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LARGE-SCALE BEHAVIOUR AND HYDRODYNAMIC LIMIT OF BETA
COALESCENTS

BY LUKE MILLER!? AND HELMUT H. PITTERS!%P

]Department of Statistics, University of Oxford, ®Imiller @stats.ox.ac.uk, Yhelmut. pitters@berkeley.edu
2Departmenl of Statistics, University of California, Berkeley

We quantify the behaviour at large scales of the beta coalescent IT =
{I1(z),t > 0} with parameters a, b > 0. Specifically, we study the rescaled
block size spectrum of IT(¢) and of its restriction I, (z) to {1,...,n}. Our
main result is a law of large numbers type of result if IT comes down from
infinity. In the case of Kingman’s coalescent the derivation of this so-called
hydrodynamic limit has been known since the work of Smoluchowski (Z.
Phys. 17 (1916) 557-585). We extend Smoluchowski’s result to beta coales-
cents and show that if IT comes down from infinity both rescaled spectra

n N e @ ty), ... uT1(tTy)),  and  n ™ (1M1, .. cn Tl (1)),

converge to (different) deterministic limits that we compute explicitly in
terms of partial Bell polynomials. Here ¢;w counts the number of blocks of
size i in a partition 7, and () is a sequence such that 7, ~ n—1=a) 45
n— oo.

Along the way we study the nontrivial limits of the rescaled block count-
ing processes {n®*#I1,(tt,),t > 0}, and {n*#I1(t1,),t > 0}, where o €
[—1,—=2/3 —a)), and 7, ~ n*U = if T comes down from infinity.
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APPROXIMATION BOUNDS FOR RANDOM NEURAL NETWORKS AND
RESERVOIR SYSTEMS

BY LUKAS GONON!2, LYUDMILA GRIGORYEVA%P AND JUAN-PABLO ORTEGA3:®

lDepartment of Mathematics, University of Munich, ®gonon@math.lmu.de
2Department of Statistics, University of Warwick, bLyudmila. Grigoryeva@warwick.ac.uk
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This work studies approximation based on single-hidden-layer feed-
forward and recurrent neural networks with randomly generated internal
weights. These methods, in which only the last layer of weights and a few hy-
perparameters are optimized, have been successfully applied in a wide range
of static and dynamic learning problems. Despite the popularity of this ap-
proach in empirical tasks, important theoretical questions regarding the rela-
tion between the unknown function, the weight distribution, and the approx-
imation rate have remained open. In this work it is proved that, as long as
the unknown function, functional, or dynamical system is sufficiently regu-
lar, it is possible to draw the internal weights of the random (recurrent) neural
network from a generic distribution (not depending on the unknown object)
and quantify the error in terms of the number of neurons and the hyperpa-
rameters. In particular, this proves that echo state networks with randomly
generated weights are capable of approximating a wide class of dynamical
systems arbitrarily well and thus provides the first mathematical explanation
for their empirically observed success at learning dynamical systems.
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CONVERGENCE IN WASSERSTEIN DISTANCE FOR EMPIRICAL
MEASURES OF SEMILINEAR SPDES
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The convergence rate in Wasserstein distance is estimated for the em-
pirical measures of symmetric semilinear SPDEs. Unlike in the finite-
dimensional case that the convergence is of algebraic order in time, in the
present situation the convergence is of log order with a power given by eigen-
values of the underlying linear operator.
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Fix t+ > 2. We first give an asymptotic formula for certain sums of the
number of 7-cores. We then use this result to compute the distribution of the
size of the ¢-core of a uniformly random partition of an integer n. We show
that this converges weakly to a gamma distribution after dividing by /n.
As a consequence, we find that the size of the ¢-core is of the order of \/n
in expectation. We then apply this result to show that the probability that ¢
divides the hook length of a uniformly random cell in a uniformly random
partition equals 1/¢ in the limit. Finally, we extend this result to all modulo
classes of ¢ using abacus representations for cores and quotients.
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TRANSITIVE CLOSURE IN A POLLUTED ENVIRONMENT
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We introduce and study a new percolation model, inspired by recent
works on jigsaw percolation, graph bootstrap percolation, and percolation
in polluted environments. Start with an oriented graph G of initially occu-
pied edges on n vertices, and iteratively occupy additional (oriented) edges
by transitivity, with the constraint that only open edges in a certain random
set can ever be occupied. All other edges are closed, creating a set of obsta-
cles for the spread of occupied edges. When G is an unoriented linear graph,
and leftward and rightward edges are open independently with possibly dif-
ferent probabilities, we identify three regimes in which the set of eventually
occupied edges is either all open edges, the majority of open edges in one
direction, or only a very small proportion of all open edges. In the more gen-
eral setting where G is a connected unoriented graph of bounded degree,
we show that the transition between sparse and full occupation of open edges
occurs when the probability of open edges is (log n)~1/2+0() We conclude
with several conjectures and open problems.

REFERENCES

AIZENMAN, M. and LEBOWITZ, J. L. (1988). Metastability effects in bootstrap percolation. J. Phys. A 21
3801-3813. MR0968311

ANGEL, O. and KOLESNIK, B. (2018). Sharp thresholds for contagious sets in random graphs. Ann. Appl.
Probab. 28 1052-1098. MR3784495 https://doi.org/10.1214/17-AAP1325

BALOGH, J., BOLLOBAS, B., DUMINIL-COPIN, H. and MORRIS, R. (2012). The sharp threshold for
bootstrap percolation in all dimensions. Trans. Amer. Math. Soc. 364 2667-2701. MR2888224
https://doi.org/10.1090/S0002-9947-2011-05552-2

BALOGH, J., BOLLOBAS, B. and MORRIS, R. (2012). Graph bootstrap percolation. Random Structures
Algorithms 41 413-440. MR2993128 https://doi.org/10.1002/rsa.20458

BALOGH, J., BOLLOBAS, B., MORRIS, R. and RIORDAN, O. (2012). Linear algebra and bootstrap percola-
tion. J. Combin. Theory Ser. A 119 1328-1335. MR2915649 https://doi.org/10.1016/j.jcta.2012.03.005

BARBOUR, A. D., HOLST, L. and JANSON, S. (1992). Poisson Approximation. Oxford Studies in Prob-
ability 2. The Clarendon Press, Oxford University Press, New York. Oxford Science Publications.
MR1163825

BARTHA, Z. and KOLESNIK, B. (2022). Weakly saturated random graphs. Random Structures Algorithms.
To appear.

BOLLOBAS, B. (1968). Weakly k-saturated graphs. In Beitrige zur Graphentheorie (Kolloquium,
Manebach, 1967) 25-31. Teubner, Leipzig. MR0244077

BOLLOBAS, B., PRZYKUCKI, M., RIORDAN, O. and SAHASRABUDHE, J. (2017). On the maximum run-
ning time in graph bootstrap percolation. Electron. J. Combin. 24 2.16. MR3650265 https://doi.org/10.
37236/5771

BOLLOBAS, B., RIORDAN, O., SLIVKEN, E. and SMITH, P. (2017). The threshold for jigsaw percolation
on random graphs. Electron. J. Combin. 24 2.36. MR3665569 https://doi.org/10.37236/6102

BRUMMITT, C. D., CHATTERJEE, S., DEY, P. S. and SIVAKOFF, D. (2015). Jigsaw percolation: What
social networks can collaboratively solve a puzzle? Ann. Appl. Probab. 25 2013-2038. MR3349000
https://doi.org/10.1214/14- AAP1041

CHALUPA, J., LEATH, P. L. and REICH, G. R. (1979). Bootstrap percolation on a Bethe lattice. J. Phys. C
21 L31-L35.

MSC2020 subject classifications. Primary 60K35; secondary 05C80.
Key words and phrases. Bootstrap percolation, Catalan percolation, jigsaw percolation, phase transition, ran-
dom graph, transitive closure.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/22-AAP1810
http://www.imstat.org
mailto:gravner@math.ucdavis.edu
mailto:bkolesnik@ucsd.edu
http://www.ams.org/mathscinet-getitem?mr=0968311
http://www.ams.org/mathscinet-getitem?mr=3784495
https://doi.org/10.1214/17-AAP1325
http://www.ams.org/mathscinet-getitem?mr=2888224
https://doi.org/10.1090/S0002-9947-2011-05552-2
http://www.ams.org/mathscinet-getitem?mr=2993128
https://doi.org/10.1002/rsa.20458
http://www.ams.org/mathscinet-getitem?mr=2915649
https://doi.org/10.1016/j.jcta.2012.03.005
http://www.ams.org/mathscinet-getitem?mr=1163825
http://www.ams.org/mathscinet-getitem?mr=0244077
http://www.ams.org/mathscinet-getitem?mr=3650265
https://doi.org/10.37236/5771
http://www.ams.org/mathscinet-getitem?mr=3665569
https://doi.org/10.37236/6102
http://www.ams.org/mathscinet-getitem?mr=3349000
https://doi.org/10.1214/14-AAP1041
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.37236/5771

[13]

[14]
[15]

[16]

[17]

(18]
[19]
(20]
(21]
(22]

(23]

[24]
[25]
[26]

(27]

COOLEY, O., KAPETANOPOULOS, T. and MAKALI, T. (2019). The sharp threshold for jigsaw percolation in
random graphs. Adv. in Appl. Probab. 51 378-407. MR3989519 https://doi.org/10.1017/apr.2019.24

DURRETT, R. (1984). Oriented percolation in two dimensions. Ann. Probab. 12 999-1040. MR0757768

FORTUIN, C. M., KASTELEYN, P. W. and GINIBRE, J. (1971). Correlation inequalities on some partially
ordered sets. Comm. Math. Phys. 22 89-103. MR0309498

FRIEDGUT, E. and KALAI, G. (1996). Every monotone graph property has a sharp threshold. Proc. Amer.
Math. Soc. 124 2993-3002. MR1371123 https://doi.org/10.1090/S0002-9939-96-03732-X

GRAVNER, J. and HOLROYD, A. E. (2019). Polluted bootstrap percolation with threshold two in
all dimensions. Probab. Theory Related Fields 175 467-486. MR4009714 https://doi.org/10.1007/
s00440-018-0892-3

GRAVNER, J., HOLROYD, A. E. and SIVAKOFF, D. (2021). Polluted bootstrap percolation in three dimen-
sions. Ann. Appl. Probab. 31 218-246. MR4254479 https://doi.org/10.1214/20-aap1588

GRAVNER, J. and MCDONALD, E. (1997). Bootstrap percolation in a polluted environment. J. Stat. Phys.
87 915-927. MR 1459046 https://doi.org/10.1007/BF02181252

GRAVNER, J. and SIVAKOFF, D. (2017). Nucleation scaling in jigsaw percolation. Ann. Appl. Probab. 27
395-438. MR3619791 https://doi.org/10.1214/16- AAP1206

GUNDERSON, K., KoCH, S. and PRZYKUCKI, M. (2017). The time of graph bootstrap percolation. Random
Structures Algorithms 51 143—-168. MR3668849 https://doi.org/10.1002/rsa.20660

HOLROYD, A. E. (2003). Sharp metastability threshold for two-dimensional bootstrap percolation. Probab.
Theory Related Fields 125 195-224. MR1961342 https://doi.org/10.1007/s00440-002-0239-x

JANSON, S., LuczAK, T. and RUCINSKI, A. (2000). Random Graphs. Wiley-Interscience Series in Discrete
Mathematics and Optimization. Wiley Interscience, New York. MR1782847 https://doi.org/10.1002/
9781118032718

KARP, R. M. (1990). The transitive closure of a random digraph. Random Structures Algorithms 1 73-93.
MR1068492 https://doi.org/10.1002/rsa.3240010106

KOLESNIK, B. (2022). The sharp K4-percolation threshold on the Erd6s—Rényi random graph. Electron. J.
Probab. 27 13. MR4372097 https://doi.org/10.1214/21-ejp710

POLLAK, M. and RIESS, 1. (1975). Application of percolation theory to 2D-3D Heisenberg ferromagnets.
Phys. Status Solidi (b) 69 K15-K18.

