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ÇAĞIN ARARAT, JIN MA AND WENQIAN WU 3418
Vector-valued statistics of binomial processes: Berry–Esseen bounds in the convex

distance . . . . . . . . . . . . . . . . . . . . . . . MIKOŁAJ J. KASPRZAK AND GIOVANNI PECCATI 3449
Hydrodynamic limit for the Kob–Andersen model . . . . . . . . . . . . . . . . . . . . ASSAF SHAPIRA 3493
Geometry of random Cayley graphs of Abelian groups

JONATHAN HERMON AND SAM OLESKER-TAYLOR 3520
Strong error bounds for the convergence to its mean field limit for systems of interacting

neurons in a diffusive scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . XAVIER ERNY,
EVA LÖCHERBACH AND DASHA LOUKIANOVA 3563

Graphon mean field systems
ERHAN BAYRAKTAR, SUMAN CHAKRABORTY AND RUOYU WU 3587

General diffusion processes as limit of time-space Markov chains
ALEXIS ANAGNOSTAKIS, ANTOINE LEJAY AND DENIS VILLEMONAIS 3620

Stochastic nonlinear Schrödinger equations in the defocusing mass and energy critical
cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . DENG ZHANG 3652

A spatial measure-valued model for chemical reaction networks in heterogeneous systems
LEA POPOVIC AND AMANDINE VÉBER 3706

Large deviation local limit theorems and limits of biconditioned planar maps
IGOR KORTCHEMSKI AND CYRIL MARZOUK 3755

A potential-based construction of the increasing supermartingale coupling
ERHAN BAYRAKTAR, SHUOQING DENG AND DOMINYKAS NORGILAS 3803

Stein’s method, Gaussian processes and Palm measures, with applications to queueing
A. D. BARBOUR, NATHAN ROSS AND GUANGQU ZHENG 3835

On mean-field super-Brownian motions
YAOZHONG HU, MICHAEL A. KOURITZIN, PANQIU XIA AND JIAYU ZHENG 3872

Low-temperature Ising dynamics with random initializations
REZA GHEISSARI AND ALISTAIR SINCLAIR 3916

Functional central limit theorems for local statistics of spatial birth–death processes in the
thermodynamic regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . EFE ONARAN,

OMER BOBROWSKI AND ROBERT J. ADLER 3958

continued



ISSN 1050-5164 (print)
ISSN 2168-8737 (online)

THE ANNALS
of

APPLIED
PROBABILITY

AN OFFICIAL JOURNAL OF THE

INSTITUTE OF MATHEMATICAL STATISTICS

Vol. 33, No. 5—October 2023

Articles—Continued from front cover

Multiparameter Bernoulli factories . . . . . . . . . RENATO PAES LEME AND JON SCHNEIDER 3987
Large deviation principle for geometric and topological functionals and associated point

processes . . . . . . . . . . . . . . . . . . . . . . . . . . . CHRISTIAN HIRSCH AND TAKASHI OWADA 4008
Anomalous scaling regime for one-dimensional Mott variable-range hopping

DAVID A. CROYDON, RYOKI FUKUSHIMA AND STEFAN JUNK 4044
Disagreement coupling of Gibbs processes with an application to Poisson approximation

GÜNTER LAST AND MORITZ OTTO 4091
Utility maximization with ratchet and drawdown constraints on consumption in

incomplete semimartingale markets . . . . . . . . . . . . . . . . . . . . . . . . ANASTASIYA TANANA 4127



THE ANNALS OF APPLIED PROBABILITY Vol. 33, No. 5, pp. 3321–4162 October 2023



INSTITUTE OF MATHEMATICAL STATISTICS

(Organized September 12, 1935)

The purpose of the Institute is to foster the development and dissemination of the theory and
applications of statistics and probability.

The Annals of Applied Probability [ISSN 1050-5164 (print); ISSN 2168-8737 (online)], Volume 33, Number 5,
October 2023. Published bimonthly by the Institute of Mathematical Statistics, 9760 Smith Road, Waite Hill, Ohio
44094, USA. Periodicals postage paid at Cleveland, Ohio, and at additional mailing offices.

POSTMASTER: Send address changes to The Annals of Applied Probability, Institute of Mathematical Statistics,
Dues and Subscriptions Office, PO Box 729, Middletown, Maryland 21769, USA.

Copyright © 2023 by the Institute of Mathematical Statistics
Printed in the United States of America

IMS OFFICERS

President: Michael Kosorok, Department of Biostatistics and Department of Statistics and Operations Research,
University of North Carolina, Chapel Hill, Chapel Hill, NC 27599, USA

President-Elect: Tony Cai, Department of Statistics and Data Science, University of Pennsylvania, Philadelphia,
PA 19104-6304, USA

Past President: Peter Bühlmann, Seminar für Statistik, ETH Zürich, 8092 Zürich, Switzerland

Executive Secretary: Peter Hoff, Department of Statistical Science, Duke University, Durham, NC 27708-0251,
USA

Treasurer: Jiashun Jin, Department of Statistics, Carnegie Mellon University, Pittsburgh, PA 15213-3890, USA

Program Secretary: Annie Qu, Department of Statistics, University of California, Irvine, Irvine, CA 92697-3425,
USA

IMS EDITORS

The Annals of Statistics. Editors: Enno Mammen, Institute for Mathematics, Heidelberg University, 69120 Heidel-
berg, Germany. Lan Wang, Miami Herbert Business School, University of Miami, Coral Gables, FL 33124,
USA

The Annals of Applied Statistics. Editor-in-Chief : Ji Zhu, Department of Statistics, University of Michigan, Ann
Arbor, MI 48109, USA

The Annals of Probability. Editors: Alice Guionnet, Unité de Mathématiques Pures et Appliquées, ENS de Lyon,
Lyon, France. Christophe Garban, Institut Camille Jordan, Université Claude Bernard Lyon 1, 69622 Villeur-
banne, France

The Annals of Applied Probability. Editors: Kavita Ramanan, Division of Applied Mathematics, Brown Uni-
versity, Providence, RI 02912, USA. Qi-Man Shao, Department of Statistics and Data Science, Southern
University of Science and Technology, Shenzhen, Guangdong 518055, P.R. China

Statistical Science. Editor: Moulinath Banerjee, Department of Statistics, University of Michigan, Ann Arbor, MI
48109, USA

The IMS Bulletin. Editor: Tati Howell, bulletin@imstat.org

http://bulletin@imstat.org


The Annals of Applied Probability
2023, Vol. 33, No. 5, 3321–3350
https://doi.org/10.1214/22-AAP1893
© Institute of Mathematical Statistics, 2023

GAUSSIAN CONCENTRATION BOUNDS
FOR STOCHASTIC CHAINS OF UNBOUNDED MEMORY

BY JEAN-RENÉ CHAZOTTES1,a, SANDRO GALLO2,b AND DANIEL Y. TAKAHASHI3,c

1Centre de Physique Théorique, CNRS, Institut Polytechnique de Paris, ajeanrene@cpht.polytechnique.fr
2Departamento de Estatística, Universidade Federal de São Carlos, bsandro.gallo@ufscar.br

3Instituto do Cérebro, Universidade Federal do Rio Grande do Norte, ctakahashiyd@gmail.com

Stochastic chains of unbounded memory (SCUMs) are generalization of
Markov chains, also known in the literature as “chains with complete con-
nections” or “g-measures”. We obtain Gaussian concentration bounds (GCB)
in this large class of models, for general alphabets, under two different con-
ditions on the kernel: (1) when the sum of its oscillations is less than one,
or (2) when the sum of its variations is finite, that is, belongs to �1(N). We
also obtain explicit constants as functions of the parameters of the model. Our
conditions are sharp in the sense that we exhibit examples of SCUMs that do
not have GCB and for which the sum of oscillations is 1 + ε, or the variation
belongs to �1+ε(N) for any ε > 0. These examples are based on the existence
of phase transitions.

