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MEAN-FIELD REFLECTED BACKWARD STOCHASTIC DIFFERENTIAL
EQUATIONS

BY BOUALEM DJEHICHE1,a, ROMUALD ELIE2,b AND SAID HAMADÈNE3,c
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In this paper, we study a class of reflected backward stochastic differen-
tial equations (BSDEs) of mean-field type, where the mean-field interaction
in terms of the distribution of the Y -component of the solution enters in both
the driver and the lower obstacle. We consider in details the case where the
lower obstacle is a deterministic function of (Y,E[Y ]) and discuss the more
general dependence on the distribution of Y . Under mild Lipschitz and in-
tegrability conditions on the coefficients, we obtain the well-posedness of
such a class of equations. Under further monotonicity conditions, we show
convergence of the standard penalization scheme to the solution of the equa-
tion, which hence satisfies a minimality property. This class of equations is
motivated by applications in pricing life insurance contracts with surrender
options.
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TESTING CORRELATION OF UNLABELED RANDOM GRAPHS
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We study the problem of detecting the edge correlation between two ran-
dom graphs with n unlabeled nodes. This is formalized as a hypothesis testing
problem, where under the null hypothesis, the two graphs are independently
generated; under the alternative, the two graphs are edge-correlated under
some latent node correspondence, but have the same marginal distributions
as the null. For both Gaussian-weighted complete graphs and dense Erdős–
Rényi graphs (with edge probability n−o(1)), we determine the sharp thresh-
old at which the optimal testing error probability exhibits a phase transition
from zero to one as n → ∞. For sparse Erdős–Rényi graphs with edge prob-
ability n−�(1), we determine the threshold within a constant factor.

The proof of the impossibility results is an application of the conditional
second-moment method, where we bound the truncated second moment of
the likelihood ratio by carefully conditioning on the typical behavior of the
intersection graph (consisting of edges in both observed graphs) and taking
into account the cycle structure of the induced random permutation on the
edges. Notably, in the sparse regime, this is accomplished by leveraging the
pseudoforest structure of subcritical Erdős–Rényi graphs and a careful enu-
meration of subpseudoforests that can be assembled from short orbits of the
edge permutation.
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graph matching. ACM SIGMETRICS Perform. Eval. Rev. 44 63–72.

[11] CULLINA, D. and KIYAVASH, N. (2017). Exact alignment recovery for correlated Erdős–Rényi graphs.
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We provide a proof of stochastic homogenization for random environ-
ments with a mean zero, divergence-free drift. We prove that the environ-
ment homogenizes weakly in H 1 if the drift admits a stationary L2-integrable
stream matrix, and we prove that the two-scale expansion converges strongly
in H 1 if the drift admits a stationary Ld∨(2+δ)-integrable stream matrix. Ad-
ditionally, under this stronger integrability assumption, we show that the en-
vironment almost surely satisfies a large-scale Hölder regularity estimate and
first-order Liouville principle.
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In this paper we study the perturbation theory of �4
2 model on the whole

plane via stochastic quantization. We use integration by parts formula (i.e.,
Dyson–Schwinger equations) to generate the perturbative expansion for the
k-point correlation functions, and prove bounds on the remainder of the trun-
cated expansion using PDE estimates; this in particular proves that the ex-
pansion is asymptotic. Furthermore, we derive short distance behaviors of the
2-point function and the connected 4-point function, also via suitable Dyson–
Schwinger equations combined with PDE arguments.
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We derive a variational representation for the log-normalizing constant
of the posterior distribution in Bayesian linear regression with a uniform
spherical prior and an i.i.d. Gaussian design. We work under the “propor-
tional” asymptotic regime, where the number of observations and the number
of features grow at a proportional rate. Our representation holds when the
variance of the additive noise is sufficiently large, which corresponds to a
high-temperature condition in statistical physics. This rigorously establishes
the Thouless–Anderson–Palmer (TAP) approximation arising from spin glass
theory, and proves a conjecture of (In 2014 IEEE International Symposium
on Information Theory (2014) 1499–1503 IEEE) in the special case of the
spherical prior (at sufficiently high temperature).
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CLOSED-LOOP CONVERGENCE FOR MEAN FIELD GAMES WITH
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This paper studies the convergence problem for mean field games with
common noise. We define a suitable notion of weak mean field equilibria,
which we prove captures all subsequential limit points, as n → ∞, of closed-
loop approximate equilibria from the corresponding n-player games. This ex-
tends to the common noise setting a recent result of the first author, while also
simplifying a key step in the proof and allowing unbounded coefficients and
non-i.i.d. initial conditions. Conversely, we show that every weak mean field
equilibrium arises as the limit of some sequence of approximate equilibria for
the n-player games, as long as the latter are formulated over a broader class
of closed-loop strategies which may depend on an additional common signal.
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We study the global well-posedness and wave-breaking phenomenon
for the stochastic rotation-two-component Camassa–Holm (R2CH) system.
First, we find a Hamiltonian structure of the R2CH system and use the
stochastic Hamiltonian to derive the stochastic R2CH system. Then, we
establish the local well-posedness of the stochastic R2CH system using a
dispersion-dissipation approximation system and the regularization method.
We also show a precise blow-up criterion for the stochastic R2CH system.
Moreover, we prove that the global existence of the stochastic R2CH system
occurs with high probability. At the end, we consider the transport noise case
and establish the local well-posedness and another blow-up criterion.
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[1] ALBEVERIO, S., BRZEŹNIAK, Z. and DALETSKII, A. (2021). Stochastic Camassa–Holm equation with
convection type noise. J. Differential Equations 276 404–432. MR4196564 https://doi.org/10.1016/j.
jde.2020.12.013

[2] ALONSO-ORÁN, D. and BETHENCOURT DE LEÓN, A. (2020). On the well-posedness of stochastic Boussi-
nesq equations with transport noise. J. Nonlinear Sci. 30 175–224. MR4053485 https://doi.org/10.
1007/s00332-019-09571-2

[3] ALONSO-ORÁN, D., BETHENCOURT DE LEÓN, A. and TAKAO, S. (2019). The Burgers’ equation with
stochastic transport: Shock formation, local and global existence of smooth solutions. NoDEA Non-
linear Differential Equations Appl. 26 Paper No. 57, 33 pp. MR4029535 https://doi.org/10.1007/
s00030-019-0602-6

[4] ARNOLD, L. (2001). Hasselmann’s program revisited: The analysis of stochasticity in deterministic climate
models. In Stochastic Climate Models (Chorin, 1999). Progress in Probability 49 141–157. Birkhäuser,
Basel. MR1948294

