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CONVERGENCE ANALYSIS OF MACHINE LEARNING ALGORITHMS FOR
THE NUMERICAL SOLUTION OF MEAN FIELD CONTROL AND GAMES:

II—THE FINITE HORIZON CASE

BY RENÉ CARMONAa AND MATHIEU LAURIÈREb

Department of Operations Research and Financial Engineering, Princeton University, arcarmona@princeton.edu,
blauriere@princeton.edu

We propose two numerical methods for the optimal control of McKean–
Vlasov dynamics in finite time horizon. Both methods are based on the intro-
duction of a suitable loss function defined over the parameters of a neural net-
work. This allows the use of machine learning tools, and efficient implemen-
tations of stochastic gradient descent in order to perform the optimization.
In the first method, the loss function stems directly from the optimal control
problem. The second method tackles a generic forward-backward stochastic
differential equation system (FBSDE) of McKean–Vlasov type, and relies on
suitable reformulation as a mean field control problem. To provide a guaran-
tee on how our numerical schemes approximate the solution of the original
mean field control problem, we introduce a new optimization problem, di-
rectly amenable to numerical computation, and for which we rigorously pro-
vide an error rate. Several numerical examples are provided. Both methods
can easily be applied to certain problems with common noise, which is not the
case with the existing technology. Furthermore, although the first approach is
designed for mean field control problems, the second is more general and can
also be applied to the FBSDEs arising in the theory of mean field games.
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RISK-SENSITIVE CONTROL FOR A CLASS OF DIFFUSIONS WITH JUMPS

BY ARI ARAPOSTATHIS1,a AND ANUP BISWAS2,b

1Department of Electrical and Computer Engineering, University of Texas at Austin, aari@utexas.edu
2Department of Mathematics, Indian Institute of Science Education and Research Pune, banup@iiserpune.ac.in

We consider a class of diffusions controlled through the drift and jump
size, and driven by a jump Lévy process and a nondegenerate Wiener pro-
cess, and we study infinite horizon (ergodic) risk-sensitive control problems
for this model. We start with the controlled Dirichlet eigenvalue problem in
smooth bounded domains, which also allows us to generalize current results
in the literature on exit rate control problems. Then we consider the infi-
nite horizon average risk-sensitive minimization and maximization problems
on the whole domain. Under suitable hypotheses, we establish existence and
uniqueness of a principal eigenfunction for the Hamilton–Jacobi–Bellman
(HJB) operator on the whole space, and fully characterize stationary Markov
optimal controls as the measurable selectors of this HJB equation.
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[46] GIHMAN, Ĭ. I. and SKOROHOD, A. V. (1972). Stochastic Differential Equations. Ergebnisse der Mathe-
matik und Ihrer Grenzgebiete, Band 72. Springer, New York. MR0346904

[47] GILBARG, D. and TRUDINGER, N. S. (1983). Elliptic Partial Differential Equations of Second Order,
2nd ed. Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences] 224. Springer, Berlin. MR0737190 https://doi.org/10.1007/978-3-642-61798-0

[48] GONG, G. L., QIAN, M. P. and ZHAO, Z. X. (1988). Killed diffusions and their conditioning. Probab.
Theory Related Fields 80 151–167. MR0970476 https://doi.org/10.1007/BF00348757

[49] GYÖNGY, I. and KRYLOV, N. (1996). Existence of strong solutions for Itô’s stochastic equations via
approximations. Probab. Theory Related Fields 105 143–158. MR1392450 https://doi.org/10.1007/
BF01203833

[50] HATA, H. and SEKINE, J. (2010). Explicit solution to a certain non-ELQG risk-sensitive stochastic control
problem. Appl. Math. Optim. 62 341–380. MR2727339 https://doi.org/10.1007/s00245-010-9106-9

[51] ICHIHARA, N. (2011). Recurrence and transience of optimal feedback processes associated with Bellman
equations of ergodic type. SIAM J. Control Optim. 49 1938–1960. MR2837506 https://doi.org/10.1137/
090772678

[52] ICHIHARA, N. (2015). The generalized principal eigenvalue for Hamilton–Jacobi–Bellman equations of
ergodic type. Ann. Inst. H. Poincaré Anal. Non Linéaire 32 623–650. MR3353703 https://doi.org/10.
1016/j.anihpc.2014.02.003

[53] JAMES, M. R. (1992). Asymptotic analysis of nonlinear stochastic risk-sensitive control and differential
games. Math. Control Signals Systems 5 401–417. MR1178849 https://doi.org/10.1007/BF02134013

[54] JAMES, M. R., BARAS, J. S. and ELLIOTT, R. J. (1994). Risk-sensitive control and dynamic games
for partially observed discrete-time nonlinear systems. IEEE Trans. Automat. Control 39 780–792.
MR1276773 https://doi.org/10.1109/9.286253
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[62] MOU, C. and ŚWIȨECH, A. (2018). Aleksandrov–Bakelman–Pucci maximum principles for a class of
uniformly elliptic and parabolic integro-PDE. J. Differential Equations 264 2708–2736. MR3737852
https://doi.org/10.1016/j.jde.2017.11.004

[63] NAGAI, H. (1996). Bellman equations of risk-sensitive control. SIAM J. Control Optim. 34 74–101.
MR1372906 https://doi.org/10.1137/S0363012993255302

[64] PANG, G. and WHITT, W. (2009). Heavy-traffic limits for many-server queues with service interruptions.
Queueing Syst. 61 167–202. MR2485887 https://doi.org/10.1007/s11134-009-9104-2

[65] PINSKY, R. G. (1985). On the convergence of diffusion processes conditioned to remain in a bounded region
for large time to limiting positive recurrent diffusion processes. Ann. Probab. 13 363–378. MR0781410

[66] QUAAS, A. and SIRAKOV, B. (2008). Principal eigenvalues and the Dirichlet problem for fully nonlinear
elliptic operators. Adv. Math. 218 105–135. MR2409410 https://doi.org/10.1016/j.aim.2007.12.002