VAN DEN BERG, J. and KESTEN, H. (1985). Inequalities with applications to percolation and reliability.
J. Appl. Probab. 22 556-569. MR0799280 https://doi.org/10.1017/s0021900200029326


http://www.ams.org/mathscinet-getitem?mr=3989519
https://doi.org/10.1017/apr.2019.24
http://www.ams.org/mathscinet-getitem?mr=0757768
http://www.ams.org/mathscinet-getitem?mr=0309498
http://www.ams.org/mathscinet-getitem?mr=1371123
https://doi.org/10.1090/S0002-9939-96-03732-X
http://www.ams.org/mathscinet-getitem?mr=4009714
https://doi.org/10.1007/s00440-018-0892-3
http://www.ams.org/mathscinet-getitem?mr=4254479
https://doi.org/10.1214/20-aap1588
http://www.ams.org/mathscinet-getitem?mr=1459046
https://doi.org/10.1007/BF02181252
http://www.ams.org/mathscinet-getitem?mr=3619791
https://doi.org/10.1214/16-AAP1206
http://www.ams.org/mathscinet-getitem?mr=3668849
https://doi.org/10.1002/rsa.20660
http://www.ams.org/mathscinet-getitem?mr=1961342
https://doi.org/10.1007/s00440-002-0239-x
http://www.ams.org/mathscinet-getitem?mr=1782847
https://doi.org/10.1002/9781118032718
http://www.ams.org/mathscinet-getitem?mr=1068492
https://doi.org/10.1002/rsa.3240010106
http://www.ams.org/mathscinet-getitem?mr=4372097
https://doi.org/10.1214/21-ejp710
http://www.ams.org/mathscinet-getitem?mr=0799280
https://doi.org/10.1017/s0021900200029326
https://doi.org/10.1007/s00440-018-0892-3
https://doi.org/10.1002/9781118032718

The Annals of Applied Probability

2023, Vol. 33, No. 1, 127-160
https://doi.org/10.1214/22-AAP1811

© Institute of Mathematical Statistics, 2023

(1]

(2]

(3]
(4]

(5]

(6]
(71
(8]
(9]
(10]
(1]
(12]

[13]

(14]

[15]

INVARIANCE PRINCIPLES FOR INTEGRATED RANDOM WALKS
CONDITIONED TO STAY POSITIVE

BY MICHAEL BAR!?, JETLIR DURAJ>P AND VITALI WACHTEL>®

LMsG Systems AG, *michael.baer@msg.group
2Department of Economics, University of Pittsburgh, bjed] 69@pitt.edu
3Faculty of Mathematics, Bielefeld University, wachtel @math.uni-bielefeld.de

Let S(n) be a centered random walk with finite second moment. We con-
sider the integrated random walk 7'(n) = S(0) + S(1) + - - - 4+ S(n). We prove
invariance principles for the meander and for the bridge of this process, un-
der the condition that the integrated random walk remains positive. Further-
more, we prove the functional convergence of its Doob’s k-transform to the
h-transform of the Kolmogorov diffusion conditioned to stay positive.
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Given a sequence of i.i.d. random functions ¥,, : R — R, n € N, we
consider the iterated function system and Markov chain, which is recursively
defined by X{j :=x and X;; := W, _1(X;;_,) for x € R and n € N. Under the
two basic assumptions that the W, are a.s. continuous at any point in R and
asymptotically linear at the “endpoints” £o0o, we study the tail behavior of
the stationary laws of such Markov chains by means of Markov renewal the-
ory. Our approach provides an extension of Goldie’s implicit renewal theory
(Ann. Appl. Probab. (1991) 1 126-166) and can also be viewed as an adap-
tation of Kesten’s work on products of random matrices (Acta Math. (1973)
131 207-248) to one-dimensional function systems as described. Our results
have applications in quite different areas of applied probability like queuing
theory, econometrics, mathematical finance and population dynamics, for ex-
ample, ARCH models and random logistic transforms.

REFERENCES

ALDOUS, D. J. and BANDYOPADHYAY, A. (2005). A survey of max-type recursive distributional equations.
Ann. Appl. Probab. 15 1047-1110. MR2134098 https://doi.org/10.1214/105051605000000142

ALSMEYER, G. (1994). On the Markov renewal theorem. Stochastic Process. Appl. 50 37-56. MR1262329
https://doi.org/10.1016/0304-4149(94)90146-5

ALSMEYER, G. (1997). The Markov renewal theorem and related results. Markov Process. Related Fields
3 103-127. MR 1446921

ALSMEYER, G. (2014). Quasistochastic matrices and Markov renewal theory. J. Appl. Probab. 51A 359-
376. MR3317369 https://doi.org/10.1239/jap/1417528486

ALSMEYER, G. (2016). On the stationary tail index of iterated random Lipschitz functions. Stochastic Pro-
cess. Appl. 126 209-233. MR3426517 https://doi.org/10.1016/j.spa.2015.08.004

ALSMEYER, G. and MENTEMEIER, S. (2012). Tail behaviour of stationary solutions of random differ-
ence equations: The case of regular matrices. J. Difference Equ. Appl. 18 1305-1332. MR2956047
https://doi.org/10.1080/10236198.2011.571383

ATHREYA, K. B. and DAL, J. (2000). Random logistic maps. . J. Theoret. Probab. 13 595-608. MR1778589
https://doi.org/10.1023/A:1007828804691

ATHREYA, K. B., MCDONALD, D. and NEY, P. (1978). Limit theorems for semi-Markov processes and
renewal theory for Markov chains. Ann. Probab. 6 788-797. MR0503952

BORKOVEC, M. and KLUPPELBERG, C. (2001). The tail of the stationary distribution of an autoregressive
process with ARCH(1) errors. Ann. Appl. Probab. 11 1220-1241. MR1878296 https://doi.org/10.1214/
a0ap/1015345401

BROFFERIO, S. and BURACZEWSKI, D. (2015). On unbounded invariant measures of stochastic dynamical
systems. Ann. Probab. 43 1456-1492. MR3342668 https://doi.org/10.1214/13- AOP903

BURACZEWSKI, D. and DAMEK, E. (2017). A simple proof of heavy tail estimates for affine type Lipschitz
recursions. Stochastic Process. Appl. 127 657-668. MR3583767 https://doi.org/10.1016/j.spa.2016.06.
022

MSC2020 subject classifications. Primary 60H25; secondary 60F15, 60K15.
Key words and phrases. Iterated function system, asymptotically linear, stationary distribution, tail behavior,

Markov renewal theory.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/22-AAP1812
http://www.imstat.org
mailto:gerolda@math.uni-muenster.de
mailto:sara.brofferio@math.u-pec.fr
mailto:dariusz.buraczewski@uwr.edu.pl
http://www.ams.org/mathscinet-getitem?mr=2134098
https://doi.org/10.1214/105051605000000142
http://www.ams.org/mathscinet-getitem?mr=1262329
https://doi.org/10.1016/0304-4149(94)90146-5
http://www.ams.org/mathscinet-getitem?mr=1446921
http://www.ams.org/mathscinet-getitem?mr=3317369
https://doi.org/10.1239/jap/1417528486
http://www.ams.org/mathscinet-getitem?mr=3426517
https://doi.org/10.1016/j.spa.2015.08.004
http://www.ams.org/mathscinet-getitem?mr=2956047
https://doi.org/10.1080/10236198.2011.571383
http://www.ams.org/mathscinet-getitem?mr=1778589
https://doi.org/10.1023/A:1007828804691
http://www.ams.org/mathscinet-getitem?mr=0503952
http://www.ams.org/mathscinet-getitem?mr=1878296
https://doi.org/10.1214/aoap/1015345401
http://www.ams.org/mathscinet-getitem?mr=3342668
https://doi.org/10.1214/13-AOP903
http://www.ams.org/mathscinet-getitem?mr=3583767
https://doi.org/10.1016/j.spa.2016.06.022
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/aoap/1015345401
https://doi.org/10.1016/j.spa.2016.06.022

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]
(21]

(22]

(23]
(24]
(25]
[26]
[27]

(28]

BURACZEWSKI, D., DAMEK, E., GUIVARC’H, Y. and MENTEMEIER, S. (2014). On multidimensional
Mandelbrot cascades. J. Difference Equ. Appl. 20 1523-1567. MR3268907 https://doi.org/10.1080/
10236198.2014.950259

BURACZEWSKI, D., DAMEK, E. and MIKOSCH, T. (2016). Stochastic Models with Power-Law Tails: The
Equation X = AX + B. Springer Series in Operations Research and Financial Engineering. Springer,
Cham. MR3497380 https://doi.org/10.1007/978-3-319-29679-1

DA PRrRATO, G. and ZABCZYK, J. (1996). Ergodicity for Infinite-Dimensional Systems. London Math-
ematical Society Lecture Note Series 229. Cambridge Univ. Press, Cambridge. MR1417491
https://doi.org/10.1017/CB0O9780511662829

DAMEK, E., MATSUI, M. and éWIATKOWSKI, W. (2019). Componentwise different tail solutions for bi-
variate stochastic recurrence equations with application to GARCH(1,1) processes. Collog. Math. 155
227-254. MR3897508 https://doi.org/10.4064/cm7313A-5-2018

DAMEK, E. and ZIENKIEWICZ, J. (2018). Affine stochastic equation with triangular matrices. J. Difference
Equ. Appl. 24 520-542. MR3767029 https://doi.org/10.1080/10236198.2017.1422249

DE SAPORTA, B. (2005). Tail of the stationary solution of the stochastic equation Y, 1 = an Yy + b, with
Markovian coefficients. Stochastic Process. Appl. 115 1954-1978. MR2178503 https://doi.org/10.
1016/j.spa.2005.06.009

Di1ACONIS, P. and FREEDMAN, D. (1999). Iterated random functions. SIAM Rev. 41 45-76. MR1669737
https://doi.org/10.1137/S0036144598338446

EMBRECHTS, P., KLUPPELBERG, C. and MIKOSCH, T. (1997). Modelling Extremal Events: For In-
surance and Finance. Applications of Mathematics (New York) 33. Springer, Berlin. MR1458613
https://doi.org/10.1007/978-3-642-33483-2

GOLDIE, C. M. (1991). Implicit renewal theory and tails of solutions of random equations. Ann. Appl.
Probab. 1 126-166. MR1097468

GUEGAN, D. and DIEBOLT, J. (1994). Probabilistic properties of the B-ARCH-model. Statist. Sinica 4
71-87. MR1282866

GUIVARC’H, Y. and LE PAGE, E. (2016). Spectral gap properties for linear random walks and Pareto’s
asymptotics for affine stochastic recursions. Ann. Inst. Henri Poincaré Probab. Stat. 52 503-574.
MR3498000 https://doi.org/10.1214/15- AIHP668

JAcoOD, J. (1971). Théoreme de renouvellement et classification pour les chaines semi-markoviennes. Ann.
Inst. Henri Poincaré B, Calc. Probab. Stat. 7 83—-129. MR0305496

KESTEN, H. (1973). Random difference equations and renewal theory for products of random matrices.
Acta Math. 131 207-248. MR0440724 https://doi.org/10.1007/BF02392040

KESTEN, H. (1974). Renewal theory for functionals of a Markov chain with general state space. Ann.
Probab. 2 355-386. MR0365740 https://doi.org/10.1214/a0p/1176996654

MAERCKER, G. (1997). Statistical inference in conditional heteroscedastic autoregressive models Ph.D.
thesis Technische Universitit Braunschweig.

