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DYNAMICS PERTURBED BY A VOTER MODEL

BY MILTON JARA? AND CLAUDIO LANDIMP

Instituto de Matemdtica Pura e Aplicada, *mjara@impa.br, blandim@impw br

We prove that in dimension d < 3 a modified density field of a stirring
dynamics perturbed by a voter model converges to the stochastic heat equa-
tion.
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MULTITYPE A-COALESCENTS

BY SAMUEL G. G. JOHNSTON!2, ANDREAS KYPRIANOUZ%P AND TIM ROGERS>¢
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Consider a multitype coalescent process in which each block has a colour
in {1,...,d}. Individual blocks may change colour, and some number of
blocks of various colours may merge to form a new block of some colour.
We show that if the law of a multitype coalescent process is invariant under
permutations of blocks of the same colour, has consistent Markovian projec-
tions, and has asynchronous mergers, then it is a multitype A-coalescent: a
process in which single blocks may change colour, two blocks of like colour
may merge to form a single block of that colour, or large mergers across vari-
ous colours happen at rates governed by a d-tuple of measures on [0, 114. We
go on to identify when such processes come down from infinity. Our frame-
work generalises Pitman’s celebrated classification theorem for singletype
coalescent processes, and provides a unifying setting for numerous examples
that have appeared in the literature, including the seed-bank model, the island
model, and the coalescent structure of continuous-state branching processes.
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KYLE-BACK MODELS WITH RISK AVERSION AND NON-GAUSSIAN
BELIEFS

BY SHREYA BOSE? AND IBRAHIM EKRENP

Department of Mathematics, Florida State University, ®sb18m@fsu.edu, bjekren@ fsu.edu

We show that the problem of existence of equilibrium in Kyle’s con-
tinuous time insider trading model can be tackled by considering a forward-
backward system coupled via an optimal transport type constraint at maturity.
The forward component is a stochastic differential equation representing an
endogenously determined state variable and the backward component is a
quasilinear parabolic equation representing the pricing function. By obtain-
ing a stochastic representation for the solution of such a system, we show the
well-posedness of solutions and study the properties of the equilibrium ob-
tained for small enough risk aversion parameter. In our model, the insider has
exponential type utility and the belief of the market maker on the distribution
of the price at final time can be non-Gaussian.
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Le Cam’s third/contiguity lemma is a fundamental probabilistic tool
to compute the limiting distribution of a given statistic 7;, under a non-
null sequence of probability measures {Q}, provided its limiting distribu-
tion under a null sequence {P;} is available, and the log likelihood ratio
{log(dQ,/dPy)} has a distributional limit. Despite its wide-spread applica-
tions to low-dimensional statistical problems, the stringent requirement of Le
Cam’s third/contiguity lemma on the distributional limit of the log likelihood
ratio makes it challenging, or even impossible to use in many modern high-
dimensional statistical problems.

This paper provides a nonasymptotic analogue of Le Cam’s third/
contiguity lemma under high-dimensional normal populations. Our conti-
guity method is particularly compatible with sufficiently regular statistics 7;:
the regularity of 7,, effectively reduces both the problems of (i) obtaining a
null (Gaussian) limit distribution and of (ii) verifying our new quantitative
contiguity condition, to those of derivative calculations and moment bound-
ing exercises. More important, our method bypasses the need to understand
the precise behavior of the log likelihood ratio, and therefore possibly works
even when it necessarily fails to stabilize—a regime beyond the reach of
classical contiguity methods.

As a demonstration of the scope of our new contiguity method, we ob-
tain asymptotically exact power formulae for a number of widely used high-
dimensional covariance tests, including the likelihood ratio tests and trace
tests, that hold uniformly over all possible alternative covariance under mild
growth conditions on the dimension-to-sample ratio. These new results go
much beyond the scope of previous available case-specific techniques, and
exhibit new phenomenon regarding the behavior of these important class of
covariance tests.
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We establish a reversal of Lyapunov’s inequality for monotone log-
concave sequences, settling a conjecture of Havrilla—Tkocz and Melbourne—
Tkocz. A strengthened version of the same conjecture is disproved through
counter example. We also derive several information theoretic inequalities
as consequences. In particular sharp bounds are derived for the varentropy,
Rényi entropies, and the concentration of information of monotone log-
concave random variables. Moreover, the majorization approach utilized in
the proof of the main theorem, is applied to derive analogous information the-
oretic results in the symmetric setting, where the Lyapunov reversal is known
to fail.
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ONE-DEPENDENT COLORINGS OF THE STAR GRAPH

BY THOMAS M. LIGGETT"® AND WENPIN TANG%P

1Department, Department of Mathematics, UCLA, *tml@math.ucla.edu
2Department of Industrial Engineering and Operations Research, Columbia University, 1012319@columbia.edu

This paper is concerned with symmetric 1-dependent colorings of the d-
ray star graph . d ford > 2. We compute the critical point of the 1-dependent
hard-core processes on .& d_ which gives a lower bound for the number of
colors needed for a 1-dependent coloring of .7 d we provide an explicit con-
struction of a 1-dependent g-coloring for any g > 5 of the infinite subgraph
Y(S‘]’L 00)° which is symmetric in the colors and whose restriction to any path
is some symmetric 1-dependent g-coloring. We also prove that there is no
such coloring of 71%11 ) with ¢ = 4 colors. A list of open problems are

presented.
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We study a discrete-time Markov process X, € R4 for which the distri-
bution of the future increments depends only on the relative ranking of its
components (descending order by value). We endow the process with a rich-
get-richer assumption and show that, together with a finite second moments
assumption, it is enough to guarantee almost sure convergence of X, /n. We
characterize the possible limits if one is free to choose the initial state and we
give a condition under which the initial state is irrelevant. Finally, we show
how our framework can account for ranking-based Pdlya urns and can be
used to study ranking algorithms for web interfaces.