We illustrate our results with four applications. First, we derive a
Dvoretzky–Kiefer–Wolfowitz-type inequality which gives a uniform control
on the fluctuations of the empirical measure. Second, in the finite-alphabet
case, we obtain an upper bound on the d̄-distance between two stationary
SCUMs and, as a by-product, we obtain new explicit bounds on the speed of
Markovian approximation in d̄ . Third, we derive new bounds on the fluctu-
ations of the “plug-in” estimator for entropy. Fourth, we obtain new rate of
convergence for the maximum likelihood estimator of conditional probability.
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We are concerned with a mixture of Boltzmann and McKean–Vlasov-
type equations, this means (in probabilistic terms) equations with coefficients
depending on the law of the solution itself, and driven by a Poisson point
measure with the intensity depending also on the law of the solution. Both
the analytical Boltzmann equation and the probabilistic interpretation ini-
tiated by Tanaka (Z. Wahrsch. Verw. Gebiete 46 (1978/79) 67–105; J. Fac.
Sci., Univ. Tokyo, Sect. IA, Math. 34 (1987) 351–369) have intensively been
discussed in the literature for specific models related to the behavior of gas
molecules. In this paper, we consider general abstract coefficients that may
include mean field effects and then we discuss the link with specific models
as well. In contrast with the usual approach in which integral equations are
used in order to state the problem, we employ here a new formulation of the
problem in terms of flows of self-maps on the space of probability measure
endowed with the Wasserstein distance. This point of view already appeared
in the framework of rough differential equations. Our results concern exis-
tence and uniqueness of the solution, in the formulation of flows, but we also
prove that the “flow solution” is a solution of the classical integral weak equa-
tion and admits a probabilistic interpretation. Moreover, we obtain stability
results and regularity with respect to the time for such solutions. Finally we
prove the convergence of empirical measures based on particle systems to the
solution of our problem, and we obtain the rate of convergence. We discuss
as examples the homogeneous and the inhomogeneous Boltzmann (Enskog)
equation with hard potentials.
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The family of SLE〈μ〉
4 (−2) exploration processes with parameter μ ∈

R forms a natural class of conformally invariant ways for discovering the
loops of a conformal loop ensemble CLE4. Such an exploration consists of
one simple continuous path called the trunk of the exploration that discovers
CLE4 loops along the way. The parameter μ appears in the Loewner chain
description of the path that traces the trunk and all CLE4 loops encountered
by the trunk in chronological order. These explorations can also be interpreted
in terms of level lines of a Gaussian free field.

It has been shown by Miller, Sheffield and Werner that the trunk of such
an exploration is an SLE4(ρ,−2 − ρ) process for some (unknown) value of
ρ ∈ (−2,0). The main result of the present paper is to establish the relation
between μ and ρ, more specifically to show that μ = −π cot(πρ/2).
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In this paper, we establish an analytic framework for studying set-
valued backward stochastic differential equations (set-valued BSDE), mo-
tivated largely by the current studies of dynamic set-valued risk measures for
multi-asset or network-based financial models. Our framework will make use
of the notion of the Hukuhara difference between sets, in order to compen-
sate the lack of “inverse” operation of the traditional Minkowski addition,
whence the vector space structure in set-valued analysis. While proving the
well-posedness of a class of set-valued BSDEs, we shall also address some
fundamental issues regarding generalized Aumann–Itô integrals, especially
when it is connected to the martingale representation theorem. In particular,
we propose some necessary extensions of the integral that can be used to rep-
resent set-valued martingales with nonsingleton initial values. This extension
turns out to be essential for the study of set-valued BSDEs.
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[31] PALLASCHKE, D. and URBAŃSKI, R. (2002). On the separation and order law of cancellation for bounded
sets. Optimization 51 487–496. MR1927906 https://doi.org/10.1080/02331930290009874

[32] ROCKAFELLAR, R. T. and WETS, R. J.-B. (1998). Variational Analysis. Grundlehren der Mathema-
tischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 317. Springer, Berlin.
MR1491362 https://doi.org/10.1007/978-3-642-02431-3

[33] ROSAZZA GIANIN, E. (2006). Risk measures via g-expectations. Insurance Math. Econom. 39 19–34.
MR2241848 https://doi.org/10.1016/j.insmatheco.2006.01.002
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We study the discrepancy between the distribution of a vector-valued
functional of i.i.d. random elements and that of a Gaussian vector. Our main
contribution is an explicit bound on the convex distance between the two dis-
tributions, holding in every dimension. Such a finding constitutes a substan-
tial extension of the one-dimensional bounds deduced in Chatterjee (Ann.
Probab. 36 (2008) 1584–1610) and Lachièze-Rey and Peccati (Ann. Appl.
Probab. 27 (2017) 1992–2031), as well as of the multidimensional bounds
for smooth test functions and indicators of rectangles derived, respectively,
in Dung (Acta Math. Hungar. 158 (2019) 173–201), and Fang and Koike
(Ann. Appl. Probab. 31 (2021) 1660–1686). Our techniques involve the use
of Stein’s method, combined with a suitable adaptation of the recursive ap-
proach inaugurated by Schulte and Yukich (Electron. J. Probab. 24 (2019)
1–42): this yields rates of converge that have a presumably optimal depen-
dence on the sample size. We develop several applications of a geometric
nature, among which is a new collection of multidimensional quantitative
limit theorems for the intrinsic volumes associated with coverage processes
in Euclidean spaces.
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[38] RAIČ, M. (2019). A multivariate Berry–Esseen theorem with explicit constants. Bernoulli 25 2824–2853.
MR4003566 https://doi.org/10.3150/18-BEJ1072

[39] REINERT, G. and RÖLLIN, A. (2009). Multivariate normal approximation with Stein’s method of ex-
changeable pairs under a general linearity condition. Ann. Probab. 37 2150–2173. MR2573554
https://doi.org/10.1214/09-AOP467

[40] REINERT, G. and RÖLLIN, A. (2010). Random subgraph counts and U -statistics: Multivariate normal
approximation via exchangeable pairs and embedding. J. Appl. Probab. 47 378–393. MR2668495
https://doi.org/10.1239/jap/1276784898

[41] RINOTT, Y. and ROTAR, V. (1996). A multivariate CLT for local dependence with n−1/2 logn rate and
applications to multivariate graph related statistics. J. Multivariate Anal. 56 333–350. MR1379533
https://doi.org/10.1006/jmva.1996.0017

[42] RINOTT, Y. and ROTAR, V. (1997). On coupling constructions and rates in the CLT for dependent summands
with applications to the antivoter model and weighted U -statistics. Ann. Appl. Probab. 7 1080–1105.
MR1484798 https://doi.org/10.1214/aoap/1043862425

[43] SANTALÓ, L. A. (2004). Integral Geometry and Geometric Probability, 2nd ed. Cambridge Mathe-
matical Library. Cambridge Univ. Press, Cambridge. With a foreword by Mark Kac. MR2162874
https://doi.org/10.1017/CBO9780511617331

[44] SCHNEIDER, R. and WEIL, W. (2008). Stochastic and Integral Geometry. Probability and Its Applications
(New York). Springer, Berlin. MR2455326 https://doi.org/10.1007/978-3-540-78859-1

[45] SCHULTE, M. and YUKICH, J. E. (2019). Multivariate second order Poincaré inequalities for Poisson func-
tionals. Electron. J. Probab. 24 Paper No. 130, 42. MR4040990 https://doi.org/10.1214/19-ejp386

[46] SCHULTE, M. and YUKICH, J. E. (2021). Rates of multivariate normal approximation for statistics in geo-
metric probability. ArXiv preprint.