MIREK, M. (2011). Heavy tail phenomenon and convergence to stable laws for iterated Lipschitz maps.
Probab. Theory Related Fields 151 705-734. MR2851697 https://doi.org/10.1007/s00440-010-0312-9

SHURENKOV, V. M. (1984). On Markov renewal theory. Teor. Veroyatn. Primen. 29 248-263. MR0749913


http://www.ams.org/mathscinet-getitem?mr=3268907
https://doi.org/10.1080/10236198.2014.950259
http://www.ams.org/mathscinet-getitem?mr=3497380
https://doi.org/10.1007/978-3-319-29679-1
http://www.ams.org/mathscinet-getitem?mr=1417491
https://doi.org/10.1017/CBO9780511662829
http://www.ams.org/mathscinet-getitem?mr=3897508
https://doi.org/10.4064/cm7313A-5-2018
http://www.ams.org/mathscinet-getitem?mr=3767029
https://doi.org/10.1080/10236198.2017.1422249
http://www.ams.org/mathscinet-getitem?mr=2178503
https://doi.org/10.1016/j.spa.2005.06.009
http://www.ams.org/mathscinet-getitem?mr=1669737
https://doi.org/10.1137/S0036144598338446
http://www.ams.org/mathscinet-getitem?mr=1458613
https://doi.org/10.1007/978-3-642-33483-2
http://www.ams.org/mathscinet-getitem?mr=1097468
http://www.ams.org/mathscinet-getitem?mr=1282866
http://www.ams.org/mathscinet-getitem?mr=3498000
https://doi.org/10.1214/15-AIHP668
http://www.ams.org/mathscinet-getitem?mr=0305496
http://www.ams.org/mathscinet-getitem?mr=0440724
https://doi.org/10.1007/BF02392040
http://www.ams.org/mathscinet-getitem?mr=0365740
https://doi.org/10.1214/aop/1176996654
http://www.ams.org/mathscinet-getitem?mr=2851697
https://doi.org/10.1007/s00440-010-0312-9
http://www.ams.org/mathscinet-getitem?mr=0749913
https://doi.org/10.1080/10236198.2014.950259
https://doi.org/10.1016/j.spa.2005.06.009

The Annals of Applied Probability

2023, Vol. 33, No. 1, 200-237
https://doi.org/10.1214/22-AAP1813

© Institute of Mathematical Statistics, 2023

ON A NONLINEAR SPDE DERIVED FROM A HYDRODYNAMIC LIMIT IN

A SINAI-TYPE RANDOM ENVIRONMENT
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With the recent developments on nonlinear SPDEs, where smoothing of
rough noises is needed, one is naturally led to study interacting particle sys-
tems whose macroscopic evolution is described by these equations and which
possess an in-built smoothing. In this article, our main results are to derive
regularized versions of the ill-posed one-dimensional SPDE

1
dip=5A0(p) - 2V(W'®(p)),

where the spatial white noise W' is replaced by a regularization W/, as
quenched and annealed hydrodynamic limits of zero-range interacting parti-
cle systems in e-regularized Sinai-type random environments. Some compu-
tations are also made about annealed mean hydrodynamic limits in unregular-
ized Sinai-type random environments with respect to independent particles.
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We propose a new method for solving optimal stopping problems (such
as American option pricing in finance) under minimal assumptions on the un-
derlying stochastic process X. We consider classic and randomized stopping
times represented by linear and nonlinear functionals of the rough path sig-
nature X< associated to X, and prove that maximizing over these classes
of signature stopping times, in fact, solves the original optimal stopping prob-
lem. Using the algebraic properties of the signature, we can then recast the
problem as a (deterministic) optimization problem depending only on the
(truncated) expected signature E[Xé ]}/]. By applying a deep neural network
approach to approximate the nonlinear signature functionals, we can effi-
ciently solve the optimal stopping problem numerically. The only assump-
tion on the process X is that it is a continuous (geometric) random rough
path. Hence, the theory encompasses processes such as fractional Brownian
motion, which fail to be either semimartingales or Markov processes, and can
be used, in particular, for American-type option pricing in fractional models,
for example, on financial or electricity markets.
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The supercooled Stefan problem and its variants describe the freezing
of a supercooled liquid in physics, as well as the large system limits of sys-
temic risk models in finance and of integrate-and-fire models in neuroscience.
Adopting the physics terminology, the supercooled Stefan problem is known
to feature a finite-time blow-up of the freezing rate for a wide range of initial
temperature distributions in the liquid. Such a blow-up can result in a discon-
tinuity of the liquid-solid boundary. In this paper, we prove that the natural
Euler time-stepping scheme applied to a probabilistic formulation of the su-
percooled Stefan problem converges to the liquid-solid boundary of its phys-
ical solution globally in time, in the Skorokhod M1 topology. In the course of
the proof, we give an explicit bound on the rate of local convergence for the
time-stepping scheme. We also run numerical tests to compare our theoretical
results to the practically observed convergence behavior.
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SPREAD OF PREMALIGNANT MUTANT CLONES AND CANCER
INITIATION IN MULTILAYERED TISSUE
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Over 80% of human cancers originate from the epithelium, which covers
the outer and inner surfaces of organs and blood vessels. In stratified epithe-
lium, the bottom layers are occupied by stem and stem-like cells that contin-
ually divide and replenish the upper layers. In this work, we study the spread
of premalignant mutant clones and cancer initiation in stratified epithelium,
using the biased voter model on stacked two-dimensional lattices. Our main
result is an estimate of the propagation speed of a premalignant mutant clone,
which is asymptotically precise in the cancer-relevant weak-selection limit.
‘We use our main result to study cancer initiation under a two-step mutational
model of cancer, which includes computing the distributions of the time of
cancer initiation and the size of the premalignant clone giving rise to cancer.
Our work quantifies the effect of epithelial tissue thickness on the process
of carcinogenesis, thereby contributing to an emerging understanding of the
spatial evolutionary dynamics of cancer.

REFERENCES

[1] ARMITAGE, P. and DOLL, R. (1954). The age distribution of cancer and a multi-stage theory of carcino-
genesis. Br. J. Cancer 8 1-12.

[2] ARMITAGE, P. and DOLL, R. (1957). A two-stage theory of carcinogenesis in relation to the age distribution
of human cancer. Br. J. Cancer 11 161-169.

[3] Bozic, 1., ANTAL, T., OHTSUKI, H., CARTER, H., KiM, D., CHEN, S., KARCHIN, R., KINZLER, K. W_,
VOGELSTEIN, B. et al. (2010). Accumulation of driver and passenger mutations during tumor pro-
gression. Proc. Natl. Acad. Sci. USA 107 18545-18550.

[4] BRAAKHUIS, B., TABOR, M., KUMMER, J., LEEMANS, C. and BRAKENHOFF, R. (2003). A genetic ex-
planation of Slaughter’s concept of field cancerization evidence and clinical implications. Cancer Res.
63 1727-1730.

[S] BRAMSON, M. and GRIFFEATH, D. (1980). On the Williams—Bjerknes tumour growth model. II. Math.
Proc. Cambridge Philos. Soc. 88 339-357. MR0578279 https://doi.org/10.1017/S0305004100057650

[6] BRAMSON, M. and GRIFFEATH, D. (1981). On the Williams—Bjerknes tumour growth model. 1. Ann.
Probab. 9 173-185. MR0606980

[7] CANNONE, C. (2017). A short note on Poisson tail bounds. Available at http://www.cs.columbia.
edu/~ccanonne/files/misc/2017-poissonconcentration.pdf.

[8] CHAL H. and BROWN, R. (2009). Field effect in cancer—an update. Annals of Clinical & Laboratory Science
39 331-337.

[9] CHANDRASOMA, P. T. (2018). Chapter 4—histologic definition and diagnosis of epithelia in the esophagus
and proximal stomach. In GERD (P. T. Chandrasoma, ed.) 73—-107. Academic Press, San Diego.

[10] CurTIiUS, K., WRIGHT, N. and GRAHAM, T. (2018). An evolutionary perspective on field cancerization.
Nat. Rev. Cancer 18 19-32.
[11] DURRETT, R. (1984). Oriented percolation in two dimensions. Ann. Probab. 12 999—-1040. MR0757768

MSC2020 subject classifications. Primary 60G50, 60J27, 60K35; secondary 92B05, 92C50, 92D25.
Key words and phrases. Spatial cancer models, biased voter model, branching coalescing random walks, evo-
Iutionary dynamics, field cancerization.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/22-AAP1816
http://www.imstat.org
mailto:jyfoo@umn.edu
mailto:gunna042@umn.edu
mailto:lede0024@umn.edu
mailto:storeyk@lafayette.edu
http://www.ams.org/mathscinet-getitem?mr=0578279
https://doi.org/10.1017/S0305004100057650
http://www.ams.org/mathscinet-getitem?mr=0606980
http://www.cs.columbia.edu/~ccanonne/files/misc/2017-poissonconcentration.pdf
http://www.cs.columbia.edu/~ccanonne/files/misc/2017-poissonconcentration.pdf
http://www.ams.org/mathscinet-getitem?mr=0757768
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

[12]

[13]

[14]
[15]
[16]

[17]

(18]

[19]

(20]

(21]
[22]

(23]
(24]

[25]

[26]

(27]
(28]
[29]
(30]
(31]

(32]

DURRETT, R. (1988). Lecture Notes on Particle Systems and Percolation. The Wadsworth & Brooks/Cole
Statistics/Probability Series. Wadsworth & Brooks/Cole Advanced Books & Software, Pacific Grove,
CA. MR0940469

DURRETT, R. (1995). Ten lectures on particle systems. In Lectures on Probability Theory (Saint-Flour,
1993). Lecture Notes in Math. 1608 97-201. Springer, Berlin. MR1383122 https://doi.org/10.1007/
BFb0095747

DURRETT, R., FOO, J. and LEDER, K. (2016). Spatial Moran models, II: Cancer initiation in spatially struc-
tured tissue. J. Math. Biol. 72 1369—-1400. MR3464206 https://doi.org/10.1007/s00285-015-0912-1

DURRETT, R. and MOSELEY, S. (2015). Spatial Moran models I. Stochastic tunneling in the neutral case.
Ann. Appl. Probab. 25 104-115. MR3297767 https://doi.org/10.1214/13- AAP989

DURRETT, R. and ZAHLE, 1. (2007). On the width of hybrid zones. Stochastic Process. Appl. 117 1751—
1763. MR2437727 https://doi.org/10.1016/j.spa.2006.05.017

DVORETZKY, A. and ERDOS, P. (1951). Some problems on random walk in space. In Proceedings of the
Second Berkeley Symposium on Mathematical Statistics and Probability, 1950 353-367. Univ. Cali-
fornia Press, Berkeley-Los Angeles, CA. MR0047272

Foo, J., LEDER, K. and RYSER, M. D. (2014). Multifocality and recurrence risk: A quantitative model of
field cancerization. J. Theoret. Biol. 355 170-184. MR3217192 https://doi.org/10.1016/j.jtbi.2014.02.
042

Foo, J., LEDER, K. and SCHWEINSBERG, J. (2020). Mutation timing in a spatial model of evolution.
Stochastic Process. Appl. 130 6388—6413. MR4140038 https://doi.org/10.1016/j.spa.2020.05.015

Foo, J., LEDER, K. and ZHU, J. (2014). Escape times for branching processes with random mutational
fitness effects. Stochastic Process. Appl. 124 3661-3697. MR3249351 https://doi.org/10.1016/j.spa.
2014.06.003

GEBOES, K. (1994). Squamous mucosa and reflux. http://www.hon.ch/OESO/books/Vol_3_Eso_Mucosa/
Articles/ART004.HTML.

