10.1214/10-AOP629
http://www.ams.org/mathscinet-getitem?mr=1681126
https://doi.org/10.1214/aop/1022677258
http://www.ams.org/mathscinet-getitem?mr=2759587
https://doi.org/10.1007/978-3-642-16632-7
http://www.ams.org/mathscinet-getitem?mr=3733661
https://doi.org/10.1214/17-EJP127
http://www.ams.org/mathscinet-getitem?mr=3719942
https://doi.org/10.1214/16-AAP1245
http://www.ams.org/mathscinet-getitem?mr=0838085
https://doi.org/10.1002/9780470316658
http://www.ams.org/mathscinet-getitem?mr=2026891
https://doi.org/10.1007/978-0-387-21822-9
http://www.ams.org/mathscinet-getitem?mr=1895142
https://doi.org/10.1017/s0021900200021495
http://www.ams.org/mathscinet-getitem?mr=3101637
https://doi.org/10.1214/ECP.v18-2838
http://www.ams.org/mathscinet-getitem?mr=3174833
https://doi.org/10.1214/ECP.v19-3351
http://www.ams.org/mathscinet-getitem?mr=2584896
https://doi.org/10.1016/j.spa.2009.11.005
http://www.ams.org/mathscinet-getitem?mr=3546382
https://doi.org/10.30757/alea.v13-32
http://www.ams.org/mathscinet-getitem?mr=4179604
https://doi.org/10.1017/jpr.2020.55
http://www.ams.org/mathscinet-getitem?mr=3770877
https://doi.org/10.1214/17-AAP1305
http://www.ams.org/mathscinet-getitem?mr=3375893
https://doi.org/10.1214/14-AAP1077
http://www.ams.org/mathscinet-getitem?mr=3069379
http://www.ams.org/mathscinet-getitem?mr=3201861
https://doi.org/10.1214/12-PS206
http://www.ams.org/mathscinet-getitem?mr=3825890
https://doi.org/10.1214/17-AIHP847
https://doi.org/10.1007/978-0-387-21822-9
https://doi.org/10.30757/alea.v13-32
https://doi.org/10.1214/17-AAP1305


[37] KERSTING, G. and WAKOLBINGER, A. (2018). The time to absorption in �-coalescents. Adv. in Appl.
Probab. 50 177–190. MR3905099 https://doi.org/10.1017/apr.2018.78

[38] KINGMAN, J. F. C. (1982). The coalescent. Stochastic Process. Appl. 13 235–248. MR0671034
https://doi.org/10.1016/0304-4149(82)90011-4

[39] KRONE, S. M. and NEUHAUSER, C. (1997). Ancestral processes with selection. Theor. Popul. Biol. 51
210–237.

[40] KURTZ, T. G. (2011). Equivalence of stochastic equations and martingale problems. In Stochastic Analysis
2010 113–130. Springer, Heidelberg. MR2789081 https://doi.org/10.1007/978-3-642-15358-7_6

[41] LENZ, U., KLUTH, S., BAAKE, E. . and WAKOLBINGER, A. (2015). Looking down in the ancestral selec-
tion graph: A probabilistic approach to the common ancestor type distribution. Theor. Popul. Biol. 103
27–37.

[42] LI, Z. and PU, F. (2012). Strong solutions of jump-type stochastic equations. Electron. Commun. Probab.
17 no. 33, 13. MR2965746 https://doi.org/10.1214/ECP.v17-1915

[43] LIANG, Y. D. and BARSKY, B. A. (1983). An analysis and algorithm for polygon clipping. Commun. ACM
26 868–877. MR0784119 https://doi.org/10.1145/182.358439

[44] MÖHLE, M. (2000). Total variation distances and rates of convergence for ancestral coalescent processes in
exchangeable population models. Adv. in Appl. Probab. 32 983–993. MR1808909 https://doi.org/10.
1239/aap/1013540343

[45] MÖHLE, M. and SAGITOV, S. (2001). A classification of coalescent processes for haploid exchange-
able population models. Ann. Probab. 29 1547–1562. MR1880231 https://doi.org/10.1214/aop/
1015345761

[46] NEUHAUSER, C. (1999). The ancestral graph and gene genealogy under frequency-dependent selection.
Theor. Popul. Biol. 56 203–214.

[47] NEUHAUSER, C. and KRONE, S. M. (1997). The genealogy of samples in models with selection. Genetics
145 519–534.

[48] NORRIS, J. R. (1998). Markov Chains. Cambridge Series in Statistical and Probabilistic Mathematics 2.
Cambridge Univ. Press, Cambridge. MR1600720

[49] PFAFFELHUBER, P. and WAKOLBINGER, A. (2006). The process of most recent common ancestors in an
evolving coalescent. Stochastic Process. Appl. 116 1836–1859. MR2307061 https://doi.org/10.1016/j.
spa.2006.04.015

[50] PITMAN, J. (1999). Coalescents with multiple collisions. Ann. Probab. 27 1870–1902. MR1742892
https://doi.org/10.1214/aop/1022677552

[51] SAGITOV, S. (1999). The general coalescent with asynchronous mergers of ancestral lines. J. Appl. Probab.
36 1116–1125. MR1742154 https://doi.org/10.1017/s0021900200017903

[52] SIEGMUND, D. (1976). The equivalence of absorbing and reflecting barrier problems for stochastically
monotone Markov processes. Ann. Probab. 4 914–924. MR0431386 https://doi.org/10.1214/aop/
1176995936

[53] TAYLOR, J. E. (2007). The common ancestor process for a Wright-Fisher diffusion. Electron. J. Probab. 12
808–847. MR2318411 https://doi.org/10.1214/EJP.v12-418

[54] VAN CASTEREN, J. A. (1992). On martingales and Feller semigroups. Results Math. 21 274–288.
MR1157331 https://doi.org/10.1007/BF03323085

http://www.ams.org/mathscinet-getitem?mr=3905099
https://doi.org/10.1017/apr.2018.78
http://www.ams.org/mathscinet-getitem?mr=0671034
https://doi.org/10.1016/0304-4149(82)90011-4
http://www.ams.org/mathscinet-getitem?mr=2789081
https://doi.org/10.1007/978-3-642-15358-7_6
http://www.ams.org/mathscinet-getitem?mr=2965746
https://doi.org/10.1214/ECP.v17-1915
http://www.ams.org/mathscinet-getitem?mr=0784119
https://doi.org/10.1145/182.358439
http://www.ams.org/mathscinet-getitem?mr=1808909
https://doi.org/10.1239/aap/1013540343
http://www.ams.org/mathscinet-getitem?mr=1880231
https://doi.org/10.1214/aop/1015345761
http://www.ams.org/mathscinet-getitem?mr=1600720
http://www.ams.org/mathscinet-getitem?mr=2307061
https://doi.org/10.1016/j.spa.2006.04.015
http://www.ams.org/mathscinet-getitem?mr=1742892
https://doi.org/10.1214/aop/1022677552
http://www.ams.org/mathscinet-getitem?mr=1742154
https://doi.org/10.1017/s0021900200017903
http://www.ams.org/mathscinet-getitem?mr=0431386
https://doi.org/10.1214/aop/1176995936
http://www.ams.org/mathscinet-getitem?mr=2318411
https://doi.org/10.1214/EJP.v12-418
http://www.ams.org/mathscinet-getitem?mr=1157331
https://doi.org/10.1007/BF03323085
https://doi.org/10.1239/aap/1013540343
https://doi.org/10.1214/aop/1015345761
https://doi.org/10.1016/j.spa.2006.04.015
https://doi.org/10.1214/aop/1176995936