[67] SKOROKHOD, A. V. (1989). Asymptotic Methods in the Theory of Stochastic Differential Equations.
Translations of Mathematical Monographs 78. Amer. Math. Soc., Providence, RI. MR1020057
https://doi.org/10.1090/mmono/078

[68] STROOCK, D. W. (1975). Diffusion processes associated with Lévy generators. Z. Wahrsch. Verw. Gebiete
32 209–244. MR0433614 https://doi.org/10.1007/BF00532614

[69] SURESH KUMAR, K. and PAL, C. (2015). Risk-sensitive ergodic control of continuous time Markov pro-
cesses with denumerable state space. Stoch. Anal. Appl. 33 863–881. MR3378042 https://doi.org/10.
1080/07362994.2015.1050674

[70] VERETENNIKOV, A. J. (1980). Strong solutions and explicit formulas for solutions of stochastic integral
equations. Mat. Sb. (N.S.) 111 434–452, 480. MR0568986

[71] WHITTLE, P. (1981). Risk-sensitive linear/quadratic/Gaussian control. Adv. in Appl. Probab. 13 764–777.
MR0632961 https://doi.org/10.2307/1426972

[72] WHITTLE, P. (1990). Risk-Sensitive Optimal Control. Wiley-Interscience Series in Systems and Optimiza-
tion. Wiley, Chichester. MR1093001

[73] WHITTLE, P. (1990). A risk-sensitive maximum principle. Systems Control Lett. 15 183–192. MR1076968
https://doi.org/10.1016/0167-6911(90)90110-G

[74] WINTER, N. (2009). W2,p and W1,p-estimates at the boundary for solutions of fully nonlinear, uniformly
elliptic equations. Z. Anal. Anwend. 28 129–164. MR2486925 https://doi.org/10.4171/ZAA/1377

http://www.ams.org/mathscinet-getitem?mr=1702974
http://www.ams.org/mathscinet-getitem?mr=3737852
https://doi.org/10.1016/j.jde.2017.11.004
http://www.ams.org/mathscinet-getitem?mr=1372906
https://doi.org/10.1137/S0363012993255302
http://www.ams.org/mathscinet-getitem?mr=2485887
https://doi.org/10.1007/s11134-009-9104-2
http://www.ams.org/mathscinet-getitem?mr=0781410
http://www.ams.org/mathscinet-getitem?mr=2409410
https://doi.org/10.1016/j.aim.2007.12.002
http://www.ams.org/mathscinet-getitem?mr=1020057
https://doi.org/10.1090/mmono/078
http://www.ams.org/mathscinet-getitem?mr=0433614
https://doi.org/10.1007/BF00532614
http://www.ams.org/mathscinet-getitem?mr=3378042
https://doi.org/10.1080/07362994.2015.1050674
http://www.ams.org/mathscinet-getitem?mr=0568986
http://www.ams.org/mathscinet-getitem?mr=0632961
https://doi.org/10.2307/1426972
http://www.ams.org/mathscinet-getitem?mr=1093001
http://www.ams.org/mathscinet-getitem?mr=1076968
https://doi.org/10.1016/0167-6911(90)90110-G
http://www.ams.org/mathscinet-getitem?mr=2486925
https://doi.org/10.4171/ZAA/1377
https://doi.org/10.1080/07362994.2015.1050674


The Annals of Applied Probability
2022, Vol. 32, No. 6, 4143–4185
https://doi.org/10.1214/21-AAP1776
© Institute of Mathematical Statistics, 2022

WEAK AND STRONG ERROR ANALYSIS FOR MEAN-FIELD RANK-BASED
PARTICLE APPROXIMATIONS OF ONE-DIMENSIONAL VISCOUS SCALAR

CONSERVATION LAWS

BY OUMAIMA BENCHEIKHa AND BENJAMIN JOURDAINb

Cermics, Ecole des Ponts, INRIA, aoumaima.bencheikh@enpc.fr, bbenjamin.jourdain@enpc.fr

In this paper, we analyse the rate of convergence of a system of N in-
teracting particles with mean-field rank-based interaction in the drift coef-
ficient and constant diffusion coefficient. We first adapt arguments by Kolli
and Shkolnikov (Ann. Probab. 46 (2018) 1042–1069) to check trajectorial
propagation of chaos with optimal rate N−1/2 to the associated stochastic
differential equations nonlinear in the sense of McKean. We next relax the
assumptions needed by Bossy (Math. Comp. 73 (2004) 777–812) to check the
convergence in L1(R) with rate O( 1√

N
+h) of the empirical cumulative dis-

tribution function of the Euler discretization with step h of the particle system
to the solution of a one-dimensional viscous scalar conservation law. Last, we
prove that the bias of this stochastic particle method behaves as O( 1

N
+ h).

We provide numerical results which confirm our theoretical estimates.

REFERENCES

[1] BANNER, A. D., FERNHOLZ, R. and KARATZAS, I. (2005). Atlas models of equity markets. Ann. Appl.
Probab. 15 2296–2330. MR2187296 https://doi.org/10.1214/105051605000000449

[2] BENCHEIKH, O. and JOURDAIN, B. (2019). Bias behavior and antithetic sampling in mean-field particle
approximations of SDEs nonlinear in the sense of McKean. In CEMRACS 2017—Numerical Meth-
ods for Stochastic Models: Control, Uncertainty Quantification, Mean-Field. ESAIM Proc. Surveys 65
219–235. EDP Sci., Les Ulis. MR3968542 https://doi.org/10.1051/proc/201965219

[3] BENCHEIKH, O. and JOURDAIN, B. (2022). Approximation rate in Wasserstein distance of probability mea-
sures on the real line by deterministic empirical measures. J. Approx. Theory 274 Paper No. 105684.
MR4355909 https://doi.org/10.1016/j.jat.2021.105684