[5] BONA, J. L. and SMITH, R. (1975). The initial-value problem for the Korteweg–de Vries equation. Philos.
Trans. R. Soc. Lond. Ser. A 278 555–601. MR0385355 https://doi.org/10.1098/rsta.1975.0035
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This paper aims to systematically solve stochastic team optimization of
a large-scale system, in a linear-quadratic-Gaussian framework. Concretely,
the underlying large-scale system involves considerable weakly coupled co-
operative agents for which the individual admissible controls: (i) enter the
diffusion terms, (ii) are constrained in some closed-convex subsets and (iii)
subject to a general partial decentralized information structure. A more im-
portant but serious feature: (iv) all agents are heterogenous with continuum
instead of finite diversity. Combination of (i)–(iv) yields a quite general mod-
eling of stochastic team-optimization, but on the other hand, also fails current
existing techniques of team analysis. In particular, classical team consistency
with continuum heterogeneity collapses because of (i). As the resolution, a
novel unified approach is proposed under which the intractable continuum
heterogeneity can be converted to a more tractable homogeneity. As a trade-
off, the underlying randomness is augmented, and all agents become (quasi)
weakly exchangeable. Such an approach essentially involves a subtle bal-
ance between homogeneity v.s. heterogeneity, and left (prior-sampling)- v.s.
right (posterior-sampling) information filtration. Subsequently, the consis-
tency condition (CC) system takes a new type of forward-backward stochastic
system with double-projections (due to (ii), (iii)), along with spatial mean on
continuum heterogenous index (due to (iv)). Such a system is new in team
literature and its well-posedness is also challenging. We address this issue
under mild conditions. Related asymptotic optimality is also established.
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In this paper, we provide convergence and existence results for mean
field games of controls. Mean field games of controls are a class of mean
field games where the mean field interactions are achieved through the joint
(conditional) distribution of the controlled state and the control process. The
framework we are considering allows to control the diffusion coefficient σ ,
and the controls/strategies are supposed to be of open loop type. Using (con-
trolled) Fokker–Planck equations, we introduce a notion of measure-valued
solution of mean field game of controls and prove a relation between these
solutions on the one hand, and the approximate Nash equilibria on the other
hand. First of all, in the N -player game associated to the mean field game of
controls, given a sequence of approximate Nash equilibria, it is shown that,
this sequence admits limits as N tends to infinity, and each limit is a measure-
valued solution of the corresponding mean field game of controls. Conversely,
any measure-valued solution can be obtained as the limit of a sequence of ap-
proximate Nash equilibria of the N -player game. In other words, the measure-
valued solutions are the accumulation points of the approximate Nash equi-
libria. Then, by considering an approximate strong solution of mean field
game of controls which is the classical strong solution where the optimality
is obtained by admitting a small error ε, we prove that the measure-valued
solutions are the accumulation points of this type of solutions when ε goes to
zero. Finally, the existence of a measure-valued solution of mean field game
of controls is proved in the case without common noise.

REFERENCES

[1] ACHDOU, Y. and KOBEISSI, Z. (2021). Mean field games of controls: Finite difference approximations.
Math. Eng. 3 024. MR4146720 https://doi.org/10.3934/mine.2021024

[2] ALIPRANTIS, C. D. and BORDER, K. C. (2006). Infinite Dimensional Analysis: A Hitchhiker’s Guide, 3rd
ed. Springer, Berlin. MR2378491

[3] BARRASSO, A. and TOUZI, N. (2022). Controlled diffusion mean field games with common noise and
McKean–Vlasov second order backward SDEs. Theory Probab. Appl. 66 613–639. MR4466403

[4] BLACKWELL, D. and DUBINS, L. E. (1983). An extension of Skorohod’s almost sure representation theo-
rem. Proc. Amer. Math. Soc. 89 691–692. MR0718998 https://doi.org/10.2307/2044607

[5] BONNANS, J. F., HADIKHANLOO, S. and PFEIFFER, L. (2019). Schauder estimates for a class of potential
mean field games of controls. Appl. Math. Optim. 83 1431–1464.

[6] CARDALIAGUET, P., DELARUE, F., LASRY, J.-M. and LIONS, P.-L. (2019). The Master Equation and
the Convergence Problem in Mean Field Games. Annals of Mathematics Studies 201. Princeton Univ.
Press, Princeton, NJ. MR3967062 https://doi.org/10.2307/j.ctvckq7qf

[7] CARDALIAGUET, P. and LEHALLE, C.-A. (2018). Mean field game of controls and an application to trade
crowding. Math. Financ. Econ. 12 335–363. MR3805247 https://doi.org/10.1007/s11579-017-0206-z

[8] CARMONA, R. and DELARUE, F. (2018). Probabilistic Theory of Mean Field Games with Applications. I.
Probability Theory and Stochastic Modelling 83. Springer, Cham. MR3752669

[9] CARMONA, R., DELARUE, F. and LACKER, D. (2016). Mean field games with common noise. Ann. Probab.
44 3740–3803. MR3572323 https://doi.org/10.1214/15-AOP1060

[10] CARMONA, R. and LACKER, D. (2015). A probabilistic weak formulation of mean field games and appli-
cations. Ann. Appl. Probab. 25 1189–1231. MR3325272 https://doi.org/10.1214/14-AAP1020

MSC2020 subject classifications. 60G, 60H.
Key words and phrases. Mean field game of controls, convergence of Nash equilibria.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/22-AAP1879
http://www.imstat.org
mailto:djete@ce-remade.dauphine.fr
https://mathscinet.ams.org/mathscinet-getitem?mr=4146720
https://doi.org/10.3934/mine.2021024
https://mathscinet.ams.org/mathscinet-getitem?mr=2378491
https://mathscinet.ams.org/mathscinet-getitem?mr=4466403
https://mathscinet.ams.org/mathscinet-getitem?mr=0718998
https://doi.org/10.2307/2044607
https://mathscinet.ams.org/mathscinet-getitem?mr=3967062
https://doi.org/10.2307/j.ctvckq7qf
https://mathscinet.ams.org/mathscinet-getitem?mr=3805247
https://doi.org/10.1007/s11579-017-0206-z
https://mathscinet.ams.org/mathscinet-getitem?mr=3752669
https://mathscinet.ams.org/mathscinet-getitem?mr=3572323
https://doi.org/10.1214/15-AOP1060
https://mathscinet.ams.org/mathscinet-getitem?mr=3325272
https://doi.org/10.1214/14-AAP1020
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[11] CASTAING, C., RAYNAUD DE FITTE, P. and VALADIER, M. (2004). Young Measures on Topological
Spaces with Applications in Control Theory and Probability Theory. Mathematics and Its Applica-
tions 571. Kluwer Academic, Dordrecht. MR2102261 https://doi.org/10.1007/1-4020-1964-5

[12] CLAISSE, J., ZHENJIE, J. and TAN, X. (2020). Mean field games with branching. arXiv preprint. Available
at arXiv:1912.11893.

[13] DJETE, M. F. (2022). Extended mean field control problem: A propagation of chaos result. Electron. J.
Probab. 27 20. MR4379197 https://doi.org/10.1214/21-ejp726

[14] DJETE, M. F., POSSAMAÏ, D. and TAN, X. (2022). McKean–Vlasov optimal control: Limit theory
and equivalence between different formulations. Math. Oper. Res. 47 2891–2930. MR4515488
https://doi.org/10.1287/moor.2021.1232

[15] DJETE, M. F., POSSAMAÏ, D. and TAN, X. (2022). McKean–Vlasov optimal control: The dynamic pro-
gramming principle. Ann. Probab. 50 791–833. MR4399164 https://doi.org/10.1214/21-aop1548

[16] EL KAROUI, N., HU̇U̇ NGUYEN, D. and JEANBLANC-PICQUÉ, M. (1987). Compactification methods
in the control of degenerate diffusions: Existence of an optimal control. Stochastics 20 169–219.
MR0878312 https://doi.org/10.1080/17442508708833443

[17] FISCHER, M. (2017). On the connection between symmetric N -player games and mean field games. Ann.
Appl. Probab. 27 757–810. MR3655853 https://doi.org/10.1214/16-AAP1215

[18] GOMES, D. A., PATRIZI, S. and VOSKANYAN, V. (2014). On the existence of classical solutions for sta-
tionary extended mean field games. Nonlinear Anal. 99 49–79. MR3160525 https://doi.org/10.1016/j.
na.2013.12.016

[19] GOMES, D. A. and VOSKANYAN, V. K. (2016). Extended deterministic mean-field games. SIAM J. Control
Optim. 54 1030–1055. MR3489048 https://doi.org/10.1137/130944503

[20] GRABER, P. J. (2016). Linear quadratic mean field type control and mean field games with common
noise, with application to production of an exhaustible resource. Appl. Math. Optim. 74 459–486.
MR3575612 https://doi.org/10.1007/s00245-016-9385-x

[21] GYÖNGY, I. (1986). Mimicking the one-dimensional marginal distributions of processes having an Itô differ-
ential. Probab. Theory Related Fields 71 501–516. MR0833267 https://doi.org/10.1007/BF00699039

[22] HUANG, M., CAINES, P. and MALHAMÉ, R. (2003). Individual and mass behaviour in large population
stochastic wireless power control problems: Centralized and Nash equilibrium solutions. In Proceed-
ings of the 42nd IEEE Conference on Decision and Control, 2003 (C. Abdallah and F. Lewis, eds.)
98–103. IEEE, Los Alamitos.