The Annals of Applied Probability
2022, Vol. 32, No. 3, 1557–1589
https://doi.org/10.1214/21-AAP1689
© Institute of Mathematical Statistics, 2022

CAPACITY OF THE RANGE OF TREE-INDEXED RANDOM WALK

BY TIANYI BAI1,a AND YIJUN WAN2,b

1NYU-ECNU Institute of Mathematical Sciences, New York University Shanghai, atianyi.bai@nyu.edu
2Département de Mathématiques et Applications, École Normale Supérieure, byijun.wan@ens.fr

By introducing a new measure for the infinite Galton–Watson process
and providing estimates for (discrete) Green’s functions on trees, we establish
the asymptotic behavior of the capacity of critical branching random walks:
in high dimensions d ≥ 7, the capacity grows linearly; and in the critical
dimension d = 6, it grows asymptotically proportional to n

logn
.
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In this paper we consider a mean field particle systems whose confine-
ment potentials have many local minima. We establish some explicit and
sharp estimates of the spectral gap and logarithmic Sobolev constants uni-
form in the number of particles. The uniform Poincaré inequality is based
on the work of Ledoux (In Séminaire de Probabilités, XXXV (2001) 167–
194, Springer) and the uniform logarithmic Sobolev inequality is based on
Zegarlinski’s theorem for Gibbs measures, both combined with an explicit
estimate of the Lipschitz norm of the Poisson operator for a single particle
from (J. Funct. Anal. 257 (2009) 4015–4033). The logarithmic Sobolev in-
equality then implies the exponential convergence in entropy of the McKean–
Vlasov equation with an explicit rate, We need here weaker conditions than
the results of (Rev. Mat. Iberoam. 19 (2003) 971–1018) (by means of the dis-
placement convexity approach), (Stochastic Process. Appl. 95 (2001) 109–
132; Ann. Appl. Probab. 13 (2003) 540–560) (by Bakry–Emery’s technique)
or the recent work (Arch. Ration. Mech. Anal. 208 (2013) 429–445) (by dis-
sipation of the Wasserstein distance).
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[33] ZEGARLIŃSKI, B. (1992). Dobrushin uniqueness theorem and logarithmic Sobolev inequalities. J. Funct.
Anal. 105 77–111. MR1156671 https://doi.org/10.1016/0022-1236(92)90073-R

[34] ZEGARLINSKI, B. (1996). The strong decay to equilibrium for the stochastic dynamics of unbounded spin
systems on a lattice. Comm. Math. Phys. 175 401–432. MR1370101

http://www.ams.org/mathscinet-getitem?mr=1156671
https://doi.org/10.1016/0022-1236(92)90073-R
http://www.ams.org/mathscinet-getitem?mr=1370101


The Annals of Applied Probability
2022, Vol. 32, No. 3, 1615–1665
https://doi.org/10.1214/21-AAP1717
© Institute of Mathematical Statistics, 2022

FUNCTIONAL LIMIT THEOREMS FOR NON-MARKOVIAN EPIDEMIC
MODELS

BY GUODONG PANG1,a AND ÉTIENNE PARDOUX2,b

1The Harold and Inge Marcus Department of Industrial and Manufacturing Engineering, College of Engineering,
Pennsylvania State University, agup3@psu.edu

2Aix Marseille Univ, CNRS, I2M, Marseille, France, betienne.pardoux@univ.amu.fr

We study non-Markovian stochastic epidemic models (SIS, SIR, SIRS,
and SEIR), in which the infectious (and latent/exposing, immune) periods
have a general distribution. We provide a representation of the evolution dy-
namics using the time epochs of infection (and latency/exposure, immunity).
Taking the limit as the size of the population tends to infinity, we prove both a
functional law of large number (FLLN) and a functional central limit theorem
(FCLT) for the processes of interest in these models. In the FLLN, the lim-
its are a unique solution to a system of deterministic Volterra integral equa-
tions, while in the FCLT, the limit processes are multidimensional Gaussian
solutions of linear Volterra stochastic integral equations. In the proof of the
FCLT, we provide an important Poisson random measures representation of
the diffusion-scaled processes converging to Gaussian components driving
the limit process.
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LARGE DEVIATIONS OF MEAN-FIELD INTERACTING PARTICLE
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This paper studies large deviations of a “fully coupled” finite state mean-
field interacting particle system in a fast varying environment. The empirical
measure of the particles evolves in the slow time scale and the random en-
vironment evolves in the fast time scale. Our main result is the path-space
large deviation principle for the joint law of the empirical measure process
of the particles and the occupation measure process of the fast environment.
This extends previous results known for two time scale diffusions to two time
scale mean-field models with jumps. Our proof is based on the method of
stochastic exponentials. We characterise the rate function by studying a cer-
tain variational problem associated with an exponential martingale.
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A 59 147–166. MR1665683

[8] DAWSON, D. A. and GÄRTNER, J. (1987). Large deviations from the McKean-Vlasov limit
for weakly interacting diffusions. Stochastics 20 247–308. MR0885876 https://doi.org/10.1080/
17442508708833446

[9] DEMBO, A. and ZEITOUNI, O. (2010). Large Deviations Techniques and Applications. Stochas-
tic Modelling and Applied Probability 38. Springer, Berlin. MR2571413 https://doi.org/10.1007/
978-3-642-03311-7

[10] DJEHICHE, B. and KAJ, I. (1995). The rate function for some measure-valued jump processes. Ann. Probab.
23 1414–1438. MR1349178

[11] DONSKER, M. D. and VARADHAN, S. R. S. (1975). Asymptotic evaluation of certain Markov process
expectations for large time, I. Comm. Pure Appl. Math. 28 1–47.

[12] EKELAND, I. and TÉMAM, R. (1999). Convex Analysis and Variational Problems, English ed. Clas-
sics in Applied Mathematics 28. SIAM, Philadelphia, PA. Translated from the French. MR1727362
https://doi.org/10.1137/1.9781611971088

[13] ETHIER, S. N. and KURTZ, T. G. (2005). Markov Processes: Characterization and Convergence, 2nd ed.
Wiley, New York.

