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RISK-SENSITIVE CREDIT PORTFOLIO OPTIMIZATION UNDER PARTIAL
INFORMATION AND CONTAGION RISK

BY LIJUN BO1,a, HUAFU LIAO2,b AND XIANG YU3,c

1School of Mathematics and Statistics, Xidian University, alijunbo@xidian.edu.cn
2Department of Mathematics, National University of Singapore, bmathuaf@nus.edu.sg

3Department of Applied Mathematics, The Hong Kong Polytechnic University, cxiang.yu@polyu.edu.hk

This paper investigates the finite horizon risk-sensitive portfolio opti-
mization in a regime-switching credit market with physical and information-
induced default contagion. It is assumed that the underlying regime-switching
process has countable states and is unobservable. The stochastic control prob-
lem is formulated under partial observations of asset prices and sequential
default events. By establishing a martingale representation theorem based on
incomplete and phasing out filtration, we connect the control problem to a
quadratic BSDE with jumps, in which the driver term is nonstandard and car-
ries the conditional filter as an infinite-dimensional parameter. By proposing
some truncation techniques and proving uniform a priori estimates, we obtain
the existence of a solution to the BSDE using the convergence of solutions
associated to some truncated BSDEs. The verification theorem can be con-
cluded with the aid of our BSDE results, which in turn yields the uniqueness
of the solution to the BSDE.
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LINES OF DESCENT IN THE DETERMINISTIC MUTATION–SELECTION
MODEL WITH PAIRWISE INTERACTION

BY ELLEN BAAKEa, FERNANDO CORDEROb AND SEBASTIAN HUMMELc

Faculty of Technology, Bielefeld University, aebaake@techfak.uni-bielefeld.de, bfcordero@techfak.uni-bielefeld.de,
cshummel@techfak.uni-bielefeld.de

We consider the mutation–selection differential equation with pairwise
interaction (or, equivalently, the diploid mutation–selection equation) and es-
tablish the corresponding ancestral process, which is a random tree and a
variant of the ancestral selection graph. The formal relation to the forward
model is given via duality. To make the tree tractable, we prune branches
upon mutations, thus reducing it to its informative parts. The hierarchies in-
herent in the tree are encoded systematically via tripod trees with weighted
leaves; this leads to the stratified ancestral selection graph. The latter also
satisfies a duality relation with the mutation–selection equation. Each of the
dualities provides a stochastic representation of the solution of the differen-
tial equation. This allows us to connect the equilibria and their bifurcations to
the long-term behaviour of the ancestral process. Furthermore, with the help
of the stratified ancestral selection graph, we obtain explicit results about the
ancestral type distribution in the case of unidirectional mutation.

REFERENCES

[1] AKIN, E. (1979). The Geometry of Population Genetics. Springer, Berlin. MR0559137
[2] ALDOUS, D. J. and BANDYOPADHYAY, A. (2005). A survey of max-type recursive distributional equations.

Ann. Appl. Probab. 15 1047–1110. MR2134098 https://doi.org/10.1214/105051605000000142
[3] BAAKE, E. and BAAKE, M. (2016). Haldane linearisation done right: Solving the nonlinear recombination

equation the easy way. Discrete Contin. Dyn. Syst. A 36 6645–6656. MR3567813 https://doi.org/10.
3934/dcds.2016088

[4] BAAKE, E., CORDERO, F. and HUMMEL, S. (2018). A probabilistic view on the deterministic mutation-
selection equation: Dynamics, equilibria, and ancestry via individual lines of descent. J. Math. Biol.
77 795–820. MR3850002 https://doi.org/10.1007/s00285-018-1228-8

[5] BAAKE, E. and GABRIEL, W. (2000). Biological evolution through mutation, selection, and drift: An intro-
ductory review. In Ann. Rev. Comput. Phys. (D. Stauffer, ed.) VII 203–264. World Scientific, Singa-
pore.

[6] BAAKE, E. and GEORGII, H.-O. (2007). Mutation, selection, and ancestry in branching models: A varia-
tional approach. J. Math. Biol. 54 257–303. MR2284067 https://doi.org/10.1007/s00285-006-0039-5

[7] BAAKE, E. and WAKOLBINGER, A. (2018). Lines of descent under selection. J. Stat. Phys. 172 156–174.
MR3810541 https://doi.org/10.1007/s10955-017-1921-9

[8] BAAKE, E. and WIEHE, T. (1997). Bifurcations in haploid and diploid sequence space models. J. Math.
Biol. 35 321–343. MR1478053 https://doi.org/10.1007/s002850050054

[9] BÜRGER, R. (2000). The Mathematical Theory of Selection, Recombination, and Mutation. Wiley Series in
Mathematical and Computational Biology. Wiley, Chichester. MR1885085

[10] CORDERO, F. (2017). Common ancestor type distribution: A Moran model and its deterministic limit.
Stochastic Process. Appl. 127 590–621. MR3583764 https://doi.org/10.1016/j.spa.2016.06.019

[11] CORDERO, F. (2017). The deterministic limit of the Moran model: A uniform central limit theorem. Markov
Process. Related Fields 23 313–324. MR3701545

[12] CORDERO, F., HUMMEL, S. and SCHERTZER, E. (2022) General selection models: Bernstein duality and
minimal ancestral structures. Ann. Appl. Probab. 32 1499–1556. MR4429994 https://doi.org/10.1214/
21-AAP1683