REFERENCES

AGARWAL, A., TAKATSU, K., ZAITSEV, I. and JOACHIMS, T. (2019). A general framework for counterfac-
tual learning-to-rank. In Proceedings of the 42nd International ACM SIGIR Conference on Research
and Development in Information Retrieval 5-14.

ALLISON, P. D, LONG, J. S. and KRAUZE, T. K. (1982). Cumulative advantage and inequality in science.
Am. Sociol. Rev. 615-625.

ANALYTIS, P. P., CERIGIONI, F., GELASTOPOULOS, A., STOJIC, H. et al. (2022). Sequential choice and
self-reinforcing rankings. Technical Report, Universitat Pompeu Fabra, Department of Economics and

Business.
ARTHUR, W. B. (1989). Competing technologies, increasing returns, and lock-in by historical events. Econ.
J. 99 116-131.

ARTHUR, W. B., ERMOLIEV, Y. M. and KANIOVSKI, Y. M. (1986). Strong laws for a class of path-
dependent stochastic processes with applications. In Stochastic Optimization (Kiev, 1984). Lect. Notes
Control Inf. Sci. 81 287-300. Springer, Berlin. MR0890992 https://doi.org/10.1007/BFb0007105

BANNER, A. D., FERNHOLZ, R. and KARATZAS, 1. (2005). Atlas models of equity markets. Ann. Appl.
Probab. 15 2296-2330. MR2187296 https://doi.org/10.1214/105051605000000449

BARABASI, A.-L. and ALBERT, R. (1999). Emergence of scaling in random networks. Science 286 509—
512. MR2091634 https://doi.org/10.1126/science.286.5439.509

CAPLIN, A., DEAN, M. and MARTIN, D. (2011). Search and satisficing. Amer. Econ. Rev. 101 2899-2922.

CHUKLIN, A., MARKOV, I. and DE RUUKE, M. (2015). Click models for web search. Synthesis Lectures on
Information Concepts, Retrieval, and Services 7 1-115.

CHUNG, F., HANDJANTI, S. and JUNGREIS, D. (2003). Generalizations of Polya’s urn problem. Ann. Comb.
7 141-153. MR1994572 https://doi.org/10.1007/s00026-003-0178-y

CIAMPAGLIA, G. L., NEMATZADEH, A., MENCZER, F. and FLAMMINI, A. (2018). How algorithmic pop-
ularity bias hinders or promotes quality. Sci. Rep. 8 1-7.

COLLEVECCHIO, A., COTAR, C. and LICALZI, M. (2013). On a preferential attachment and gener-
alized Pdlya’s urn model. Ann. Appl. Probab. 23 1219-1253. MR3076683 https://doi.org/10.1214/
12-AAP869

CRASWELL, N., ZOETER, O., TAYLOR, M. and RAMSEY, B. (2008). An experimental comparison of click
position-bias models. In Proceedings of the 2008 International Conference on Web Search and Data
Mining 87-94.

DENIsoV, D. and WACHTEL, V. (2010). Conditional limit theorems for ordered random walks. Electron. J.
Probab. 15 292-322. MR2609589 https://doi.org/10.1214/EJP.v15-752

MSC2020 subject classifications. Primary 60J05; secondary 60J20.
Key words and phrases. Ranking, rich-get-richer, Markov process, Pélya urn.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/22-AAP1921
http://www.imstat.org
https://orcid.org/0000-0003-0778-3813
https://orcid.org/0000-0003-1428-0130
https://orcid.org/0000-0002-9699-9052
mailto:pantelis@sam.sdu.dk
mailto:alex@sam.sdu.dk
mailto:hrvoje.stojic@upf.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=0890992
https://doi.org/10.1007/BFb0007105
https://mathscinet.ams.org/mathscinet-getitem?mr=2187296
https://doi.org/10.1214/105051605000000449
https://mathscinet.ams.org/mathscinet-getitem?mr=2091634
https://doi.org/10.1126/science.286.5439.509
https://mathscinet.ams.org/mathscinet-getitem?mr=1994572
https://doi.org/10.1007/s00026-003-0178-y
https://mathscinet.ams.org/mathscinet-getitem?mr=3076683
https://doi.org/10.1214/12-AAP869
https://mathscinet.ams.org/mathscinet-getitem?mr=2609589
https://doi.org/10.1214/EJP.v15-752
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/12-AAP869

(15]
[16]
(17]
(18]

(19]
[20]

(21]
[22]
(23]
[24]
(25]

(26]
(27]

(28]
[29]
(30]
(31]
(32]
(33]

[34]

(35]

[36]

(37]

(38]

(39]

(40]
[41]

[42]
[43]

[44]

[45]

DENIsOV, D. and WACHTEL, V. (2015). Random walks in cones. Ann. Probab. 43 992—1044. MR3342657
https://doi.org/10.1214/13- AOP867

DENRELL, J., FANG, C. and L1U, C. (2014). Chance explanations in the management sciences. Organiza-
tion Science 26 923-940.

DURAYJ, J. (2014). Random walks in cones: The case of nonzero drift. Stochastic Process. Appl. 124 1503—
1518. MR3163211 https://doi.org/10.1016/j.spa.2013.12.003

EICHELSBACHER, P. and KONIG, W. (2008). Ordered random walks. Electron. J. Probab. 13 1307-1336.
MR2430709 https://doi.org/10.1214/EJP.v13-539

GABAIX, X. (1999). Zipf’s law for cities: An explanation. Q. J. Econ. 114 739-767.

GABAIX, X. (2008). Power laws in economics and finance. Technical Report, National Bureau of Economic
Research.

GAETA, R., GARETTO, M., RUFFO, G. and FLAMMINI, A. (2023). Reconciling the quality vs popularity
dichotomy in online cultural markets. ACM Trans. Inf. Syst. 41 1-34.