[14] FENG, J. and KURTZ, T. G. (2006). Large Deviations for Stochastic Processes. Mathematical Surveys and
Monographs 131. Amer. Math. Soc., Providence, RI. MR2260560 https://doi.org/10.1090/surv/131

MSC2020 subject classifications. Primary 60F10; secondary 60K37, 60K35, 60J75.
Key words and phrases. Mean-field interaction, large deviations, time scale separation, averaging principle,

metastability.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/21-AAP1718
http://www.imstat.org
mailto:sarath@iisc.ac.in
mailto:rajeshs@iisc.ac.in
http://www.ams.org/mathscinet-getitem?mr=3183509
https://doi.org/10.1007/s11134-013-9372-8
http://www.ams.org/mathscinet-getitem?mr=2601988
https://doi.org/10.3934/nhm.2010.5.31
http://www.ams.org/mathscinet-getitem?mr=3354770
https://doi.org/10.1214/12-SSY064
http://www.ams.org/mathscinet-getitem?mr=3878137
https://doi.org/10.1214/18-ejp228
http://www.ams.org/mathscinet-getitem?mr=4254500
https://doi.org/10.1214/20-aap1609
http://www.ams.org/mathscinet-getitem?mr=1665683
http://www.ams.org/mathscinet-getitem?mr=0885876
https://doi.org/10.1080/17442508708833446
http://www.ams.org/mathscinet-getitem?mr=2571413
https://doi.org/10.1007/978-3-642-03311-7
http://www.ams.org/mathscinet-getitem?mr=1349178
http://www.ams.org/mathscinet-getitem?mr=1727362
https://doi.org/10.1137/1.9781611971088
http://www.ams.org/mathscinet-getitem?mr=2260560
https://doi.org/10.1090/surv/131
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1080/17442508708833446
https://doi.org/10.1007/978-3-642-03311-7


[15] FREIDLIN, M. I. and WENTZELL, A. D. (2012). Random Perturbations of Dynamical Systems, 3rd ed.
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]
260. Springer, Heidelberg. MR2953753 https://doi.org/10.1007/978-3-642-25847-3

[16] HUNT, P. J. and KURTZ, T. G. (1994). Large loss networks. Stochastic Process. Appl. 53 363–378.
MR1302919 https://doi.org/10.1016/0304-4149(94)90071-X

[17] HUNT, P. J. and LAWS, C. N. (1997). Optimization via trunk reservation in single resource loss sys-
tems under heavy traffic. Ann. Appl. Probab. 7 1058–1079. MR1484797 https://doi.org/10.1214/aoap/
1043862424

[18] HWANG, C.-R. and SHEU, S. J. (1990). Large-time behavior of perturbed diffusion Markov processes with
applications to the second eigenvalue problem for Fokker–Planck operators and simulated annealing.
Acta Appl. Math. 19 253–295. MR1077861 https://doi.org/10.1007/BF01321859

[19] JACOD, J. and SHIRYAEV, A. N. (2013). Limit Theorems for Stochastic Processes 288. Springer, Berlin.
[20] KELLY, F. P. (1991). Loss networks. Ann. Appl. Probab. 1 319–378. MR1111523
[21] KHASMINSKII, R. (1968). On the averaging principle for stochastic differential Itô equation. Kibernetika 4

260–279.
[22] KUMAR, R. and POPOVIC, L. (2017). Large deviations for multi-scale jump-diffusion processes. Stochastic

Process. Appl. 127 1297–1320. MR3619272 https://doi.org/10.1016/j.spa.2016.07.016
[23] LÉONARD, C. (1995). On large deviations for particle systems associated with spatially homogeneous Boltz-

mann type equations. Probab. Theory Related Fields 101 1–44. MR1314173 https://doi.org/10.1007/
BF01192194

[24] LÉONARD, C. (1995). Large deviations for long range interacting particle systems with jumps. Ann. Inst.
Henri Poincaré Probab. Stat. 31 289–323. MR1324810

[25] LIPTSER, R. (1996). Large deviations for two scaled diffusions. Probab. Theory Related Fields 106 71–104.
MR1408417 https://doi.org/10.1007/s004400050058

[26] PUHALSKII, A. (1994). The method of stochastic exponentials for large deviations. Stochastic Process.
Appl. 54 45–70. MR1302694 https://doi.org/10.1016/0304-4149(94)00004-2

[27] PUHALSKII, A. (2001). Large Deviations and Idempotent Probability. Chapman & Hall/CRC Mono-
graphs and Surveys in Pure and Applied Mathematics 119. CRC Press, Boca Raton, FL. MR1851048
https://doi.org/10.1201/9781420035803

[28] PUHALSKII, A. A. (2016). On large deviations of coupled diffusions with time scale separation. Ann.
Probab. 44 3111–3186. MR3531687 https://doi.org/10.1214/15-AOP1043

[29] RAO, M. M. and REN, Z. D. (1991). Theory of Orlicz Spaces. Monographs and Textbooks in Pure and
Applied Mathematics 146. Dekker, New York. MR1113700

[30] SUNDARAM, R. K. (1996). A First Course in Optimization Theory. Cambridge Univ. Press, Cambridge.
MR1402910 https://doi.org/10.1017/CBO9780511804526

[31] VERETENNIKOV, A. Y. (1999). On large deviations in the averaging principle for SDEs with a “full depen-
dence”. Ann. Probab. 27 284–296. MR1681106 https://doi.org/10.1214/aop/1022677263

[32] VERETENNIKOV, A. Y. (2000). On large deviations for SDEs with small diffusion and averaging. Stochastic
Process. Appl. 89 69–79. MR1775227 https://doi.org/10.1016/S0304-4149(00)00013-2

[33] YASODHARAN, S. and SUNDARESAN, R. (2019). Large time behaviour and the second eigenvalue problem
for finite state mean-field interacting particle systems. ArXiv Preprint. Available at arXiv:1909.03805.

http://www.ams.org/mathscinet-getitem?mr=2953753
https://doi.org/10.1007/978-3-642-25847-3
http://www.ams.org/mathscinet-getitem?mr=1302919
https://doi.org/10.1016/0304-4149(94)90071-X
http://www.ams.org/mathscinet-getitem?mr=1484797
https://doi.org/10.1214/aoap/1043862424
http://www.ams.org/mathscinet-getitem?mr=1077861
https://doi.org/10.1007/BF01321859
http://www.ams.org/mathscinet-getitem?mr=1111523
http://www.ams.org/mathscinet-getitem?mr=3619272
https://doi.org/10.1016/j.spa.2016.07.016
http://www.ams.org/mathscinet-getitem?mr=1314173
https://doi.org/10.1007/BF01192194
http://www.ams.org/mathscinet-getitem?mr=1324810
http://www.ams.org/mathscinet-getitem?mr=1408417
https://doi.org/10.1007/s004400050058
http://www.ams.org/mathscinet-getitem?mr=1302694
https://doi.org/10.1016/0304-4149(94)00004-2
http://www.ams.org/mathscinet-getitem?mr=1851048
https://doi.org/10.1201/9781420035803
http://www.ams.org/mathscinet-getitem?mr=3531687
https://doi.org/10.1214/15-AOP1043
http://www.ams.org/mathscinet-getitem?mr=1113700
http://www.ams.org/mathscinet-getitem?mr=1402910
https://doi.org/10.1017/CBO9780511804526
http://www.ams.org/mathscinet-getitem?mr=1681106
https://doi.org/10.1214/aop/1022677263
http://www.ams.org/mathscinet-getitem?mr=1775227
https://doi.org/10.1016/S0304-4149(00)00013-2
http://arxiv.org/abs/arXiv:1909.03805
https://doi.org/10.1214/aoap/1043862424
https://doi.org/10.1007/BF01192194