[23] HUANG, M., MALHAMÉ, R. P. and CAINES, P. E. (2006). Large population stochastic dynamic games:
Closed-loop McKean–Vlasov systems and the Nash certainty equivalence principle. Commun. Inf.
Syst. 6 221–251. MR2346927

[24] KALLENBERG, O. (2002). Foundations of Modern Probability, 2nd ed. Probability and Its Applications
(New York). Springer, New York. MR1876169 https://doi.org/10.1007/978-1-4757-4015-8

[25] KOBEISSI, Z. (2022). On classical solutions to the mean field game system of controls. Comm. Partial
Differential Equations 47 453–488. MR4387201 https://doi.org/10.1080/03605302.2021.1985518

[26] LACKER, D. (2015). Mean field games via controlled martingale problems: Existence of Markovian equilib-
ria. Stochastic Process. Appl. 125 2856–2894. MR3332857 https://doi.org/10.1016/j.spa.2015.02.006

[27] LACKER, D. (2016). A general characterization of the mean field limit for stochastic differential games.
Probab. Theory Related Fields 165 581–648. MR3520014 https://doi.org/10.1007/s00440-015-0641-9

[28] LACKER, D. (2017). Limit theory for controlled McKean–Vlasov dynamics. SIAM J. Control Optim. 55
1641–1672. MR3654119 https://doi.org/10.1137/16M1095895

[29] LACKER, D. (2020). On the convergence of closed-loop Nash equilibria to the mean field game limit. Ann.
Appl. Probab. 30 1693–1761. MR4133381 https://doi.org/10.1214/19-AAP1541

[30] LACKER, D., SHKOLNIKOV, M. and ZHANG, J. (2020). Superposition and mimicking theorems for condi-
tional Mckean–Vlasov equations. arXiv preprint. Available at arXiv:2004.00099.

[31] LACKER, D. and WEBSTER, K. (2015). Translation invariant mean field games with common noise. Elec-
tron. Commun. Probab. 20 42. MR3358964 https://doi.org/10.1214/ECP.v20-3822

[32] LASRY, J.-M. and LIONS, P.-L. (2006). Jeux à champ moyen. I. Le cas stationnaire. C. R. Math. Acad. Sci.
Paris 343 619–625. MR2269875 https://doi.org/10.1016/j.crma.2006.09.019

[33] LASRY, J.-M. and LIONS, P.-L. (2007). Mean field games. Jpn. J. Math. 2 229–260. MR2295621
https://doi.org/10.1007/s11537-007-0657-8

[34] LAURIÈRE, M. and TANGPI, L. (2022). Convergence of large population games to mean field games with
interaction through the controls. SIAM J. Math. Anal. 54 3535–3574. MR4438040 https://doi.org/10.
1137/22M1469328

[35] VILLANI, C. (2009). Optimal Transport: Old and New. Grundlehren der Mathematischen Wissenschaften
338. Springer, Berlin. MR2459454 https://doi.org/10.1007/978-3-540-71050-9

https://mathscinet.ams.org/mathscinet-getitem?mr=2102261
https://doi.org/10.1007/1-4020-1964-5
http://arxiv.org/abs/arXiv:1912.11893
https://mathscinet.ams.org/mathscinet-getitem?mr=4379197
https://doi.org/10.1214/21-ejp726
https://mathscinet.ams.org/mathscinet-getitem?mr=4515488
https://doi.org/10.1287/moor.2021.1232
https://mathscinet.ams.org/mathscinet-getitem?mr=4399164
https://doi.org/10.1214/21-aop1548
https://mathscinet.ams.org/mathscinet-getitem?mr=0878312
https://doi.org/10.1080/17442508708833443
https://mathscinet.ams.org/mathscinet-getitem?mr=3655853
https://doi.org/10.1214/16-AAP1215
https://mathscinet.ams.org/mathscinet-getitem?mr=3160525
https://doi.org/10.1016/j.na.2013.12.016
https://mathscinet.ams.org/mathscinet-getitem?mr=3489048
https://doi.org/10.1137/130944503
https://mathscinet.ams.org/mathscinet-getitem?mr=3575612
https://doi.org/10.1007/s00245-016-9385-x
https://mathscinet.ams.org/mathscinet-getitem?mr=0833267
https://doi.org/10.1007/BF00699039
https://mathscinet.ams.org/mathscinet-getitem?mr=2346927
https://mathscinet.ams.org/mathscinet-getitem?mr=1876169
https://doi.org/10.1007/978-1-4757-4015-8
https://mathscinet.ams.org/mathscinet-getitem?mr=4387201
https://doi.org/10.1080/03605302.2021.1985518
https://mathscinet.ams.org/mathscinet-getitem?mr=3332857
https://doi.org/10.1016/j.spa.2015.02.006
https://mathscinet.ams.org/mathscinet-getitem?mr=3520014
https://doi.org/10.1007/s00440-015-0641-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3654119
https://doi.org/10.1137/16M1095895
https://mathscinet.ams.org/mathscinet-getitem?mr=4133381
https://doi.org/10.1214/19-AAP1541
http://arxiv.org/abs/arXiv:2004.00099
https://mathscinet.ams.org/mathscinet-getitem?mr=3358964
https://doi.org/10.1214/ECP.v20-3822
https://mathscinet.ams.org/mathscinet-getitem?mr=2269875
https://doi.org/10.1016/j.crma.2006.09.019
https://mathscinet.ams.org/mathscinet-getitem?mr=2295621
https://doi.org/10.1007/s11537-007-0657-8
https://mathscinet.ams.org/mathscinet-getitem?mr=4438040
https://doi.org/10.1137/22M1469328
https://mathscinet.ams.org/mathscinet-getitem?mr=2459454
https://doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1016/j.na.2013.12.016
https://doi.org/10.1137/22M1469328


The Annals of Applied Probability
2023, Vol. 33, No. 4, 2863–2918
https://doi.org/10.1214/22-AAP1880
© Institute of Mathematical Statistics, 2023