MSC2020 subject classifications. Primary 92D15, 60J80; secondary 60J28, 49K15, 05C80.
Key words and phrases. Mutation–selection equation, bifurcations, duality, branching systems, pruned trees.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/21-AAP1736
http://www.imstat.org
mailto:ebaake@techfak.uni-bielefeld.de
mailto:fcordero@techfak.uni-bielefeld.de
mailto:shummel@techfak.uni-bielefeld.de
http://www.ams.org/mathscinet-getitem?mr=0559137
http://www.ams.org/mathscinet-getitem?mr=2134098
https://doi.org/10.1214/105051605000000142
http://www.ams.org/mathscinet-getitem?mr=3567813
https://doi.org/10.3934/dcds.2016088
http://www.ams.org/mathscinet-getitem?mr=3850002
https://doi.org/10.1007/s00285-018-1228-8
http://www.ams.org/mathscinet-getitem?mr=2284067
https://doi.org/10.1007/s00285-006-0039-5
http://www.ams.org/mathscinet-getitem?mr=3810541
https://doi.org/10.1007/s10955-017-1921-9
http://www.ams.org/mathscinet-getitem?mr=1478053
https://doi.org/10.1007/s002850050054
http://www.ams.org/mathscinet-getitem?mr=1885085
http://www.ams.org/mathscinet-getitem?mr=3583764
https://doi.org/10.1016/j.spa.2016.06.019
http://www.ams.org/mathscinet-getitem?mr=3701545
http://www.ams.org/mathscinet-getitem?mr=4429994
https://doi.org/10.1214/21-AAP1683
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.3934/dcds.2016088
https://doi.org/10.1214/21-AAP1683


[13] CROW, J. and KIMURA, M. (1956). Some genetic problems in natural populations. In Proceedings of the
Third Berkeley Symposium on Mathematical Statistics and Probability, 1954–1955, Vol. IV 1–22. Univ.
California Press, Berkeley, CA. MR0084929

[14] DAWSON, D. A. and GREVEN, A. (2014). Spatial Fleming-Viot Models with Selection and Mutation. Lec-
ture Notes in Math. 2092. Springer, Cham. MR3155790 https://doi.org/10.1007/978-3-319-02153-9

[15] DURRETT, R. (2008). Probability Models for DNA Sequence Evolution, 2nd ed. Probability and Its Appli-
cations. Springer, New York. MR2439767 https://doi.org/10.1007/978-0-387-78168-6

[16] EIGEN, M. (1971). Selforganization of matter and the evolution of biological macromolecules. Naturwis-
senschaften 58 465–523. https://doi.org/10.1007/BF00623322

[17] ETHERIDGE, A. (2011). Some Mathematical Models from Population Genetics. Lecture Notes in Math.
2012. Springer, Heidelberg. MR2759587 https://doi.org/10.1007/978-3-642-16632-7

[18] GONZÁLEZ CASANOVA, A. and SPANÒ, D. (2018). Duality and fixation in �-Wright–Fisher processes
with frequency-dependent selection. Ann. Appl. Probab. 28 250–284. MR3770877 https://doi.org/10.
1214/17-AAP1305

[19] GUCKENHEIMER, J. and HOLMES, P. (1983). Nonlinear Oscillations, Dynamical Systems, and Bifur-
cations of Vector Fields. Applied Mathematical Sciences 42. Springer, New York. MR0709768
https://doi.org/10.1007/978-1-4612-1140-2

[20] HERMISSON, J., REDNER, O., WAGNER, H. and BAAKE, E. (2002). Mutation-selection balance: Ancestry,
load, and maximum principle. Theor. Popul. Biol. 62 9–46.

[21] HOFBAUER, J. (1985). The selection mutation equation. J. Math. Biol. 23 41–53. MR0821683
https://doi.org/10.1007/BF00276557

[22] HOFBAUER, J. and SIGMUND, K. (1998). Evolutionary Games and Population Dynamics. Cambridge Univ.
Press, Cambridge. MR1635735 https://doi.org/10.1017/CBO9781139173179

[23] HUMMEL, S. (2019). Ancestral Lines in Deterministic and Stochastic Mutation–Selection Models. Disser-
tation Universität Bielefeld urn:nbn:de:0070-pub-29365303.

[24] JAGERS, P. (1989). General branching processes as Markov fields. Stochastic Process. Appl. 32 183–212.
MR1014449 https://doi.org/10.1016/0304-4149(89)90075-6

[25] JAGERS, P. (1992). Stabilities and instabilities in population dynamics. J. Appl. Probab. 29 770–780.
MR1188534 https://doi.org/10.1017/s0021900200043667

[26] JANSEN, S. and KURT, N. (2014). On the notion(s) of duality for Markov processes. Probab. Surv. 11
59–120. MR3201861 https://doi.org/10.1214/12-PS206

[27] KELLEY, W. G. and PETERSON, A. C. (2004). The Theory of Differential Equations: Classical and Quali-
tative. Pearson, Upper Saddle River, NJ.

[28] KRONE, S. M. and NEUHAUSER, C. (1997). Ancestral processes with selection. Theor. Popul. Biol. 51
210–237.

[29] KURTZ, T. G. (1970). Solutions of ordinary differential equations as limits of pure jump Markov processes.
J. Appl. Probab. 7 49–58. MR0254917 https://doi.org/10.2307/3212147

[30] LENZ, U., KLUTH, S., BAAKE, E. and WAKOLBINGER, A. (2015). Looking down in the ancestral selection
graph: A probabilistic approach to the common ancestor type distribution. Theor. Popul. Biol. 103 27–
37. https://doi.org/10.1016/j.tpb.2015.01.005

[31] MACH, T. (2017). Dualities and genealogies in stochastic population models. Dissertation Universität Göt-
tingen.