The Annals of Applied Probability
2022, Vol. 32, No. 3, 1705–1733
https://doi.org/10.1214/21-AAP1719
© Institute of Mathematical Statistics, 2022
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We consider a general path-dependent version of the hedging problem
with price impact of Bouchard et al. (SIAM J. Control Optim. 57 (2019) 4125–
4149), in which a dual formulation for the super-hedging price is obtained
by means of PDE arguments, in a Markovian setting and under strong reg-
ularity conditions. Using only probabilistic arguments, we prove, in a path-
dependent setting and under weak regularity conditions, that any solution to
this dual problem actually allows one to construct explicitly a perfect hedging
portfolio. From a pure probabilistic point of view, our approach also allows
one to exhibit solutions to a specific class of second order forward backward
stochastic differential equations, in the sense of Cheridito et al. (Comm. Pure
Appl. Math. 60 (2007) 1081–1110). Existence of a solution to the dual opti-
mal control problem is also addressed in particular settings. As a by-product
of our arguments, we prove a version of Itô’s lemma for path-dependent func-
tionals that are only C0,1 in the sense of Dupire.
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In this paper we study the spectrum of the random geometric graph
G(n, r), in a regime where the graph is dense and highly connected. In the
Erdős–Rényi G(n,p) random graph it is well known that upon connectivity
the spectrum of the normalized graph Laplacian is concentrated around 1. We
show that such concentration does not occur in the G(n, r) case, even when
the graph is dense and almost a complete graph. In particular, we show that
the limiting spectral gap is strictly smaller than 1. In the special case where
the vertices are distributed uniformly in the unit cube and r = 1, we show
that for every 0 ≤ k ≤ d there are at least

( d
k

)
eigenvalues near 1 − 2−k , and

the limiting spectral gap is exactly 1/2. We also show that the corresponding
eigenfunctions in this case are tightly related to the geometric configuration
of the points.
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We prove that zero-sum Dynkin games in continuous time with partial
and asymmetric information admit a value in randomised stopping times
when the stopping payoffs of the players are general càdlàg measurable pro-
cesses. As a by-product of our method of proof we also obtain existence of
optimal strategies for both players. The main novelties are that we do not as-
sume a Markovian nature of the game nor a particular structure of the infor-
mation available to the players. This allows us to go beyond the variational
methods (based on PDEs) developed in the literature on Dynkin games in
continuous time with partial/asymmetric information. Instead, we focus on a
probabilistic and functional analytic approach based on the general theory of
stochastic processes and Sion’s min-max theorem (Pacific J. Math. 8 (1958)
171–176). Our framework encompasses examples found in the literature on
continuous time Dynkin games with asymmetric information and we provide
counterexamples to show that our assumptions cannot be further relaxed.
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CENTRAL LIMIT THEOREMS FOR STATIONARY RANDOM FIELDS
UNDER WEAK DEPENDENCE WITH APPLICATION TO AMBIT AND

MIXED MOVING AVERAGE FIELDS
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We obtain central limit theorems for stationary random fields employ-
ing a novel measure of dependence called θ -lex weak dependence. We show
that this dependence notion is more general than strong mixing, that is, it
applies to a broader class of models. Moreover, we discuss hereditary proper-
ties for θ -lex and η-weak dependence and illustrate the possible applications
of the weak dependence notions to the study of the asymptotic properties of
stationary random fields. Our general results apply to mixed moving aver-
age fields (MMAF) and ambit fields. We show general conditions such that
MMAF and ambit fields, with the volatility field being an MMAF or a p-
dependent random field, are weakly dependent. For all the models mentioned
above, we give a complete characterization of their weak dependence coef-
ficients and sufficient conditions to obtain the asymptotic normality of their
sample moments. Finally, we give explicit computations of the weak depen-
dence coefficients of MSTOU processes and analyze under which conditions
the developed asymptotic theory applies to CARMA fields.
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This work concerns the asymptotic behavior of solutions to a critical
fluid model for a data communication network, where file sizes are gener-
ally distributed and the network operates under a fair bandwidth sharing pol-
icy, chosen from the family of (weighted) α-fair policies introduced by Mo
and Walrand (IEEE/ACM Trans. Netw. 8 (2000) 556–567). Solutions of the
fluid model are measure-valued functions of time. Under law of large num-
bers scaling, Gromoll and Williams (Ann. Appl. Probab. 19 (2009) 243–280)
proved that these solutions approximate dynamic solutions of a flow level
model for congestion control in data communication networks, introduced by
Massoulié and Roberts (Telecommun. Syst. 15 (2000) 185–201).

In a recent work (Stoch. Syst. 10 (2020) 251–273), we proved stability of
the strictly subcritical version of this fluid model under mild assumptions. In
the current work, we study the asymptotic behavior (as time goes to infinity)
of solutions of the critical fluid model, in which the nominal load on each
network resource is less than or equal to its capacity and at least one resource
is fully loaded. For this we introduce a new Lyapunov function, inspired by
the work of Kelly and Williams (Ann. Appl. Probab. 14 (2004) 1055–1083),
Mulvany, Puha and Williams (Queueing Syst. 93 (2019) 351–397) and Pa-
ganini et al. (IEEE Trans. Automat. Control 57 (2012) 579–591). Using this,
under moderate conditions on the file size distributions, we prove that critical
fluid model solutions converge uniformly to the set of invariant states as time
goes to infinity, when started in suitable relatively compact sets. We expect
that this result will play a key role in developing a diffusion approximation
for the critically loaded flow level model of Massoulié and Roberts (Telecom-
mun. Syst. 15 (2000) 185–201). Furthermore, the techniques developed here
may be useful for studying other stochastic network models with resource
sharing.
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We consider an optimal stopping problem where a constraint is placed
on the distribution of the stopping time. Reformulating the problem in terms
of so-called measure-valued martingales enables us to transform the distribu-
tional constraint into an initial condition and view the problem as a stochastic
control problem; we establish the corresponding dynamic programming prin-
ciple. The method offers a systematic approach for solving the problem for
general constraints and under weak assumptions on the cost function. In addi-
tion, we provide certain continuity results for the value of the problem viewed
as a function of its distributional constraint.
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Consider the metric space (P2(Rd),W2) of square integrable laws on
R

d with the topology induced by the 2-Wasserstein distance W2. Let 	 :
P2(Rd) → R and μ ∈ P2(Rd). In this work, we consider (a) μN being the
empirical measure of N -samples from μ, and the other case in which (b)
μN is the empirical measure of marginal laws of the particle system of a
McKean–Vlasov PDE (μt )t . The main result of this paper is to show that
under suitable regularity conditions, we have