GARBIT, R. (2007). Temps de sortie d’un cOne pour une marche aléatoire centrée. C. R. Math. Acad. Sci.
Paris 345 587-591. MR2374468 https://doi.org/10.1016/j.crma.2007.10.016

GARBIT, R. (2018). On the exit time from an orthant for badly oriented random walks. Braz. J. Probab.
Stat. 32 117-146. MR3770866 https://doi.org/10.1214/16-BJPS334

GARBIT, R. and RASCHEL, K. (2016). On the exit time from a cone for random walks with drift. Rev. Mat.
Iberoam. 32 511-532. MR3512425 https://doi.org/10.4171/RM1/893

GERMANO, F., GOMEZ, V. and LE MENS, G. (2019). The few-get-richer: A surprising consequence of
popularity-based rankings?. In Proceedings of the World Wide Web Conference 2764-2770.

GIBRAT, R. (1931). Les inégalits économiques. Sirey.

HiLL, B. M., LANE, D. and SUDDERTH, W. (1980). A strong law for some generalized urn processes. Ann.
Probab. 8 214-226. MR0566589

HUDSON, J. (2013). Ranking journals. Econ. J. 123 F202-F222.

IcHIBA, T., PAL, S. and SHKOLNIKOV, M. (2013). Convergence rates for rank-based models with applica-
tions to portfolio theory. Probab. Theory Related Fields 156 415-448. MR3055264 https://doi.org/10.
1007/s00440-012-0432-5

ICHIBA, T., PAPATHANAKOS, V., BANNER, A., KARATZAS, 1. and FERNHOLZ, R. (2011). Hybrid atlas
models. Ann. Appl. Probab. 21 609—644. MR2807968 https://doi.org/10.1214/10- AAP706

INIGUEZ, G., PINEDA, C., GERSHENSON, C. and BARABASI, A.-L. (2022). Dynamics of ranking. Nat.
Commun. 13 1-7.

ITKIN, D. and LARSSON, M. (2021). On a class of rank-based continuous semimartingales. ArXiv preprint.
Available at arXiv:2104.04396.

JoAcHIMS, T., GRANKA, L. A., PAN, B., HEMBROOKE, H. and GAY, G. (2005). Accurately interpreting
clickthrough data as implicit feedback. In Proceedings of the 28th International ACM SIGIR Confer-
ence on Research and Development in Information Retrieval 5 154-161.

JoACHIMS, T., SWAMINATHAN, A. and SCHNABEL, T. (2017). Unbiased learning-to-rank with biased
feedback. In Proceedings of the Tenth ACM International Conference on Web Search and Data Mining
781-789.

KALLENBERG, O. (2002). Foundations of Modern Probability (2nd ed). Springer.

KEENEY, R. L. and RAIFFA, H. (1976). Decisions with Multiple Objectives: Preferences and Value Trade-
offs. Wiley Series in Probability and Mathematical Statistics. Wiley, New York. MR0449476

KEILSON, J. and SERVI, L. D. (1986). Oscillating random walk models for G/ /G /1 vacation systems with
Bernoulli schedules. J. Appl. Probab. 23 790-802. MR0855384 https://doi.org/10.2307/3214016

KEILSON, J. and WELLNER, J. A. (1978). Oscillating Brownian motion. J. Appl. Probab. 15 300-310.
MRO0474526 https://doi.org/10.2307/3213403

KEMPERMAN, J. H. B. (1974). The oscillating random walk. Stochastic Process. Appl. 2 1-29. MR0362500
https://doi.org/10.1016/0304-4149(74)90010-6

LABAND, D. N. (2013). On the use and abuse of economics journal rankings. Econ. J. 123 F223-F254.

LARUELLE, S. and PAGES, G. (2019). Nonlinear randomized urn models: A stochastic approximation view-
point. Electron. J. Probab. 24 Paper No. 98. MR4017116 https://doi.org/10.1214/19-ejp312

Liu, T.-Y. et al. (2009). Learning to rank for information retrieval. Found. Trends Inf. Retr. 3 225-331.

MAHMOUD, H. M. (2009). Pdlya Urn Models. Texts in Statistical Science Series. CRC Press, Boca Raton,
FL. MR2435823

MELFI, V. F. and PAGE, C. (2000). Estimation after adaptive allocation. J. Statist. Plann. Inference 87
353-363. MR1771124 https://doi.org/10.1016/S0378-3758(99)00198-6

MENSHIKOV, M., Popov, S. and WADE, A. (2017). Non-homogeneous Random Walks: Lyapunov Func-
tion Methods for Near-Critical Stochastic Systems. Cambridge Tracts in Mathematics 209. Cambridge
Univ. Press, Cambridge. MR3587911 https://doi.org/10.1017/9781139208468


https://mathscinet.ams.org/mathscinet-getitem?mr=3342657
https://doi.org/10.1214/13-AOP867
https://mathscinet.ams.org/mathscinet-getitem?mr=3163211
https://doi.org/10.1016/j.spa.2013.12.003
https://mathscinet.ams.org/mathscinet-getitem?mr=2430709
https://doi.org/10.1214/EJP.v13-539
https://mathscinet.ams.org/mathscinet-getitem?mr=2374468
https://doi.org/10.1016/j.crma.2007.10.016
https://mathscinet.ams.org/mathscinet-getitem?mr=3770866
https://doi.org/10.1214/16-BJPS334
https://mathscinet.ams.org/mathscinet-getitem?mr=3512425
https://doi.org/10.4171/RMI/893
https://mathscinet.ams.org/mathscinet-getitem?mr=0566589
https://mathscinet.ams.org/mathscinet-getitem?mr=3055264
https://doi.org/10.1007/s00440-012-0432-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2807968
https://doi.org/10.1214/10-AAP706
http://arxiv.org/abs/arXiv:2104.04396
https://mathscinet.ams.org/mathscinet-getitem?mr=0449476
https://mathscinet.ams.org/mathscinet-getitem?mr=0855384
https://doi.org/10.2307/3214016
https://mathscinet.ams.org/mathscinet-getitem?mr=0474526
https://doi.org/10.2307/3213403
https://mathscinet.ams.org/mathscinet-getitem?mr=0362500
https://doi.org/10.1016/0304-4149(74)90010-6
https://mathscinet.ams.org/mathscinet-getitem?mr=4017116
https://doi.org/10.1214/19-ejp312
https://mathscinet.ams.org/mathscinet-getitem?mr=2435823
https://mathscinet.ams.org/mathscinet-getitem?mr=1771124
https://doi.org/10.1016/S0378-3758(99)00198-6
https://mathscinet.ams.org/mathscinet-getitem?mr=3587911
https://doi.org/10.1017/9781139208468
https://doi.org/10.1007/s00440-012-0432-5

[46]
[47]
(48]

[49]
[50]

[51]
[52]
[53]
[54]
[55]
[56]
[57]
[58]

[59]

[60]

MERTON, R. K. (1968). The Matthew effect in science: The reward and communication systems of science
are considered. Science 159 56-63.