[32] MACH, T., STURM, A. and SWART, J. M. (2018). A new characterization of endogeny. Math. Phys. Anal.
Geom. 21 30. MR3861389 https://doi.org/10.1007/s11040-018-9288-y

[33] MACH, T., STURM, A. and SWART, J. M. (2020). Recursive tree processes and the mean-field limit of
stochastic flows. Electron. J. Probab. 25 61. MR4112765 https://doi.org/10.1214/20-ejp460

[34] NEUHAUSER, C. (1994). A long range sexual reproduction process. Stochastic Process. Appl. 53 193–220.
MR1302910 https://doi.org/10.1016/0304-4149(94)90063-9

[35] NEUHAUSER, C. (1999). The ancestral graph and gene genealogy under frequency-dependent selection.
Theor. Popul. Biol. 56 203–214.

[36] NEUHAUSER, C. and KRONE, S. M. (1997). The genealogy of samples in models with selection. Genetics
145 519–534.

[37] NOBLE, C. (1992). Equilibrium behavior of the sexual reproduction process with rapid diffusion. Ann.
Probab. 20 724–745. MR1159570

[38] NORRIS, J. R. (1998). Markov Chains. Cambridge Series in Statistical and Probabilistic Mathematics 2.
Cambridge Univ. Press, Cambridge. MR1600720

[39] STURM, A. and SWART, J. M. (2015). A particle system with cooperative branching and coalescence. Ann.
Appl. Probab. 25 1616–1649. MR3325283 https://doi.org/10.1214/14-AAP1032

http://www.ams.org/mathscinet-getitem?mr=0084929
http://www.ams.org/mathscinet-getitem?mr=3155790
https://doi.org/10.1007/978-3-319-02153-9
http://www.ams.org/mathscinet-getitem?mr=2439767
https://doi.org/10.1007/978-0-387-78168-6
https://doi.org/10.1007/BF00623322
http://www.ams.org/mathscinet-getitem?mr=2759587
https://doi.org/10.1007/978-3-642-16632-7
http://www.ams.org/mathscinet-getitem?mr=3770877
https://doi.org/10.1214/17-AAP1305
http://www.ams.org/mathscinet-getitem?mr=0709768
https://doi.org/10.1007/978-1-4612-1140-2
http://www.ams.org/mathscinet-getitem?mr=0821683
https://doi.org/10.1007/BF00276557
http://www.ams.org/mathscinet-getitem?mr=1635735
https://doi.org/10.1017/CBO9781139173179
http://www.ams.org/mathscinet-getitem?mr=1014449
https://doi.org/10.1016/0304-4149(89)90075-6
http://www.ams.org/mathscinet-getitem?mr=1188534
https://doi.org/10.1017/s0021900200043667
http://www.ams.org/mathscinet-getitem?mr=3201861
https://doi.org/10.1214/12-PS206
http://www.ams.org/mathscinet-getitem?mr=0254917
https://doi.org/10.2307/3212147
https://doi.org/10.1016/j.tpb.2015.01.005
http://www.ams.org/mathscinet-getitem?mr=3861389
https://doi.org/10.1007/s11040-018-9288-y
http://www.ams.org/mathscinet-getitem?mr=4112765
https://doi.org/10.1214/20-ejp460
http://www.ams.org/mathscinet-getitem?mr=1302910
https://doi.org/10.1016/0304-4149(94)90063-9
http://www.ams.org/mathscinet-getitem?mr=1159570
http://www.ams.org/mathscinet-getitem?mr=1600720
http://www.ams.org/mathscinet-getitem?mr=3325283
https://doi.org/10.1214/14-AAP1032
https://doi.org/10.1214/17-AAP1305


[40] THOMPSON, C. J. and MCBRIDE, J. L. (1974). On Eigen’s theory of the self-organization of matter and
the evolution of biological macromolecules. Math. Biosci. 21 127–142. MR0366425 https://doi.org/10.
1016/0025-5564(74)90110-2

[41] WEGHORN, D., BALICK, D. J., CASSA, C., KOSMICKI, J. A., DALY, M. J., BEIER, D. R. and SUN-
YAEV, S. R. (2019). Applicability of the mutation-selection balance model to population genetics of
heterozygous protein-truncating variants in humans. Mol. Biol. Evol. 36 1701–1710. https://doi.org/10.
1093/molbev/msz092

[42] WRIGHT, S. (1949). Adaptation and selection. In Genetics, Paleontology, and Evolution (G. L. Jepson, G.
G. Simpson and E. Mayr, eds.) 365–389. Princeton Univ. Press, Princeton, NJ.

http://www.ams.org/mathscinet-getitem?mr=0366425
https://doi.org/10.1016/0025-5564(74)90110-2
https://doi.org/10.1093/molbev/msz092
https://doi.org/10.1016/0025-5564(74)90110-2
https://doi.org/10.1093/molbev/msz092


The Annals of Applied Probability
2022, Vol. 32, No. 4, 2448–2503
https://doi.org/10.1214/21-AAP1737
© Institute of Mathematical Statistics, 2022