INSTITUTE, N. N. C. SEER Training Cancer classification. https://training.seer.cancer.gov/disease/
categories/classification.html.

KNUDSON, A. (2001). Two genetic hits (more or less) to cancer. Nat. Rev. Cancer 1 157-161.

KNUDSON, A. G. (1971). Mutation and cancer: Statistical study of retinoblastoma. Proc. Natl. Acad. Sci.
USA 68 820-823.

KOMAROVA, N. L. (2006). Spatial stochastic models for cancer initiation and progression. Bull. Math. Biol.
68 1573-1599. MR2257717 https://doi.org/10.1007/s11538-005-9046-8

LAWLER, G. F. and LiMIC, V. (2010). Random Walk: A Modern Introduction. Cambridge Studies in Ad-
vanced Mathematics 123. Cambridge Univ. Press, Cambridge. MR2677157 https://doi.org/10.1017/
CB09780511750854

LEVIN, D. A., PERES, Y. and WILMER, E. L. (2009). Markov Chains and Mixing Times. Amer. Math.
Soc., Providence, RI. MR2466937 https://doi.org/10.1090/mbk/058

LIGGETT, T. M. (2005). Interacting Particle Systems. Classics in Mathematics. Springer, Berlin.
MR2108619 https://doi.org/10.1007/b138374

NOWAK, M. A. (2006). Evolutionary Dynamics: Exploring the Equations of Life. The Belknap Press of
Harvard Univ. Press, Cambridge, MA. MR2252879

RICHARDSON, D. (1973). Random growth in a tessellation. Proc. Camb. Philos. Soc. 74 515-528.
MR0329079 https://doi.org/10.1017/s0305004100077288

WILLIAMS, T. and BJERKNES, R. (1972). Stochastic model for abnormal clone spread through epithelial
basal layer. Nature 236 19-21. https://doi.org/10.1038/236019a0

WODARZ, D. and KOMAROVA, N. L. (2014). Dynamics of Cancer: Mathematical Foundations of Oncology.
World Scientific Co. Pte. Ltd., Hackensack, NJ. MR3309233 https://doi.org/10.1142/8973


http://www.ams.org/mathscinet-getitem?mr=0940469
http://www.ams.org/mathscinet-getitem?mr=1383122
https://doi.org/10.1007/BFb0095747
http://www.ams.org/mathscinet-getitem?mr=3464206
https://doi.org/10.1007/s00285-015-0912-1
http://www.ams.org/mathscinet-getitem?mr=3297767
https://doi.org/10.1214/13-AAP989
http://www.ams.org/mathscinet-getitem?mr=2437727
https://doi.org/10.1016/j.spa.2006.05.017
http://www.ams.org/mathscinet-getitem?mr=0047272
http://www.ams.org/mathscinet-getitem?mr=3217192
https://doi.org/10.1016/j.jtbi.2014.02.042
http://www.ams.org/mathscinet-getitem?mr=4140038
https://doi.org/10.1016/j.spa.2020.05.015
http://www.ams.org/mathscinet-getitem?mr=3249351
https://doi.org/10.1016/j.spa.2014.06.003
http://www.hon.ch/OESO/books/Vol_3_Eso_Mucosa/Articles/ART004.HTML
https://training.seer.cancer.gov/disease/categories/classification.html
http://www.ams.org/mathscinet-getitem?mr=2257717
https://doi.org/10.1007/s11538-005-9046-8
http://www.ams.org/mathscinet-getitem?mr=2677157
https://doi.org/10.1017/CBO9780511750854
http://www.ams.org/mathscinet-getitem?mr=2466937
https://doi.org/10.1090/mbk/058
http://www.ams.org/mathscinet-getitem?mr=2108619
https://doi.org/10.1007/b138374
http://www.ams.org/mathscinet-getitem?mr=2252879
http://www.ams.org/mathscinet-getitem?mr=0329079
https://doi.org/10.1017/s0305004100077288
https://doi.org/10.1038/236019a0
http://www.ams.org/mathscinet-getitem?mr=3309233
https://doi.org/10.1142/8973
https://doi.org/10.1007/BFb0095747
https://doi.org/10.1016/j.jtbi.2014.02.042
https://doi.org/10.1016/j.spa.2014.06.003
http://www.hon.ch/OESO/books/Vol_3_Eso_Mucosa/Articles/ART004.HTML
https://training.seer.cancer.gov/disease/categories/classification.html
https://doi.org/10.1017/CBO9780511750854

The Annals of Applied Probability

2023, Vol. 33, No. 1, 344-375
https://doi.org/10.1214/22-AAP1817

© Institute of Mathematical Statistics, 2023

DARWINIAN EVOLUTION AS BROWNIAN MOTION ON THE SIMPLEX:

(1]
[2]
(3]
(4]
[3]

(6]

[7]

(8]

(91

[10]

[11]

[12]

[13]

A GEOMETRIC PERSPECTIVE ON STOCHASTIC REPLICATOR
DYNAMICS

BY TOBIAS LEHMANN?

Institute of Mathematics, University of Leipzig, *tobias.lehmann@bath.edu

We prove that stochastic replicator dynamics can be interpreted as intrin-
sic Brownian motion on the simplex equipped with the Aitchison geometry.
As an immediate consequence, we derive three approximation results in the
spirit of Wong—Zakai approximation, Donsker’s invariance principle and a
JKO-scheme. Using the Fokker—Planck equation and Wasserstein-contraction
estimates, we also study the long time behavior of the stochastic replicator
equation, as an example of a nongradient drift diffusion on the Aitchison
simplex.
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We describe and analyze a class of positive recurrent reflected Brownian
motions (RBMs) in Ri for which local statistics converge to equilibrium at
a rate independent of the dimension d. Under suitable assumptions on the
reflection matrix, drift and diffusivity coefficients, dimension-independent
stretched exponential convergence rates are obtained by estimating contrac-
tions in an underlying weighted distance between synchronously coupled
RBMs. We also study the symmetric Atlas model as a first step in obtaining
dimension-independent convergence rates for RBMs not satisfying the above
assumptions. By analyzing a pathwise derivative process and connecting it
to a random walk in a random environment, we obtain polynomial conver-
gence rates for the gap process of the symmetric Atlas model started from
appropriate perturbations of stationarity.
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We analyze the strong noise limit of one-dimensional stochastic differ-
ential equations (SDEs).

Our initial motivation comes from continuous measurements of open
quantum systems. In this context, Bauer, Bernard and Tilloy pointed out an
intriguing behavior. As the noise grows larger, the solutions exhibit locally a
collapsing, that is to say, converge to pure jump processes very reminiscent
of a metastability phenomenon. But surprisingly the limiting jump process is
decorated by a spike process.

We give a precise meaning to the convergence and completely prove these
statements for a large class of one-dimensional diffusions, thanks to a robust
strategy of proof.
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We consider the fluctuations of regular functions f of a Wigner matrix
W viewed as an entire matrix f(W). Going beyond the well-studied tra-
cial mode, Tr f (W), which is equivalent to the customary linear statistics
of eigenvalues, we show that Tr f(W)A is asymptotically normal for any
nontrivial bounded deterministic matrix A. We identify three different and
asymptotically independent modes of this fluctuation, corresponding to the
tracial part, the traceless diagonal part and the off-diagonal part of f(W)
in the entire mesoscopic regime, where we find that the off-diagonal modes
fluctuate on a much smaller scale than the tracial mode. As a main motivation
to study CLT in such generality on small mesoscopic scales, we determine
the fluctuations in the eigenstate thermalization hypothesis (Phys. Rev. A 43
(1991) 2046-2049), that is, prove that the eigenfunction overlaps with any
deterministic matrix are asymptotically Gaussian after a small spectral av-
eraging. Finally, in the macroscopic regime our result also generalizes (Zh.
Mat. Fiz. Anal. Geom. 9 (2013) 536-581, 611, 615) to complex W and to
all crossover ensembles in between. The main technical inputs are the recent
multiresolvent local laws with traceless deterministic matrices from the com-
panion paper (Comm. Math. Phys. 388 (2021) 1005-1048).
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In the present work, we investigate the case of directed polymer in a
random environment (DPRE), when the increments of the one-dimensional
random walk are heavy-tailed with tail-exponent equal to zero (P[|X| > n]
decays slower than any power of n). This case has not yet been studied in
the context of directed polymers and presents key differences with the simple
symmetric random walk case and the cases where the increments belong to
the domain of attraction of an «-stable law, where « € (0, 2]. We establish the
absence of a very strong disorder regime—that is, the free energy equals zero
at every temperature—for every disorder distribution. We also prove that a
strong disorder regime (partition function converging to zero at low temper-
ature) may exist or not depending on finer properties of the random walk: we
establish nonmatching necessary and sufficient conditions for having a phase
transition from weak to strong disorder. In particular our results imply that for
this directed polymer model, very strong disorder is not equivalent to strong
disorder, shedding a new light on a long standing conjecture concerning the
original nearest-neighbor DPRE.
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We employ stabilization methods and second order Poincaré inequalities
to establish rates of multivariate normal convergence for a large class of vec-

tors (Hs(l), el Hs(m)), s > 1, of statistics of marked Poisson processes on
RY, d > 2, as the intensity parameter s tends to infinity. Our results are appli-

cable whenever the functionals H. S(l), i €{1,..., m}, are expressible as sums
of exponentially stabilizing score functions satisfying a moment condition.
The rates are for the d;-, d3-, and dcopvex-distances and are in general unim-
provable. When we compare with a centered Gaussian random vector, whose
covariance matrix is given by the asymptotic covariances, the rates are gov-

erned by the rate of convergence of 51 Cov(Hg(i), Hs(j)), i,jefl,...,m},
to the limiting covariance, shown to be at most of order s~1/4_ We use the
general results to deduce rates of multivariate normal convergence for statis-
tics arising in random graphs and topological data analysis as well as for mul-
tivariate statistics used to test equality of distributions. Some of our results
hold for stabilizing functionals of Poisson input on suitable metric spaces.
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We investigate the characteristic polynomials ¢p of the Gaussian -
ensemble for general 8 > 0 through its transfer matrix recurrence. Our moti-
vation is to obtain a (probabilistic) approximation for ¢ in terms of a Gaus-
sian log-correlated field. We distinguish between different types of transfer
matrices and analyze completely the hyperbolic part of the recurrence. As a
result, we obtain a new coupling between ¢ and a Gaussian analytic func-
tion with an error which is uniform away from the support of the semicircle
law. We use this as input to give the almost sure scaling limit of the char-
acteristic polynomial at the edge in (Lambert and Paquette (2020)). This is
also required to obtain analogous strong approximations inside of the bulk
of the semicircle law. Our analysis relies on moderate deviation estimates for
the product of transfer matrices and this approach might also be useful in
different contexts.