MUCHNIK, L., ARAL, S. and TAYLOR, S. J. (2013). Social influence bias: A randomized experiment.
Science 341 647-651.

PAGE, L., BRIN, S., MOTWANI, R. and WINOGRAD, T. (1999). The pagerank citation ranking: Bringing
order to the web. Technical Report, Stanford InfoLab.

PAGE, S. E. (2006). Path dependence. Q. J. Polit. Sci. 1 87-115.

PAL, S. and PITMAN, J. (2008). One-dimensional Brownian particle systems with rank-dependent drifts.
Ann. Appl. Probab. 18 2179-2207. MR2473654 https://doi.org/10.1214/08-AAP516

PEMANTLE, R. (2007). A survey of random processes with reinforcement. Probab. Surv. 4 1-79.
MR2282181 https://doi.org/10.1214/07-PS094

PIKETTY, T. (2015). About capital in the twenty-first century. Amer. Econ. Rev. 105 48-53.

PODOLNY, J. M. (1993). A status-based model of market competition. Am. J. Sociol. 98 829-872.

PRICE, D. S. (1976). A general theory of bibliometric and other cumulative advantage processes. J. Amer.
Soc. Inf. Sci. 27 292-306.

REDNER, S. (1998). How popular is your paper? An empirical study of the citation distribution. Eur. Phys.
J.B4131-134.

ROBERTS, F. S. (1979). Measurement Theory. Advanced Book Program. Addison-Wesley Co., Reading,
MA. MR0551364

SALGANIK, M. J., DoDDS, P. S. and WATTS, D. J. (2006). Experimental study of inequality and unpre-
dictability in an artificial cultural market. Science 311 8§54-856.

SIMON, H. A. (1955). On a class of skew distribution functions. Biometrika 42 425-440. MR0073085
https://doi.org/10.1093/biomet/42.3-4.425

YULE, G. U. (1925). A mathematical theory of evolution, based on the conclusions of Dr. JC Willis, FR S.
Philos. Trans. R. Soc. Lond., B Contain. Pap. Biol. Character 213 21-87.

ZHu, T. (2009). Nonlinear Pélya urn models and self-organizing processes. Unpublished dissertation, Univ.
Pennsylvania, Philadelphia.


https://mathscinet.ams.org/mathscinet-getitem?mr=2473654
https://doi.org/10.1214/08-AAP516
https://mathscinet.ams.org/mathscinet-getitem?mr=2282181
https://doi.org/10.1214/07-PS094
https://mathscinet.ams.org/mathscinet-getitem?mr=0551364
https://mathscinet.ams.org/mathscinet-getitem?mr=0073085
https://doi.org/10.1093/biomet/42.3-4.425

The Annals of Applied Probability

2023, Vol. 33, No. 6A, 4395-4423
https://doi.org/10.1214/22-AAP1922

© Institute of Mathematical Statistics, 2023

GENERALIZED WASSERSTEIN BARYCENTERS BETWEEN PROBABILITY

MEASURES LIVING ON DIFFERENT SUBSPACES

BY JULIE DELON?, NATHAEL GOZLANP AND ALEXANDRE SAINT DIZIER®

Université Paris Cité, CNRS, MAPS5, ®julie.delon@u-paris.fr, bnathael.gozlan@u-paris.ﬁ", Calexandre.saint-dizier @u-paris.fr

(1]

(2]

(3]

(4]

(3]

(6]

(7]

(8]
(91
(10]
[11]
(12]
[13]

(14]

In this paper, we introduce a generalization of the Wasserstein barycen-
ter, to a case where the initial probability measures live on different subspaces
of RY. We study the existence and uniqueness of this barycenter, we show
how it is related to a larger multimarginal optimal transport problem, and we
propose a dual formulation. Finally, we explain how to compute numerically
this generalized barycenter on discrete distributions, and we propose an ex-
plicit solution for Gaussian distributions.
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The stability and contraction properties of positive integral semigroups
on Polish spaces are investigated. Our novel analysis is based on the extension
of V-norm contraction methods, associated to functionally weighted Banach
spaces for Markov semigroups, to positive semigroups. This methodology
is applied to a general class of positive and possibly time-inhomogeneous
bounded integral semigroups and their normalised versions. The spectral the-
orems that we develop are an extension of Perron-Frobenius and Krein—
Rutman theorems for positive operators to a class of time-varying positive
semigroups. In the context of time-homogeneous models, the regularity con-
ditions discussed in the present article appear to be necessary and sufficient
condition for the existence of leading eigenvalues. We review and illustrate
the impact of these results in the context of positive semigroups arising in
transport theory, physics, mathematical biology and signal processing.
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We establish the functional convex order results for two scaled McKean—
Vlasov processes X = (X1);e[0,7] and Y = (¥1);¢[0, 7] defined on a filtered
probability space (2, F, (F7);=0, P) by

dX; =b(t, Xs, ) dt +0(t, X¢, 1) dBs,  Xo € LP(P),
dY; =b(t, Y, ve)dt +6(¢t,Ys,vs)dBy, Y()GLp(P),