[47] SHAO, Q.-M. and SU, Z.-G. (2006). The Berry–Esseen bound for character ratios. Proc. Amer. Math. Soc.
134 2153–2159. MR2215787 https://doi.org/10.1090/S0002-9939-05-08177-3

[48] STEELE, J. M. (1986). An Efron–Stein inequality for nonsymmetric statistics. Ann. Statist. 14 753–758.
MR0840528 https://doi.org/10.1214/aos/1176349952

https://mathscinet.ams.org/mathscinet-getitem?mr=4003566
https://doi.org/10.3150/18-BEJ1072
https://mathscinet.ams.org/mathscinet-getitem?mr=2573554
https://doi.org/10.1214/09-AOP467
https://mathscinet.ams.org/mathscinet-getitem?mr=2668495
https://doi.org/10.1239/jap/1276784898
https://mathscinet.ams.org/mathscinet-getitem?mr=1379533
https://doi.org/10.1006/jmva.1996.0017
https://mathscinet.ams.org/mathscinet-getitem?mr=1484798
https://doi.org/10.1214/aoap/1043862425
https://mathscinet.ams.org/mathscinet-getitem?mr=2162874
https://doi.org/10.1017/CBO9780511617331
https://mathscinet.ams.org/mathscinet-getitem?mr=2455326
https://doi.org/10.1007/978-3-540-78859-1
https://mathscinet.ams.org/mathscinet-getitem?mr=4040990
https://doi.org/10.1214/19-ejp386
https://mathscinet.ams.org/mathscinet-getitem?mr=2215787
https://doi.org/10.1090/S0002-9939-05-08177-3
https://mathscinet.ams.org/mathscinet-getitem?mr=0840528
https://doi.org/10.1214/aos/1176349952


The Annals of Applied Probability
2023, Vol. 33, No. 5, 3493–3519
https://doi.org/10.1214/22-AAP1898
© Institute of Mathematical Statistics, 2023

HYDRODYNAMIC LIMIT FOR THE KOB–ANDERSEN MODEL

BY ASSAF SHAPIRAa
 iD

MAP5, Université Paris Cité, aassaf.shapira@normalesup.org

This paper concerns with the hydrodynamic limit of the Kob–Andersen
model, an interacting particle system that has been introduced by physicists
in order to explain glassy behavior, and widely studied since. We will see that
the density profile evolves in the hydrodynamic limit according to a nonde-
generate hydrodynamic equation, and understand how the diffusion coeffi-
cient decays as density grows.
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Consider the random Cayley graph of a finite Abelian group G with re-
spect to k generators chosen uniformly at random, with 1 � log k � log |G|.
Draw a vertex U ∼ Unif(G).

We show that the graph distance dist(id,U) from the identity to U con-
centrates at a particular value M , which is the minimal radius of a ball in Z

k

of cardinality at least |G|, under mild conditions. In other words, the distance
from the identity for all but o(|G|) of the elements of G lies in the interval
[M −o(M),M +o(M)]. In the regime k � log |G|, we show that the diameter
of the graph is also asymptotically M . In the spirit of a conjecture of Aldous
and Diaconis (Technical Report 231 (1985)), this M depends only on k and
|G|, not on the algebraic structure of G.

Write d(G) for the minimal size of a generating subset of G. We prove
that the order of the spectral gap is |G|−2/k when k − d(G) � k and |G| lies
in a density-1 subset of N or when k − 2d(G) � k. This extends, for Abelian
groups, a celebrated result of Alon and Roichman (Random Structures Algo-
rithms 5 (1994) 271–284).

The aforementioned results all hold with high probability over the random
Cayley graph.
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We consider the stochastic system of interacting neurons introduced in
(J. Stat. Phys. 158 (2015) 866–902) and in (Ann. Inst. Henri Poincaré Probab.
Stat. 52 (2016) 1844–1876) and then further studied in (Electron. J. Probab.
26 (2021) 20) in a diffusive scaling. The system consists of N neurons, each
spiking randomly with rate depending on its membrane potential. At its spik-
ing time, the potential of the spiking neuron is reset to 0 and all other neurons
receive an additional amount of potential which is a centred random variable
of order 1/

√
N . In between successive spikes, each neuron’s potential follows

a deterministic flow. In our previous article (Electron. J. Probab. 26 (2021)
20) we proved the convergence of the system, as N → ∞, to a limit nonlinear
jumping stochastic differential equation. In the present article we complete
this study by establishing a strong convergence result, stated with respect to
an appropriate distance, with an explicit rate of convergence. The main tech-
nical ingredient of our proof is the coupling introduced in (Z. Wahrsch. Verw.
Gebiete 34 (1976) 33–58) of the point process representing the small jumps
of the particle system with the limit Brownian motion.
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We consider heterogeneously interacting diffusive particle systems and
their large population limit. The interaction is of mean field type with weights
characterized by an underlying graphon. A law of large numbers result is es-
tablished as the system size increases and the underlying graphons converge.
The limit is given by a graphon mean field system consisting of indepen-
dent but heterogeneous nonlinear diffusions whose probability distributions
are fully coupled. Well-posedness, continuity and stability of such systems
are provided. We also consider a not-so-dense analogue of the finite particle
system, obtained by percolation with vanishing rates and suitable scaling of
interactions. A law of large numbers result is proved for the convergence of
such systems to the corresponding graphon mean field system.
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We prove the convergence of the law of grid-valued random walks, which
can be seen as time-space Markov chains, to the law of a general diffusion
process. This includes processes with sticky features, reflecting or absorbing
boundaries and skew behavior. We prove that the convergence occurs at any
rate strictly inferior to (1/4) ∧ (1/p) in terms of the maximum cell size of
the grid, for any p-Wasserstein distance. We also show that it is possible to
achieve any rate strictly inferior to (1/2) ∧ (2/p) if the grid is adapted to the
speed measure of the diffusion, which is optimal for p ≤ 4. This result allows
us to set up asymptotically optimal approximation schemes for general dif-
fusion processes. Last, we experiment numerically on diffusions that exhibit
various features.
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STOCHASTIC NONLINEAR SCHRÖDINGER EQUATIONS IN THE
DEFOCUSING MASS AND ENERGY CRITICAL CASES

BY DENG ZHANGa

School of Mathematical Sciences, Shanghai Jiao Tong University, adzhang@sjtu.edu.cn