[4] BOBKOV, S. and LEDOUX, M. (2019). One-dimensional empirical measures, order statistics, and Kan-
torovich transport distances. Mem. Amer. Math. Soc. 261 v+126. MR4028181 https://doi.org/10.1090/
memo/1259

[5] BOSSY, M. (2004). Optimal rate of convergence of a stochastic particle method to solutions of 1D
viscous scalar conservation laws. Math. Comp. 73 777–812. MR2031406 https://doi.org/10.1090/
S0025-5718-03-01551-5

[6] BOSSY, M. and TALAY, D. (1996). Convergence rate for the approximation of the limit law of weakly
interacting particles: Application to the Burgers equation. Ann. Appl. Probab. 6 818–861. MR1410117
https://doi.org/10.1214/aoap/1034968229

[7] CARDALIAGUET, P. (2013). Notes on Mean-Field Games (from P.-L. Lions lectures at Collège de France).
Available at https://www.ceremade.dauphine.fr/cardaliaguet/MFG20130420.pdf.

[8] CHASSAGNEUX, J.-F., SZPRUCH, L. and TSE, A. (2022). Weak quantitative propagation of chaos via
differential calculus on the space of measures. Ann. Appl. Probab. 32 1929–1969. MR4430005
https://doi.org/10.1214/21-aap1725

[9] CHAUDRU DE RAYNAL, P.-E. and FRIKHA, N. (2021). From the backward Kolmogorov PDE on the
Wasserstein space to propagation of chaos for McKean–Vlasov SDEs. J. Math. Pures Appl. (9) 156
1–124. MR4338452 https://doi.org/10.1016/j.matpur.2021.10.010

[10] FERNHOLZ, E. R. (2002). Stochastic Portfolio Theory. Applications of Mathematics (New York) 48.
Springer, New York. MR1894767 https://doi.org/10.1007/978-1-4757-3699-1

[11] JABIR, J.-F. (2019). Rate of propagation of chaos for diffusive stochastic particle systems via Girsanov
transformation. Preprint. Available at arXiv:1907.09096.

MSC2020 subject classifications. 65C35, 65C30.
Key words and phrases. Propagation of chaos, mean-field interaction, rank-based model, weak error analysis.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/21-AAP1776
http://www.imstat.org
mailto:oumaima.bencheikh@enpc.fr
mailto:benjamin.jourdain@enpc.fr
http://www.ams.org/mathscinet-getitem?mr=2187296
https://doi.org/10.1214/105051605000000449
http://www.ams.org/mathscinet-getitem?mr=3968542
https://doi.org/10.1051/proc/201965219
http://www.ams.org/mathscinet-getitem?mr=4355909
https://doi.org/10.1016/j.jat.2021.105684
http://www.ams.org/mathscinet-getitem?mr=4028181
https://doi.org/10.1090/memo/1259
http://www.ams.org/mathscinet-getitem?mr=2031406
https://doi.org/10.1090/S0025-5718-03-01551-5
http://www.ams.org/mathscinet-getitem?mr=1410117
https://doi.org/10.1214/aoap/1034968229
https://www.ceremade.dauphine.fr/cardaliaguet/MFG20130420.pdf
http://www.ams.org/mathscinet-getitem?mr=4430005
https://doi.org/10.1214/21-aap1725
http://www.ams.org/mathscinet-getitem?mr=4338452
https://doi.org/10.1016/j.matpur.2021.10.010
http://www.ams.org/mathscinet-getitem?mr=1894767
https://doi.org/10.1007/978-1-4757-3699-1
http://arxiv.org/abs/arXiv:1907.09096
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1090/memo/1259
https://doi.org/10.1090/S0025-5718-03-01551-5


[12] JOURDAIN, B. (2000). Diffusion processes associated with nonlinear evolution equations for signed
measures. Methodol. Comput. Appl. Probab. 2 69–91. MR1783154 https://doi.org/10.1023/A:
1010059302049

[13] JOURDAIN, B. (2000). Probabilistic approximation for a porous medium equation. Stochastic Process. Appl.
89 81–99. MR1775228 https://doi.org/10.1016/S0304-4149(00)00014-4

[14] JOURDAIN, B. (2002). Probabilistic characteristics method for a one-dimensional inviscid scalar conserva-
tion law. Ann. Appl. Probab. 12 334–360. MR1890068 https://doi.org/10.1214/aoap/1015961167

[15] JOURDAIN, B. and MALRIEU, F. (2008). Propagation of chaos and Poincaré inequalities for a sys-
tem of particles interacting through their CDF. Ann. Appl. Probab. 18 1706–1736. MR2462546
https://doi.org/10.1214/07-AAP513

[16] JOURDAIN, B., MÉLÉARD, S. and WOYCZYNSKI, W. A. (2005). Probabilistic approximation and in-
viscid limits for one-dimensional fractional conservation laws. Bernoulli 11 689–714. MR2158256
https://doi.org/10.3150/bj/1126126765

[17] JOURDAIN, B. and REYGNER, J. (2013). Propagation of chaos for rank-based interacting diffusions and
long time behaviour of a scalar quasilinear parabolic equation. Stoch. Partial Differ. Equ. Anal. Com-
put. 1 455–506. MR3327514 https://doi.org/10.1007/s40072-013-0014-2

[18] JOURDAIN, B. and REYGNER, J. (2014). The small noise limit of order-based diffusion processes. Electron.
J. Probab. 19 no. 29. MR3174841 https://doi.org/10.1214/EJP.v19-2906

[19] JOURDAIN, B. and REYGNER, J. (2016). Optimal convergence rate of the multitype sticky particle approx-
imation of one-dimensional diagonal hyperbolic systems with monotonic initial data. Discrete Contin.
Dyn. Syst. 36 4963–4996. MR3541512 https://doi.org/10.3934/dcds.2016015