where p > 2, for every ¢ € [0, T], 144, v+ denote the probability distribution of
Xy, Yr respectively and the drift coefficient b(z, x, u) is affine in x (scaled).
If we make the convexity and monotony assumption (only) on ¢ and if 0 <6
with respect to the partial matrix order, the convex order for the initial ran-
dom variable X <.y Yo can be propagated to the whole path of process X
and Y. That is, if we consider a convex functional F defined on the path space
with polynomial growth, we have EF (X) <EF(Y); for a convex functional
G defined on the product space involving the path space and its marginal
distribution space, we have EG (X, (i41);e[0,17) < EG(Y, (vt)sg[0,77) under
appropriate conditions. The symmetric setting is also valid, that is, if 6 < ¢
and Y < X with respect to the convex order, then EF(Y) < EF(X) and
EG(Y, (v)iep0,17) <EG(X, (r)te0,7])- The proof is based on several for-
ward and backward dynamic programming principles and the convergence of
the Euler scheme of the McKean—Vlasov equation. Two applications of these
results, to mean field control and mean field games, are proposed.
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For a continuous state branching process with two types of individuals
which are subject to selection and density dependent competition, we charac-
terize the joint evolution of population size, type configurations and genealo-
gies as the unique strong solution of a system of SDEs. Our construction
is achieved in the lookdown framework and provides a synthesis as well
as a generalization of cases considered separately in two seminal papers by
Donnelly and Kurtz (Ann. Appl. Probab. 9 (1999) 1091-1148; Ann. Probab.
27 (1999) 166-205), namely fluctuating population sizes under neutrality,
and selection with constant population size. As a conceptual core in our ap-
proach we introduce the selective lookdown space which is obtained from its
neutral counterpart through a state-dependent thinning of “potential” selec-
tion/competition events whose rates interact with the evolution of the type
densities. The updates of the genealogical distance matrix at the “active”
selection/competition events are obtained through an appropriate sampling
from the selective lookdown space. The solution of the above mentioned sys-
tem of SDEs is then mapped into the joint evolution of population size and
symmetrized type configurations and genealogies, that is, marked distance
matrix distributions. By means of Kurtz’ Markov mapping theorem, we char-
acterize the latter process as the unique solution of a martingale problem. For
the sake of transparency we restrict the main part of our presentation to a
prototypical example with two types, which contains the essential features.
In the final section we outline an extension to processes with multiple types
including mutation.
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We consider irreversible translation-invariant interacting particle systems
on the d-dimensional cubic lattice with finite local state space, which admit at
least one Gibbs measure as a time-stationary measure. Under some mild de-
generacy conditions on the rates and the specification we prove that zero rel-
ative entropy loss of a translation-invariant measure implies that the measure
is Gibbs w.r.t. the same specification as the time-stationary Gibbs measure.
As an application, we obtain the attractor property for irreversible interacting
particle systems, which says that any weak limit point of any trajectory of
translation-invariant measures is a Gibbs measure w.r.t. the same specifica-
tion as the time-stationary measure. This extends previously known results to
fairly general irreversible interacting particle systems.

REFERENCES

[1] ARTSTEIN, S., BALL, K. M., BARTHE, F. and NAOR, A. (2004). Solution of Shannon’s problem on
the monotonicity of entropy. J. Amer. Math. Soc. 17 975-982. MR2083473 https://doi.org/10.1090/
S0894-0347-04-00459-X

[2] BAKRY, D., GENTIL, 1. and LEDOUX, M. (2014). Analysis and Geometry of Markov Diffusion Operators.
Grundlehren der Mathematischen Wissenschaften [ Fundamental Principles of Mathematical Sciences]
348. Springer, Cham. MR3155209 https://doi.org/10.1007/978-3-319-00227-9

[3] BOVIER, A. (2006). Statistical Mechanics of Disordered Systems: A Mathematical Perspective. Cam-
bridge Series in Statistical and Probabilistic Mathematics 18. Cambridge Univ. Press, Cambridge.
MR2252929 https://doi.org/10.1017/CBO9780511616808

[4] BOWEN, R. (1975). Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms. Lecture Notes
in Mathematics 470. Springer, Berlin. MR0442989

[5] CARLEN, E. A. and SOFFER, A. (1991). Entropy production by block variable summation and central limit
theorems. Comm. Math. Phys. 140 339-371. MR1124273

[6] CHAZOTTES, J.-R., MOLES, J., REDIG, F. and UGALDE, E. (2020). Gaussian concentration and
uniqueness of equilibrium states in lattice systems. J. Stat. Phys. 181 2131-2149. MR4179801
https://doi.org/10.1007/s10955-020-02658- 1

[7] CHAZOTTES, J.-R. and REDIG, F. (2022). Relative entropy, Gaussian concentration and uniqueness of
equilibrium states. Entropy 24 Paper No. 1513. MR4534029 https://doi.org/10.3390/e24111513

[8] DIACONIS, P. and SALOFF-COSTE, L. (1996). Logarithmic Sobolev inequalities for finite Markov chains.
Ann. Appl. Probab. 6 695-750. MR1410112 https://doi.org/10.1214/a0ap/1034968224

[9] DURRETT, R. (2019). Probability—Theory and Examples. Cambridge Series in Statistical and Proba-
bilistic Mathematics 49. Cambridge Univ. Press, Cambridge. MR3930614 https://doi.org/10.1017/
9781108591034

[10] FALCONER, K. (1997). Techniques in Fractal Geometry. Wiley, Chichester. MR1449135

[11] FRIEDLI, S. and VELENIK, Y. (2018). Statistical Mechanics of Lattice Systems: A Concrete Mathematical
Introduction. Cambridge Univ. Press, Cambridge. MR3752129

[12] GEORGII, H.-O. (2011). Gibbs Measures and Phase Transitions, 2nd ed. De Gruyter Studies in Mathemat-
ics 9. de Gruyter, Berlin. MR2807681 https://doi.org/10.1515/9783110250329

[13] HiGucHI, Y. and SHIGA, T. (1975). Some results on Markov processes of infinite lattice spin systems.
J. Math. Kyoto Univ. 15 211-229. MR0370831 https://doi.org/10.1215/kjm/1250523126