We study the stochastic nonlinear Schrödinger equations with linear
multiplicative noise, particularly in the defocusing mass-critical and energy-
critical cases. For general initial data, we prove the global well-posedness
of solutions in both mass-critical and energy-critical cases. We also prove
the rescaled scattering behavior of global solutions in the spaces L2, H 1 as
well as the pseudo-conformal space for dimensions d ≥ 3 in the case of fi-
nite global quadratic variation of noise. Furthermore, the Stroock–Varadhan
type theorem is also obtained for the topological support of the probability
distribution induced by global solutions in the Strichartz and local smoothing
spaces. Our proof is based on the construction of a new family of rescal-
ing transformations indexed by stopping times and on the stability analysis
adapted to the multiplicative noise.
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We propose a novel measure valued process which models the behaviour
of chemical reaction networks in spatially heterogeneous systems. It mod-
els reaction dynamics between different molecular species and continuous
movement of molecules in space. Reactions rates at a spatial location are
proportional to the mass of different species present locally and to a location
specific chemical rate, which may be a function of the local or global species
mass as well. We obtain asymptotic limits for the process, with appropriate
rescaling depending on the abundance of different molecular types. In par-
ticular, when the mass of some species in the scaling limit is discrete while
the mass of the others is continuous, we obtain a new type of spatial random
evolution process. This process can be shown, in some situations, to corre-
spond to a measure-valued piecewise deterministic Markov process in which
the discrete mass of the process evolves stochastically, and the continuous
mass evolves in a deterministic way between consecutive jump times of the
discrete part.
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We first establish new local limit estimates for the probability that a non-
decreasing integer-valued random walk lies at time n at an arbitrary value,
encompassing in particular large deviation regimes on the boundary of the
Cramér zone. This enables us to derive scaling limits of such random walks
conditioned by their terminal value at time n in various regimes. We believe
both to be of independent interest. We then apply these results to obtain in-
variance principles for the Łukasiewicz path of Bienaymé–Galton–Watson
trees conditioned on having a fixed number of leaves and of vertices at the
same time, which constitutes a first step towards understanding their large
scale geometry. We finally deduce from this scaling limit theorems for ran-
dom bipartite planar maps under a new conditioning by fixing their number
of vertices, edges, and faces at the same time. In the particular case of the
uniform distribution, our results confirm a prediction of Fusy and Guitter on
the growth of the typical distances and show furthermore that in all regimes,
the scaling limit is the celebrated Brownian sphere.
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[16] BOROVKOV, A. A. and MOGUL’SKIĬ, A. A. (2006). On large and superlarge deviations of sums of indepen-
dent random vectors under the Cramér condition. II. Teor. Veroyatn. Primen. 51 567–594. MR2338060
https://doi.org/10.1137/S0040585X97982645

[17] BOUTTIER, J., DI FRANCESCO, P. and GUITTER, E. (2004). Planar maps as labeled mobiles. Electron. J.
Combin. 11 Research Paper 69, 27. MR2097335

[18] BROUTIN, N. and MARCKERT, J.-F. (2014). Asymptotics of trees with a prescribed degree sequence and ap-
plications. Random Structures Algorithms 44 290–316. MR3188597 https://doi.org/10.1002/rsa.20463

[19] CARAVENNA, F. and CHAUMONT, L. (2013). An invariance principle for random walk bridges conditioned
to stay positive. Electron. J. Probab. 18 no. 60, 32. MR3068391 https://doi.org/10.1214/EJP.v18-2362

[20] CRAMÉR, H. (1938). Sur un nouveau théoreme-limite de la théorie des probabilités. Actual. Sci. Ind. 736
5–23.

[21] CURIEN, N., KORTCHEMSKI, I. and MARZOUK, C. (2022). The mesoscopic geometry of sparse random
maps. J. Éc. Polytech. Math. 9 1305–1345. MR4482303 https://doi.org/10.1109/tnse.2022.3141220

[22] DAVIS, B. and MCDONALD, D. (1995). An elementary proof of the local central limit theorem. J. Theoret.
Probab. 8 693–701. MR1340834 https://doi.org/10.1007/BF02218051

[23] DENISOV, D., DIEKER, A. B. and SHNEER, V. (2008). Large deviations for random walks under subexpo-
nentiality: The big-jump domain. Ann. Probab. 36 1946–1991. MR2440928 https://doi.org/10.1214/
07-AOP382

[24] DUQUESNE, T. (2003). A limit theorem for the contour process of conditioned Galton–Watson trees. Ann.
Probab. 31 996–1027. MR1964956 https://doi.org/10.1214/aop/1048516543

[25] DURRETT, R. (2010). Probability: Theory and Examples, 4th ed. Cambridge Series in Statistical and Prob-
abilistic Mathematics 31. Cambridge Univ. Press, Cambridge. MR2722836 https://doi.org/10.1017/
CBO9780511779398

[26] FELLER, W. (1971). An Introduction to Probability Theory and Its Applications. Vol. II, 2nd ed. Wiley, New
York. MR0270403

[27] FUSY, É. and GUITTER, E. (2014). The three-point function of general planar maps. J. Stat. Mech. Theory
Exp. 9 p09012, 39. MR3268094 https://doi.org/10.1088/1742-5468/2014/09/p09012

[28] GUT, A. (2013). Probability: A Graduate Course, 2nd ed. Springer Texts in Statistics. Springer, New York.
MR2977961 https://doi.org/10.1007/978-1-4614-4708-5

[29] HÖGLUND, T. (1979). A unified formulation of the central limit theorem for small and large deviations from
the mean. Z. Wahrsch. Verw. Gebiete 49 105–117. MR0539667 https://doi.org/10.1007/BF00534343

[30] IBRAGIMOV, I. A. and LINNIK, YU. V. (1971). Independent and Stationary Sequences of Random Vari-
ables. Wolters-Noordhoff Publishing, Groningen. MR0322926

[31] JACOD, J. and SHIRYAEV, A. N. (2003). Limit Theorems for Stochastic Processes, 2nd ed. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 288. Springer,
Berlin. MR1943877 https://doi.org/10.1007/978-3-662-05265-5

[32] JAIN, N. C. and PRUITT, W. E. (1987). Lower tail probability estimates for subordinators and nondecreasing
random walks. Ann. Probab. 15 75–101. MR0877591

[33] JANSON, S. (2012). Simply generated trees, conditioned Galton–Watson trees, random allocations and con-
densation. Probab. Surv. 9 103–252. MR2908619 https://doi.org/10.1214/11-PS188

[34] JANSON, S. and STEFÁNSSON, S. Ö. (2015). Scaling limits of random planar maps with a unique large
face. Ann. Probab. 43 1045–1081. MR3342658 https://doi.org/10.1214/13-AOP871

[35] KALLENBERG, O. (2002). Foundations of Modern Probability, 2nd ed. Probability and Its Applications
(New York). Springer, New York. MR1876169 https://doi.org/10.1007/978-1-4757-4015-8

[36] KNIGHT, F. B. (1996). The uniform law for exchangeable and Lévy process bridges. Astérisque 236 171–
188. MR1417982

[37] KORTCHEMSKI, I. (2012). Invariance principles for Galton–Watson trees conditioned on the number of
leaves. Stochastic Process. Appl. 122 3126–3172. MR2946438 https://doi.org/10.1016/j.spa.2012.05.
013