REFERENCES

ALBERTS, T. and NORMAND, R. (2019). Dimension results for the spectral measure of the circular beta ensem-
bles. Preprint. Available at arXiv:1912.07788.

ARGUIN, L.-P., BELIUS, D. and BOURGADE, P. (2017). Maximum of the characteristic polynomial of random
unitary matrices. Comm. Math. Phys. 349 703-751. MR3594368 https://doi.org/10.1007/s00220-016-2740-6

BEKERMAN, F., LEBLE, T. and SERFATY, S. (2018). CLT for fluctuations of S-ensembles with general potential.
Electron. J. Probab. 23 Paper no. 115, 31 pp. MR3885548 https://doi.org/10.1214/18-EJP209

BERESTYCKI, N. (2017). An elementary approach to Gaussian multiplicative chaos. Electron. Commun. Probab.
22 Paper No. 27, 12 pp. MR3652040 https://doi.org/10.1214/17-ECP58

BERESTYCKI, N., WEBB, C. and WONG, M. D. (2018). Random Hermitian matrices and Gaussian multiplicative
chaos. Probab. Theory Related Fields 172 103—-189. MR3851831 https://doi.org/10.1007/s00440-017-0806-9

BHATTACHARIJEE, C. and GOLDSTEIN, L. (2016). On strong embeddings by Stein’s method. Electron. J. Probab.
21 Paper No. 15, 30 pp. MR3485357 https://doi.org/10.1214/16-EJP4299

BOROT, G. and GUIONNET, A. (2013). Asymptotic expansion of g matrix models in the one-cut regime. Comm.
Math. Phys. 317 447-483. MR3010191 https://doi.org/10.1007/s00220-012-1619-4

BOURGADE, P., MODY, K. and PAIN, M. (2022). Optimal local law and central limit theorem for S-ensembles.
Comm. Math. Phys. 390 1017-1079. MR4389077 https://doi.org/10.1007/s00220-022-04311-2

BOUTET DE MONVEL, A., PASTUR, L. and SHCHERBINA, M. (1995). On the statistical mechanics ap-
proach in the random matrix theory: Integrated density of states. J. Stat. Phys. 79 585-611. MR1327898
https://doi.org/10.1007/BF02184872

CHATTERIEE, S. (2012). A new approach to strong embeddings. Probab. Theory Related Fields 152 231-264.
MR2875758 https://doi.org/10.1007/s00440-010-0321-8

CHHAIBI, R., MADAULE, T. and NAJNUDEL, J. (2018). On the maximum of the CSE field. Duke Math. J. 167
2243-2345. MR3848391 https://doi.org/10.1215/00127094-2018-0016

CHHAIBI, R. and NAINUDEL, J. (2019). On the circle, GMCY = 1(i£1C;3En for y = %, (y < 1). Preprint.
Available at arXiv:1904.00578.

CHHAIBI, R., NAJNUDEL, J. and NIKEGHBALI, A. (2017). The circular unitary ensemble and the Riemann zeta
function: The microscopic landscape and a new approach to ratios. Invent. Math. 207 23-113. MR3592756
https://doi.org/10.1007/s00222-016-0669-1

MSC2020 subject classifications. Primary 60B20; secondary 37H15.
Key words and phrases. Gaussian -ensembles, product of random matrices, Gaussian multiplicative chaos.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/22-AAP1823
http://www.imstat.org
mailto:glambert@kth.se
mailto:elliot.paquette@mcgill.ca
http://arxiv.org/abs/arXiv:1912.07788
http://www.ams.org/mathscinet-getitem?mr=3594368
https://doi.org/10.1007/s00220-016-2740-6
http://www.ams.org/mathscinet-getitem?mr=3885548
https://doi.org/10.1214/18-EJP209
http://www.ams.org/mathscinet-getitem?mr=3652040
https://doi.org/10.1214/17-ECP58
http://www.ams.org/mathscinet-getitem?mr=3851831
https://doi.org/10.1007/s00440-017-0806-9
http://www.ams.org/mathscinet-getitem?mr=3485357
https://doi.org/10.1214/16-EJP4299
http://www.ams.org/mathscinet-getitem?mr=3010191
https://doi.org/10.1007/s00220-012-1619-4
http://www.ams.org/mathscinet-getitem?mr=4389077
https://doi.org/10.1007/s00220-022-04311-2
http://www.ams.org/mathscinet-getitem?mr=1327898
https://doi.org/10.1007/BF02184872
http://www.ams.org/mathscinet-getitem?mr=2875758
https://doi.org/10.1007/s00440-010-0321-8
http://www.ams.org/mathscinet-getitem?mr=3848391
https://doi.org/10.1215/00127094-2018-0016
http://arxiv.org/abs/arXiv:1904.00578
http://www.ams.org/mathscinet-getitem?mr=3592756
https://doi.org/10.1007/s00222-016-0669-1
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

CHHAIBI, R., HOVHANNISYAN, E., NAJNUDEL, J., NIKEGHBALI, A. and RODGERS, B. (2019). The lim-
iting characteristic polynomial of classical random matrix ensembles. Ann. Henri Poincaré 20 1093-1119.
MR3928373 https://doi.org/10.1007/s00023-019-00769-4

CLAEYS, T., FAHS, B., LAMBERT, G. and WEBB, C. (2021). How much can the eigenvalues of a ran-
dom Hermitian matrix fluctuate? Duke Math. J. 170 2085-2235. MR4278668 https://doi.org/10.1215/
00127094-2020-0070

DEIFT, P. and MCLAUGHLIN, K. T.-R. (1998). A continuum limit of the Toda lattice. Mem. Amer. Math. Soc.
131 x+216. MR1407901 https://doi.org/10.1090/memo/0624

DEIFT, P., KRIECHERBAUER, T., MCLAUGHLIN, K. T.-R., VENAKIDES, S. and ZHOU, X. (1999a). Uni-
form asymptotics for polynomials orthogonal with respect to varying exponential weights and applications
to universality questions in random matrix theory. Comm. Pure Appl. Math. 52 1335-1425. MR1702716
https://doi.org/10.1002/(SICI)1097-0312(199911)52:11<1335::AID-CPA1>3.0.CO;2-1

DEIFT, P., KRIECHERBAUER, T., MCLAUGHLIN, K. T.-R., VENAKIDES, S. and ZHOU, X. (1999b). Strong
asymptotics of orthogonal polynomials with respect to exponential weights. Comm. Pure Appl. Math. 52 1491—
1552. MR1711036 https://doi.org/10.1002/(SICI)1097-0312(199912)52:12<1491::AID-CPA2>3.3.CO;2-R

DuBois, L. (2008). Real cone contractions and analyticity properties of the characteristic exponents. Nonlinearity
21 2519-2536. MR24482209 https://doi.org/10.1088/0951-7715/21/11/003

DuBois, L. (2009). Projective metrics and contraction principles for complex cones. J. Lond. Math. Soc. (2) 79
719-737. MR2506695 https://doi.org/10.1112/jlms/jdp008

DUMITRIU, 1. and EDELMAN, A. (2002). Matrix models for beta ensembles. J. Math. Phys. 43 5830-5847.
MR1936554 https://doi.org/10.1063/1.1507823

FORRESTER, P. J. (2010). Log-Gases and Random Matrices. London Mathematical Society Monographs Series
34. Princeton Univ. Press, Princeton, NJ. MR2641363 https://doi.org/10.1515/9781400835416

FREEDMAN, D. A. (1975). On tail probabilities for martingales. Ann. Probab. 3 100-118. MR0380971
https://doi.org/10.1214/a0p/1176996452

FURSTENBERG, H. and KESTEN, H. (1960). Products of random matrices. Ann. Math. Stat. 31 457-469.
MRO0121828 https://doi.org/10.1214/aoms/1177705909

FYoDpoROV, Y. V. and DOUSSAL, P. L. (2016). Moments of the position of the maximum for GUE char-
acteristic polynomials and for log-correlated Gaussian processes. J. Stat. Phys. 164 190-240. MR3509054
https://doi.org/10.1007/s10955-016-1536-6

FYODOROV, Y. V. and SiMM, N. J. (2016). On the distribution of the maximum value of the characteristic polyno-
mial of GUE random matrices. Nonlinearity 29 2837-2855. MR3544809 https://doi.org/10.1088/0951-7715/
29/9/2837

GOTZE, F. and ZAITSEV, A. Y. (2008). Bounds for the rate of strong approximation in the multidi-
mensional invariance principle. Teor. Veroyatn. Primen. 53 100-123. MR2760567 https://doi.org/10.1137/
S0040585X9798350X

HAFOUTA, Y. and KIFER, Y. (2018). Nonconventional Limit Theorems and Random Dynamics. World Scientific
Co. Pte. Ltd., Hackensack, NJ. MR3793181 https://doi.org/10.1142/10849

JANSON, S. (2004). Large deviations for sums of partly dependent random variables. Random Structures Algo-
rithms 24 234-248. MR2068873 https://doi.org/10.1002/rsa.20008

JOHANSSON, K. (1998). On fluctuations of eigenvalues of random Hermitian matrices. Duke Math. J. 91 151—
204. MR 1487983 https://doi.org/10.1215/S0012-7094-98-09108-6

JUNNILA, J. and SAKSMAN, E. (2017). Uniqueness of critical Gaussian chaos. Electron. J. Probab. 22 Paper No.
11, 31 pp. MR3613704 https://doi.org/10.1214/17-EJP28

JUNNILA, J., SAKSMAN, E. and WEBB, C. (2019). Decompositions of log-correlated fields with applications.
Ann. Appl. Probab. 29 3786-3820. MR4047992 https://doi.org/10.1214/19- AAP1492

KAHANE, J.-P. (1985). Sur le chaos multiplicatif. Ann. Sci. Math. Québec 9 105-150. MR0829798

KIVIMAE, P. (2020). Gaussian multiplicative chaos for Gaussian orthogonal and symplectic ensembles. Preprint.
Available at arXiv:2012.09969.

KOMLOS, J., MAJOR, P. and TUSNADY, G. (1976). An approximation of partial sums of independent RV’s, and
the sample DF. II. Z. Wahrsch. Verw. Gebiete 34 33-58. MR0402883 https://doi.org/10.1007/BF00532688
LAMBERT, G. (2021). Mesoscopic central limit theorem for the circular S-ensembles and applications. Electron.