[20] KOLLI, P. and SHKOLNIKOV, M. (2018). SPDE limit of the global fluctuations in rank-based models. Ann.
Probab. 46 1042–1069. MR3773380 https://doi.org/10.1214/17-AOP1200

[21] MISCHLER, S., MOUHOT, C. and WENNBERG, B. (2015). A new approach to quantitative propagation of
chaos for drift, diffusion and jump processes. Probab. Theory Related Fields 161 1–59. MR3304746
https://doi.org/10.1007/s00440-013-0542-8

[22] SARANTSEV, A. (2015). Triple and simultaneous collisions of competing Brownian particles. Electron. J.
Probab. 20 no. 29. MR3325099 https://doi.org/10.1214/EJP.v20-3279

[23] SZNITMAN, A.-S. (1991). Topics in propagation of chaos. In École D’Été de Probabilités de Saint-Flour
XIX—1989. Lecture Notes in Math. 1464 165–251. Springer, Berlin. MR1108185 https://doi.org/10.
1007/BFb0085169

[24] TANG, W. and TSAI, L.-C. (2018). Optimal surviving strategy for drifted Brownian motions with absorp-
tion. Ann. Probab. 46 1597–1650. MR3785596 https://doi.org/10.1214/17-AOP1211

[25] VERAAR, M. (2012). The stochastic Fubini theorem revisited. Stochastics 84 543–551. MR2966093
https://doi.org/10.1080/17442508.2011.618883

[26] VERETENNIKOV, A. J. (1981). Strong solutions and explicit formulas for solutions of stochastic integral
equations. Math. USSR, Sb. 39 387–403.

http://www.ams.org/mathscinet-getitem?mr=1783154
https://doi.org/10.1023/A:1010059302049
http://www.ams.org/mathscinet-getitem?mr=1775228
https://doi.org/10.1016/S0304-4149(00)00014-4
http://www.ams.org/mathscinet-getitem?mr=1890068
https://doi.org/10.1214/aoap/1015961167
http://www.ams.org/mathscinet-getitem?mr=2462546
https://doi.org/10.1214/07-AAP513
http://www.ams.org/mathscinet-getitem?mr=2158256
https://doi.org/10.3150/bj/1126126765
http://www.ams.org/mathscinet-getitem?mr=3327514
https://doi.org/10.1007/s40072-013-0014-2
http://www.ams.org/mathscinet-getitem?mr=3174841
https://doi.org/10.1214/EJP.v19-2906
http://www.ams.org/mathscinet-getitem?mr=3541512
https://doi.org/10.3934/dcds.2016015
http://www.ams.org/mathscinet-getitem?mr=3773380
https://doi.org/10.1214/17-AOP1200
http://www.ams.org/mathscinet-getitem?mr=3304746
https://doi.org/10.1007/s00440-013-0542-8
http://www.ams.org/mathscinet-getitem?mr=3325099
https://doi.org/10.1214/EJP.v20-3279
http://www.ams.org/mathscinet-getitem?mr=1108185
https://doi.org/10.1007/BFb0085169
http://www.ams.org/mathscinet-getitem?mr=3785596
https://doi.org/10.1214/17-AOP1211
http://www.ams.org/mathscinet-getitem?mr=2966093
https://doi.org/10.1080/17442508.2011.618883
https://doi.org/10.1023/A:1010059302049
https://doi.org/10.1007/BFb0085169


The Annals of Applied Probability
2022, Vol. 32, No. 6, 4186–4250
https://doi.org/10.1214/22-AAP1783
© Institute of Mathematical Statistics, 2022

CONTINUUM MODELS OF DIRECTED POLYMERS ON DISORDERED
DIAMOND FRACTALS IN THE CRITICAL CASE
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We construct and study a family of random continuum polymer mea-
sures Mr corresponding to limiting partition function laws recently derived
in a weak-coupling regime for polymer models on hierarchical graphs with
marginally relevant disorder. The continuum polymers, which we refer to as
directed paths, are identified with isometric embeddings of the unit interval
[0,1] into a compact diamond fractal having Hausdorff dimension two, and
there is a natural “uniform” probability measure, μ, over the space of directed
paths, �. Realizations of the random path measures Mr exhibit strong local-
ization properties in comparison to their subcritical counterparts in which the
diamond fractal has dimension less than two. Whereas two paths p,q ∈ �

sampled independently using the pure measure μ have only finitely many in-
tersections with probability one, a realization of the disordered product mea-
sure Mr × Mr a.s. assigns positive weight to the set of pairs of paths (p, q)

whose intersection sets are uncountable but of Hausdorff dimension zero. We
give a more refined characterization of the size of these dimension-zero sets
using generalized (logarithmic) Hausdorff measures. The law of the random
measure Mr cannot be constructed as a subcritical Gaussian multiplicative
chaos because the coupling strength to the Gaussian field would, in a formal
sense, have to be infinite.
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We set up an SPDE model for a moving, weakly self-avoiding polymer
with intrinsic length J taking values in (0,∞). Our main result states that
the effective radius of the polymer is approximately J 5/3; evidently for large
J the polymer undergoes stretching. This contrasts with the equilibrium sit-
uation without the time variable, where many earlier results show that the
effective radius is approximately J .

For such a moving polymer taking values in R2, we offer a conjecture that
the effective radius is approximately J 5/4.
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In this paper, we study the performance of a bipartite network in which
customers arrive at the nodes of the network, but not all nodes are able to
serve their customers at all times. Each node can be either active or inactive,
and two nodes connected by a bond cannot be active simultaneously. This
situation arises in wireless random-access networks where, due to destruc-
tive interference, stations that are close to each other cannot use the same
frequency band.