https://mathscinet.ams.org/mathscinet-getitem?mr=2424161
https://doi.org/10.1017/CBO9780511721397
https://mathscinet.ams.org/mathscinet-getitem?mr=2251140
https://doi.org/10.1007/s11006-006-0053-3
https://mathscinet.ams.org/mathscinet-getitem?mr=2338060
https://doi.org/10.1137/S0040585X9798230X
https://mathscinet.ams.org/mathscinet-getitem?mr=2338060
https://doi.org/10.1137/S0040585X97982645
https://mathscinet.ams.org/mathscinet-getitem?mr=2097335
https://mathscinet.ams.org/mathscinet-getitem?mr=3188597
https://doi.org/10.1002/rsa.20463
https://mathscinet.ams.org/mathscinet-getitem?mr=3068391
https://doi.org/10.1214/EJP.v18-2362
https://mathscinet.ams.org/mathscinet-getitem?mr=4482303
https://doi.org/10.1109/tnse.2022.3141220
https://mathscinet.ams.org/mathscinet-getitem?mr=1340834
https://doi.org/10.1007/BF02218051
https://mathscinet.ams.org/mathscinet-getitem?mr=2440928
https://doi.org/10.1214/07-AOP382
https://mathscinet.ams.org/mathscinet-getitem?mr=1964956
https://doi.org/10.1214/aop/1048516543
https://mathscinet.ams.org/mathscinet-getitem?mr=2722836
https://doi.org/10.1017/CBO9780511779398
https://mathscinet.ams.org/mathscinet-getitem?mr=0270403
https://mathscinet.ams.org/mathscinet-getitem?mr=3268094
https://doi.org/10.1088/1742-5468/2014/09/p09012
https://mathscinet.ams.org/mathscinet-getitem?mr=2977961
https://doi.org/10.1007/978-1-4614-4708-5
https://mathscinet.ams.org/mathscinet-getitem?mr=0539667
https://doi.org/10.1007/BF00534343
https://mathscinet.ams.org/mathscinet-getitem?mr=0322926
https://mathscinet.ams.org/mathscinet-getitem?mr=1943877
https://doi.org/10.1007/978-3-662-05265-5
https://mathscinet.ams.org/mathscinet-getitem?mr=0877591
https://mathscinet.ams.org/mathscinet-getitem?mr=2908619
https://doi.org/10.1214/11-PS188
https://mathscinet.ams.org/mathscinet-getitem?mr=3342658
https://doi.org/10.1214/13-AOP871
https://mathscinet.ams.org/mathscinet-getitem?mr=1876169
https://doi.org/10.1007/978-1-4757-4015-8
https://mathscinet.ams.org/mathscinet-getitem?mr=1417982
https://mathscinet.ams.org/mathscinet-getitem?mr=2946438
https://doi.org/10.1016/j.spa.2012.05.013
https://doi.org/10.1007/s11006-006-0053-3
https://doi.org/10.1214/07-AOP382
https://doi.org/10.1017/CBO9780511779398
https://doi.org/10.1016/j.spa.2012.05.013


[38] KORTCHEMSKI, I. (2017). Sub-exponential tail bounds for conditioned stable Bienaymé–Galton–
Watson trees. Probab. Theory Related Fields 168 1–40. MR3651047 https://doi.org/10.1007/
s00440-016-0704-6

[39] KORTCHEMSKI, I. and RICHIER, L. (2019). Condensation in critical Cauchy Bienaymé–Galton–Watson
trees. Ann. Appl. Probab. 29 1837–1877. MR3914558 https://doi.org/10.1214/18-AAP1447

[40] LABARBE, J.-M. and MARCKERT, J.-F. (2007). Asymptotics of Bernoulli random walks, bridges, excur-
sions and meanders with a given number of peaks. Electron. J. Probab. 12 229–261. MR2299918
https://doi.org/10.1214/EJP.v12-397

[41] LE GALL, J.-F. (2005). Random trees and applications. Probab. Surv. 2 245–311. MR2203728
https://doi.org/10.1214/154957805100000140

[42] LE GALL, J.-F. (2007). The topological structure of scaling limits of large planar maps. Invent. Math. 169
621–670. MR2336042 https://doi.org/10.1007/s00222-007-0059-9

[43] LE GALL, J.-F. (2010). Itô’s excursion theory and random trees. Stochastic Process. Appl. 120 721–749.
MR2603061 https://doi.org/10.1016/j.spa.2010.01.015

[44] LE GALL, J.-F. (2013). Uniqueness and universality of the Brownian map. Ann. Probab. 41 2880–2960.
MR3112934 https://doi.org/10.1214/12-AOP792

[45] LE GALL, J.-F. and MIERMONT, G. (2011). Scaling limits of random planar maps with large faces. Ann.
Probab. 39 1–69. MR2778796 https://doi.org/10.1214/10-AOP549

[46] LE GALL, J.-F. and PAULIN, F. (2008). Scaling limits of bipartite planar maps are homeomorphic to the
2-sphere. Geom. Funct. Anal. 18 893–918. MR2438999 https://doi.org/10.1007/s00039-008-0671-x

[47] LIGGETT, T. M. (1968). An invariance principle for conditioned sums of independent random variables.
J. Math. Mech. 18 559–570. MR0238373 https://doi.org/10.1512/iumj.1969.18.18043

[48] MARCKERT, J.-F. and MIERMONT, G. (2007). Invariance principles for random bipartite planar maps. Ann.
Probab. 35 1642–1705. MR2349571 https://doi.org/10.1214/009117906000000908

[49] MARCKERT, J.-F. and MOKKADEM, A. (2003). The depth first processes of Galton–Watson trees converge
to the same Brownian excursion. Ann. Probab. 31 1655–1678. MR1989446 https://doi.org/10.1214/
aop/1055425793

[50] MARZOUK, C. (2018). On scaling limits of planar maps with stable face-degrees. ALEA Lat. Am. J. Probab.
Math. Stat. 15 1089–1122. MR3852246 https://doi.org/10.30757/alea.v15-40

[51] MARZOUK, C. (2018). Scaling limits of random bipartite planar maps with a prescribed degree sequence.
Random Structures Algorithms 53 448–503. MR3854042 https://doi.org/10.1002/rsa.20773

[52] MARZOUK, C. (2022). On scaling limits of random trees and maps with a prescribed degree sequence. Ann.
Henri Lebesgue 5 317–386. MR4443293 https://doi.org/10.5802/ahl.125

[53] MARZOUK, C. (2022). Scaling limits of random looptrees and bipartite plane maps with prescribed large
faces. Preprint available at arXiv:2202.08666.

[54] MIERMONT, G. (2001). Ordered additive coalescent and fragmentations associated to Levy processes with
no positive jumps. Electron. J. Probab. 6 no. 14, 33. MR1844511 https://doi.org/10.1214/EJP.v6-87

[55] MIERMONT, G. (2008). On the sphericity of scaling limits of random planar quadrangulations. Electron.
Commun. Probab. 13 248–257. MR2399286 https://doi.org/10.1214/ECP.v13-1368

[56] MIERMONT, G. (2009). Tessellations of random maps of arbitrary genus. Ann. Sci. Éc. Norm. Supér. (4) 42
725–781. MR2571957 https://doi.org/10.24033/asens.2108

[57] MIERMONT, G. (2013). The Brownian map is the scaling limit of uniform random plane quadrangulations.
Acta Math. 210 319–401. MR3070569 https://doi.org/10.1007/s11511-013-0096-8

[58] PETROV, V. V. (1965). On the probabilities of large deviations for sums of independent random variables.
Teor. Veroyatn. Primen. 10 310–322. MR0185645

[59] PITMAN, J. (2006). Combinatorial Stochastic Processes. Lecture Notes in Math. 1875. Springer, Berlin.
MR2245368