J. Probab. 26 Paper No. 7, 33 pp. MR4216520 https://doi.org/10.1214/20-ejp559

LAMBERT, G., LEDOUX, M. and WEBB, C. (2019). Quantitative normal approximation of linear statistics of
B-ensembles. Ann. Probab. 47 2619-2685. MR4021234 https://doi.org/10.1214/18-AOP1314

LAMBERT, G. and PAQUETTE, E. (2019). The law of large numbers for the maximum of almost Gaussian log-
correlated fields coming from random matrices. Probab. Theory Related Fields 173 157-209. MR3916106
https://doi.org/10.1007/s00440-018-0832-2

LAMBERT, G. and PAQUETTE, E. (2020). Strong approximation of Gaussian §-ensemble characteristic polyno-
mials: The edge regime and the stochastic Airy function. Preprint. Available at arXiv:2009.05003.


http://www.ams.org/mathscinet-getitem?mr=3928373
https://doi.org/10.1007/s00023-019-00769-4
http://www.ams.org/mathscinet-getitem?mr=4278668
https://doi.org/10.1215/00127094-2020-0070
http://www.ams.org/mathscinet-getitem?mr=1407901
https://doi.org/10.1090/memo/0624
http://www.ams.org/mathscinet-getitem?mr=1702716
https://doi.org/10.1002/(SICI)1097-0312(199911)52:11<1335::AID-CPA1>3.0.CO;2-1
http://www.ams.org/mathscinet-getitem?mr=1711036
https://doi.org/10.1002/(SICI)1097-0312(199912)52:12<1491::AID-CPA2>3.3.CO;2-R
http://www.ams.org/mathscinet-getitem?mr=2448229
https://doi.org/10.1088/0951-7715/21/11/003
http://www.ams.org/mathscinet-getitem?mr=2506695
https://doi.org/10.1112/jlms/jdp008
http://www.ams.org/mathscinet-getitem?mr=1936554
https://doi.org/10.1063/1.1507823
http://www.ams.org/mathscinet-getitem?mr=2641363
https://doi.org/10.1515/9781400835416
http://www.ams.org/mathscinet-getitem?mr=0380971
https://doi.org/10.1214/aop/1176996452
http://www.ams.org/mathscinet-getitem?mr=0121828
https://doi.org/10.1214/aoms/1177705909
http://www.ams.org/mathscinet-getitem?mr=3509054
https://doi.org/10.1007/s10955-016-1536-6
http://www.ams.org/mathscinet-getitem?mr=3544809
https://doi.org/10.1088/0951-7715/29/9/2837
http://www.ams.org/mathscinet-getitem?mr=2760567
https://doi.org/10.1137/S0040585X9798350X
http://www.ams.org/mathscinet-getitem?mr=3793181
https://doi.org/10.1142/10849
http://www.ams.org/mathscinet-getitem?mr=2068873
https://doi.org/10.1002/rsa.20008
http://www.ams.org/mathscinet-getitem?mr=1487983
https://doi.org/10.1215/S0012-7094-98-09108-6
http://www.ams.org/mathscinet-getitem?mr=3613704
https://doi.org/10.1214/17-EJP28
http://www.ams.org/mathscinet-getitem?mr=4047992
https://doi.org/10.1214/19-AAP1492
http://www.ams.org/mathscinet-getitem?mr=0829798
http://arxiv.org/abs/arXiv:2012.09969
http://www.ams.org/mathscinet-getitem?mr=0402883
https://doi.org/10.1007/BF00532688
http://www.ams.org/mathscinet-getitem?mr=4216520
https://doi.org/10.1214/20-ejp559
http://www.ams.org/mathscinet-getitem?mr=4021234
https://doi.org/10.1214/18-AOP1314
http://www.ams.org/mathscinet-getitem?mr=3916106
https://doi.org/10.1007/s00440-018-0832-2
http://arxiv.org/abs/arXiv:2009.05003
https://doi.org/10.1215/00127094-2020-0070
https://doi.org/10.1088/0951-7715/29/9/2837
https://doi.org/10.1137/S0040585X9798350X

MADAULE, T., RHODES, R. and VARGAS, V. (2016). Glassy phase and freezing of log-correlated Gaussian
potentials. Ann. Appl. Probab. 26 643—690. MR3476621 https://doi.org/10.1214/14-AAP1071

NIKULA, M., SAKSMAN, E. and WEBB, C. (2020). Multiplicative chaos and the characteristic polynomial of the
CUE: The L'-phase. Trans. Amer. Math. Soc. 373 3905-3965. MR4105514 https://doi.org/10.1090/tran/8020

PAQUETTE, E. and ZEITOUNI, O. (2018). The maximum of the CUE field. Int. Math. Res. Not. IMRN 16 5028—
5119. MR3848227 https://doi.org/10.1093/imrn/rnx033

RAMIREZ, J. A., RIDER, B. and VIRAG, B. (2011). Beta ensembles, stochastic Airy spectrum, and a diffusion.
J. Amer. Math. Soc. 24 919-944. MR2813333 https://doi.org/10.1090/S0894-0347-2011-00703-0

SAKHANENKO, A. I. (1982). Estimates of the rate of convergence in the invariance principle. In Limit Theo-
rems of Probability Theory and Related Questions. Trudy Inst. Mat. 1 72-78, 206. “Nauka” Sibirsk. Otdel.,
Novosibirsk. MR0669045

SHAMOV, A. (2016). On Gaussian multiplicative chaos. J. Funct. Anal. 270 3224-3261. MR3475456
https://doi.org/10.1016/;.jfa.2016.03.001

SHAO, Q. M. (1995). Strong approximation theorems for independent random variables and their applications.
J. Multivariate Anal. 52 107-130. MR1325373 https://doi.org/10.1006/jmva.1995.1006

SHCHERBINA, M. (2013). Fluctuations of linear eigenvalue statistics of 8 matrix models in the multi-cut regime.
J. Stat. Phys. 151 1004-1034. MR3063494 https://doi.org/10.1007/s10955-013-0740-x

STURMAN, R. and THIFFEAULT, J.-L. (2019). Lyapunov exponents for the random product of two shears. J. Non-
linear Sci. 29 593-620. MR3927107 https://doi.org/10.1007/s00332-018-9497-3

TROPP, J. A. (2011). Freedman’s inequality for matrix martingales. Electron. Commun. Probab. 16 262-270.
MR2802042 https://doi.org/10.1214/ECP.v16-1624

VALKO, B. and VIRAG, B. (2009). Continuum limits of random matrices and the Brownian carousel. Invent.
Math. 177 463-508. MR2534097 https://doi.org/10.1007/s00222-009-0180-z

VALKO, B. and VIRAG, B. (2020). The many faces of the stochastic zeta function. Preprint. Available at
arXiv:2009.04670.

VERSHYNIN, R. (2018). High-Dimensional Probability: An Introduction with Applications in Data Science.
Cambridge Series in Statistical and Probabilistic Mathematics 47. Cambridge Univ. Press, Cambridge.
MR38371009 https://doi.org/10.1017/9781108231596

WEBB, C. (2015). The characteristic polynomial of a random unitary matrix and Gaussian multiplicative chaos—
The L2—phase. Electron. J. Probab. 20 no. 104, 21 pp. MR3407221 https://doi.org/10.1214/EJP.v20-4296


http://www.ams.org/mathscinet-getitem?mr=3476621
https://doi.org/10.1214/14-AAP1071
http://www.ams.org/mathscinet-getitem?mr=4105514
https://doi.org/10.1090/tran/8020
http://www.ams.org/mathscinet-getitem?mr=3848227
https://doi.org/10.1093/imrn/rnx033
http://www.ams.org/mathscinet-getitem?mr=2813333
https://doi.org/10.1090/S0894-0347-2011-00703-0
http://www.ams.org/mathscinet-getitem?mr=0669045
http://www.ams.org/mathscinet-getitem?mr=3475456
https://doi.org/10.1016/j.jfa.2016.03.001
http://www.ams.org/mathscinet-getitem?mr=1325373
https://doi.org/10.1006/jmva.1995.1006
http://www.ams.org/mathscinet-getitem?mr=3063494
https://doi.org/10.1007/s10955-013-0740-x
http://www.ams.org/mathscinet-getitem?mr=3927107
https://doi.org/10.1007/s00332-018-9497-3
http://www.ams.org/mathscinet-getitem?mr=2802042
https://doi.org/10.1214/ECP.v16-1624
http://www.ams.org/mathscinet-getitem?mr=2534097
https://doi.org/10.1007/s00222-009-0180-z
http://arxiv.org/abs/arXiv:2009.04670
http://www.ams.org/mathscinet-getitem?mr=3837109
https://doi.org/10.1017/9781108231596
http://www.ams.org/mathscinet-getitem?mr=3407221
https://doi.org/10.1214/EJP.v20-4296

The Annals of Applied Probability

2023, Vol. 33, No. 1, 613-640
https://doi.org/10.1214/22-AAP1824

© Institute of Mathematical Statistics, 2023

EXTENDED L-ENSEMBLES: A NEW REPRESENTATION FOR
DETERMINANTAL POINT PROCESSES

BY NICOLAS TREMBLAY 2, SIMON BARTHELME"?, KONSTANTIN USEVICHZY AND

PIERRE-OLIVIER AMBLARD!¢

LCNRS, Univ. Grenoble Alpes, Grenoble INP, GIPSA-lab, ®nicolas.tremblay @ gipsa-lab.fr, bsimon.barthelme@gipsa-lab.fr,

(1]

(2]
(3]
(4]
(5]

(6]
(7]
(8]
(9]

Cpierre-olivier.amblard @ gipsa-lab.fr

2 Université de Lorraine and CNRS, CRAN (Centre de Recherche en Automatique de Nancy),
dkonstantin.usevich@ univ-lorraine.fr

Determinantal point processes (DPPs) are a class of repulsive point pro-
cesses, popular for their relative simplicity. They are traditionally defined via
their marginal distributions, but a subset of DPPs called “L-ensembles” have
tractable likelihoods and are thus particularly easy to work with. Indeed, in
many applications, DPPs are more naturally defined based on the L-ensemble
formulation rather than through the marginal kernel.

The fact that not all DPPs are L-ensembles is unfortunate, but there is a
unifying description. We introduce here extended L-ensembles, and show that
all DPPs are extended L-ensembles (and vice versa). Extended L-ensembles
have very simple likelihood functions, contain L-ensembles and projection
DPPs as special cases. From a theoretical standpoint, they fix some patholo-
gies in the usual formalism of DPPs, for instance, the fact that projection
DPPs are not L-ensembles. From a practical standpoint, they extend the set of
kernel functions that may be used to define DPPs: we show that conditional
positive definite kernels are good candidates for defining DPPs, including
DPPs that need no spatial scale parameter.

Finally, extended L-ensembles are based on so-called “saddle-point ma-
trices”, and we prove an extension of the Cauchy-Binet theorem for such
matrices that may be of independent interest.
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We establish cutoff for a natural random walk (RW) on the set of per-
fect matchings (PMs), based on “rewiring”. An n-PM is a pairing of 2n ob-
jects. The k-PM RW selects k pairs uniformly at random, disassociates the
corresponding 2k objects, then chooses a new pairing on these 2k objects
uniformly at random. The equilibrium distribution is uniform over all n-PMs.

The 2-PM RW was first introduced by Diaconis and Holmes (Proc. Natl.
Acad. Sci. USA 95 (1998) 14600-14602; Electron. J. Probab. 7 (2002) no. 6),
seen as a RW on phylogenetic trees. They established cutoff in this case. We
establish cutoff for the k-PM RW whenever 2 < k <« n. If kK > 1, then the
mixing time is 7 logn to leading order.