LIMITS OF MULTIPLICATIVE INHOMOGENEOUS RANDOM GRAPHS
AND LÉVY TREES: THE CONTINUUM GRAPHS

BY NICOLAS BROUTIN1,a, THOMAS DUQUESNE1,b AND MINMIN WANG2,c

1Laboratoire de Probabilités, Statistique et Modélisation, Sorbonne Université, anicolas.broutin@upmc.fr,
bthomas.duquesne@upmc.fr

2Department of Mathematics, University of Sussex, cminmin.wang@sussex.ac.uk

Motivated by limits of critical inhomogeneous random graphs, we con-
struct a family of measured metric spaces that we call continuous multiplica-
tive graphs, that are expected to be the universal limit of graphs related to
the multiplicative coalescent (the Erdős–Rényi random graph, more gener-
ally the so-called rank-one inhomogeneous random graphs of various types,
and the configuration model). At the discrete level, the construction relies on a
new point of view on (discrete) inhomogeneous random graphs that involves
an embedding into a Galton–Watson forest. The new representation allows
us to demonstrate that a process that was already present in the pioneering
work of Aldous [Ann. Probab. 25 (1997) 812–854] and Aldous and Limic
[Electron. J. Probab. 3 (1998) 1–59] about the multiplicative coalescent ac-
tually also essentially encodes the limiting metric. The discrete embedding
of random graphs into a Galton–Watson forest is paralleled by an embedding
of the encoding process into a Lévy process which is crucial in proving the
very existence of the local time functionals on which the metric is based; it
also yields a transparent approach to compactness and fractal dimensions of
the continuous objects. In a companion paper, we show that the continuous
multiplicative graphs are indeed the scaling limit of inhomogeneous random
graphs.
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We establish an invariance principle for the barycenter of a Brunet–
Derrida particle system in d dimensions. The model consists of N particles
undergoing dyadic branching Brownian motion with rate 1. At a branching
event, the number of particles is kept equal to N by removing the particle
located furthest away from the barycenter. To prove the invariance principle,
a key step is to establish Harris recurrence for the process viewed from its
barycenter.
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We study the high-dimensional limit of the free energy associated with
the inference problem of a rank-one nonsymmetric matrix. The matrix is ex-
pressed as the outer product of two vectors, not necessarily independent. The
distributions of the two vectors are only assumed to have scaled bounded
supports. We bound the difference between the free energy and the solution
to a suitable Hamilton–Jacobi equation in terms of two much simpler quan-
tities: concentration rate of this free energy, and the convergence rate of a
simpler free energy in a decoupled system. To demonstrate the versatility of
this approach, we apply our result to the i.i.d. case and the spherical case. By
plugging in estimates of the two simpler quantities, we identify the limits and
obtain convergence rates.
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We are concerned with the problem of global well-posedness of the 3D
Navier–Stokes equations on the torus with unitary viscosity. While a full an-
swer to this question seems to be out of reach of the current techniques, we
establish a regularization by a deterministic vector field. More precisely, we
consider the vorticity form of the system perturbed by an additional transport
type term. Such a perturbation conserves the enstrophy and therefore a priori
it does not imply any smoothing. Our main result is a construction of a de-
terministic vector field v = v(t, x) which provides the desired regularization
of the system and yields global well-posedness for large initial data outside
arbitrary small sets. The proof relies on probabilistic arguments developed by
Flandoli and Luo, tools from rough path theory by Hofmanová, Leahy and
Nilssen and a new Wong–Zakai approximation result, which itself combines
probabilistic and rough path techniques.
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We study a single server queue operating under the shortest remaining
processing time (SRPT) scheduling policy; that is, the server preemptively
serves the job with the shortest remaining processing time first. Since one
needs to keep track of the remaining processing times of all jobs in the sys-
tem in order to describe the evolution, a natural state descriptor for an SRPT
queue is a measure valued process in which the state of the system at a given
time is the finite nonnegative Borel measure on the nonnegative real line that
puts a unit atom at the remaining processing time of each job in system. In
this work we are interested in studying the asymptotic behavior of the suit-
ably scaled measure valued state descriptors for a sequence of SRPT queuing
systems. Gromoll, Kruk and Puha (Stoch. Syst. 1 (2011) 1–16) have studied
this problem under diffusive scaling (time is scaled by r2 and the mass of
the measure normalized by r , where r is a scaling parameter approaching in-
finity). In the setting where the processing time distributions have bounded
support, under suitable conditions, they show that the measure valued state
descriptors converge in distribution to the process that at any given time is
a single atom located at the right edge of the support of the processing time
distribution with the size of the atom fluctuating randomly in time. In the set-
ting where the processing time distributions have unbounded support, under
suitable conditions, they show that the diffusion scaled measure valued state
descriptors converge in distribution to the process that is identically zero. In
Puha (Ann. Appl. Probab. 25 (2015) 3381–3404) for the setting where the
processing time distributions have unbounded support and light tails, a non-
standard scaling of the queue length process is shown to give rise to a form
of state space collapse that results in a nonzero limit.