MSC2020 subject classifications. Primary 82C20; secondary 60K35.
Key words and phrases. Gibbs measures, interacting particle systems, Gibbs variational principle, time-
reversed dynamics, relative-entropy density, relative-entropy production, omega-limit set, attractor property.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/22-AAP1926
http://www.imstat.org
mailto:benedikt.jahnel@wias-berlin.de
mailto:jonas.koeppl@wias-berlin.de
https://mathscinet.ams.org/mathscinet-getitem?mr=2083473
https://doi.org/10.1090/S0894-0347-04-00459-X
https://mathscinet.ams.org/mathscinet-getitem?mr=3155209
https://doi.org/10.1007/978-3-319-00227-9
https://mathscinet.ams.org/mathscinet-getitem?mr=2252929
https://doi.org/10.1017/CBO9780511616808
https://mathscinet.ams.org/mathscinet-getitem?mr=0442989
https://mathscinet.ams.org/mathscinet-getitem?mr=1124273
https://mathscinet.ams.org/mathscinet-getitem?mr=4179801
https://doi.org/10.1007/s10955-020-02658-1
https://mathscinet.ams.org/mathscinet-getitem?mr=4534029
https://doi.org/10.3390/e24111513
https://mathscinet.ams.org/mathscinet-getitem?mr=1410112
https://doi.org/10.1214/aoap/1034968224
https://mathscinet.ams.org/mathscinet-getitem?mr=3930614
https://doi.org/10.1017/9781108591034
https://mathscinet.ams.org/mathscinet-getitem?mr=1449135
https://mathscinet.ams.org/mathscinet-getitem?mr=3752129
https://mathscinet.ams.org/mathscinet-getitem?mr=2807681
https://doi.org/10.1515/9783110250329
https://mathscinet.ams.org/mathscinet-getitem?mr=0370831
https://doi.org/10.1215/kjm/1250523126
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1090/S0894-0347-04-00459-X
https://doi.org/10.1017/9781108591034

(14]
[15]
[16]
(17]
(18]

[19]

[20]

[21]

[22]
(23]
(24]
[25]

[26]

[27]

(28]

HOLLEY, R. (1971). Free energy in a Markovian model of a lattice spin system. Comm. Math. Phys. 23
87-99. MR0292449

JAHNEL, B. and KULSKE, C. (2019). Attractor properties for irreversible and reversible interacting particle
systems. Comm. Math. Phys. 366 139—172. MR3919445 https://doi.org/10.1007/s00220-019-03352-4

JANSEN, S. and KURT, N. (2014). On the notion(s) of duality for Markov processes. Probab. Surv. 11
59-120. MR3201861 https://doi.org/10.1214/12-PS206

KARDAR, M. (2007). Statistical Physics of Fields. Cambridge Univ. Press, Cambridge. MR2374147
https://doi.org/10.1017/CB0O9780511815881

KELLER, G. (1998). Equilibrium States in Ergodic Theory. London Mathematical Society Student Texts 42.
Cambridge Univ. Press, Cambridge. MR1618769 https://doi.org/10.1017/CB0O9781107359987

KiPNiSs, C. and LANDIM, C. (1999). Scaling Limits of Interacting Particle Systems. Grundlehren der Math-
ematischen Wissenschaften | Fundamental Principles of Mathematical Sciences] 320. Springer, Berlin.
MR1707314 https://doi.org/10.1007/978-3-662-03752-2

KUNSCH, H. (1984). Nonreversible stationary measures for infinite interacting particle systems. Z. Wahrsch.
Verw. Gebiete 66 407-424. MR0751579 https://doi.org/10.1007/BF00533706

LANDAU, L. D., LIFSIC, E. M. and LANDAU, L. D. (1987). Statistische Physik. 1: Mit 3 Tab, 8., berichtigte,
von E. M. Lifschitz u. L. P. Pitajewski erg. aufl ed. Lehrbuch der theoretischen Physik/von L. D.
Landau; E. M. Lifschitz 5. Akad.-Verl, Berlin.

LIEB, E. H. and YNGVASON, J. (1999). The physics and mathematics of the second law of thermodynamics.
Phys. Rep. 310 96. MR1672238 https://doi.org/10.1016/S0370-1573(98)00082-9

LIGGETT, T. M. (2005). Interacting Particle Systems. Classics in Mathematics. Springer, Berlin. Reprint of
the 1985 original. MR2108619 https://doi.org/10.1007/b138374

LIGGETT, T. M. (2010). Continuous Time Markov Processes: An Introduction. Graduate Studies in Mathe-
matics 113. Am. Math. Soc., Providence. MR2574430 https://doi.org/10.1090/gsm/113

LINNIK, J. V. (1959). An information-theoretic proof of the central limit theorem with Lindeberg conditions.
Theory Probab. Appl. 4 288-299. MR0124081 https://doi.org/10.1137/1104028

RUELLE, D. (2004). Thermodynamic Formalism: The Mathematical Structures of Equilibrium Statis-
tical Mechanics, 2nd ed. Cambridge Mathematical Library. Cambridge Univ. Press, Cambridge.
MR2129258 https://doi.org/10.1017/CB0O9780511617546

SHRIVER, C. (2023). Free energy, Gibbs measures, and Glauber dynamics for nearest-neighbor interactions.
Comm. Math. Phys. 398 679-702. MR4553979 https://doi.org/10.1007/s00220-022-04537-0