Diaconis and Holmes (Electron. J. Probab. 7 (2002) no. 6) relate the 2-
PM RW to the random transpositions card shuffle. Ceccherini-Silberstein,
Scarabotti and Tolli (J. Math. Sci. 141 (2007) 1182—-1229; Harmonic Analysis
on Finite Groups: Representation Theory, Gelfand Pairs and Markov Chains
(2008) Cambridge Univ. Press) establish the same result using representation
theory. We are the first to handle k > 2. We relate the PM RW to conjugacy-
invariant RWs on the permutation group by introducing a “cycle structure”
for PMs, then build on work of Berestycki, Schramm, Sengiil and Zeitouni
(Israel J. Math. 147 (2005) 221-243; Ann. Probab. 39 (2011) 1815-1843;
Probab. Theory Related Fields 173 (2019) 1197-1241) on such RWs.
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CONVERGENCE RATE TO THE TRACY-WIDOM LAWS FOR THE
LARGEST EIGENVALUE OF SAMPLE COVARIANCE MATRICES
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We establish a quantitative version of the Tracy—Widom law for the
largest eigenvalue of high-dimensional sample covariance matrices. To be
precise, we show that the fluctuations of the largest eigenvalue of a sample
covariance matrix X*X converge to its Tracy—Widom limit at a rate nearly
N~V 3, where X is an M x N random matrix whose entries are independent
real or complex random variables, assuming that both M and N tend to in-
finity at a constant rate. This result improves the previous estimate N —2/9
obtained by Wang (2019). Our proof relies on a Green function comparison
method (Adv. Math. 229 (2012) 1435-1515) using iterative cumulant expan-
sions, the local laws for the Green function and asymptotic properties of the
correlation kernel of the white Wishart ensemble.
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In this paper, we focus on nonasymptotic bounds related to the Euler
scheme of an ergodic diffusion with a possibly multiplicative diffusion term
(nonconstant diffusion coefficient). More precisely, the objective of this paper
is to control the distance of the standard Euler scheme with decreasing step
(usually called unadjusted Langevin algorithm in the Monte Carlo literature)
to the invariant distribution of such an ergodic diffusion. In an appropriate
Lyapunov setting and under uniform ellipticity assumptions on the diffusion
coefficient, we establish (or improve) such bounds for total variation and Ll
Wasserstein distances in both multiplicative and additive and frameworks.
These bounds rely on weak error expansions using stochastic analysis adapted
to decreasing step setting.
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This work develops new results for stochastic approximation algorithms.
The emphases are on treating algorithms and limits with discontinuities. The
main ingredients include the use of differential inclusions, set-valued analy-
sis, nonsmooth analysis, and stochastic differential inclusions. Under broad
conditions, it is shown that a suitably scaled sequence of the iterates has a
differential inclusion limit. In addition, it is shown for the first time that a
centered and scaled sequence of the iterates converges weakly to a stochastic
differential inclusion limit. The results are then used to treat several appli-
cation examples including Markov decision processes, Lasso algorithms, Pe-
gasos algorithms, support vector machine classification, and learning. Some
numerical demonstrations are also provided.

REFERENCES

AUBIN, J.-P. and CELLINA, A. (1984). Differential Inclusions. Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 264. Springer, Berlin. MR0755330
https://doi.org/10.1007/978-3-642-69512-4

BacciorTi, A. and CERAGIOLI, F. (1999). Stability and stabilization of discontinuous systems
and nonsmooth Lyapunov functions. ESAIM Control Optim. Calc. Var. 4 361-376. MR1693045
https://doi.org/10.1051/cocv:1999113

BENAIM, M. (1996). A dynamical system approach to stochastic approximations. SIAM J. Control Optim.
34 437-472. MR1377706 https://doi.org/10.1137/S0363012993253534

BENAIM, M. and FAURE, M. (2012). Stochastic approximation, cooperative dynamics and supermodular
games. Ann. Appl. Probab. 22 2133-2164. MR3025692 https://doi.org/10.1214/11-AAP816

BENAIM, M., HOFBAUER, J. and SORIN, S. (2005). Stochastic approximations and differential inclusions.
SIAM J. Control Optim. 44 328-348. MR2177159 https://doi.org/10.1137/S0363012904439301

BENAIM, M., HOFBAUER, J. and SORIN, S. (2012). Perturbations of set-valued dynamical systems, with
applications to game theory. Dyn. Games Appl. 2 195-205. MR2922840 https://doi.org/10.1007/
$13235-012-0040-0

BENVENISTE, A., METIVIER, M. and PRIOURET, P. (1990). Stochastic Approximations and Adaptive Al-
gorithms. Springer, New York.

BIANCHI, P., HACHEM, W. and SCHECHTMAN, S. Convergence of constant step stochastic gradient de-
scent for non-smooth non-convex functions. Available at arXiv:2005.08513.

BOLTE, J. and PAUWELS, E. (2021). Conservative set valued fields, automatic differentiation, stochastic
gradient methods and deep learning. Math. Program. 188 19-51. MR4276581 https://doi.org/10.1007/
$10107-020-01501-5

BURKE, J., CURTIS, F., LEWIS, A., OVERTON, M. and SIMOES, L. (2020). Gradient sampling methods
for nonsmooth optimization. In Numerical Nonsmooth Optimization (A. Bagirov, M. Gaudioso, N.
Karmitsa, M. Mikeld and S. Taheri, eds.) Springer, Cham.

CHEN, X. (2012). Smoothing methods for nonsmooth, nonconvex minimization. Math. Program. 134 71—
99. MR2947553 https://doi.org/10.1007/s10107-012-0569-0

CHONG, E. K. P. and ZAK, S. H. (2014). An Introduction to Optimization. Wiley, New York.

CLARKE, F. H. (1983). Optimization and Nonsmooth Analysis. Canadian Mathematical Society Series of
Monographs and Advanced Texts. Wiley, New York. MR0709590

MSC2020 subject classifications. Primary 62L.20, 60H10, 60J60; secondary 34A60.
Key words and phrases. Stochastic approximation, stochastic subgradient descent, differential inclusion,
stochastic differential inclusion, convergence, rate of convergence.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/22-AAP1829
http://www.imstat.org
mailto:nhu.math.2611@gmail.com
mailto:gyin@uconn.edu
http://www.ams.org/mathscinet-getitem?mr=0755330
https://doi.org/10.1007/978-3-642-69512-4
http://www.ams.org/mathscinet-getitem?mr=1693045
https://doi.org/10.1051/cocv:1999113
http://www.ams.org/mathscinet-getitem?mr=1377706
https://doi.org/10.1137/S0363012993253534
http://www.ams.org/mathscinet-getitem?mr=3025692
https://doi.org/10.1214/11-AAP816
http://www.ams.org/mathscinet-getitem?mr=2177159
https://doi.org/10.1137/S0363012904439301
http://www.ams.org/mathscinet-getitem?mr=2922840
https://doi.org/10.1007/s13235-012-0040-0
http://arxiv.org/abs/arXiv:2005.08513
http://www.ams.org/mathscinet-getitem?mr=4276581
https://doi.org/10.1007/s10107-020-01501-5
http://www.ams.org/mathscinet-getitem?mr=2947553
https://doi.org/10.1007/s10107-012-0569-0
http://www.ams.org/mathscinet-getitem?mr=0709590
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/s13235-012-0040-0
https://doi.org/10.1007/s10107-020-01501-5

(14]
[15]

[16]

(17]

(18]

(19]
(20]
(21]
(22]

(23]

[24]

[25]

[26]
(27]
(28]

[29]

(30]
[31]

(32]

(33]
[34]

(35]

(36]
(371

(38]

CLARKE, F. H., LEDYAEV, Y. S. and STERN, R. J. (1998). Asymptotic stability and smooth Lyapunov
functions. J. Differential Equations 149 69—-114. MR1643670 https://doi.org/10.1006/jdeq.1998.3476

CRISTIANINI, N. and SHAWE-TAYLOR, J. (2000). An Introduction to Support Vector Machines. Cambridge
Univ. Press, Cambridge.

Davis, D., DRUSVYATSKIY, D., KAKADE, S. and LEE, J. D. (2020). Stochastic subgradient method con-
verges on tame functions. Found. Comput. Math. 20 119-154. MR4056927 https://doi.org/10.1007/
$10208-018-09409-5

ETHIER, S. N. and KURTZ, T. G. (1986). Markov Processes: Characterization and Convergence. Wiley
Series in Probability and Mathematical Statistics: Probability and Mathematical Statistics. Wiley, New
York. MR0838085 https://doi.org/10.1002/9780470316658

EWEDA, E. and MACCHI, O. (1983). Quadratic mean and almost-sure convergence of unbounded stochastic
approximation algorithms with correlated observations. Ann. Inst. Henri Poincaré Sect. B (N. S.) 19
235-255. MR0725558

FRIKHA, N. (2016). Multi-level stochastic approximation algorithms. Ann. Appl. Probab. 26 933-985.
MR3476630 https://doi.org/10.1214/15-AAP1109

GIRAUD, C. (2015). Introduction to High-Dimensional Statistics. Monographs on Statistics and Applied
Probability 139. CRC Press, Boca Raton, FL. MR3307991

GRIMMER, B. (2019). Convergence rates for deterministic and stochastic subgradient methods without Lip-
schitz continuity. SIAM J. Optim. 29 1350-1365. MR3949713 https://doi.org/10.1137/18M117306X

HAJEK, O. (1979). Discontinuous differential equations. I, I. J. Differential Equations 32 149-170, 171—
185. MR0534546 https://doi.org/10.1016/0022-0396(79)90056-1

HAJINEZHAD, D. and HONG, M. (2019). Perturbed proximal primal-dual algorithm for noncon-
vex nonsmooth optimization. Math. Program. 176 207-245. MR3960809 https://doi.org/10.1007/
s10107-019-01365-4

HELOU NETO, E. S. and DE PIERRO, A. R. (2009). Incremental subgradients for constrained convex
optimization: A unified framework and new methods. SIAM J. Optim. 20 1547-1572. MR2587740
https://doi.org/10.1137/070711712

HiGHAM, D. J., MAoO, X., RoJ, M., SONG, Q. and YIN, G. (2013). Mean exit times and the multilevel
Monte Carlo method. SIAM/ASA J. Uncertain. Quantificat. 1 2—18. MR3283875 https://doi.org/10.
1137/120883803

HILL, R. W. and HOLLAND, P. W. (1977). Two robust alternatives to least squares regression. J. Amer.
Statist. Assoc. T2 828-833.

HURLEY, M. (1995). Chain recurrence, semiflows, and gradients. J. Dynam. Differential Equations T 437—
456. MR1348735 https://doi.org/10.1007/BF02219371

JASSO-FUENTES, H. and YIN, G. (2013). Advanced Criteria for Controlled Markov-Modulated Diffusions
in an Infinite Horizon: Overtaking, Bias, and Blackwell Optimality. Science Press, Beijing, China.

KAMALAPURKAR, R., DIXON, W. E. and TEEL, A. R. (2020). On reduction of differential inclusions
and Lyapunov stability. ESAIM Control Optim. Calc. Var. 26 24. MR4071314 https://doi.org/10.1051/
cocv/2019074

KHAMARU, K. and WAINWRIGHT, M. J. (2019). Convergence guarantees for a class of non-convex and
non-smooth optimization problems. J. Mach. Learn. Res. 20 154. MR4030168

KISIELEWICZ, M. (2001). Weak compactness of solution sets to stochastic differential inclusions with con-
vex right-hand sides. Topol. Methods Nonlinear Anal. 18 149-169.