OPTIMAL CONTROL OF PATH-DEPENDENT MCKEAN–VLASOV SDES IN
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We study the optimal control of path-dependent McKean–Vlasov equa-
tions valued in Hilbert spaces motivated by non-Markovian mean-field mod-
els driven by stochastic PDEs. We first establish the well-posedness of the
state equation, and then we prove the dynamic programming principle (DPP)
in such a general framework. The crucial law invariance property of the value
function V is rigorously obtained, which means that V can be viewed as a
function on the Wasserstein space of probability measures on the set of con-
tinuous functions valued in Hilbert space. We then define a notion of pathwise
measure derivative, which extends the Wasserstein derivative due to Lions
(Lions (Audio Conference, 2006–2012)), and prove a related functional Itô
formula in the spirit of Dupire ((2009), Functional Itô Calculus, Bloomberg
Portfolio Research Paper No. 2009-04-FRONTIERS) and Wu and Zhang
(Ann. Appl. Probab. 30 (2020) 936–986). The Master Bellman equation is
derived from the DPP by means of a suitable notion of viscosity solution. We
provide different formulations and simplifications of such a Bellman equa-
tion notably in the special case when there is no dependence on the law of the
control.
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FLUCTUATION BOUNDS FOR CONTINUOUS TIME BRANCHING
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We consider dynamic random trees constructed using an attachment
function f : N → R+ where, at each step of the evolution, a new vertex
attaches to an existing vertex v in the current tree with probability propor-
tional to f (degree(v)). We explore the effect of a change point in the sys-
tem; the dynamics are initially driven by a function f until the tree reaches
size τ (n) ∈ (0, n), at which point the attachment function switches to another
function, g, until the tree reaches size n. Two change point time scales are
considered, namely the standard model where τ (n) = γ n, and the quick big
bang model where τ (n) = nγ , for some 0 < γ < 1. In the former case, we
obtain deterministic approximations for the evolution of the empirical degree
distribution (EDF) in sup-norm and use these to devise a provably consistent
nonparametric estimator for the change point γ . In the latter case, we show
that the effect of pre-change point dynamics asymptotically vanishes in the
EDF, although this effect persists in functionals such as the maximal degree.
Our proofs rely on embedding the discrete time tree dynamics in an associ-
ated (time) inhomogeneous continuous time branching process (CTBP). In
the course of proving the above results, we develop novel mathematical tech-
niques to analyze both homogeneous and inhomogeneous CTBPs and obtain
rates of convergence for functionals of such processes, which are of indepen-
dent interest.
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Consider the random matrix model A1/2UBU∗A1/2, where A and B are
two N × N deterministic matrices and U is either an N × N Haar unitary or
orthogonal random matrix. It is well known that on the macroscopic scale
(Invent. Math. 104 (1991) 201–220), the limiting empirical spectral distribu-
tion (ESD) of the above model is given by the free multiplicative convolution
of the limiting ESDs of A and B, denoted as μα � μβ , where μα and μβ

are the limiting ESDs of A and B, respectively. In this paper, we study the
asymptotic microscopic behavior of the edge eigenvalues and eigenvectors
statistics. We prove that both the density of μA �μB , where μA and μB are
the ESDs of A and B, respectively and the associated subordination functions
have a regular behavior near the edges. Moreover, we establish the local laws
near the edges on the optimal scale. In particular, we prove that the entries of
the resolvent are close to some functionals depending only on the eigenvalues
of A, B and the subordination functions with optimal convergence rates. Our
proofs and calculations are based on the techniques developed for the addi-
tive model A+UBU∗ in (J. Funct. Anal. 271 (2016) 672–719; Comm. Math.
Phys. 349 (2017) 947–990; Adv. Math. 319 (2017) 251–291; J. Funct. Anal.
279 (2020) 108639), and our results can be regarded as the counterparts of
(J. Funct. Anal. 279 (2020) 108639) for the multiplicative model.
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We provide an existence theory for gradient Gibbs measures for Z-valued
spin models on regular trees which are not invariant under translations of the
tree, assuming only summability of the transfer operator. The gradient states
we obtain are delocalized. The construction we provide for them starts from a
two-layer hidden Markov model representation in a setup which is not invari-
ant under tree-automorphisms, involving internal q-spin models. The proofs
of existence and lack of translation invariance of infinite-volume gradient
states are based on properties of the local pseudo-unstable manifold of the
corresponding discrete dynamical systems of these internal models, around
the free state, at large q.
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BY ANDREI CARAGEA1,a, PHILIPP PETERSEN2,c AND FELIX VOIGTLAENDER1,b

1Mathematical Institute for Machine Learning and Data Science (MIDS), KU Eichstätt–Ingolstadt,
aandrei.caragea@ku.de; bfelix.voigtlaender@ku.de

2Faculty of Mathematics and Research Platform Data Science @ Uni Vienna, University of Vienna,
cphilipp.petersen@univie.ac.at

We prove bounds for the approximation and estimation of certain binary
classification functions using ReLU neural networks. Our estimation bounds
provide a priori performance guarantees for empirical risk minimization us-
ing networks of a suitable size, depending on the number of training samples
available. The obtained approximation and estimation rates are independent
of the dimension of the input, showing that the curse of dimensionality can be
overcome in this setting; in fact, the input dimension only enters in the form
of a polynomial factor. Regarding the regularity of the target classification
function, we assume the interfaces between the different classes to be locally
of Barron-type. We complement our results by studying the relations between
various Barron-type spaces that have been proposed in the literature. These
spaces differ substantially more from each other than the current literature
suggests.
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We study the cyclic cellular automaton (CCA) and the Greenberg–
Hastings model (GHM) with κ ≥ 3 colors and contact threshold θ ≥ 2 on
the infinite (d + 1)-regular tree, Td . When the initial state has the uniform
product distribution, we show that these dynamical systems exhibit at least
two distinct phases. For sufficiently large d, we show that if κ(θ − 1) ≤
d − O(

√
dκ ln(d)), then every vertex almost surely changes its color in-

finitely often, while if κθ ≥ d + O(κ
√

d ln(d)), then every vertex almost
surely changes its color only finitely many times. Roughly, this implies that
as d → ∞, there is a phase transition where κθ/d = 1. For the GHM dynam-
ics, in the scenario where every vertex changes color finitely many times, we
moreover give an exponential tail bound for the distribution of the time of the
last color change at a given vertex.

REFERENCES

[1] BALOGH, J., PERES, Y. and PETE, G. (2006). Bootstrap percolation on infinite trees and non-
amenable groups. Combin. Probab. Comput. 15 715–730. MR2248323 https://doi.org/10.1017/
S0963548306007619

[2] BRAMSON, M. and GRIFFEATH, D. (1989). Flux and fixation in cyclic particle systems. Ann. Probab. 17
26–45. MR0972768

[3] DURRETT, R. (1992). Multicolor particle systems with large threshold and range. J. Theoret. Probab. 5
127–152. MR1144730 https://doi.org/10.1007/BF01046781

[4] DURRETT, R. and GRIFFEATH, D. (1993). Asymptotic behavior of excitable cellular automata. Exp. Math.
2 183–208. MR1273408

[5] DURRETT, R. and STEIF, J. E. (1991). Some rigorous results for the Greenberg–Hastings model. J. Theoret.
Probab. 4 669–690. MR1132132 https://doi.org/10.1007/BF01259549

[6] FISCH, R. (1990). The one-dimensional cyclic cellular automaton: A system with deterministic dynamics
that emulates an interacting particle system with stochastic dynamics. J. Theoret. Probab. 3 311–338.
MR1046336 https://doi.org/10.1007/BF01045164

[7] FISCH, R. (1992). Clustering in the one-dimensional three-color cyclic cellular automaton. Ann. Probab. 20
1528–1548. MR1175276

[8] FISCH, R. and GRAVNER, J. (1995). One-dimensional deterministic Greenberg–Hastings models. Complex
Systems 9 329–348. MR1434149

[9] FISCH, R., GRAVNER, J. and GRIFFEATH, D. (1991). Cyclic cellular automata in two dimensions. In Spatial
Stochastic Processes. Progress in Probability 19 171–185. Birkhäuser, Boston, MA. MR1144096

[10] FISCH, R., GRAVNER, J. and GRIFFEATH, D. (1991). Threshold-range scaling of excitable cellular au-
tomata. Stat. Comput. 1 23–39.