[60] RIZZOLO, D. (2015). Scaling limits of Markov branching trees and Galton–Watson trees conditioned on the
number of vertices with out-degree in a given set. Ann. Inst. Henri Poincaré Probab. Stat. 51 512–532.
MR3335013 https://doi.org/10.1214/13-AIHP594

https://mathscinet.ams.org/mathscinet-getitem?mr=3651047
https://doi.org/10.1007/s00440-016-0704-6
https://mathscinet.ams.org/mathscinet-getitem?mr=3914558
https://doi.org/10.1214/18-AAP1447
https://mathscinet.ams.org/mathscinet-getitem?mr=2299918
https://doi.org/10.1214/EJP.v12-397
https://mathscinet.ams.org/mathscinet-getitem?mr=2203728
https://doi.org/10.1214/154957805100000140
https://mathscinet.ams.org/mathscinet-getitem?mr=2336042
https://doi.org/10.1007/s00222-007-0059-9
https://mathscinet.ams.org/mathscinet-getitem?mr=2603061
https://doi.org/10.1016/j.spa.2010.01.015
https://mathscinet.ams.org/mathscinet-getitem?mr=3112934
https://doi.org/10.1214/12-AOP792
https://mathscinet.ams.org/mathscinet-getitem?mr=2778796
https://doi.org/10.1214/10-AOP549
https://mathscinet.ams.org/mathscinet-getitem?mr=2438999
https://doi.org/10.1007/s00039-008-0671-x
https://mathscinet.ams.org/mathscinet-getitem?mr=0238373
https://doi.org/10.1512/iumj.1969.18.18043
https://mathscinet.ams.org/mathscinet-getitem?mr=2349571
https://doi.org/10.1214/009117906000000908
https://mathscinet.ams.org/mathscinet-getitem?mr=1989446
https://doi.org/10.1214/aop/1055425793
https://mathscinet.ams.org/mathscinet-getitem?mr=3852246
https://doi.org/10.30757/alea.v15-40
https://mathscinet.ams.org/mathscinet-getitem?mr=3854042
https://doi.org/10.1002/rsa.20773
https://mathscinet.ams.org/mathscinet-getitem?mr=4443293
https://doi.org/10.5802/ahl.125
http://arxiv.org/abs/arXiv:2202.08666
https://mathscinet.ams.org/mathscinet-getitem?mr=1844511
https://doi.org/10.1214/EJP.v6-87
https://mathscinet.ams.org/mathscinet-getitem?mr=2399286
https://doi.org/10.1214/ECP.v13-1368
https://mathscinet.ams.org/mathscinet-getitem?mr=2571957
https://doi.org/10.24033/asens.2108
https://mathscinet.ams.org/mathscinet-getitem?mr=3070569
https://doi.org/10.1007/s11511-013-0096-8
https://mathscinet.ams.org/mathscinet-getitem?mr=0185645
https://mathscinet.ams.org/mathscinet-getitem?mr=2245368
https://mathscinet.ams.org/mathscinet-getitem?mr=3335013
https://doi.org/10.1214/13-AIHP594
https://doi.org/10.1007/s00440-016-0704-6
https://doi.org/10.1214/aop/1055425793


The Annals of Applied Probability
2023, Vol. 33, No. 5, 3803–3834
https://doi.org/10.1214/22-AAP1907
© Institute of Mathematical Statistics, 2023

A POTENTIAL-BASED CONSTRUCTION OF THE INCREASING
SUPERMARTINGALE COUPLING

BY ERHAN BAYRAKTAR1,a, SHUOQING DENG2,c AND DOMINYKAS NORGILAS1,b

1Department of Mathematics, University of Michigan, aerhan@umich.edu, bdnorgila@umich.edu
2Department of Mathematics, Hong Kong University of Science and Technology, cmasdeng@ust.hk

The increasing supermartingale coupling, introduced by Nutz and Ste-
begg (Ann. Probab. 46 (2018) 3351–3398) is an extreme point of the set
of “supermartingale” couplings between two real probability measures in
convex-decreasing order. In the present paper we provide an explicit con-
struction of a triple of functions, on the graph of which the increasing super-
martingale coupling concentrates. In particular, we show that the increasing
supermartingale coupling can be identified with the left-curtain martingale
coupling and the antitone coupling to the left and to the right of a uniquely
determined regime-switching point, respectively.

Our construction is based on the concept of the shadow measure. We
show how to determine the potential of the shadow measure associated to
a supermartingale, extending the recent results of Beiglböck et al. (Electron.
Commun. Probab. 27 (2022) 1–12) obtained in the martingale setting.
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STEIN’S METHOD, GAUSSIAN PROCESSES AND PALM MEASURES, WITH
APPLICATIONS TO QUEUEING
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We develop a general approach to Stein’s method for approximating a
random process in the path space D([0,T] →R

d) by a real continuous Gaus-
sian process. We then use the approach in the context of processes that have
a representation as integrals with respect to an underlying point process, de-
riving a general quantitative Gaussian approximation. The error bound is ex-
pressed in terms of couplings of the original process to processes generated
from the reduced Palm measures associated with the point process. As appli-
cations, we study certain GI/GI/∞ queues in the “heavy traffic” regime.
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The mean-field stochastic partial differential equation (SPDE) corre-
sponding to a mean-field super-Brownian motion (sBm) is obtained and stud-
ied. In this mean-field sBm, the branching-particle lifetime is allowed to de-
pend upon the probability distribution of the sBm itself, producing an SPDE
whose space-time white noise coefficient has, in addition to the typical sBm
square root, an extra factor that is a function of the probability law of the den-
sity of the mean-field sBm. This novel mean-field SPDE is thus motivated by
population models where things like overcrowding and isolation can affect
growth. A two step approximation method is employed to show the existence
for this SPDE under general conditions. Then, mild moment conditions are
imposed to get uniqueness. Finally, smoothness of the SPDE solution is es-
tablished under a further simplifying condition.
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It is well known that Glauber dynamics on spin systems typically suf-
fer exponential slowdowns at low temperatures. This is due to the emergence
of multiple metastable phases in the state space, separated by narrow bottle-
necks that are hard for the dynamics to cross. It is a folklore belief that if
the dynamics is initialized from an appropriate random mixture of ground
states, one for each phase, then convergence to the Gibbs distribution should
be much faster. However, such phenomena have largely evaded rigorous anal-
ysis, as most tools in the study of Markov chain mixing times are tailored to
worst-case initializations.

In this paper we develop a general framework towards establishing this
conjectured behavior for the Ising model. In the classical setting of the Ising
model on an N -vertex torus in Z

d , our framework implies that the mixing
time for the Glauber dynamics, initialized from a 1

2 - 1
2 mixture of the all-

plus and all-minus configurations, is N1+o(1) in dimension d = 2, and at
most quasi-polynomial in all dimensions d ≥ 3, at all temperatures below
the critical one. The key innovation in our analysis is the introduction of the
notion of “weak spatial mixing within a phase”, a low-temperature adaptation
of the classical concept of weak spatial mixing. We show both that this new
notion is strong enough to control the mixing time from the above random
initialization (by relating it to the mixing time with plus boundary condition
at O(logN) scales), and that it holds at all low temperatures in all dimensions.

This framework naturally extends to more general families of graphs. To
illustrate this, we use the same approach to establish optimal O(N logN)

mixing for the Ising Glauber dynamics on random regular graphs at suffi-
ciently low temperatures, when initialized from the same random mixture.
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We present normal approximation results at the process level for local
functionals defined on dynamic Poisson processes in R

d . The dynamics we
study here are those of a Markov birth–death process. We prove functional
limit theorems in the so-called thermodynamic regime. Our results are appli-
cable to several functionals of interest in the stochastic geometry literature,
including subgraph and component counts in the random geometric graphs.