In the current work we consider the case where processing time distribu-
tions have finite second moments and regularly varying tails. Results of Puha
(Ann. Appl. Probab. 25 (2015) 3381–3404) suggest that the right scaling for
the measure valued process is governed by a parameter cr that is given as
a certain inverse function related to the tails of the first moment of the pro-
cessing time distribution. Using this parameter we consider a novel scaling
for the measure valued process in which the time is scaled by a factor of r2,
the mass is scaled by the factor cr/r and the space (representing the remain-
ing processing times) is scaled by the factor 1/cr . We show that the scaled
measure valued process converges in distribution (in the space of paths of
measures). In a sharp contrast to results for bounded support and light tailed
service time distributions, this time there is no state space collapse and the
limiting measures are not concentrated on a single atom. Nevertheless, the
description of the limit is simple and given explicitly in terms of a certain
R+ valued random field which is determined from a single Brownian mo-
tion. Along the way we establish convergence of suitably scaled workload
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and queue length processes. We also show that as the tail of the distribution
of job processing times becomes lighter in an appropriate fashion, the dif-
ference between the limiting queue length process and the limiting workload
process converges to zero, thereby approaching the behavior of state space
collapse.
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Consider the motion of a Brownian particle in two or more dimensions,
whose coordinate processes are standard Brownian motions with zero drift
initially, and then at some random/unobservable time, one of the coordinate
processes gets a (known) nonzero drift permanently. Given that the position
of the Brownian particle is being observed in real time, the problem is to
detect the time at which a coordinate process gets the drift as accurately as
possible. We solve this problem in the most uncertain scenario when the ran-
dom/unobservable time is (i) exponentially distributed and (ii) independent
from the initial motion without drift. The solution is expressed in terms of a
stopping time that minimises the probability of a false early detection and the
expected delay of a missed late detection. To our knowledge this is the first
time that such a problem has been solved exactly in the literature.
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We consider a nonlinear vertex-reinforced jump process (VRJP(w)) on Z

with an increasing measurable weight function w : [1,∞) → [1,∞) and ini-
tial weights equal to one. Our main goal is to study the asymptotic behaviour
of VRJP(w) depending on the integrability of the reciprocal of w. In particu-
lar, we prove that if

∫ ∞
1

du
w(u)

= ∞ then the process is recurrent, that is, it vis-
its each vertex infinitely often and all local times are unbounded. On the other
hand, if

∫ ∞
1

du
w(u)

< ∞ and there exists a ρ > 0 such that t �→ w(t)ρ
∫ ∞
t

du
w(u)

is nonincreasing then the process will eventually get stuck on exactly three
vertices, and there is only one vertex with unbounded local time. We also
show that if the initial weights are all the same, VRJP on Z cannot be tran-
sient, that is, there exists at least one vertex that is visited infinitely often. Our
results extend the ones previously obtained by Davis and Volkov (Probab.
Theory Related Fields 123 (2002) 281–300) who showed that VRJP with lin-
ear reinforcement on Z is recurrent.
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EIGENVECTOR CORRELATIONS IN THE COMPLEX GINIBRE ENSEMBLE

BY NICHOLAS CRAWFORDa AND RON ROSENTHALb

Department of Mathematics, Technion—I.I.T., anickc@technion.ac.il, bron.ro@technion.ac.il

The complex Ginibre ensemble is the distribution of an N × N non-
Hermitian random matrix over C with i.i.d. complex Gaussian entries nor-
malized to have mean zero and variance 1/N . Unlike the Gaussian unitary
ensemble, for which the eigenvectors are distributed according to Haar mea-
sure on the compact group U(N), independently of the eigenvalues, the ge-
ometry of the eigenbases of the Ginibre ensemble are not particularly well
understood. In this paper we systematically study properties of eigenvector
correlations in this matrix ensemble. In particular, we uncover an extended
algebraic structure which describes their asymptotic behavior (as N goes to
infinity). Our work extends previous results of Chalker and Mehlig (Phys.
Rev. Lett. 81 (1998) 3367–3370), in which the correlation for pairs of eigen-
vectors was computed.
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AN EFFICIENT ALGORITHM FOR SOLVING ELLIPTIC PROBLEMS
ON PERCOLATION CLUSTERS

BY CHENLIN GUa

DMA, Ecole Normale Supérieure, PSL University, achenlin.gu@ens.fr

We present an efficient algorithm to solve elliptic Dirichlet problems de-
fined on the cluster of supercritical Zd -Bernoulli percolation, as a general-
ization of the iterative method proposed by S. Armstrong, A. Hannukainen,
T. Kuusi and J.-C. Mourrat (ESAIM Math. Model. Numer. Anal. (2021) 55
37–55). We also explore the two-scale expansion on the infinite cluster of
percolation, and use it to give a rigorous analysis of the algorithm.
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We study solutions to the stochastic fixed-point equation X
d= AX + B

where the coefficients A and B are nonnegative random variables. We intro-
duce the “local dependence measure” (LDM) and its Legendre-type trans-
form to analyze the left tail behavior of the distribution of X. We discuss the
relationship of LDM with earlier results on the stochastic fixed-point equation
and we apply LDM to prove a theorem on a Fleming–Viot-type process.
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Motivated by kinetically constrained interacting particle systems (KCM),
we consider a reversible coalescing and branching simple exclusion process
on a general finite graph G = (V,E) dual to the biased voter model on G.
Our main goal is tight bounds on its logarithmic Sobolev constant and relax-
ation time, with particular focus on the delicate slightly supercritical regime
in which the equilibrium density of particles tends to zero as |V | → ∞. Our
results allow us to recover very directly and improve to �p-mixing, p ≥ 2,
and to more general graphs, the mixing time results of Pillai and Smith for the
Fredrickson–Andersen one spin facilitated (FA-1f) KCM on the discrete d-
dimensional torus. In view of applications to the more complex FA-j f KCM,
j > 1, we also extend part of the analysis to an analogous process with a more
general product state space.
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We study a general model of random dynamical simplicial complexes
and derive a formula for the asymptotic degree distribution. This asymp-
totic formula generalises results for a number of existing models, includ-
ing random Apollonian networks and the weighted random recursive tree.
It also confirms results on the scale-free nature of complex quantum network
manifolds in dimensions d > 2, and special types of network geometry with
Flavour models studied in the physics literature by Bianconi and Rahmede
[Sci. Rep. 5 (2015) 13979 and Phys. Rev. E 93 (2016) 032315].