We consider a model where the network is bipartite, the active nodes
switch themselves off at rate 1 and the inactive nodes switch themselves on
at a rate that depends on time and on which half of the bipartite network they
are in. An inactive node cannot become active when one of the nodes it is
connected to by a bond is active. The switching protocol allows the nodes to
share activity among each other. In the limit as the activation rate becomes
large, we compute the crossover time between the two states where one-half
of the network is active and the other half is inactive. This allows us to as-
sess the overall activity of the network depending on the switching protocol.
Our results make use of the metastability analysis for hard-core interacting
particle models on finite bipartite graphs derived in an earlier paper. They
are valid for a large class of bipartite networks, subject to certain assump-
tions. Proofs rely on a comparison with switching protocols that are not time
varying, through coupling techniques.
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Let FN and F be the empirical and limiting spectral distributions of an
N × N Wigner matrix. The Cramér–von Mises (CvM) statistic is a classical
goodness-of-fit statistic that characterizes the distance between FN and F

in L2-norm. In this paper, we consider a mesoscopic approximation of the
CvM statistic for Wigner matrices, and derive its limiting distribution. In the
Appendix, we also give the limiting distribution of the CvM statistic (without
approximation) for the toy model CUE.
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DISTANCE EVOLUTIONS IN GROWING PREFERENTIAL
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We study the evolution of the graph distance and weighted distance
between two fixed vertices in dynamically growing random graph models.
More precisely, we consider preferential attachment models with power-
law exponent τ ∈ (2,3), sample two vertices ut , vt uniformly at random
when the graph has t vertices and study the evolution of the graph dis-
tance between these two fixed vertices as the surrounding graph grows.
This yields a discrete-time stochastic process in t ′ ≥ t , called the dis-
tance evolution. We show that there is a tight strip around the function

4 log log(t)−log(log(t ′/t)∨1)
| log(τ−2)| ∨ 2 that the distance evolution never leaves with

high probability as t tends to infinity. We extend our results to weighted dis-
tances, where every edge is equipped with an i.i.d. copy of a nonnegative
random variable L.
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We propose and study a new model for competitions, specifically sports
multi-player leagues where the initial strengths of the teams are independent
i.i.d. random variables that evolve during different days of the league accord-
ing to independent ergodic processes. The result of each match is random: the
probability that a team wins against another team is determined by a function
of the strengths of the two teams in the day the match is played.

Our model generalizes some previous models studied in the physical and
mathematical literature and is defined in terms of different parameters that
can be statistically calibrated. We prove a quenched—conditioning on the
initial strengths of the teams—law of large numbers and a quenched central
limit theorem for the number of victories of a team according to its initial
strength.

To obtain our results, we prove a theorem of independent interest. For
a stationary process ξ = (ξ i )i∈Z>0 satisfying a mixing condition and an
independent sequence of i.i.d. random variables (si )i∈Z>0 , we prove a
quenched—conditioning on (si )i∈Z>0 —central limit theorem for sums of the
form

∑n
i=1 g(ξ i , si ), where g is a bounded measurable function. We high-

light that the random variables g(ξ i , si ) are not stationary conditioning on
(si )i∈Z>0 .
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For a pair consisting of a gene tree and a species tree, the ancestral con-
figurations at a species-tree internal node are the distinct sets of gene lin-
eages that can be present at that node. The enumeration of root ancestral
configurations—ancestral configurations at the species-tree root—assists in
describing the complexity of gene-tree probability calculations in evolution-
ary biology. Assuming that the gene tree and species tree match in topology,
we study the distribution of the number of root ancestral configurations of a
random labeled tree topology under the uniform and Yule–Harding models.
We employ analytic combinatorics, considering ancestral configurations in
the context of additive tree parameters and using singularity analysis to eval-
uate asymptotic growth of the coefficients of generating functions. For both
models, we obtain asymptotic lognormal distributions for the number of root
ancestral configurations. For Yule–Harding random trees, we also obtain the
asymptotic mean (∼1.425n) and variance (∼2.045n) of the number of root
ancestral configurations, paralleling previous results for the uniform model
(mean (4/3)n, variance ∼1.822n). A methodological innovation is that to ob-
tain the Yule–Harding asymptotic variance, singularity analysis is conducted
from the Riccati differential equation that the generating function satisfies—
without possessing the generating function itself.
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We introduce a two-type first passage percolation competition model on
infinite connected graphs as follows. Type 1 spreads through the edges of
the graph at rate 1 from a single distinguished site, while all other sites are
initially vacant. Once a site is occupied by type 1, it converts to type 2 at rate
ρ > 0. Sites occupied by type 2 then spread at rate λ > 0 through vacant sites
and sites occupied by type 1, whereas type 1 can only spread through vacant
sites. If the set of sites occupied by type 1 is nonempty at all times, we say
type 1 survives. In the case of a regular d-ary tree for d ≥ 3, we show type 1
can survive when it is slower than type 2, provided ρ is small enough. This is
in contrast to when the underlying graph is Zd , where for any ρ > 0, type 1
dies out almost surely if λ > λ′ for some λ′ < 1.
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It was shown in (J. Amer. Math. Soc. 24 (2011) 919–944) that the edge of
the spectrum of β ensembles converges in the large N limit to the bottom of
the spectrum of the stochastic Airy operator. In the present paper, we obtain
a complete description of the bottom of this spectrum when the temperature
1/β goes to ∞: we show that the point process of appropriately rescaled
eigenvalues converges to a Poisson point process on R of intensity ex dx

and that the eigenfunctions converge to Dirac masses centered at i.i.d. points
with exponential laws. Furthermore, we obtain a precise description of the
microscopic behavior of the eigenfunctions near their localization centers.
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We consider the standard model of first-passage percolation on Z
d