REFERENCES

[1] BILLINGSLEY, P. (1995). Probability and Measure, 3rd ed. Wiley Series in Probability and Mathematical
Statistics. Wiley, New York. A Wiley-Interscience Publication. MR1324786

[2] BOBROWSKI, O. (2022). Homological connectivity in random Čech complexes. Probab. Theory Related
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Čech complexes. Homology, Homotopy Appl. 16 311–344. MR3280987 https://doi.org/10.4310/HHA.
2014.v16.n2.a18

[4] COSTA, A. and FARBER, M. (2017). Large random simplicial complexes, III: The critical dimension. J.
Knot Theory Ramifications 26 1740010. MR3604492 https://doi.org/10.1142/S0218216517400107

[5] DALEY, D. J. and VERE-JONES, D. (2008). An Introduction to the Theory of Point Processes. Vol. II, 2nd
ed. Probability and Its Applications (New York). Springer, New York. General theory and structure.
MR2371524 https://doi.org/10.1007/978-0-387-49835-5

[6] ETHIER, S. N. and KURTZ, T. G. (1986). Markov Processes. Wiley Series in Probability and Mathematical
Statistics: Probability and Mathematical Statistics. Wiley, New York. Characterization and conver-
gence. MR0838085 https://doi.org/10.1002/9780470316658

[7] FERNIQUE, X. (1964). Continuité des processus Gaussiens. C. R. Acad. Sci. Paris 258 6058–6060.
MR0164365

[8] GARSIA, A. M., RODEMICH, E. and RUMSEY, H. JR. (1970/71). A real variable lemma and the con-
tinuity of paths of some Gaussian processes. Indiana Univ. Math. J. 20 565–578. MR0267632
https://doi.org/10.1512/iumj.1970.20.20046

[9] GERSHKOVICH, V. and RUBINSTEIN, H. (1997). Morse theory for Min-type functions. Asian J. Math. 1
696–715. MR1621571 https://doi.org/10.4310/AJM.1997.v1.n4.a3

[10] LACHIÈZE-REY, R., SCHULTE, M. and YUKICH, J. E. (2019). Normal approximation for stabilizing func-
tionals. Ann. Appl. Probab. 29 931–993. MR3910021 https://doi.org/10.1214/18-AAP1405

[11] LAST, G., PECCATI, G. and SCHULTE, M. (2016). Normal approximation on Poisson spaces: Mehler’s
formula, second order Poincaré inequalities and stabilization. Probab. Theory Related Fields 165 667–
723. MR3520016 https://doi.org/10.1007/s00440-015-0643-7

[12] MARCUS, M. B. and SHEPP, L. A. (1970). Continuity of Gaussian processes. Trans. Amer. Math. Soc. 151
377–391. MR0264749 https://doi.org/10.2307/1995502

[13] MØLLER, J. and WAAGEPETERSEN, R. P. (2004). Statistical Inference and Simulation for Spatial Point
Processes. Monographs on Statistics and Applied Probability 100. CRC Press/CRC, Boca Raton, FL.
MR2004226

[14] OWADA, T. (2017). Functional central limit theorem for subgraph counting processes. Electron. J. Probab.
22 17. MR3622887 https://doi.org/10.1214/17-EJP30

MSC2020 subject classifications. Primary 60G55, 60F05; secondary 60D05, 05C80.
Key words and phrases. Spatial birth–death process, functional central limit theorems, Ornstein–Uhlenbeck

process, random geometric graphs.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/22-AAP1912
http://www.imstat.org
mailto:efeonaran@campus.technion.ac.il
mailto:omer@ee.technion.ac.il
mailto:radler@technion.ac.il
https://mathscinet.ams.org/mathscinet-getitem?mr=1324786
https://mathscinet.ams.org/mathscinet-getitem?mr=4453316
https://doi.org/10.1007/s00440-022-01149-6
https://mathscinet.ams.org/mathscinet-getitem?mr=3280987
https://doi.org/10.4310/HHA.2014.v16.n2.a18
https://mathscinet.ams.org/mathscinet-getitem?mr=3604492
https://doi.org/10.1142/S0218216517400107
https://mathscinet.ams.org/mathscinet-getitem?mr=2371524
https://doi.org/10.1007/978-0-387-49835-5
https://mathscinet.ams.org/mathscinet-getitem?mr=0838085
https://doi.org/10.1002/9780470316658
https://mathscinet.ams.org/mathscinet-getitem?mr=0164365
https://mathscinet.ams.org/mathscinet-getitem?mr=0267632
https://doi.org/10.1512/iumj.1970.20.20046
https://mathscinet.ams.org/mathscinet-getitem?mr=1621571
https://doi.org/10.4310/AJM.1997.v1.n4.a3
https://mathscinet.ams.org/mathscinet-getitem?mr=3910021
https://doi.org/10.1214/18-AAP1405
https://mathscinet.ams.org/mathscinet-getitem?mr=3520016
https://doi.org/10.1007/s00440-015-0643-7
https://mathscinet.ams.org/mathscinet-getitem?mr=0264749
https://doi.org/10.2307/1995502
https://mathscinet.ams.org/mathscinet-getitem?mr=2004226
https://mathscinet.ams.org/mathscinet-getitem?mr=3622887
https://doi.org/10.1214/17-EJP30
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.4310/HHA.2014.v16.n2.a18


[15] OWADA, T. (2018). Limit theorems for Betti numbers of extreme sample clouds with application to persis-
tence barcodes. Ann. Appl. Probab. 28 2814–2854. MR3847974 https://doi.org/10.1214/17-AAP1375

[16] OWADA, T., SAMORODNITSKY, G. and THOPPE, G. (2021). Limit theorems for topological invariants of
the dynamic multi-parameter simplicial complex. Stochastic Process. Appl. 138 56–95. MR4252193
https://doi.org/10.1016/j.spa.2021.04.008

[17] PENROSE, M. (2003). Random Geometric Graphs. Oxford Studies in Probability 5. Oxford Univ. Press,
Oxford. MR1986198 https://doi.org/10.1093/acprof:oso/9780198506263.001.0001

[18] PENROSE, M. D. (2001). A central limit theorem with applications to percolation, epidemics and Boolean
models. Ann. Probab. 29 1515–1546. MR1880230 https://doi.org/10.1214/aop/1015345760

[19] PENROSE, M. D. (2008). Existence and spatial limit theorems for lattice and continuum particle systems.
Probab. Surv. 5 1–36. MR2395152 https://doi.org/10.1214/07-PS112

[20] PENROSE, M. D. (2020). Leaves on the line and in the plane. Electron. J. Probab. 25 53. MR4095049
https://doi.org/10.1214/20-ejp447

[21] PENROSE, M. D. and YUKICH, J. E. (2001). Central limit theorems for some graphs in computational
geometry. Ann. Appl. Probab. 11 1005–1041. MR1878288 https://doi.org/10.1214/aoap/1015345393

[22] PENROSE, M. D. and YUKICH, J. E. (2005). Normal approximation in geometric probability. In Stein’s
Method and Applications. Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. Singap. 5 37–58. Singapore
Univ. Press, Singapore. MR2201885 https://doi.org/10.1142/9789812567673_0003

[23] PRESTON, C. (1975). Spatial birth–and-death processes. Bull. Inst. Int. Stat. 46 371–391, 405–408 (1975).
With discussion. MR0474532

[24] QI, X. (2008). A functional central limit theorem for spatial birth and death processes. Adv. in Appl. Probab.
40 759–797. MR2454032 https://doi.org/10.1239/aap/1222868185

[25] THOPPE, G. C., YOGESHWARAN, D. and ADLER, R. J. (2016). On the evolution of topology in dynamic
clique complexes. Adv. in Appl. Probab. 48 989–1014. MR3595763 https://doi.org/10.1017/apr.2016.
62

[26] VAN LIESHOUT, M. N. M. (2000). Markov Point Processes and Their Applications. Imperial College Press,
London. MR1789230 https://doi.org/10.1142/9781860949760