∣∣	(μ) −E	(μN)
∣∣ =

k−1∑
j=1

Cj

Nj
+ O

(
1

Nk

)
,

for some positive constants C1, . . . ,Ck−1 that do not depend on N , where
k corresponds to the degree of smoothness. The case where the samples are
i.i.d. is studied using functional derivatives on the space of measures. The
case of particle systems relies on an Itô-type formula for the flow of probabil-
ity measures and is intimately connected to PDEs on the space of measures,
called the master equation in the literature of mean-field games. We state gen-
eral regularity conditions required for each case and analyze the regularity in
the case of functionals of the laws of McKean–Vlasov PDEs. Ultimately, this
work reveals quantitative estimates of propagation of chaos for interacting
particle systems. Furthermore, we are able to provide weak propagation of
chaos estimates for ensembles of interacting particles and show that these
may have some remarkable properties.

REFERENCES

[1] ALBEVERIO, S., KONDRATIEV, Y. G. and RÖCKNER, M. (1996). Differential geometry of Poisson spaces.
C. R. Acad. Sci. Paris Sér. I Math. 323 1129–1134. MR1423438

[2] BARBU, V. and RÖCKNER, M. (2020). From nonlinear Fokker–Planck equations to solutions of distribution
dependent SDE. Ann. Probab. 48 1902–1920. MR4124528 https://doi.org/10.1214/19-AOP1410

[3] BENCHEIKH, O. and JOURDAIN, B. (2019). Bias behavior and antithetic sampling in mean-field particle
approximations of SDEs nonlinear in the sense of McKean. In CEMRACS 2017—Numerical Meth-
ods for Stochastic Models: Control, Uncertainty Quantification, Mean-Field. ESAIM Proc. Surveys 65
219–235. EDP Sci., Les Ulis. MR3968542 https://doi.org/10.1051/proc/201965219

[4] BOSSY, M., JABIR, J.-F. and TALAY, D. (2011). On conditional McKean Lagrangian stochastic models.
Probab. Theory Related Fields 151 319–351. MR2834721 https://doi.org/10.1007/s00440-010-0301-z

[5] BUCKDAHN, R., LI, J., PENG, S. and RAINER, C. (2017). Mean-field stochastic differential equations and
associated PDEs. Ann. Probab. 45 824–878. MR3630288 https://doi.org/10.1214/15-AOP1076

[6] CARDALIAGUET, P. (2010). Notes on mean field games. Technical report.
[7] CARDALIAGUET, P., DELARUE, F., LASRY, J.-M. and LIONS, P.-L. (2019). The Master Equation and

the Convergence Problem in Mean Field Games. Annals of Mathematics Studies 201. Princeton Univ.
Press, Princeton, NJ. MR3967062 https://doi.org/10.2307/j.ctvckq7qf

[8] CARMONA, R. (2016). Lectures on BSDEs, Stochastic Control, and Stochastic Differential Games
with Financial Applications. Financial Mathematics 1. SIAM, Philadelphia, PA. MR3629171
https://doi.org/10.1137/1.9781611974249

MSC2020 subject classifications. Primary 65C35; secondary 60H35.
Key words and phrases. Particle system, master equation, error expansion, propagation of chaos.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/21-AAP1725
http://www.imstat.org
mailto:chassagneux@lpsm.paris
mailto:l.szpruch@ed.ac.uk
mailto:alvin.tse@enpc.fr
http://www.ams.org/mathscinet-getitem?mr=1423438
http://www.ams.org/mathscinet-getitem?mr=4124528
https://doi.org/10.1214/19-AOP1410
http://www.ams.org/mathscinet-getitem?mr=3968542
https://doi.org/10.1051/proc/201965219
http://www.ams.org/mathscinet-getitem?mr=2834721
https://doi.org/10.1007/s00440-010-0301-z
http://www.ams.org/mathscinet-getitem?mr=3630288
https://doi.org/10.1214/15-AOP1076
http://www.ams.org/mathscinet-getitem?mr=3967062
https://doi.org/10.2307/j.ctvckq7qf
http://www.ams.org/mathscinet-getitem?mr=3629171
https://doi.org/10.1137/1.9781611974249
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[9] CARMONA, R. and DELARUE, F. (2018). Probabilistic Theory of Mean Field Games with Applications. I:
Mean Field FBSDEs, Control, and Games. Probability Theory and Stochastic Modelling 83. Springer,
Cham. MR3752669

[10] CHASSAGNEUX, J.-F., CRISAN, D. and DELARUE, F. (2014). A probabilistic approach to classical solu-
tions of the master equation for large population equilibria. arXiv preprint arXiv:1411.3009.

[11] CRISAN, D. and MCMURRAY, E. (2018). Smoothing properties of McKean–Vlasov SDEs. Probab. Theory
Related Fields 171 97–148. MR3800831 https://doi.org/10.1007/s00440-017-0774-0

[12] DAWSON, D. A. (1993). Measure-valued Markov processes. In École D’Été de Probabilités de Saint-Flour
XXI—1991. Lecture Notes in Math. 1541 1–260. Springer, Berlin. MR1242575 https://doi.org/10.1007/
BFb0084190

[13] DE RAYNAL, P.-E. C. and FRIKHA, N. (2018). Well-posedness for some non-linear diffusion processes and
related PDE on the Wasserstein space. arXiv preprint, arXiv:1811.06904.

[14] DE RAYNAL, P. E. C. (2020). Strong well posedness of McKean–Vlasov stochastic differential equations
with Hölder drift. Stochastic Process. Appl. 130 79–107. MR4035024 https://doi.org/10.1016/j.spa.
2019.01.006

[15] DELARUE, F., LACKER, D. and RAMANAN, K. (2019). From the master equation to mean field game
limit theory: A central limit theorem. Electron. J. Probab. 24 Paper No. 51, 54. MR3954791
https://doi.org/10.1214/19-EJP298

[16] DEREICH, S., SCHEUTZOW, M. and SCHOTTSTEDT, R. (2013). Constructive quantization: Approxima-
tion by empirical measures. Ann. Inst. Henri Poincaré Probab. Stat. 49 1183–1203. MR3127919
https://doi.org/10.1214/12-AIHP489

[17] FOURNIER, N. and GUILLIN, A. (2015). On the rate of convergence in Wasserstein distance of the em-
pirical measure. Probab. Theory Related Fields 162 707–738. MR3383341 https://doi.org/10.1007/
s00440-014-0583-7

[18] FOURNIER, N. and HAURAY, M. (2016). Propagation of chaos for the Landau equation with moderately
soft potentials. Ann. Probab. 44 3581–3660. MR3572320 https://doi.org/10.1214/15-AOP1056

[19] FRIEDMAN, A. (2012). Stochastic Differential Equations and Applications. Courier Corporation.
[20] GÄRTNER, J. (1988). On the McKean–Vlasov limit for interacting diffusions. Math. Nachr. 137 197–248.