VAN ENTER, A. C. D., FERNANDEZ, R. and SOKAL, A. D. (1993). Regularity properties and pathologies
of position-space renormalization-group transformations: Scope and limitations of Gibbsian theory.
J. Stat. Phys. 72 879-1167. MR1241537 https://doi.org/10.1007/BF01048183


https://mathscinet.ams.org/mathscinet-getitem?mr=0292449
https://mathscinet.ams.org/mathscinet-getitem?mr=3919445
https://doi.org/10.1007/s00220-019-03352-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3201861
https://doi.org/10.1214/12-PS206
https://mathscinet.ams.org/mathscinet-getitem?mr=2374147
https://doi.org/10.1017/CBO9780511815881
https://mathscinet.ams.org/mathscinet-getitem?mr=1618769
https://doi.org/10.1017/CBO9781107359987
https://mathscinet.ams.org/mathscinet-getitem?mr=1707314
https://doi.org/10.1007/978-3-662-03752-2
https://mathscinet.ams.org/mathscinet-getitem?mr=0751579
https://doi.org/10.1007/BF00533706
https://mathscinet.ams.org/mathscinet-getitem?mr=1672238
https://doi.org/10.1016/S0370-1573(98)00082-9
https://mathscinet.ams.org/mathscinet-getitem?mr=2108619
https://doi.org/10.1007/b138374
https://mathscinet.ams.org/mathscinet-getitem?mr=2574430
https://doi.org/10.1090/gsm/113
https://mathscinet.ams.org/mathscinet-getitem?mr=0124081
https://doi.org/10.1137/1104028
https://mathscinet.ams.org/mathscinet-getitem?mr=2129258
https://doi.org/10.1017/CBO9780511617546
https://mathscinet.ams.org/mathscinet-getitem?mr=4553979
https://doi.org/10.1007/s00220-022-04537-0
https://mathscinet.ams.org/mathscinet-getitem?mr=1241537
https://doi.org/10.1007/BF01048183

The Annals of Applied Probability

2023, Vol. 33, No. 6A, 4608-4644
https://doi.org/10.1214/22-AAP1927

© Institute of Mathematical Statistics, 2023

COUPLING BY REFLECTION FOR CONTROLLED DIFFUSION

PROCESSES: TURNPIKE PROPERTY AND LARGE TIME BEHAVIOR OF

(1]
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[12]

HAMILTON-JACOBI-BELLMAN EQUATIONS

BY G1OVANNI CONFORTI?

CMAP, Ecole Polytechnique, IPParis, *Giovanni.conforti@polytechnique.edu

We investigate the long time behavior of weakly dissipative semilinear
Hamilton—Jacobi—Bellman (HJB) equations and the turnpike property for the
corresponding stochastic control problems. To this aim, we develop a proba-
bilistic approach based on a variant of coupling by reflection adapted to the
study of controlled diffusion processes. We prove existence and uniqueness
of solutions for the ergodic Hamilton—Jacobi—Bellman equation and different
kind of quantitative exponential convergence results at the level of the value
function, of the optimal controls and of the optimal processes. Moreover, we
provide uniform in time gradient and Hessian estimates for the solutions of
the HIB equation that are of independent interest.
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We show continuity of the martingale optimal transport optimisation
problem as a functional of its marginals. This is achieved via an estimate
on the projection in the nested/causal Wasserstein distance of an arbitrary
coupling on to the set of martingale couplings with the same marginals. As a
corollary we obtain an independent proof of sufficiency of the monotonicity
principle established in Beiglbock and Juillet (Ann. Probab. 44 (2016) 42—
106) for cost functions of polynomial growth.
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SPEED UP ZIG-ZAG

BY G. VASDEKIS!# AND G. O. ROBERTSZ?

1Department of Statistics, University College London, ®G.Vasdekis@ucl.ac.uk
2Department of Statistics, University of Warwick, YGareth.0.Roberts@warwick.ac.uk

The Zig-Zag process is a piecewise deterministic Markov process, effi-
ciently used for simulation in an MCMC setting. As we show in this article,
it fails to be exponentially ergodic on heavy tailed target distributions. We
introduce an extension of the Zig-Zag process by allowing the process to
move with a nonconstant speed function s, depending on the current state
of the process. We call this process Speed Up Zig-Zag (SUZZ). We provide
conditions that guarantee stability properties for the SUZZ process, includ-
ing nonexplosivity, exponential ergodicity in heavy tailed targets and central
limit theorem. Interestingly, we find that using speed functions that induce
explosive deterministic dynamics may lead to stable algorithms that can even
mix faster. We further discuss the choice of an efficient speed function by pro-
viding an efficiency criterion for the one-dimensional process and we support
our findings with simulation results.
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We establish Cramér-type moderate deviation theorems for the sums of
locally dependent random variables and combinatorial central limit theorems.
Optimal error bounds and convergence ranges are obtained under some mild
exponential moment conditions. Our main results are more general or sharper
than the results in the literature. The main results follow from a more gen-
eral Cramér-type moderate deviation theorem for dependent random variables
without any boundedness assumptions, which is of independent interest. The
proofs couple Stein’s method with a recursive argument.
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GAUSSIAN PROCESSES

By BORIS HANIN?

Department of Operations Research and Financial Engineering, Princeton University , *bhanin@princeton.edu