(d ≥ 2), with i.i.d. passage times associated with either the edges or the
vertices of the graph. We focus on the particular case where the distribu-
tion of the passage times is the Bernoulli distribution with parameter 1 − ε.
These passage times induce a random pseudo-metric Tε on R

d . By subad-
ditive arguments, it is well known that for any z ∈ R

d \ {0}, the sequence
Tε(0, nz)/n converges a.s. toward a constant με(z) called the time con-
stant. We investigate the behavior of ε 
→ με(z) near 0, and prove that
με(z) = ‖z‖1 − C(z)ε1/d1(z) + o(ε1/d1(z)), where d1(z) is the number of
nonnull coordinates of z, and C(z) is a constant whose dependence on z is
partially explicit.
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We provide a general probabilistic framework within which we estab-
lish scaling limits for a class of continuous-time stochastic volatility models
with self-exciting jump dynamics. In the scaling limit, the joint dynamics of
asset returns and volatility is driven by independent Gaussian white noises
and two independent Poisson random measures that capture the arrival of
exogenous shocks and the arrival of self-excited shocks, respectively. Vari-
ous well-studied stochastic volatility models with and without self-exciting
price/volatility co-jumps are obtained as special cases under different scaling
regimes. We analyze the impact of external shocks on the market dynamics,
especially their impact on jump cascades and show in a mathematically rig-
orous manner that many small external shocks may trigger endogenous jump
cascades in asset returns and stock price volatility.
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The paper deals with a family of jump Markov process defined in a
medium with a periodic or locally periodic microstructure. We assume that
the generator of the process is a zero order convolution type operator with
rapidly oscillating locally periodic coefficient and, under natural ellipticity
and localization conditions, show that the family satisfies the large deviation
principle in the path space equipped with Skorokhod topology. The corre-
sponding rate function is defined in terms of a family of auxiliary periodic
spectral problems. It is shown that the corresponding Lagrangian is a convex
function of velocity that has a superlinear growth at infinity. However, neither
the Lagrangian nor the corresponding Hamiltonian need not be strictly con-
vex, we only claim their strict convexity in some neighbourhood of infinity.
It then depends on the profile of the generator kernel whether the Lagrangian
is strictly convex everywhere or not.
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We study the dimension properties of the spectral measure of the circular
β-ensembles. For β ≥ 2 it was previously shown by Simon that the spec-
tral measure is almost surely singular continuous with respect to Lebesgue
measure on ∂D and the dimension of its support is 1 − 2/β. We reprove
this result with a combination of probabilistic techniques and the so-called
Jitomirskaya–Last inequalities. Our method is simpler in nature and mostly
self-contained, with an emphasis on the probabilistic aspects rather than the
analytic. We also extend the method to prove a large deviations principle for
norms involved in the Jitomirskaya–Last analysis.
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We consider species tree estimation under a standard stochastic model
of gene tree evolution that incorporates incomplete lineage sorting (as mod-
eled by a coalescent process) and gene duplication and loss (as modeled by a
branching process). Through a probabilistic analysis of the model, we derive
sample complexity bounds for widely used quartet-based inference methods
that highlight the effect of the duplication and loss rates in both subcritical
and supercritical regimes.
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CONVERGENCE OF PERSISTENCE DIAGRAM IN THE SPARSE REGIME

BY TAKASHI OWADAa

Department of Statistics, Purdue University, aowada@purdue.edu

The objective of this paper is to examine the asymptotic behavior of
persistence diagrams associated with Čech filtration. A persistence diagram
is a graphical descriptor of a topological and algebraic structure of geo-
metric objects. We consider Čech filtration over a scaled random sample
r−1
n Xn = {r−1

n X1, . . . , r−1
n Xn}, such that rn → 0 as n → ∞. We treat per-

sistence diagrams as a point process and establish their limit theorems in the
sparse regime: nrd

n → 0, n → ∞. In this setting, we show that the asymp-
totics of the kth persistence diagram depends on the limit value of the se-

quence nk+2r
d(k+1)
n . If nk+2r

d(k+1)
n → ∞, the scaled persistence diagram

converges to a deterministic Radon measure almost surely in the vague met-

ric. If rn decays faster so that nk+2r
d(k+1)
n → c ∈ (0,∞), the persistence

diagram weakly converges to a limiting point process without normalization.

Finally, if nk+2r
d(k+1)
n → 0, the sequence of probability distributions of a

persistence diagram should be normalized, and the resulting convergence will
be treated in terms of the M0-topology.
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A CONCENTRATION OF MEASURE AND RANDOM MATRIX APPROACH
TO LARGE-DIMENSIONAL ROBUST STATISTICS

BY COSME LOUARTa AND ROMAIN COUILLETb

GIPSA-lab, Université Grenoble-Alpes, acosmelouart@gmail.com, bromain.couillet@gipsa-lab.grenoble-inp.fr

This article studies the robust covariance matrix estimation of a data
collection X = (x1, . . . , xn) with xi = √