[11] FISCH, R., GRAVNER, J. and GRIFFEATH, D. (1993). Metastability in the Greenberg–Hastings model. Ann.
Appl. Probab. 3 935–967. MR1241030

[12] FOXALL, E. and LYU, H. (2018). Clustering in the three and four color cyclic particle systems in one
dimension. J. Stat. Phys. 171 470–483. MR3783640 https://doi.org/10.1007/s10955-018-2004-2

[13] GRAVNER, J., LYU, H. and SIVAKOFF, D. (2018). Limiting behavior of 3-color excitable media on arbitrary
graphs. Ann. Appl. Probab. 28 3324–3357. MR3861815 https://doi.org/10.1214/17-AAP1350

[14] GREENBERG, J. M. and HASTINGS, S. P. (1978). Spatial patterns for discrete models of diffusion in ex-
citable media. SIAM J. Appl. Math. 34 515–523. MR0484504 https://doi.org/10.1137/0134040

MSC2020 subject classifications. Primary 60K35; secondary 37B15.
Key words and phrases. Cyclic cellular automaton, Greenberg–Hastings model, percolation, regular trees,

phase transition, fluctuation, fixation.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/22-AAP1885
http://www.imstat.org
mailto:jbello0123@gmail.com
mailto:dsivakoff@stat.osu.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=2248323
https://doi.org/10.1017/S0963548306007619
https://mathscinet.ams.org/mathscinet-getitem?mr=0972768
https://mathscinet.ams.org/mathscinet-getitem?mr=1144730
https://doi.org/10.1007/BF01046781
https://mathscinet.ams.org/mathscinet-getitem?mr=1273408
https://mathscinet.ams.org/mathscinet-getitem?mr=1132132
https://doi.org/10.1007/BF01259549
https://mathscinet.ams.org/mathscinet-getitem?mr=1046336
https://doi.org/10.1007/BF01045164
https://mathscinet.ams.org/mathscinet-getitem?mr=1175276
https://mathscinet.ams.org/mathscinet-getitem?mr=1434149
https://mathscinet.ams.org/mathscinet-getitem?mr=1144096
https://mathscinet.ams.org/mathscinet-getitem?mr=1241030
https://mathscinet.ams.org/mathscinet-getitem?mr=3783640
https://doi.org/10.1007/s10955-018-2004-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3861815
https://doi.org/10.1214/17-AAP1350
https://mathscinet.ams.org/mathscinet-getitem?mr=0484504
https://doi.org/10.1137/0134040
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1017/S0963548306007619


[15] HELLOUIN DE MENIBUS, B. and LE BORGNE, Y. (2021). Asymptotic behaviour of the one-dimensional
“rock-paper-scissors” cyclic cellular automaton. Ann. Appl. Probab. 31 2420–2440. MR4332701
https://doi.org/10.1214/20-aap1651

[16] LYU, H. (2015). Synchronization of finite-state pulse-coupled oscillators. Phys. D 303 28–38. MR3349515
https://doi.org/10.1016/j.physd.2015.03.007

[17] LYU, H. and SIVAKOFF, D. (2019). Persistence of sums of correlated increments and clustering in cellular
automata. Stochastic Process. Appl. 129 1132–1152. MR3926551 https://doi.org/10.1016/j.spa.2018.
04.012

https://mathscinet.ams.org/mathscinet-getitem?mr=4332701
https://doi.org/10.1214/20-aap1651
https://mathscinet.ams.org/mathscinet-getitem?mr=3349515
https://doi.org/10.1016/j.physd.2015.03.007
https://mathscinet.ams.org/mathscinet-getitem?mr=3926551
https://doi.org/10.1016/j.spa.2018.04.012
https://doi.org/10.1016/j.spa.2018.04.012


The Annals of Applied Probability
2023, Vol. 33, No. 4, 3098–3144
https://doi.org/10.1214/22-AAP1886
© Institute of Mathematical Statistics, 2023

RANDOMLY COUPLED DIFFERENTIAL EQUATIONS WITH
ELLIPTIC CORRELATIONS
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We consider the long time asymptotic behavior of a large system of N

linear differential equations with random coefficients. We allow for general
elliptic correlation structures among the coefficients, thus we substantially
generalize our previous work (SIAM J. Math. Anal. 50 (2018) 3271–3290)
that was restricted to the independent case. In particular, we analyze a recent
model in the theory of neural networks (Phys. Rev. E 97 (2018) 062314) that
specifically focused on the effect of the distributional asymmetry in the ran-
dom connectivity matrix X. We rigorously prove and slightly correct the ex-
plicit formula from (J. Math. Phys. 41 (2000) 3233–3256) on the time decay
as a function of the asymmetry parameter. Our main tool is an asymptotically
precise formula for the normalized trace of f (X)g(X∗), in the large N limit,
where f and g are analytic functions.
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Let {ξi}i≥1 be a sequence of i.i.d. positive random variables. Starting
from the usual square lattice replace each horizontal edge that links a site in
the ith vertical column to another in the (i + 1)th vertical column by an edge
having length ξi . Then declare independently each edge e in the resulting
lattice open with probability pe = p|e| where p ∈ [0,1] and |e| is the length
of e. We relate the occurrence of a nontrivial phase transition for this model to
moment properties of ξ1. More precisely, we prove that the model undergoes
a nontrivial phase transition when E(ξ

η
1 ) < ∞, for some η > 1. On the other

hand, when E(ξ1) = ∞, percolation never occurs for p < 1. We also show
that the probability of the one-arm event decays no faster than a polynomial
in an open interval of parameters p close to the critical point.
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CROSSING PROBABILITIES OF MULTIPLE ISING INTERFACES

BY EVELIINA PELTOLA1,a AND HAO WU2,b
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We prove that in the scaling limit, the crossing probabilities of multiple
interfaces in the critical planar Ising model with alternating boundary condi-
tions are conformally invariant expressions given by the pure partition func-
tions of multiple SLEκ with κ = 3. In particular, this identifies the scaling
limits with ratios of specific correlation functions of conformal field theory.

REFERENCES

[1] AIZENMAN, M. and BURCHARD, A. (1999). Hölder regularity and dimension bounds for random curves.
Duke Math. J. 99 419–453. MR1712629 https://doi.org/10.1215/S0012-7094-99-09914-3

[2] ARGUIN, L.-P. and SAINT-AUBIN, Y. (2002). Non-unitary observables in the 2d critical Ising model. Phys.
Lett. B 541 384–389. MR1928682 https://doi.org/10.1016/S0370-2693(02)02228-1

[3] BAUER, M., BERNARD, D. and KYTÖLÄ, K. (2005). Multiple Schramm–Loewner evolutions and sta-
tistical mechanics martingales. J. Stat. Phys. 120 1125–1163. MR2187598 https://doi.org/10.1007/
s10955-005-7002-5

[4] BEFFARA, V., PELTOLA, E. and WU, H. (2021). On the uniqueness of global multiple SLEs. Ann. Probab.
49 400–434. MR4203341 https://doi.org/10.1214/20-AOP1477

[5] BELAVIN, A. A., POLYAKOV, A. M. and ZAMOLODCHIKOV, A. B. (1984). Infinite conformal symmetry
of critical fluctuations in two dimensions. J. Stat. Phys. 34 763–774. MR0751712 https://doi.org/10.
1007/BF01009438