REFERENCES

[1] AGISHTEIN, M. E. and MIGDAL, A. A. (1992). Simulations of four-dimensional simplicial quantum grav-
ity as dynamical triangulation. Modern Phys. Lett. A 7 1039–1061. MR1160513 https://doi.org/10.
1142/S0217732392000938

[2] ALBENQUE, M. and MARCKERT, J.-F. (2008). Some families of increasing planar maps. Electron. J.
Probab. 13 1624–1671. MR2438817 https://doi.org/10.1214/EJP.v13-563

[3] ALDOUS, D. (1993). The continuum random tree. III. Ann. Probab. 21 248–289. MR1207226
[4] ANDRADE, J. S., HERRMANN, H. J., ANDRADE, R. F. S. and DA SILVA, L. R. (2005). Apollonian net-

works: Simultaneously scale-free, small world, Euclidean, space filling, and with matching graphs.
Phys. Rev. Lett. 94 018702.

[5] ATHREYA, K. B. and KARLIN, S. (1967). Limit theorems for the split times of branching processes. J.
Math. Mech. 17 257–277. MR0216592 https://doi.org/10.1512/iumj.1968.17.17014

[6] ATHREYA, K. B. and KARLIN, S. (1968). Embedding of urn schemes into continuous time Markov
branching processes and related limit theorems. Ann. Math. Stat. 39 1801–1817. MR0232455
https://doi.org/10.1214/aoms/1177698013

[7] BANDYOPADHYAY, A. and THACKER, D. (2016). A New Approach to Pólya Urn Schemes and Its Infinite
Color Generalization. arXiv preprint. Available at arXiv:1606.05317.

[8] BARABÁSI, A.-L. and ALBERT, R. (1999). Emergence of scaling in random networks. Science 286 509–
512. MR2091634 https://doi.org/10.1126/science.286.5439.509

[9] BHAMIDI, S. (2007). Universal techniques to analyze preferential attachment trees:
Global and local analysis. Preprint available at https://pdfs.semanticscholar.org/e7fb/
8c999ff62a5f080e4c329a7a450f41fb1528.pdf.

[10] BIANCONI, G. and BARABÁSI, A. L. (2001). Bose-Einstein condensation in complex networks. Phys. Rev.
Lett. 86 5632–5635. https://doi.org/10.1103/PhysRevLett.86.5632

[11] BIANCONI, G. and RAHMEDE, C. (2015). Complex quantum network manifolds in dimension d > 2 are
scale-free. Sci. Rep. 5 13979.

[12] BIANCONI, G. and RAHMEDE, C. (2016). Network geometry with flavor: From complexity to quantum
geometry. Phys. Rev. E 93 032315. MR3657791 https://doi.org/10.1103/physreve.93.032315

[13] BIANCONI, G. and RAHMEDE, C. (2017). Emergent hyperbolic network geometry. Sci. Rep. 7 41974.
https://doi.org/10.1038/srep41974

[14] BIANCONI, G., RAHMEDE, C. and WU, Z. (2015). Complex quantum network geometries: Evolution
and phase transitions. Phys. Rev. E (3) 92 022815. MR3545020 https://doi.org/10.1103/PhysRevE.
92.022815

MSC2020 subject classifications. Primary 90B15, 60J20; secondary 05C80.
Key words and phrases. Complex networks, random simplicial complexes, preferential attachment, random

recursive trees, measure valued Pólya processes, Pólya urns, scale-free.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/21-AAP1752
http://www.imstat.org
mailto:n.fountoulakis@bham.ac.uk
mailto:henning.sulzbach@gmail.com
mailto:iyer@wias-berlin.de
mailto:cdm37@bath.ac.uk
http://www.ams.org/mathscinet-getitem?mr=1160513
https://doi.org/10.1142/S0217732392000938
http://www.ams.org/mathscinet-getitem?mr=2438817
https://doi.org/10.1214/EJP.v13-563
http://www.ams.org/mathscinet-getitem?mr=1207226
http://www.ams.org/mathscinet-getitem?mr=0216592
https://doi.org/10.1512/iumj.1968.17.17014
http://www.ams.org/mathscinet-getitem?mr=0232455
https://doi.org/10.1214/aoms/1177698013
http://arxiv.org/abs/arXiv:1606.05317
http://www.ams.org/mathscinet-getitem?mr=2091634
https://doi.org/10.1126/science.286.5439.509
https://pdfs.semanticscholar.org/e7fb/8c999ff62a5f080e4c329a7a450f41fb1528.pdf
https://doi.org/10.1103/PhysRevLett.86.5632
http://www.ams.org/mathscinet-getitem?mr=3657791
https://doi.org/10.1103/physreve.93.032315
https://doi.org/10.1038/srep41974
http://www.ams.org/mathscinet-getitem?mr=3545020
https://doi.org/10.1103/PhysRevE.92.022815
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1142/S0217732392000938
https://pdfs.semanticscholar.org/e7fb/8c999ff62a5f080e4c329a7a450f41fb1528.pdf
https://doi.org/10.1103/PhysRevE.92.022815