KISIELEWICZ, M. (2005). Weak compactness of solution sets to stochastic differential inclusions with
non-convex right-hand sides. Stoch. Anal. Appl. 23 871-901. MR2158883 https://doi.org/10.1080/
SAP-200044414

KISIELEWICZ, M. (2013). Stochastic Differential Inclusions and Applications. Springer Optimization and
Its Applications 80. Springer, New York. MR3097668 https://doi.org/10.1007/978-1-4614-6756-4

KIwWIEL, K. C. (2003). Convergence of approximate and incremental subgradient methods for convex opti-
mization. SIAM J. Optim. 14 807-840. MR2085944 https://doi.org/10.1137/S1052623400376366

KUSHNER, H. J. (1983). An averaging method for stochastic approximations with discontinuous dynamics,
constraints, and state-dependent noise. In Recent Advances in Stochastics (M. H. Rizri, J. S. Rustagi
and D. Siegmund, eds.) Academic Press, New York.

KUSHNER, H. J. and CLARK, D. S. (1978). Stochastic Approximation Methods for Constrained and Un-
constrained Systems. Applied Mathematical Sciences 26. Springer, New York-Berlin. MR0499560

KUSHNER, H. J. and YIN, G. (2003). Stochastic Approximation and Recursive Algorithms and Applica-
tions, 2nd ed. Applications of Mathematics 35. Springer, New York. MR1993642

LANGFORD, J., LI, L. and ZHANG, T. (2009). Sparse online learning via truncated gradient. Adv. Neural
Inf. Process. Syst. 10 905-912.


http://www.ams.org/mathscinet-getitem?mr=1643670
https://doi.org/10.1006/jdeq.1998.3476
http://www.ams.org/mathscinet-getitem?mr=4056927
https://doi.org/10.1007/s10208-018-09409-5
http://www.ams.org/mathscinet-getitem?mr=0838085
https://doi.org/10.1002/9780470316658
http://www.ams.org/mathscinet-getitem?mr=0725558
http://www.ams.org/mathscinet-getitem?mr=3476630
https://doi.org/10.1214/15-AAP1109
http://www.ams.org/mathscinet-getitem?mr=3307991
http://www.ams.org/mathscinet-getitem?mr=3949713
https://doi.org/10.1137/18M117306X
http://www.ams.org/mathscinet-getitem?mr=0534546
https://doi.org/10.1016/0022-0396(79)90056-1
http://www.ams.org/mathscinet-getitem?mr=3960809
https://doi.org/10.1007/s10107-019-01365-4
http://www.ams.org/mathscinet-getitem?mr=2587740
https://doi.org/10.1137/070711712
http://www.ams.org/mathscinet-getitem?mr=3283875
https://doi.org/10.1137/120883803
http://www.ams.org/mathscinet-getitem?mr=1348735
https://doi.org/10.1007/BF02219371
http://www.ams.org/mathscinet-getitem?mr=4071314
https://doi.org/10.1051/cocv/2019074
http://www.ams.org/mathscinet-getitem?mr=4030168
http://www.ams.org/mathscinet-getitem?mr=2158883
https://doi.org/10.1080/SAP-200044414
http://www.ams.org/mathscinet-getitem?mr=3097668
https://doi.org/10.1007/978-1-4614-6756-4
http://www.ams.org/mathscinet-getitem?mr=2085944
https://doi.org/10.1137/S1052623400376366
http://www.ams.org/mathscinet-getitem?mr=0499560
http://www.ams.org/mathscinet-getitem?mr=1993642
https://doi.org/10.1007/s10208-018-09409-5
https://doi.org/10.1007/s10107-019-01365-4
https://doi.org/10.1137/120883803
https://doi.org/10.1051/cocv/2019074
https://doi.org/10.1080/SAP-200044414

(39]

[40]

[41]
[42]

[43]

[44]

[45]
[46]
[47]
(48]
[49]
[50]
[51]
(52]
(53]
[54]

[55]

[56]
[57]

(58]

LJUNG, L. (1977). Analysis of recursive stochastic algorithms. IEEE Trans. Automat. Control AC-22 551—
575. MR0465458 https://doi.org/10.1109/tac.1977.1101561

METIVIER, M. and PRIOURET, P. (1987). Théoremes de convergence presque sure pour une classe
d’algorithmes stochastiques a pas décroissant. Probab. Theory Related Fields 74 403-428.
MRO0873887 https://doi.org/10.1007/BF00699098

NEDIC, A. and LEE, S. (2014). On stochastic subgradient mirror-descent algorithm with weighted averag-
ing. SIAM J. Optim. 24 84-107. MR3150179 https://doi.org/10.1137/120894464

NITANDA, A. (2014). Stochastic proximal gradient descent with acceleration techniques. Adv. Neural Inf.
Process. Syst. 1574-1582.

PADEN, B. E. and SASTRY, S. S. (1987). A calculus for computing Filippov’s differential inclusion with
application to the variable structure control of robot manipulators. I[EEE Trans. Circuits Syst. 34 73-82.
MRO0871547 https://doi.org/10.1109/TCS.1987.1086038

PANG, C. H. J. (2011). Generalized differentiation with positively homogeneous maps: Applications in set-
valued analysis and metric regularity. Math. Oper. Res. 36 377-397. MR2832397 https://doi.org/10.
1287/moor.1110.0497

PERKINS, S. and LESLIE, D. S. (2012). Asynchronous stochastic approximation with differential inclu-
sions. Stoch. Syst. 2 409—446. MR3354772 https://doi.org/10.1214/11-SSY056

RAM, S. S., NEDIC, A. and VEERAVALLI, V. V. (2009). Incremental stochastic subgradient algorithms for
convex optimization. SIAM J. Optim. 20 691-717. MR2515792 https://doi.org/10.1137/080726380

ROBBINS, H. and MONRO, S. (1951). A stochastic approximation method. Ann. Math. Stat. 22 400-407.
MRO0042668 https://doi.org/10.1214/aoms/1177729586

ROCKAFELLAR, R. T. and WETS, R. JB. (1997). Variational Analysis. Springer, Berlin.

SHALEV-SHWARTZ, S., SINGER, Y., SREBRO, N. and COTTER, A. (2011). Pegasos: Primal esti-
mated sub-gradient solver for SVM. Math. Program. 127 3-30. MR2776708 https://doi.org/10.1007/
s10107-010-0420-4

SHALEV-SHWARTZ, S. and SREBRO, N. (2018). SVM optimization: Inverse dependence on training set
size. In Proceedings of the 25th International Conference on Machine Learning 928-935.

SHALEV-SHWARTZ, S. and TEWARI, A. (2011). Stochastic methods for £{-regularized loss minimization.
J. Mach. Learn. Res. 12 1865-1892. MR2819020

SHAMIR, O. and ZHANG, T. (2013). Stochastic gradient descent for non-smooth optimization: Convergence
results and optimal averaging schemes. Proc. Mach. Learn. Res. 28 71-79.

TADIC, V. B. and DOUCET, A. (2017). Asymptotic bias of stochastic gradient search. Ann. Appl. Probab.
27 3255-3304. MR3737925 https://doi.org/10.1214/16-AAP1272

TIBSHIRANI, R. (1996). Regression shrinkage and selection via the lasso. J. Roy. Statist. Soc. Ser. B 58
267-288. MR1379242

WANG, H., LI, G. and JIANG, G. (2007). Robust regression shrinkage and consistent variable selection
through the LAD-Lasso. J. Bus. Econom. Statist. 25 347-355. MR2380753 https://doi.org/10.1198/
073500106000000251

WIDROW, B. and STEARNS, S. D. (1985). Adaptive Signal Processing. Prentice-Hall, Upper Saddle River,
NJ.

YIN, G. (1991). On extensions of Polyak’s averaging approach to stochastic approximation. Stoch. Stoch.
Rep. 36 245-264. MR 1128497 https://doi.org/10.1080/17442509108833721

YIN, G., KRISHNAMURTHY, V. and ION, C. (2003). Iterate-averaging sign algorithms for adaptive filter-
ing with applications to blind multiuser detection. IEEE Trans. Inf. Theory 49 657-671. MR1967190
https://doi.org/10.1109/T1T.2002.808100


http://www.ams.org/mathscinet-getitem?mr=0465458
https://doi.org/10.1109/tac.1977.1101561
http://www.ams.org/mathscinet-getitem?mr=0873887
https://doi.org/10.1007/BF00699098
http://www.ams.org/mathscinet-getitem?mr=3150179
https://doi.org/10.1137/120894464
http://www.ams.org/mathscinet-getitem?mr=0871547
https://doi.org/10.1109/TCS.1987.1086038
http://www.ams.org/mathscinet-getitem?mr=2832397
https://doi.org/10.1287/moor.1110.0497
http://www.ams.org/mathscinet-getitem?mr=3354772
https://doi.org/10.1214/11-SSY056
http://www.ams.org/mathscinet-getitem?mr=2515792
https://doi.org/10.1137/080726380
http://www.ams.org/mathscinet-getitem?mr=0042668
https://doi.org/10.1214/aoms/1177729586
http://www.ams.org/mathscinet-getitem?mr=2776708
https://doi.org/10.1007/s10107-010-0420-4
http://www.ams.org/mathscinet-getitem?mr=2819020
http://www.ams.org/mathscinet-getitem?mr=3737925
https://doi.org/10.1214/16-AAP1272
http://www.ams.org/mathscinet-getitem?mr=1379242
http://www.ams.org/mathscinet-getitem?mr=2380753
https://doi.org/10.1198/073500106000000251
http://www.ams.org/mathscinet-getitem?mr=1128497
https://doi.org/10.1080/17442509108833721
http://www.ams.org/mathscinet-getitem?mr=1967190
https://doi.org/10.1109/TIT.2002.808100
https://doi.org/10.1287/moor.1110.0497
https://doi.org/10.1007/s10107-010-0420-4
https://doi.org/10.1198/073500106000000251

The Institute of Mathematical Statistics presents

IMS MONOGRAPHS

Monographs

The
Skew-Normal
and Related
Families

Adelchi Azzalini
Al

with the collaboration of Antonella Capitanio

IMS member? Claim
your 40% discount:
www.cambridge.org/ims

Hardback price
US$48.00
(non-member price
$80.00)

The Skew-Normal
and Related Families

Adelchi Azzalini
in collaboration with Antonella Capitanio

Interest in the skew-normal and related families of distributions
has grown enormously over recent years, as theory has advanced,
challenges of data have grown, and computational tools have made
substantial progress. This comprehensive treatment, blending
theory and practice, will be the standard resource for statisticians
and applied researchers. Assuming only basic knowledge of (non-
measure-theoretic) probability and statistical inference, the book
is accessible to the wide range of researchers who use statistical
modelling techniques. Guiding readers through the main concepts
and results, it covers both the probability and the statistics sides
of the subject, in the univariate and multivariate settings. The
theoretical development is complemented by numerousillustrations
and applications to a range of fields including quantitative finance,
medical statistics, environmental risk studies, and industrial and
business efficiency.

The author’s freely available R package sn, available from CRAN,
equips readers to put the methods into action with their own data.

Cambridge University Press, in conjunction with the Institute of Mathematical Statistics,
established the IMS Monographs and IMS Textbooks series of high-quality books. The Series
Editors are Xiao-Li Meng, Susan Holmes, Ben Hambly, D. R. Cox and Alan Agresti.