MR0968996 https://doi.org/10.1002/mana.19881370116
[21] GYÖNGY, I. and KRYLOV, N. (2005). An accelerated splitting-up method for parabolic equations. SIAM J.

Math. Anal. 37 1070–1097. MR2192288 https://doi.org/10.1137/S0036141003437903
[22] HAMMERSLEY, W. R. P., ŠIŠKA, D. and SZPRUCH, Ł. (2021). McKean–Vlasov SDEs under measure

dependent Lyapunov conditions. Ann. Inst. Henri Poincaré Probab. Stat. 57 1032–1057. MR4260494
https://doi.org/10.1214/20-aihp1106

[23] JABIN, P.-E. and WANG, Z. (2018). Quantitative estimates of propagation of chaos for stochastic
systems with W−1,∞ kernels. Invent. Math. 214 523–591. MR3858403 https://doi.org/10.1007/
s00222-018-0808-y

[24] JOURDAIN, B., MÉLÉARD, S. and WOYCZYNSKI, W. A. (2008). Nonlinear SDEs driven by Lévy processes
and related PDEs. ALEA Lat. Am. J. Probab. Math. Stat. 4 1–29. MR2383731

[25] KAC, M. (1956). Foundations of kinetic theory. In Proceedings of the Third Berkeley Symposium on Math-
ematical Statistics and Probability, 1954–1955, Vol. III 171–197. Univ. California Press, Berkeley and
Los Angeles, CA. MR0084985

[26] KOLOKOLTSOV, V. N., TROEVA, M. and YANG, W. (2014). On the rate of convergence for the mean-field
approximation of controlled diffusions with large number of players. Dyn. Games Appl. 4 208–230.
MR3195847 https://doi.org/10.1007/s13235-013-0095-6

[27] KRYLOV, N. V. (1999). On Kolmogorov’s equations for finite-dimensional diffusions. In Stochastic PDE’s
and Kolmogorov Equations in Infinite Dimensions (Cetraro, 1998). Lecture Notes in Math. 1715 1–63.
Springer, Berlin. MR1731794 https://doi.org/10.1007/BFb0092417

[28] LACKER, D. (2018). On a strong form of propagation of chaos for McKean–Vlasov equations. Electron.
Commun. Probab. 23 Paper No. 45, 11. MR3841406 https://doi.org/10.1214/18-ECP150

[29] LIONS, P. L. (2014). Cours au collège de france: Théorie des jeux à champs moyens.
[30] MCKEAN, H. P. JR. (1967). An exponential formula for solving Boltmann’s equation for a Maxwellian gas.

J. Combin. Theory 2 358–382. MR0224348
[31] MÉLÉARD, S. (1996). Asymptotic behaviour of some interacting particle systems; McKean–Vlasov and

Boltzmann models. In Probabilistic Models for Nonlinear Partial Differential Equations (Montecatini
Terme, 1995). Lecture Notes in Math. 1627 42–95. Springer, Berlin. MR1431299 https://doi.org/10.
1007/BFb0093177

[32] MISCHLER, S. and MOUHOT, C. (2013). Kac’s program in kinetic theory. Invent. Math. 193 1–147.
MR3069113 https://doi.org/10.1007/s00222-012-0422-3

http://www.ams.org/mathscinet-getitem?mr=3752669
http://arxiv.org/abs/arXiv:1411.3009
http://www.ams.org/mathscinet-getitem?mr=3800831
https://doi.org/10.1007/s00440-017-0774-0
http://www.ams.org/mathscinet-getitem?mr=1242575
https://doi.org/10.1007/BFb0084190
http://arxiv.org/abs/arXiv:1811.06904
http://www.ams.org/mathscinet-getitem?mr=4035024
https://doi.org/10.1016/j.spa.2019.01.006
http://www.ams.org/mathscinet-getitem?mr=3954791
https://doi.org/10.1214/19-EJP298
http://www.ams.org/mathscinet-getitem?mr=3127919
https://doi.org/10.1214/12-AIHP489
http://www.ams.org/mathscinet-getitem?mr=3383341
https://doi.org/10.1007/s00440-014-0583-7
http://www.ams.org/mathscinet-getitem?mr=3572320
https://doi.org/10.1214/15-AOP1056
http://www.ams.org/mathscinet-getitem?mr=0968996
https://doi.org/10.1002/mana.19881370116
http://www.ams.org/mathscinet-getitem?mr=2192288
https://doi.org/10.1137/S0036141003437903
http://www.ams.org/mathscinet-getitem?mr=4260494
https://doi.org/10.1214/20-aihp1106
http://www.ams.org/mathscinet-getitem?mr=3858403
https://doi.org/10.1007/s00222-018-0808-y
http://www.ams.org/mathscinet-getitem?mr=2383731
http://www.ams.org/mathscinet-getitem?mr=0084985
http://www.ams.org/mathscinet-getitem?mr=3195847
https://doi.org/10.1007/s13235-013-0095-6
http://www.ams.org/mathscinet-getitem?mr=1731794
https://doi.org/10.1007/BFb0092417
http://www.ams.org/mathscinet-getitem?mr=3841406
https://doi.org/10.1214/18-ECP150
http://www.ams.org/mathscinet-getitem?mr=0224348
http://www.ams.org/mathscinet-getitem?mr=1431299
https://doi.org/10.1007/BFb0093177
http://www.ams.org/mathscinet-getitem?mr=3069113
https://doi.org/10.1007/s00222-012-0422-3
https://doi.org/10.1007/BFb0084190
https://doi.org/10.1016/j.spa.2019.01.006
https://doi.org/10.1007/s00440-014-0583-7
https://doi.org/10.1007/s00222-018-0808-y
https://doi.org/10.1007/BFb0093177


[33] MISCHLER, S., MOUHOT, C. and WENNBERG, B. (2015). A new approach to quantitative propagation of
chaos for drift, diffusion and jump processes. Probab. Theory Related Fields 161 1–59. MR3304746
https://doi.org/10.1007/s00440-013-0542-8

[34] MISHURA, Y. S. and VERETENNIKOV, A. Y. (2016). Existence and uniqueness theorems for solutions of
Mckean–Vlasov stochastic equations. arXiv preprint, arXiv:1603.02212.