[15] BOBROWSKI, O. and KAHLE, M. (2018). Topology of random geometric complexes: A survey. J. Appl.
Comput. Topol. 1 331–364. MR3975557 https://doi.org/10.1007/s41468-017-0010-0

[16] BOLLOBÁS, B., RIORDAN, O., SPENCER, J. and TUSNÁDY, G. (2001). The degree sequence of a scale-free
random graph process. Random Structures Algorithms 18 279–290. MR1824277 https://doi.org/10.
1002/rsa.1009

[17] BORGS, C., CHAYES, J., DASKALAKIS, C. and ROCH, S. (2007). First to market is not everything: An
analysis of preferential attachment with fitness. In STOC’07—Proceedings of the 39th Annual ACM
Symposium on Theory of Computing 135–144. ACM, New York. MR2402437 https://doi.org/10.1145/
1250790.1250812

[18] BOROVKOV, K. A. and VATUTIN, V. A. (2006). On the asymptotic behaviour of random recursive trees in
random environments. Adv. in Appl. Probab. 38 1047–1070. MR2285693 https://doi.org/10.1239/aap/
1165414591

[19] CARLSSON, G. (2009). Topology and data. Bull. Amer. Math. Soc. (N.S.) 46 255–308. MR2476414
https://doi.org/10.1090/S0273-0979-09-01249-X

[20] CHAMPAGNAT, N. and VILLEMONAIS, D. (2017). General criteria for the study of quasi-stationarity. arXiv
preprint. Available at arXiv:1712.08092.

[21] CHEN, W. C. and NI, W. C. (1994). Internal path length of the binary representation of heap-ordered trees.
Inform. Process. Lett. 51 129–132. MR1290206 https://doi.org/10.1016/0020-0190(94)00081-6

[22] COURTNEY, O. T. and BIANCONI, G. (2017). Weighted growing simplicial complexes. Phys. Rev. E 95
062301. https://doi.org/10.1103/PhysRevE.95.062301

[23] CRUMP, K. S. and MODE, C. J. (1968). A general age-dependent branching process. I, II. J. Math. Anal.
Appl. 24 (1968), 494-508; Ibid. 25 8–17. MR0237005

[24] DA SILVA, D. C., BIANCONI, G., DA COSTA, R. A., DOROGOVTSEV, S. N. and MENDES, J. F. F. (2018).
Complex network view of evolving manifolds. Phys. Rev. E 97 032316. MR3789147 https://doi.org/10.
1103/physreve.97.032316

[25] DEREICH, S. and ORTGIESE, M. (2014). Robust analysis of preferential attachment models with fitness.
Combin. Probab. Comput. 23 386–411. MR3189418 https://doi.org/10.1017/S0963548314000157

[26] DOYE, J. P. K. and MASSEN, C. P. (2005). Self-similar disk packings as model spatial scale-free networks.
Phys. Rev. E (3) 71 016128. MR2139325 https://doi.org/10.1103/PhysRevE.71.016128

[27] FRIEZE, A. and TSOURAKAKIS, C. E. (2012). On certain properties of random Apollonian networks. In
Algorithms and Models for the Web Graph. Lecture Notes in Computer Science 7323 93–112. Springer,
Heidelberg. MR2983779 https://doi.org/10.1007/978-3-642-30541-2_8

[28] JAGERS, P. (1974). Convergence of general branching processes and functionals thereof. J. Appl. Probab.
11 471–478. MR0359042 https://doi.org/10.2307/3212691

[29] JAGERS, P. and NERMAN, O. (1984). The growth and composition of branching populations. Adv. in Appl.
Probab. 16 221–259. MR0742953 https://doi.org/10.2307/1427068

[30] JANSON, S. (2004). Functional limit theorems for multitype branching processes and generalized Pólya
urns. Stochastic Process. Appl. 110 177–245. MR2040966 https://doi.org/10.1016/j.spa.2003.12.002

[31] KAHLE, M. (2014). Topology of random simplicial complexes: A survey. In Algebraic Topology: Ap-
plications and New Directions. Contemp. Math. 620 201–221. Amer. Math. Soc., Providence, RI.
MR3290093 https://doi.org/10.1090/conm/620/12367

[32] KALLENBERG, O. (2017). Random Measures, Theory and Applications. Probability Theory and Stochastic
Modelling 77. Springer, Cham. MR3642325 https://doi.org/10.1007/978-3-319-41598-7

[33] KOLOSSVÁRY, I., KOMJÁTHY, J. and VÁGÓ, L. (2016). Degrees and distances in random and evolv-
ing Apollonian networks. Adv. in Appl. Probab. 48 865–902. MR3568896 https://doi.org/10.1017/apr.
2016.32

[34] KUBA, M. and PANHOLZER, A. (2007). On the degree distribution of the nodes in increasing trees. J.
Combin. Theory Ser. A 114 597–618. MR2319165 https://doi.org/10.1016/j.jcta.2006.08.003

[35] MAHMOUD, H. M. (1992). Distances in random plane-oriented recursive trees. Asymptotic methods in
analysis and combinatorics. J. Comput. Appl. Math. 41 237–245.
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CONVERGENCES OF THE RESCALED WHITTAKER STOCHASTIC
DIFFERENTIAL EQUATIONS AND INDEPENDENT SUMS