τ izi + m, where zi ∈ R
p is a con-

centrated vector (e.g., an elliptical random vector), m ∈ R
p a deterministic

signal and τi ∈R a scalar perturbation of possibly large amplitude, under the
assumption where both n and p are large. This estimator is defined as the
fixed point of a function which we show is contracting for a so-called stable
semi-metric. We exploit this semi-metric along with concentration of mea-
sure arguments to prove the existence and uniqueness of the robust estimator
as well as evaluate its limiting spectral distribution.
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PROPERTIES OF EIGENVALUES AND EIGENVECTORS OF
LARGE-DIMENSIONAL SAMPLE CORRELATION MATRICES
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This paper is to study the properties of eigenvalues and eigenvectors of
high-dimensional sample correlation matrices. We first improve the result of
Jiang (Sankhyā 66 (2004) 35–48), Xiao and Zhou (J. Theoret. Probab. 23
(2010) 1–20) and the Theorem 1 of El Karoui (Ann. Appl. Probab. 19 (2009)
2362–2405), both concerning the limiting spectral distribution and the ex-
treme eigenvalues of sample correlation matrices, by allowing a more general
fourth moment condition. Then, we establish a central limit theorem (CLT)
for the linear statistics of the eigenvectors of large sample correlation matri-
ces. We discover that the difference between the functional CLT of the sample
covariance matrix and the sample correlation matrix is fundamentally influ-
enced by the direction of a nonrandom projection vector. In the special case
where the square root of the correlation matrix is identity, the difference will
be determined by the sum of the fourth powers of the entries of the projection
vector. These results also indicate that the eigenmatrix of sample correlation
matrices is not asymptotically Haar if the underlying distribution is Gaussian.
In other words, the normalization based on the sample variances affects the
asymptotic properties of the eigenmatrix of the Wishart matrix. Furthermore,
we establish a theorem concerning CLT for the linear statistics of the eigen-
vectors of large sample covariance matrices. This theorem improves the main
results in Bai, Miao and Pan (Ann. Probab. 35 (2007) 1532–1572), which
requires the assumption that the fourth moment of the underlying variable
matches the one of Gaussian distribution, as well as Theorem 1.3 in Pan and
Zhou (Ann. Appl. Probab. 18 (2008) 1232–1270), which relaxed the Gaus-
sian like fourth moment requirement but assumes the maximum entries of the
projection vector converge to 0 uniformly. We illustrate the usefulness of the
theoretical results through an application in communications.
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We study an optimal-control problem of polling systems with large
switchover times, when a holding cost is incurred on the queues. In particular,
we consider a stochastic network with a single server that switches between
several buffers (queues) according to a pre-specified order, assuming that the
switchover times between the queues are large relative to the processing times
of individual jobs. Due to its complexity, computing an optimal control for
such a system is prohibitive, and so we instead search for an asymptotically
optimal control. To this end, we first solve an optimal control problem for a
deterministic relaxation (namely, for a fluid model), that is represented as a
hybrid dynamical system. We then “translate” the solution to that fluid prob-
lem to a binomial-exhaustive policy for the underlying stochastic system, and
prove that this policy is asymptotically optimal in a large-switchover-time
scaling regime, provided a certain uniform integrability (UI) condition holds.
Finally, we demonstrate that the aforementioned UI condition holds in the
following cases: (i) the holding cost has (at most) linear growth, and all ser-
vice times have finite second moments; (ii) the holding cost grows at most at
a polynomial rate (of any degree), and the service-time distributions possess
finite moment generating functions.
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VISHNEVSKIĬ, V. M. and SEMENOVA, O. V. (2006). Mathematical methods for investigating polling systems.
Autom. Remote Control 2 173–220.

VLASIOU, M., ADAN, I. J. B. F. and BOXMA, O. J. (2009). A two-station queue with dependent preparation and
service times. European J. Oper. Res. 195 104–116. MR2474145 https://doi.org/10.1016/j.ejor.2008.01.027

WHITT, W. (2002). Stochastic-Process Limits: An Introduction to Stochastic-Process Limits and Their Applica-
tion to Queues. Springer Series in Operations Research. Springer, New York. MR1876437

WINANDS, E. M. M. (2007). On polling systems with large setups. Oper. Res. Lett. 35 584–590. MR2348800
https://doi.org/10.1016/j.orl.2006.10.004

WINANDS, E. M. M. (2011). Branching-type polling systems with large setups. OR Spectrum 33 77–97.
MR2749654 https://doi.org/10.1007/s00291-009-0174-7

WINANDS, E. M. M., ADAN, I. J. B. F. and VAN HOUTUM, G. J. (2011). The stochastic economic lot scheduling
problem: A survey. European J. Oper. Res. 210 1–9. MR2764100 https://doi.org/10.1016/j.ejor.2010.06.011

http://www.ams.org/mathscinet-getitem?mr=1699627
https://doi.org/10.1239/jap/1032374244
http://www.ams.org/mathscinet-getitem?mr=1625073
https://doi.org/10.1023/A:1019118232492
http://www.ams.org/mathscinet-getitem?mr=2474145
https://doi.org/10.1016/j.ejor.2008.01.027
http://www.ams.org/mathscinet-getitem?mr=1876437
http://www.ams.org/mathscinet-getitem?mr=2348800
https://doi.org/10.1016/j.orl.2006.10.004
http://www.ams.org/mathscinet-getitem?mr=2749654
https://doi.org/10.1007/s00291-009-0174-7
http://www.ams.org/mathscinet-getitem?mr=2764100
https://doi.org/10.1016/j.ejor.2010.06.011


The Annals of Applied Probability
2022, Vol. 32, No. 6, 4849–4892
https://doi.org/10.1214/22-AAP1804
© Institute of Mathematical Statistics, 2022
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Motivated by nanoscale growth of ultra-thin films, we study a model of
deposition, on an interval substrate, of particles that perform Brownian mo-
tions until any two meet, when they nucleate to form a static island, which
acts as an absorbing barrier to subsequent particles. This is a continuum ver-
sion of a lattice model studied in the applied literature. We show that the
associated interval-splitting process converges in the sparse deposition limit
to a Markovian process (in the vein of Brennan and Durrett) governed by a
splitting density with a compact Fourier series expansion but, apparently, no
simple closed form. We show that the same splitting density governs the fixed
deposition rate, large time asymptotics of the normalized gap distribution, so
these asymptotics are independent of deposition rate. The splitting density
is derived by solving an exit problem for planar Brownian motion from a
right-angled triangle, extending work of Smith and Watson.
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We consider phylogeny estimation under a two-state model of sequence
evolution by site substitution on a tree. In the asymptotic regime where the
sequence lengths tend to infinity, we show that for any fixed k no statisti-
cally consistent phylogeny estimation is possible from k-mer counts over the
full leaf sequences alone. Formally, we establish that the joint distribution
of k-mer counts over the entire leaf sequences on two distinct trees have to-
tal variation distance bounded away from 1 as the sequence length tends to
infinity. Our impossibility result implies that statistical consistency requires
more sophisticated use of k-mer count information, such as block techniques
developed in previous theoretical work.
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ŁATUSZYŃSKI, KRZYSZTOF, NAYAR, PIOTR, WENDLAND, ALEX AND MO-
RINA, GIULIO. From the Bernoulli factory to a dice enterprise via perfect
sampling of Markov chains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 327–359