[6] BENOIST, S. and HONGLER, C. (2019). The scaling limit of critical Ising interfaces is CLE3. Ann. Probab.
47 2049–2086. MR3980915 https://doi.org/10.1214/18-AOP1301

[7] CAMIA, F., GARBAN, C. and NEWMAN, C. M. (2015). Planar Ising magnetization field I. Uniqueness of
the critical scaling limit. Ann. Probab. 43 528–571. MR3305999 https://doi.org/10.1214/13-AOP881

[8] CARDY, J. (1996). Scaling and Renormalization in Statistical Physics. Cambridge Lecture Notes in Physics
5. Cambridge Univ. Press, Cambridge. MR1446000 https://doi.org/10.1017/CBO9781316036440

[9] CARDY, J. L. (1992). Critical percolation in finite geometries. J. Phys. A 25 L201–L206. MR1151081
[10] CHELKAK, D., DUMINIL-COPIN, H. and HONGLER, C. (2016). Crossing probabilities in topological rect-

angles for the critical planar FK-Ising model. Electron. J. Probab. 21 5. MR3485347 https://doi.org/10.
1214/16-EJP3452

[11] CHELKAK, D., DUMINIL-COPIN, H., HONGLER, C., KEMPPAINEN, A. and SMIRNOV, S. (2014). Con-
vergence of Ising interfaces to Schramm’s SLE curves. C. R. Math. Acad. Sci. Paris 352 157–161.
MR3151886 https://doi.org/10.1016/j.crma.2013.12.002

[12] CHELKAK, D., HONGLER, C. and IZYUROV, K. Correlations of primary fields in the critical Ising model.
Available at arXiv:2103.10263.

[13] CHELKAK, D., HONGLER, C. and IZYUROV, K. (2015). Conformal invariance of spin correlations in the
planar Ising model. Ann. of Math. (2) 181 1087–1138. MR3296821 https://doi.org/10.4007/annals.
2015.181.3.5

[14] CHELKAK, D. and IZYUROV, K. (2013). Holomorphic spinor observables in the critical Ising model. Comm.
Math. Phys. 322 303–332. MR3077917 https://doi.org/10.1007/s00220-013-1763-5

[15] CHELKAK, D. and SMIRNOV, S. (2011). Discrete complex analysis on isoradial graphs. Adv. Math. 228
1590–1630. MR2824564 https://doi.org/10.1016/j.aim.2011.06.025

[16] CHELKAK, D. and SMIRNOV, S. (2012). Universality in the 2D Ising model and conformal invari-
ance of fermionic observables. Invent. Math. 189 515–580. MR2957303 https://doi.org/10.1007/
s00222-011-0371-2

MSC2020 subject classifications. Primary 82B20, 60J67; secondary 60K35.
Key words and phrases. Conformal field theory, correlation function, crossing probability, Ising model, parti-

tion function, Schramm–Loewner evolution.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/22-AAP1888
mailto:eveliina.peltola@hcm.uni-bonn.de
mailto:hao.wu.proba@gmail.com
https://mathscinet.ams.org/mathscinet-getitem?mr=1712629
https://doi.org/10.1215/S0012-7094-99-09914-3
https://mathscinet.ams.org/mathscinet-getitem?mr=1928682
https://doi.org/10.1016/S0370-2693(02)02228-1
https://mathscinet.ams.org/mathscinet-getitem?mr=2187598
https://doi.org/10.1007/s10955-005-7002-5
https://mathscinet.ams.org/mathscinet-getitem?mr=4203341
https://doi.org/10.1214/20-AOP1477
https://mathscinet.ams.org/mathscinet-getitem?mr=0751712
https://doi.org/10.1007/BF01009438
https://mathscinet.ams.org/mathscinet-getitem?mr=3980915
https://doi.org/10.1214/18-AOP1301
https://mathscinet.ams.org/mathscinet-getitem?mr=3305999
https://doi.org/10.1214/13-AOP881
https://mathscinet.ams.org/mathscinet-getitem?mr=1446000
https://doi.org/10.1017/CBO9781316036440
https://mathscinet.ams.org/mathscinet-getitem?mr=1151081
https://mathscinet.ams.org/mathscinet-getitem?mr=3485347
https://doi.org/10.1214/16-EJP3452
https://mathscinet.ams.org/mathscinet-getitem?mr=3151886
https://doi.org/10.1016/j.crma.2013.12.002
http://arxiv.org/abs/arXiv:2103.10263
https://mathscinet.ams.org/mathscinet-getitem?mr=3296821
https://doi.org/10.4007/annals.2015.181.3.5
https://mathscinet.ams.org/mathscinet-getitem?mr=3077917
https://doi.org/10.1007/s00220-013-1763-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2824564
https://doi.org/10.1016/j.aim.2011.06.025
https://mathscinet.ams.org/mathscinet-getitem?mr=2957303
https://doi.org/10.1007/s00222-011-0371-2
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/s10955-005-7002-5
https://doi.org/10.1007/BF01009438
https://doi.org/10.1214/16-EJP3452
https://doi.org/10.4007/annals.2015.181.3.5
https://doi.org/10.1007/s00222-011-0371-2


[17] COURANT, R., FRIEDRICHS, K. and LEWY, H. (1928). Über die partiellen Differenzengleichungen der
mathematischen Physik. Math. Ann. 100 32–74. MR1512478 https://doi.org/10.1007/BF01448839

[18] DI FRANCESCO, P., MATHIEU, P. and SÉNÉCHAL, D. (1997). Conformal Field Theory. Graduate Texts in
Contemporary Physics. Springer, New York. MR1424041 https://doi.org/10.1007/978-1-4612-2256-9

[19] DUBÉDAT, J. (2006). Euler integrals for commuting SLEs. J. Stat. Phys. 123 1183–1218. MR2253875
https://doi.org/10.1007/s10955-006-9132-9

[20] DUBÉDAT, J. (2007). Commutation relations for Schramm–Loewner evolutions. Comm. Pure Appl. Math.
60 1792–1847. MR2358649 https://doi.org/10.1002/cpa.20191

[21] DURRETT, R. (2010). Probability: Theory and Examples, 4th ed. Cambridge Series in Statistical and Prob-
abilistic Mathematics 31. Cambridge Univ. Press, Cambridge. MR2722836 https://doi.org/10.1017/
CBO9780511779398

[22] FENG, Y., PELTOLA, E. and WU, H. Connection probabilities of multiple FK-Ising interfaces. Available at
arXiv:2205.08800.

[23] FLORES, S. M. and KLEBAN, P. (2015). A solution space for a system of null-state partial differ-
ential equations: Part 1. Comm. Math. Phys. 333 389–434. MR3294954 https://doi.org/10.1007/
s00220-014-2189-4

[24] FLORES, S. M. and KLEBAN, P. (2015). A solution space for a system of null-state partial differ-
ential equations: Part 4. Comm. Math. Phys. 333 669–715. MR3296160 https://doi.org/10.1007/
s00220-014-2180-0

[25] FLORES, S. M., SIMMONS, J. J. H., KLEBAN, P. and ZIFF, R. M. (2017). A formula for crossing proba-
bilities of critical systems inside polygons. J. Phys. A 50 064005. MR3606709 https://doi.org/10.1088/
1751-8121/50/6/064005

[26] FOMIN, S. (2001). Loop-erased walks and total positivity. Trans. Amer. Math. Soc. 353 3563–3583.
MR1837248 https://doi.org/10.1090/S0002-9947-01-02824-0

[27] GARBAN, C. and WU, H. (2020). On the convergence of FK-Ising percolation to SLE(16/3, (16/3) − 6).
J. Theoret. Probab. 33 828–865. MR4091584 https://doi.org/10.1007/s10959-019-00950-9

[28] HONGLER, C. (2010). Conformal invariance of Ising model correlations Ph.D. Thesis, Université de
Genève.