[27] YOGESHWARAN, D., SUBAG, E. and ADLER, R. J. (2017). Random geometric complexes in the thermo-
dynamic regime. Probab. Theory Related Fields 167 107–142. MR3602843 https://doi.org/10.1007/
s00440-015-0678-9

https://mathscinet.ams.org/mathscinet-getitem?mr=3847974
https://doi.org/10.1214/17-AAP1375
https://mathscinet.ams.org/mathscinet-getitem?mr=4252193
https://doi.org/10.1016/j.spa.2021.04.008
https://mathscinet.ams.org/mathscinet-getitem?mr=1986198
https://doi.org/10.1093/acprof:oso/9780198506263.001.0001
https://mathscinet.ams.org/mathscinet-getitem?mr=1880230
https://doi.org/10.1214/aop/1015345760
https://mathscinet.ams.org/mathscinet-getitem?mr=2395152
https://doi.org/10.1214/07-PS112
https://mathscinet.ams.org/mathscinet-getitem?mr=4095049
https://doi.org/10.1214/20-ejp447
https://mathscinet.ams.org/mathscinet-getitem?mr=1878288
https://doi.org/10.1214/aoap/1015345393
https://mathscinet.ams.org/mathscinet-getitem?mr=2201885
https://doi.org/10.1142/9789812567673_0003
https://mathscinet.ams.org/mathscinet-getitem?mr=0474532
https://mathscinet.ams.org/mathscinet-getitem?mr=2454032
https://doi.org/10.1239/aap/1222868185
https://mathscinet.ams.org/mathscinet-getitem?mr=3595763
https://doi.org/10.1017/apr.2016.62
https://mathscinet.ams.org/mathscinet-getitem?mr=1789230
https://doi.org/10.1142/9781860949760
https://mathscinet.ams.org/mathscinet-getitem?mr=3602843
https://doi.org/10.1007/s00440-015-0678-9
https://doi.org/10.1017/apr.2016.62
https://doi.org/10.1007/s00440-015-0678-9


The Annals of Applied Probability
2023, Vol. 33, No. 5, 3987–4007
https://doi.org/10.1214/22-AAP1913
© Institute of Mathematical Statistics, 2023

MULTIPARAMETER BERNOULLI FACTORIES

BY RENATO PAES LEMEa AND JON SCHNEIDERb

Google Research, NYC, arenatoppl@google.com, bjschnei@google.com

We consider the problem of computing with many coins of unknown
bias. We are given access to samples of n coins with unknown biases
p1, . . . , pn and are asked to sample from a coin with bias f (p1, . . . , pn) for
a given function f : [0,1]n → [0,1]. We give a complete characterization of
the functions f for which this is possible. As a consequence, we show how to
extend various combinatorial sampling procedures (most notably, the classic
Sampford sampling for k-subsets) to the boundary of the hypercube.
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GONÇALVES, F. B., ŁATUSZYŃSKI, K. G. and ROBERTS, G. O. (2017). Exact Monte Carlo likelihood-based
inference for jump-diffusion processes. Preprint. Available at arXiv:1707.00332.

HERBEI, R. and BERLINER, L. M. (2014). Estimating ocean circulation: An MCMC approach with approximated
likelihoods via the Bernoulli factory. J. Amer. Statist. Assoc. 109 944–954. MR3265667 https://doi.org/10.
1080/01621459.2014.914439

KEANE, M. and O’BRIEN, G. L. (1994). A Bernoulli factory. ACM Trans. Model. Comput. Simul. 4 213–219.
MORINA, G. (2021). Extending the Bernoulli factory to a dice enterprise. Ph.D. thesis, Univ. Warwick.
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LARGE DEVIATION PRINCIPLE FOR GEOMETRIC AND TOPOLOGICAL
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We prove a large deviation principle for the point process associated to
k-element connected components in R

d with respect to the connectivity radii
rn → ∞. The random points are generated from a homogeneous Poisson
point process or the corresponding binomial point process, so that (rn)n≥1

satisfies nkr
d(k−1)
n → ∞ and nrd

n → 0 as n → ∞ (i.e., sparse regime). The
rate function for the obtained large deviation principle can be represented
as relative entropy. As an application, we deduce large deviation principles
for various functionals and point processes appearing in stochastic geometry
and topology. As concrete examples of topological invariants, we consider
persistent Betti numbers of geometric complexes and the number of Morse
critical points of the min-type distance function.
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We derive an anomalous, sub-diffusive scaling limit for a one-dimen-
sional version of the Mott random walk. The limiting process can be viewed
heuristically as a one-dimensional diffusion with an absolutely continuous
speed measure and a discontinuous scale function, as given by a two-sided
stable subordinator. Corresponding to intervals of low conductance in the dis-
crete model, the discontinuities in the scale function act as barriers off which
the limiting process reflects for some time before crossing. We also discuss
how, by incorporating a Bouchaud trap model element into the setting, it is
possible to combine this “blocking” mechanism with one of “trapping”. Our
proof relies on a recently developed theory that relates the convergence of
processes to that of associated resistance metric measure spaces.
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We discuss a thinning and an embedding procedure to construct finite
Gibbs processes with a given Papangelou intensity. Extending the approach of
Hofer-Temmel (Electron. J. Probab. 24 (2019) 1–22) and Hofer-Temmel and
Houdebert (Stochastic Process. Appl. 129 (2019) 3922–3940) we will use this
to couple two finite Gibbs processes with different boundary conditions. As
one application we will establish Poisson approximation of point processes
derived from certain infinite volume Gibbs processes via dependent thinning.
As another application we shall discuss empty space probabilities of certain
Gibbs processes.
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UTILITY MAXIMIZATION WITH RATCHET AND DRAWDOWN
CONSTRAINTS ON CONSUMPTION IN INCOMPLETE SEMIMARTINGALE

MARKETS

BY ANASTASIYA TANANAa

Department of Mathematics, The University of Texas at Austin, aatanana@utexas.edu

In this paper, we study expected utility maximization under ratchet and
drawdown constraints on consumption in a general incomplete semimartin-
gale market using duality methods. The optimization is considered with re-
spect to two parameters: the initial wealth and the essential lower bound on
consumption process. In order to state the problem and define the primal do-
mains, we introduce a natural extension of the notion of running maximum
to arbitrary nonnegative optional processes and study its properties. The dual
domains for optimization are characterized in terms of solidity with respect
to an ordering that is introduced on the set of nonnegative optional processes.
The abstract duality result we obtain for the optimization problem is used in
order to derive a more detailed characterization of solutions in the complete
market case.
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ŽITKOVIĆ, G. (2005). Utility maximization with a stochastic clock and an unbounded random endowment. Ann.
Appl. Probab. 15 748–777. MR2114989 https://doi.org/10.1214/105051604000000738

https://mathscinet.ams.org/mathscinet-getitem?mr=2016601
https://doi.org/10.1214/aop/1068646367
https://mathscinet.ams.org/mathscinet-getitem?mr=2973554
https://doi.org/10.1016/j.econlet.2012.08.027
https://mathscinet.ams.org/mathscinet-getitem?mr=1722287
https://doi.org/10.1214/aoap/1029962818
https://mathscinet.ams.org/mathscinet-getitem?mr=2023886
https://doi.org/10.1214/aoap/1069786508
https://mathscinet.ams.org/mathscinet-getitem?mr=3292127
https://doi.org/10.1007/s00780-014-0248-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2559623
https://doi.org/10.1016/j.jmateco.2009.03.010
https://mathscinet.ams.org/mathscinet-getitem?mr=1451876
https://mathscinet.ams.org/mathscinet-getitem?mr=3269198
https://doi.org/10.1016/j.jmateco.2014.09.001
https://mathscinet.ams.org/mathscinet-getitem?mr=3325277
https://doi.org/10.1214/14-AAP1026
https://mathscinet.ams.org/mathscinet-getitem?mr=2114989
https://doi.org/10.1214/105051604000000738
https://doi.org/10.1214/aop/1068646367
https://doi.org/10.1214/aoap/1029962818
https://doi.org/10.1214/aoap/1069786508