LAURIÈRE, MATHIEU AND CARMONA, RENÉ. Convergence analysis of ma-
chine learning algorithms for the numerical solution of mean field control
and games: II—the finite horizon case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4065–4105

LAURITZEN, STEFFEN, TRAN, NGOC M., AMÉNDOLA, CARLOS AND KLÜP-
PELBERG, CLAUDIA. Conditional independence in max-linear Bayesian
networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1–45

LEGRIED, BRANDON, ROCH, SEBASTIEN AND FAN, WAI-TONG LOUIS. An
impossibility result for phylogeny reconstruction from k-mer counts . . . . . 4893–4913

LEGRIED, BRANDON, ROCH, SEBASTIEN AND HILL, MAX. Species tree
estimation under joint modeling of coalescence and duplication: Sample
complexity of quartet methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4681–4705

LELIÈVRE, TONY, MONMARCHÉ, PIERRE AND EHRLACHER, VIRGINIE.
Adaptive force biasing algorithms: New convergence results and tensor
approximations of the bias . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3850–3888

LENGA, MATTHIAS, CHRISTENSEN, SÖREN AND KALLSEN, JAN. Are
American options European after all? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 853–892

LEROUVILLOIS, VINCENT AND TONINELLI, FABIO. Hydrodynamic limit for
a 2D interlaced particle process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167–190

LI, XUE-MEI AND SIEBER, JULIAN. Slow-fast systems with fractional envi-
ronment and dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3964–4003

LI, ZENGHU AND FANG, RONGJUAN. Construction of continuous-state
branching processes in varying environments . . . . . . . . . . . . . . . . . . . . . . . . . . 3645–3673

LIAO, HUAFU, YU, XIANG AND BO, LIJUN. Risk-sensitive credit portfolio
optimization under partial information and contagion risk . . . . . . . . . . . . . . . 2355–2399

LIN, JESSICA, TENDRON, THOMAS AND ADDARIO-BERRY, LOUIGI. Bary-
centric Brownian bees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2504–2539

LINKER, AMITAI, REMENIK, DANIEL AND FREDES, LUIS. Coexistence for
a population model with forest fire epidemics . . . . . . . . . . . . . . . . . . . . . . . . . . 4004–4037

LIU, WEI, WU, LIMING, ZHANG, CHAOEN AND GUILLIN, ARNAUD. Uni-
form Poincaré and logarithmic Sobolev inequalities for mean field particle
systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1590–1614

LIVIERI, GIULIA, CAMPI, LUCIANO, DE ANGELIS, TIZIANO AND GHIO,
MADDALENA. Mean-field games of finite-fuel capacity expansion with
singular controls . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3674–3717

LOUART, COSME AND COUILLET, ROMAIN. A concentration of measure and
random matrix approach to large-dimensional robust statistics . . . . . . . . . . . 4737–4762

LU, JIANFENG AND WANG, LIHAN. On explicit L2-convergence rate estimate
for piecewise deterministic Markov processes in MCMC algorithms . . . . . 1333–1361

LUGOSI, GÁBOR, VELONA, VASILIKI, ADDARIO-BERRY, LOUIGI AND DE-
VROYE, LUC. Broadcasting on random recursive trees . . . . . . . . . . . . . . . . 497–528



LUO, DEJUN, NILSSEN, TORSTEIN, FLANDOLI, FRANCO AND HOFMANOVÁ,
MARTINA. Global well-posedness of the 3D Navier–Stokes equations
perturbed by a deterministic vector field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2568–2586

LYU, HANBAEK AND JUNGE, MATTHEW. The phase structure of asymmetric
ballistic annihilation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3797–3816

MA, YANYUAN AND YIN, YANQING. Properties of eigenvalues and eigenvec-
tors of large-dimensional sample correlation matrices . . . . . . . . . . . . . . . . . . . 4763–4802

MAILLARD, PASCAL AND PAQUETTE, ELLIOT. Interval fragmentations with
choice: Equidistribution and the evolution of tagged fragments . . . . . . . . . . 3537–3571

MAILLER, CÉCILE, SCHAPIRA, BRUNO AND KIOUS, DANIEL. Finding
geodesics on graphs using reinforcement learning . . . . . . . . . . . . . . . . . . . . . . 3889–3929

MAILLER, CÉCILE, SULZBACH, HENNING, FOUNTOULAKIS, NIKOLAOS

AND IYER, TEJAS. Dynamical models for random simplicial complexes 2860–2913
MARTINELLI, FABIO, TONINELLI, CRISTINA AND HARTARSKY, IVAILO.

Coalescing and branching simple symmetric exclusion process . . . . . . . . . . 2841–2859
MCGOFF, KEVIN, MUKHERJEE, SAYAN AND NOBEL, ANDREW B. Gibbs

posterior convergence and the thermodynamic formalism . . . . . . . . . . . . . . . 461–496
MENDELSON, SHAHAR AND BARTL, DANIEL. On Monte-Carlo methods in

convex stochastic optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3146–3198
MERKULOV, NIKITA, PALCZEWSKI, JAN AND DE ANGELIS, TIZIANO. On

the value of non-Markovian Dynkin games with partial and asymmetric
information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1774–1813

MIRÓ PINA, VERÓNICA, SIRI-JÉGOUSSE, ARNO AND GONZÁLEZ

CASANOVA, ADRIÁN. The symmetric coalescent and Wright–Fisher
models with bottlenecks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235–268

MONMARCHÉ, PIERRE, EHRLACHER, VIRGINIE AND LELIÈVRE, TONY.
Adaptive force biasing algorithms: New convergence results and tensor
approximations of the bias . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3850–3888

MONOYIOS, MICHAEL. Duality for optimal consumption under no unbounded
profit with bounded risk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3572–3613
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