[29] HONGLER, C. and KYTÖLÄ, K. (2013). Ising interfaces and free boundary conditions. J. Amer. Math. Soc.
26 1107–1189. MR3073886 https://doi.org/10.1090/S0894-0347-2013-00774-2

[30] HONGLER, C. and SMIRNOV, S. (2013). The energy density in the planar Ising model. Acta Math. 211
191–225. MR3143889 https://doi.org/10.1007/s11511-013-0102-1

[31] ITZYKSON, C. and DROUFFE, J.-M. (1989). Statistical Field Theory. Cambridge Monographs on Mathe-
matical Physics. Cambridge Univ. Press, Cambridge. MR1175176

[32] IZYUROV, K. (2015). Smirnov’s observable for free boundary conditions, interfaces and crossing probabili-
ties. Comm. Math. Phys. 337 225–252. MR3324162 https://doi.org/10.1007/s00220-015-2339-3

[33] IZYUROV, K. (2017). Critical Ising interfaces in multiply-connected domains. Probab. Theory Related
Fields 167 379–415. MR3602850 https://doi.org/10.1007/s00440-015-0685-x

[34] IZYUROV, K. (2022). On multiple SLE for the FK-Ising model. Ann. Probab. 50 771–790. MR4399163
https://doi.org/10.1214/21-aop1547

[35] KARRILA, A. Limits of conformal images and conformal images of limits for planar random curves. Avail-
able at arXiv:1810.05608.

[36] KARRILA, A. Multiple SLE type scaling limits: From local to global. Available at arXiv:1903.10354.
[37] KARRILA, A. (2020). UST branches, martingales, and multiple SLE(2). Electron. J. Probab. 25 83.

MR4125788 https://doi.org/10.1214/20-ejp485
[38] KARRILA, A., KYTÖLÄ, K. and PELTOLA, E. (2020). Boundary correlations in planar LERW and UST.

Comm. Math. Phys. 376 2065–2145. MR4104543 https://doi.org/10.1007/s00220-019-03615-0
[39] KEMPPAINEN, A. and SMIRNOV, S. (2017). Random curves, scaling limits and Loewner evolutions. Ann.

Probab. 45 698–779. MR3630286 https://doi.org/10.1214/15-AOP1074
[40] KENYON, R. (2000). Conformal invariance of domino tiling. Ann. Probab. 28 759–795. MR1782431

https://doi.org/10.1214/aop/1019160260
[41] KENYON, R. W. and WILSON, D. B. (2011). Boundary partitions in trees and dimers. Trans. Amer. Math.

Soc. 363 1325–1364. MR2737268 https://doi.org/10.1090/S0002-9947-2010-04964-5
[42] KOZDRON, M. J. and LAWLER, G. F. (2007). The configurational measure on mutually avoiding SLE

paths. In Universality and Renormalization. Fields Inst. Commun. 50 199–224. Amer. Math. Soc.,
Providence, RI. MR2310306 https://doi.org/10.1088/1751-8113/45/49/494015

[43] KYTÖLÄ, K. and PELTOLA, E. (2016). Pure partition functions of multiple SLEs. Comm. Math. Phys. 346
237–292. MR3528421 https://doi.org/10.1007/s00220-016-2655-2

[44] LAWLER, G. F. (2005). Conformally Invariant Processes in the Plane. Mathematical Surveys and Mono-
graphs 114. Amer. Math. Soc., Providence, RI. MR2129588 https://doi.org/10.1090/surv/114

https://mathscinet.ams.org/mathscinet-getitem?mr=1512478
https://doi.org/10.1007/BF01448839
https://mathscinet.ams.org/mathscinet-getitem?mr=1424041
https://doi.org/10.1007/978-1-4612-2256-9
https://mathscinet.ams.org/mathscinet-getitem?mr=2253875
https://doi.org/10.1007/s10955-006-9132-9
https://mathscinet.ams.org/mathscinet-getitem?mr=2358649
https://doi.org/10.1002/cpa.20191
https://mathscinet.ams.org/mathscinet-getitem?mr=2722836
https://doi.org/10.1017/CBO9780511779398
http://arxiv.org/abs/arXiv:2205.08800
https://mathscinet.ams.org/mathscinet-getitem?mr=3294954
https://doi.org/10.1007/s00220-014-2189-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3296160
https://doi.org/10.1007/s00220-014-2180-0
https://mathscinet.ams.org/mathscinet-getitem?mr=3606709
https://doi.org/10.1088/1751-8121/50/6/064005
https://mathscinet.ams.org/mathscinet-getitem?mr=1837248
https://doi.org/10.1090/S0002-9947-01-02824-0
https://mathscinet.ams.org/mathscinet-getitem?mr=4091584
https://doi.org/10.1007/s10959-019-00950-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3073886
https://doi.org/10.1090/S0894-0347-2013-00774-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3143889
https://doi.org/10.1007/s11511-013-0102-1
https://mathscinet.ams.org/mathscinet-getitem?mr=1175176
https://mathscinet.ams.org/mathscinet-getitem?mr=3324162
https://doi.org/10.1007/s00220-015-2339-3
https://mathscinet.ams.org/mathscinet-getitem?mr=3602850
https://doi.org/10.1007/s00440-015-0685-x
https://mathscinet.ams.org/mathscinet-getitem?mr=4399163
https://doi.org/10.1214/21-aop1547
http://arxiv.org/abs/arXiv:1810.05608
http://arxiv.org/abs/arXiv:1903.10354
https://mathscinet.ams.org/mathscinet-getitem?mr=4125788
https://doi.org/10.1214/20-ejp485
https://mathscinet.ams.org/mathscinet-getitem?mr=4104543
https://doi.org/10.1007/s00220-019-03615-0
https://mathscinet.ams.org/mathscinet-getitem?mr=3630286
https://doi.org/10.1214/15-AOP1074
https://mathscinet.ams.org/mathscinet-getitem?mr=1782431
https://doi.org/10.1214/aop/1019160260
https://mathscinet.ams.org/mathscinet-getitem?mr=2737268
https://doi.org/10.1090/S0002-9947-2010-04964-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2310306
https://doi.org/10.1088/1751-8113/45/49/494015
https://mathscinet.ams.org/mathscinet-getitem?mr=3528421
https://doi.org/10.1007/s00220-016-2655-2
https://mathscinet.ams.org/mathscinet-getitem?mr=2129588
https://doi.org/10.1090/surv/114
https://doi.org/10.1017/CBO9780511779398
https://doi.org/10.1007/s00220-014-2189-4
https://doi.org/10.1007/s00220-014-2180-0
https://doi.org/10.1088/1751-8121/50/6/064005


[45] LAWLER, G. F. (2009). Partition functions, loop measure, and versions of SLE. J. Stat. Phys. 134 813–837.
MR2518970 https://doi.org/10.1007/s10955-009-9704-6

[46] LAWLER, G. F., SCHRAMM, O. and WERNER, W. (2004). Conformal invariance of planar loop-erased
random walks and uniform spanning trees. Ann. Probab. 32 939–995. MR2044671 https://doi.org/10.
1214/aop/1079021469

[47] LIU, M., PELTOLA, E. and WU, H. Uniform spanning tree in topological polygons, partition functions for
SLE(8), and correlations in c = −2 logarithmic CFT. Available at arXiv:2108.04421.