[35] REN, P. and WANG, F.-Y. (2019). Derivative formulas in measure on Riemannian manifolds. arXiv preprint,
arXiv:1908.03711.

[36] RICHARDSON, L. F. (1911). IX. The approximate arithmetical solution by finite differences of physical
problems involving differential equations, with an application to the stresses in a masonry dam. Philos.
Trans. R. Soc. Lond. A 210 307–357.

[37] SZNITMAN, A.-S. (1991). Topics in propagation of chaos. In École D’Été de Probabilités de Saint-Flour
XIX—1989. Lecture Notes in Math. 1464 165–251. Springer, Berlin. MR1108185 https://doi.org/10.
1007/BFb0085169

[38] SZPRUCH, L. and TSE, A. (2021). Antithetic multi-level Monte-Carlo particle approximation of McKean–
Vlasov SDEs. Ann. Appl. Probab. To appear.

[39] TALAY, D. and TUBARO, L. (1990). Expansion of the global error for numerical schemes solving
stochastic differential equations. Stoch. Anal. Appl. 8 483–509. MR1091544 https://doi.org/10.1080/
07362999008809220

[40] TSE, A. (2021). Higher order regularity of nonlinear Fokker–Planck PDEs with respect to the measure
component. J. Math. Pures Appl. (9) 150 134–180. MR4248465 https://doi.org/10.1016/j.matpur.2021.
04.005

[41] VILLANI, C. (2009). Optimal Transport: Old and New. Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 338. Springer, Berlin. MR2459454
https://doi.org/10.1007/978-3-540-71050-9

http://www.ams.org/mathscinet-getitem?mr=3304746
https://doi.org/10.1007/s00440-013-0542-8
http://arxiv.org/abs/arXiv:1603.02212
http://arxiv.org/abs/arXiv:1908.03711
http://www.ams.org/mathscinet-getitem?mr=1108185
https://doi.org/10.1007/BFb0085169
http://www.ams.org/mathscinet-getitem?mr=1091544
https://doi.org/10.1080/07362999008809220
http://www.ams.org/mathscinet-getitem?mr=4248465
https://doi.org/10.1016/j.matpur.2021.04.005
http://www.ams.org/mathscinet-getitem?mr=2459454
https://doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1007/BFb0085169
https://doi.org/10.1080/07362999008809220
https://doi.org/10.1016/j.matpur.2021.04.005


The Annals of Applied Probability
2022, Vol. 32, No. 3, 1970–2027
https://doi.org/10.1214/21-AAP1726
© Institute of Mathematical Statistics, 2022

CENTRAL LIMIT THEOREM FOR THE ANTITHETIC MULTILEVEL
MONTE CARLO METHOD

BY MOHAMED BEN ALAYA1,a, AHMED KEBAIER2,b AND THI BAO TRAM NGO3,c

1Laboratoire De Mathématiques Raphaël Salem, Université De Rouen, amohamed.ben-alaya@univ-rouen.fr
2Laboratoire de Mathématiques et Modélisation d’Evry, CNRS, Univ Evry, Université Paris-Saclay,

bahmed.kebaier@univ-evry.fr
3Université Sorbonne Paris Nord, LAGA, CNRS, cngo@math.univ-paris13.fr

In this paper, we give a natural extension of the antithetic multilevel
Monte Carlo (MLMC) estimator for a multidimensional diffusion introduced
by Giles and Szpruch (Ann. Appl. Probab. 24 (2014) 1585–1620) by con-
sidering the permutation between m Brownian increments, m ≥ 2, instead of
using two increments as in the original paper. Our aim is to study the asymp-
totic behavior of the weak errors involved in this new algorithm. Among the
obtained results, we prove that the error between on the one hand the av-
erage of the Milstein scheme without Lévy area and its σ -antithetic version
build on the finer grid, and on the other hand, the coarse approximation stably
converges in distribution with a rate of order 1. We also prove that the error
between the Milstein scheme without Lévy area and its σ -antithetic version
stably converges in distribution with a rate of order 1/2. More precisely, we
have a functional limit theorem on the asymptotic behavior of the joined dis-
tribution of these errors based on a triangular array approach (see, e.g., Jacod
(In Séminaire de Probabilités, XXXI (1997) 232–246 Springer). Thanks to
this result, we establish a central limit theorem of Lindeberg–Feller type for
the antithetic MLMC estimator. The time complexity of the algorithm is ana-
lyzed.
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We consider a class of Gibbs measures defined with respect to incre-
ments {ω(t)−ω(s)}s<t of d-dimensional Wiener measure, with the underly-
ing Hamiltonian carrying interactions of the form H(t − s,ω(t) − ω(s)) that
are invariant under uniform translations of paths. In such interactions, we al-
low long-range dependence in the time variable (including power law decay
up to t �→ (1+ t)−(2+ε) for ε > 0) and unbounded (singular) interactions (in-
cluding singularities of the form x �→ 1/|x|p in d ≥ 3 or x �→ δ0(x) in d = 1)
attached to the space variables. These assumptions on the interaction seem to
be sharp and cover quantum mechanical models like the Nelson model and
the polaron problem with ultraviolet cut off (both carrying bounded spatial in-
teractions with power law decay in time) as well as the Fröhlich polaron with
a short range interaction in time but carrying Coulomb singularity in space. In
this set up, we develop a unified approach for proving a central limit theorem
for the rescaled process of increments for any coupling parameter and obtain
an explicit expression for the limiting variance, which is strictly positive.

As a further application, we study the solution of the multiplicative-noise
stochastic heat equation in spatial dimensions d ≥ 3. When the noise is mol-
lified both in time and space, we show that the averages of the diffusively
rescaled solutions converge pointwise to the solution of a diffusion equation
whose coefficients are homogenized in this limit.
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We improve upon all known lower bounds on the critical fugacity and
critical density of the hard sphere model in dimensions three and higher. As
the dimension tends to infinity, our improvements are by factors of 2 and 1.7,
respectively. We make these improvements by utilizing techniques from the-
oretical computer science to show that a certain Markov chain for sampling
from the hard sphere model mixes rapidly at low enough fugacities. We then
prove an equivalence between optimal spatial and temporal mixing for hard
spheres to deduce our results.
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We consider the supermarket model in the usual Markovian setting where
jobs arrive at rate nλn for some λn > 0, with n parallel servers each pro-
cessing jobs in its queue at rate 1. An arriving job joins the shortest among
dn ≤ n randomly selected service queues. We show that when dn → ∞
and λn → λ ∈ (0,∞), under natural conditions on the initial queues, the
state occupancy process converges in probability, in a suitable path space,
to the unique solution of an infinite system of constrained ordinary differen-
tial equations parametrized by λ. Our main interest is in the study of fluc-
tuations of the state process about its near equilibrium state in the critical
regime, namely when λn → 1. Previous papers, for example, (Stoch. Syst.
8 (2018) 265–292) have considered the regime dn√

n logn
→ ∞ while the ob-

jective of the current work is to develop diffusion approximations for the
state occupancy process that allow for all possible rates of growth of dn.
In particular, we consider the three canonical regimes (a) dn/