BY YU-TING CHENa
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We study some SDEs derived from the q → 1 limit of a 2D surface
growth model called the q-Whittaker process. The fluctuations are proven to
exhibit Gaussian characteristics that “come down from infinity”: After rescal-
ing and re-centering, convergences to the time-inverted stationary additive
stochastic heat equation (SHE) hold. The point of view in this paper is a novel
probabilistic representation of the SDEs by independent sums. By this con-
nection, the normal and Poisson approximations, both in diverging integrated
forms, explain the convergence of the re-centered covariance functions. The
proof of the process-level convergence identifies additional divergent terms
in the dynamics and considers nontrivial cancellations.
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TRACY–WIDOM AT EACH EDGE OF REAL COVARIANCE AND MANOVA
ESTIMATORS
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We study the sample covariance matrix for real-valued data with general
population covariance, as well as MANOVA-type covariance estimators in
variance components models under null hypotheses of global sphericity. In
the limit as matrix dimensions increase proportionally, the asymptotic spec-
tra of such estimators may have multiple disjoint intervals of support, pos-
sibly intersecting the negative half line. We show that the distribution of the
extremal eigenvalue at each regular edge of the support has a GOE Tracy–
Widom limit. Our proof extends a comparison argument of Ji Oon Lee and
Kevin Schnelli, replacing a continuous Green function flow by a discrete Lin-
deberg swapping scheme.
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ON THE MINIMAL DRIFT FOR RECURRENCE IN THE FROG MODEL
ON d-ARY TREES
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We study the recurrence property of one-per-site frog model FM(d,p)

on a d-ary tree with drift parameter p ∈ [0,1], which determines the bias of
frogs’ random walks. In this model, active frogs move toward the root with
probability p or otherwise move to a uniformly chosen child vertex. When-
ever a site is visited for the first time, a new active frog is introduced at the
site. We are interested in the minimal drift pd so that the frog model is re-
current. Using a coupling argument together with a recursive construction of
two series of polynomials involved in the generating functions, we prove that
for all d ≥ 2, pd ≤ 1/3, achieving the best, universal upper bound predicted
by the monotonicity conjecture.
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Weighted recursive trees are built by adding successively vertices with
predetermined weights to a tree: each new vertex is attached to a parent cho-
sen randomly proportionally to its weight. Under some assumptions on the
sequence of weights, the first order for the height of such trees has been re-
cently established by one of the authors. In this paper, we obtain the second
and third orders in the asymptotic expansion of the height of weighted recur-
sive trees, under similar assumptions. Our methods are inspired from those
used to prove similar results for branching random walks. Our results also
apply to a related model of growing trees, called the preferential attachment
tree with additive fitnesses.
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We characterize the tail behavior of the distribution of the PageRank of a
uniformly chosen vertex in a directed preferential attachment graph and show
that it decays as a power law with an explicit exponent that is described in
terms of the model parameters. Interestingly, this power law is heavier than
the tail of the limiting in-degree distribution, which goes against the com-
monly accepted power law hypothesis. This deviation from the power law
hypothesis points at the structural differences between the inbound neighbor-
hoods of typical vertices in a preferential attachment graph versus those in
static random graph models where the power law hypothesis has been proven
to hold (e.g., directed configuration models and inhomogeneous random di-
graphs). In addition to characterizing the PageRank distribution of a typical
vertex, we also characterize the explicit growth rate of the PageRank of the
oldest vertex as the network size grows.
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We establish inequalities for assessing the distance between the distribu-
tion of a (possibly multidimensional) functional of a Poisson random mea-
sure and that of a Gaussian element. Our bounds only involve add-one cost
operators at the order one—that we evaluate and compare at two different
scales—and are specifically tailored for studying the Gaussian fluctuations of
sequences of geometric functionals displaying a form of weak stabilization—
see Penrose and Yukich (Ann. Appl. Probab. 11 (2001) 1005–1041) and Pen-
rose (Ann. Probab. 33 (2005) 1945–1991). Our main bounds extend the esti-
mates recently exploited by Chatterjee and Sen (Ann. Appl. Probab. 27 (2017)
1588–1645) in the proof of a quantitative version of the central limit theorem
(CLT) for the length of the Poisson-based Euclidean minimal spanning tree
(MST). We develop in full detail three applications of our bounds, namely: (i)
to a quantitative multidimensional spatial CLT for functionals of the on-line
nearest neighbour graph, (ii) to a quantitative multidimensional CLT involv-
ing functionals of the empirical measure associated with the edge-length of
the Euclidean MST, and (iii) to a collection of multidimensional CLTs for
geometric functionals of the excursion set of heavy-tailed shot noise random
fields. Application (i) is based on a collection of general probabilistic approx-
imations for strongly stabilizing functionals, that is of independent interest.
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We develop a novel procedure for estimating the optimizer of general
convex stochastic optimization problems of the form minx∈X E[F(x, ξ)],
when the given data is a finite independent sample selected according to ξ .
The procedure is based on a median-of-means tournament, and is the first
procedure that exhibits the optimal statistical performance in heavy tailed
situations: we recover the asymptotic rates dictated by the central limit theo-
rem in a nonasymptotic manner once the sample size exceeds some explicitly
computable threshold. Additionally, our results apply in the high-dimensional
setup, as the threshold sample size exhibits the optimal dependence on the di-
mension (up to a logarithmic factor). The general setting allows us to recover
recent results on multivariate mean estimation and linear regression in heavy-
tailed situations and to prove the first sharp, nonasymptotic results for the
portfolio optimization problem.
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