[48] LIU, M., PELTOLA, E. and WU, H. In preparation.
[49] MCCOY, B. M. and WU, T. T. (1973). The Two-Dimensional Ising Model. Harvard Univ. Press, Cambridge,

MA. MR3618829 https://doi.org/10.4159/harvard.9780674180758
[50] PELTOLA, E. (2019). Toward a conformal field theory for Schramm–Loewner evolutions. J. Math. Phys. 60

103305. MR4021824 https://doi.org/10.1063/1.5094364
[51] PELTOLA, E. and WU, H. (2019). Global and local multiple SLEs for κ ≤ 4 and connection probabili-

ties for level lines of GFF. Comm. Math. Phys. 366 469–536. MR3922531 https://doi.org/10.1007/
s00220-019-03360-4

[52] ROHDE, S. and SCHRAMM, O. (2005). Basic properties of SLE. Ann. of Math. (2) 161 883–924.
MR2153402 https://doi.org/10.4007/annals.2005.161.883

[53] SCHRAMM, O. (2000). Scaling limits of loop-erased random walks and uniform spanning trees. Israel J.
Math. 118 221–288. MR1776084 https://doi.org/10.1007/BF02803524

[54] SCHRAMM, O. and SHEFFIELD, S. (2013). A contour line of the continuum Gaussian free field. Probab.
Theory Related Fields 157 47–80. MR3101840 https://doi.org/10.1007/s00440-012-0449-9

[55] SHEFFIELD, S. (2007). Gaussian free fields for mathematicians. Probab. Theory Related Fields 139 521–
541. MR2322706 https://doi.org/10.1007/s00440-006-0050-1

[56] SMIRNOV, S. (2001). Critical percolation in the plane: Conformal invariance, Cardy’s formula, scal-
ing limits. C. R. Acad. Sci. Paris Sér. I Math. 333 239–244. MR1851632 https://doi.org/10.1016/
S0764-4442(01)01991-7

[57] SMIRNOV, S. (2006). Towards conformal invariance of 2D lattice models. In International Congress of
Mathematicians. Vol. II 1421–1451. Eur. Math. Soc., Zürich. MR2275653

[58] SMIRNOV, S. (2010). Conformal invariance in random cluster models. I. Holomorphic fermions in the Ising
model. Ann. of Math. (2) 172 1435–1467. MR2680496 https://doi.org/10.4007/annals.2010.172.1441

[59] WANG, M. and WU, H. (2017). Level lines of Gaussian free field I: Zero-boundary GFF. Stochastic Process.
Appl. 127 1045–1124. MR3619265 https://doi.org/10.1016/j.spa.2016.07.009

[60] WU, H. (2020). Hypergeometric SLE: Conformal Markov characterization and applications. Comm. Math.
Phys. 374 433–484. MR4072221 https://doi.org/10.1007/s00220-020-03697-1

[61] ZHAN, D. (2008). The scaling limits of planar LERW in finitely connected domains. Ann. Probab. 36 467–
529. MR2393989 https://doi.org/10.1214/07-AOP342

https://mathscinet.ams.org/mathscinet-getitem?mr=2518970
https://doi.org/10.1007/s10955-009-9704-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2044671
https://doi.org/10.1214/aop/1079021469
http://arxiv.org/abs/arXiv:2108.04421
https://mathscinet.ams.org/mathscinet-getitem?mr=3618829
https://doi.org/10.4159/harvard.9780674180758
https://mathscinet.ams.org/mathscinet-getitem?mr=4021824
https://doi.org/10.1063/1.5094364
https://mathscinet.ams.org/mathscinet-getitem?mr=3922531
https://doi.org/10.1007/s00220-019-03360-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2153402
https://doi.org/10.4007/annals.2005.161.883
https://mathscinet.ams.org/mathscinet-getitem?mr=1776084
https://doi.org/10.1007/BF02803524
https://mathscinet.ams.org/mathscinet-getitem?mr=3101840
https://doi.org/10.1007/s00440-012-0449-9
https://mathscinet.ams.org/mathscinet-getitem?mr=2322706
https://doi.org/10.1007/s00440-006-0050-1
https://mathscinet.ams.org/mathscinet-getitem?mr=1851632
https://doi.org/10.1016/S0764-4442(01)01991-7
https://mathscinet.ams.org/mathscinet-getitem?mr=2275653
https://mathscinet.ams.org/mathscinet-getitem?mr=2680496
https://doi.org/10.4007/annals.2010.172.1441
https://mathscinet.ams.org/mathscinet-getitem?mr=3619265
https://doi.org/10.1016/j.spa.2016.07.009
https://mathscinet.ams.org/mathscinet-getitem?mr=4072221
https://doi.org/10.1007/s00220-020-03697-1
https://mathscinet.ams.org/mathscinet-getitem?mr=2393989
https://doi.org/10.1214/07-AOP342
https://doi.org/10.1214/aop/1079021469
https://doi.org/10.1007/s00220-019-03360-4
https://doi.org/10.1016/S0764-4442(01)01991-7


The Annals of Applied Probability
2023, Vol. 33, No. 4, 3207–3239
https://doi.org/10.1214/22-AAP1889
© Institute of Mathematical Statistics, 2023

DENSE MULTIGRAPHON-VALUED STOCHASTIC PROCESSES AND
EDGE-CHANGING DYNAMICS IN THE CONFIGURATION MODEL

BY ADRIAN RÖLLIN1,a AND ZHUO-SONG ZHANG2,b

1Department of Statistics and Data Science, National University of Singapore, aadrian.roellin@nus.edu.sg
2Department of Statistics and Data Science, Southern University of Science and Technology, bzhangzs3@sustech.edu.cn

Time-evolving random graph models have appeared and have been stud-
ied in various fields of research over the past decades. However, the rigorous
mathematical treatment of large graphs and their limits at the process-level
is still in its infancy. In this article, we adapt the approach of Athreya, den
Hollander and Röllin (Ann. Appl. Probab. 31 (2021) 1724–1745) to the set-
ting of multigraphs and multigraphons, introduced by Kolossváry and Ráth
(Acta Math. Hungar. 130 (2011) 1–34). We then generalise the work of Ráth
(Random Structures Algorithms 41 (2012) 365–390) and Ráth and Szakács
(Acta Math. Hungar. 136 (2012) 196–221), who analysed edge-flipping dy-
namics on the configuration model—in contrast to their work, we establish
weak convergence at the process-level, and by allowing removal and addition
of edges, these limits are nondeterministic.
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The Pearcey process is a universal point process in random matrix theory.
In this paper, we study the generating function of the Pearcey process on any
number m of intervals. We derive an integral representation for it in terms
of a Hamiltonian that is related to a system of 6m + 2 coupled nonlinear
equations. We also obtain asymptotics for the generating function as the size
of the intervals get large, up to and including the constant term. This work
generalizes some results of Dai, Xu, and Zhang, which correspond to m = 1.
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We consider a dynamic Erdős–Rényi random graph on n vertices in
which each edge switches on at rate λ and switches off at rate μ, indepen-
dently of other edges. The focus is on the analysis of the evolution of the
associated empirical graphon in the limit as n → ∞. Our main result is a
large deviation principle (LDP) for the sample path of the empirical graphon
observed until a fixed time horizon. The rate is

( n
2
)
, the rate function is a spe-

cific action integral on the space of graphon trajectories. We apply the LDP to
identify (i) the most likely path that starting from a constant graphon creates
a graphon with an atypically large density of d-regular subgraphs, and (ii) the
mostly likely path between two given graphons. It turns out that bifurcations
may occur in the solutions of associated variational problems.
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