√
n → 0; (b)

dn/
√

n → c ∈ (0,∞) and, (c) dn/
√

n → ∞. In all three regimes, we show,
by establishing suitable functional limit theorems, that (under conditions on
λn) fluctuations of the state process about its near equilibrium are of order
n−1/2 and are governed asymptotically by a one-dimensional Brownian mo-
tion. The forms of the limit processes in the three regimes are quite different;
in the first case, we get a linear diffusion; in the second case, we get a dif-
fusion with an exponential drift; and in the third case we obtain a reflected
diffusion in a half space. In the special case dn/(

√
n logn) → ∞, our work

gives alternative proofs for the universality results established in (Stoch. Syst.
8 (2018) 265–292).
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We consider a family of fractional Brownian fields {BH }H∈(0,1) on R
d ,

where H denotes their Hurst parameter. We first define a rich class of nor-
malizing kernels ψ and we rescale the normalised field by the square-root of
the gamma function �(H), such that the covariance of

XH (x) = �(H)
1
2

(
BH (x) −

∫
Rd

BH (u)ψ(u, x) du

)
,

converges to the covariance of a log-correlated Gaussian field when H ↓
0. We then use Berestycki’s “good points” approach (Electron. Commun.
Probab. 22 (2017) Paper No. 27) in order to derive the convergence of the
exponential measure of the fractional Brownian field

MH
γ (dx) = eγXH (x)− γ 2

2 E[XH (x)2] dx,

towards a Gaussian multiplicative chaos, as H ↓ 0 for all γ ∈ (0, γ ∗(d)),

where γ ∗(d) >
√

7
4d . As a corollary we establish the L2 convergence of MH

γ

over the sets of “good points”, where the field XH has a typical behaviour. As
a by-product of the convergence result, we prove that for log-normal rough
volatility models with small Hurst parameter, the volatility process is sup-
ported on the sets of “good points” with probability close to 1. Moreover,
on these sets the volatility converges in L2 to the volatility of multifractal
random walks.
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We consider models of growing random trees {Tf (n) : n ≥ 1} with model
dynamics driven by an attachment function f : Z+ → R+. At each stage a
new vertex enters the system and connects to a vertex v in the current tree
with probability proportional to f (degree(v)). The main goal of this study
is to understand the performance of root finding algorithms. A large body of
work (e.g., Random Structures Algorithms 50 (2017) 158–172; IEEE Trans.
Netw. Sci. Eng. 4 (2017) 1–12; Random Structures Algorithms 52 (2018) 136–
157) has emerged in the last few years in using techniques based on the Jordan
centrality measure (J. Reine Angew. Math. 70 (1869) 185–190) and its vari-
ants to develop root finding algorithms. Given an unlabeled unrooted tree,
one computes the Jordan centrality for each vertex in the tree and for a fixed
budget K outputs the optimal K vertices (as measured by Jordan centrality).
Under general conditions on the attachment function f , we derive necessary
and sufficient bounds on the budget K(ε) in order to recover the root with
probability at least 1 − ε. For canonical examples such as linear preferen-
tial attachment and uniform attachment, these general results give matching
upper and lower bounds for the budget. We also prove persistence of the op-
timal K Jordan centers for any K , that is, the existence of an almost surely
finite random time n∗ such that for n ≥ n∗ the identity of the K-optimal Jor-
dan centers in {Tf (n) : n ≥ n∗} does not change, thus describing robustness
properties of this measure. Key technical ingredients in the proofs of inde-
pendent interest include sufficient conditions for the existence of exponential
moments for limits of (appropriately normalized) continuous time branching
processes within which the models {Tf (n) : n ≥ 1} can be embedded, as well
as rates of convergence results to these limits.
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We give a pathwise construction of a two-parameter family of purely-
atomic-measure-valued diffusions in which ranked masses of atoms are sta-
tionary with the Poisson–Dirichlet(α, θ) distributions, for α ∈ (0,1) and
θ ≥ 0. These processes resolve a conjecture of Feng and Sun (Probab. The-
ory Related Fields 148 (2010) 501–525). We build on our previous work
on (α,0)- and (α,α)-interval partition evolutions. The extension to general
θ ≥ 0 is achieved by the construction of a σ -finite excursion measure of a
new measure-valued branching diffusion. Our measure-valued processes are
Hunt processes on an incomplete subspace of the space of all probability
measures and do not possess an extension to a Feller process. In a companion
paper, we use generators to show that ranked masses evolve according to a
two-parameter family of diffusions introduced by Petrov (Funktsional. Anal.
i Prilozhen. 43 (2009) 45–66), extending work of Ethier and Kurtz (Adv. in
Appl. Probab. 13 (1981) 429–452).
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In this paper we are merging the two new branches of game theory:
quantum games and mean-field games (MFG). Building a quantum analog
of MFGs requires the full reconstruction of its foundations and methodol-
ogy, because in N -particle quantum evolution particles are not separated in
individual dynamics and the key concept of the classical MFG theory, the
empirical measure defined as the sum of Dirac masses of the positions of the
players, is not applicable in quantum setting.

As a preliminary result we derive the new nonlinear stochastic Schrödinger
equation, as the limit of the quantum filtering equation describing continu-
ously observed and controlled system of a large number of interacting par-
ticles, the result that may have an independent value. We then show that to
a control quantum system of interacting particles there corresponds a spe-
cial system of classical interacting particles with the identical limiting MFG
system, defined on an appropriate Riemanian manifold. Solutions of this sys-
tem are shown to specify approximate Nash equilibria for N -agent quantum
games.
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We consider mean field games without idiosyncratic but with Brown-
ian type common noise. We introduce a notion of solutions of the asso-
ciated backward-forward system of stochastic partial differential equations.
We show that the solution exists and is unique for monotone coupling func-
tions. We also use the solution to find approximate optimal strategies (Nash
equilibria) for N -player differential games with common but no idiosyncratic
noise. An important step in the analysis is the study of the well-posedness of
a stochastic backward Hamilton–Jacobi equation.
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Consider the random graph sampled uniformly from the set of all simple
graphs with a given degree sequence. Under mild conditions on the degrees,
we establish a large deviation principle (LDP) for these random graphs,
viewed as elements of the graphon space. As a corollary of our result, we
obtain LDPs for functionals continuous with respect to the cut metric, and
obtain an asymptotic enumeration formula for graphs with given degrees,
subject to an additional constraint on the value of a continuous functional.
Our assumptions on the degrees are identical to those of Chatterjee, Diaconis
and Sly (Ann. Appl. Probab. 21 (2011) 1400–1435), who derived the almost
sure graphon limit for these random graphs.
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