This article gives a new proof that fully connected neural networks with
random weights and biases converge to Gaussian processes in the regime
where the input dimension, output dimension, and depth are kept fixed, while
the hidden layer widths tend to infinity. Unlike prior work, convergence is
shown assuming only moment conditions for the distribution of weights and
for quite general nonlinearities.
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We introduce a Poissonization method to study the coalescent structure
of uniform samples from branching processes. This method relies on the sim-
ple observation that a uniform sample of size k taken from a random set
with positive Lebesgue measure may be represented as a mixture of Pois-
son samples with rate A and mixing measure k dx/A. We develop a multitype
analogue of this mixture representation, and use it to characterise the coa-
lescent structure of multitype continuous-state branching processes in terms
of random multitype forests. Thereafter we study the small time asymptotics
of these random forests, establishing a correspondence between multitype
continuous-state branching processes and multitype A-coalescents.
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LOG-CONCAVE CASE
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We prove nonasymptotic polynomial bounds on the convergence of the
Langevin Monte Carlo algorithm in the case where the potential is a convex
function which is globally Lipschitz on its domain, typically the maximum
of a finite number of affine functions on an arbitrary convex set. In particular
the potential is not assumed to be gradient Lipschitz, in contrast with most
existing works on the topic.
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Wright-Fisher diffusions describe the evolution of the type composition
of an infinite haploid population with two types (say type O and type 1) sub-
ject to neutral reproductions, and possibly selection and mutations. In the
present paper we study a Wright—Fisher diffusion in a Lévy environment that
gives a selective advantage to sometimes one type, sometimes the other. Clas-
sical methods using the ancestral selection graph (ASG) fail in the study of
this model because of the complexity, resulting from the two-sided selection,
of the structure of the information contained in the ASG. We propose a new
method that consists in encoding the relevant combinatorics of the ASG into
a function. We show that the expectations of the coefficients of this function
form a (nonstochastic) semigroup and deduce that they satisty a linear system
of differential equations. As a result we obtain a series representation for the
fixation probability /4 (x) (where x is the initial proportion of individuals of
type 0 in the population) as an infinite sum of polynomials whose coefficients
satisfy explicit linear relations. Our approach then allows to derive Taylor ex-
pansions at every order for /(x) near x = 0 and to obtain an explicit recursion
formula for the coefficients.
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We propose a stochastic collocation method based on the piecewise con-
stant interpolation on the probability space combined with a finite volume
method to solve the compressible Navier—Stokes system at the nodal points.
We show convergence of numerical solutions to a statistical solution of the
Navier—Stokes system on condition that the numerical solutions are bounded
in probability. The analysis uses the stochastic compactness method based on
the Skorokhod/Jakubowski representation theorem and the criterion of con-
vergence in probability due to Gyongy and Krylov.
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Let R, be the range of a critical branching random walk with n parti-
cles on Z4, which is the set of sites visited by a random walk indexed by
a critical Galton—Watson tree conditioned on having exactly n vertices. For

d € {3,4,5}, we prove that n ™ % cap(d) (Ry), the renormalized capacity of
R;;, converges in law to the capacity of the support of the integrated super-
Brownian excursion. The proof relies on a study of the intersection probabil-
ities between the critical branching random walk and an independent simple
random walk on Z4.

REFERENCES

ASSELAH, A. and SCHAPIRA, B. (2020). Deviations for the capacity of the range of a random walk. Elec-
tron. J. Probab. 25 Paper No. 154, 28. MR4193895 https://doi.org/10.1214/20-ejp560

ASSELAH, A., SCHAPIRA, B. and SousI, P. (2018). Capacity of the range of random walk on 74 Trans.
Amer. Math. Soc. 370 7627-7645. MR3852443 https://doi.org/10.1090/tran/7247

ASSELAH, A., SCHAPIRA, B. and Sousl, P. (2019). Capacity of the range of random walk on 74, Ann.
Probab. 47 1447-1497. MR3945751 https://doi.org/10.1214/18- AOP1288

Bal, T. and HU, Y. (2022). Capacity of the range of branching random walks in low dimensions. 7r. Mat.
Inst. Steklova 316 32-46. MR4461469 https://doi.org/10.4213/tm4217

Bal, T. and WAN, Y. (2022). Capacity of the range of tree-indexed random walk. Ann. Appl. Probab. 32
1557-1589. MR4429995 https://doi.org/10.1214/21-aap1689

BARLOW, M. T. and YOR, M. (1982). Semimartingale inequalities via the Garsia-Rodemich-Rumsey
lemma, and applications to local times. J. Funct. Anal. 49 198-229. MR0680660 https://doi.org/10.
1016/0022-1236(82)90080-5

CHUNG, K. L. (1948). On the maximum partial sums of sequences of independent random variables. Trans.
Amer. Math. Soc. 64 205-233. MR0026274 https://doi.org/10.2307/1990499

CSORGO, M. and REVESZ, P. (1981). Strong Approximations in Probability and Statistics. Akadémiai Ki-
ado, Budapest.

DELMAS, J.-F. (1999). Some properties of the range of super-Brownian motion. Probab. Theory Related
Fields 114 505-547. MR1709279 https://doi.org/10.1007/s004400050233

DUQUESNE, T. and LE GALL, J.-F. (2002). Random trees, Lévy processes and spatial branching processes.
Astérisque 281 vi+147. MR1954248

EINMAHL, U. (1989). Extensions of results of Komlds, Major, and Tusnddy to the multivariate case. J.
Multivariate Anal. 28 20-68. MR0996984 https://doi.org/10.1016/0047-259X(89)90097-3

GUT, A. (2009). Stopped Random Walks: Limit theorems and applications, 2nd ed. Springer Series in Oper-
ations Research and Financial Engineering. Springer, New York. MR2489436 https://doi.org/10.1007/
978-0-387-87835-5

HUTCHCROFT, T. and Sousl, P. (2020). Logarithmic corrections to scaling in the four-dimensional uniform
spanning tree. arXiv:2010.15830.

IBRAGIMOV, I. A. and LINNIK, Y. V. (1971). Independent and Stationary Sequences of Random Variables.
Wolters—Noordhoff Publishing, Groningen. With a supplementary chapter by 1. A. Ibragimov and V.
V. Petrov, Translation from the Russian edited by J. F. C. Kingman. MR0322926

JAGERS, P. (1989). General branching processes as Markov fields. Stochastic Process. Appl. 32 183-212.
MR1014449 https://doi.org/10.1016/0304-4149(89)90075-6

MSC2020 subject classifications. 60J80, 60J65.
Key words and phrases. Capacity of the range, Galton—Watson tree, branching random walk, integrated super-
Brownian excursion.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP1938
http://www.imstat.org
mailto:tianyi.bai@nyu.edu
mailto:yueyun@math.univ-paris13.fr
https://mathscinet.ams.org/mathscinet-getitem?mr=4193895
https://doi.org/10.1214/20-ejp560
https://mathscinet.ams.org/mathscinet-getitem?mr=3852443
https://doi.org/10.1090/tran/7247
https://mathscinet.ams.org/mathscinet-getitem?mr=3945751
https://doi.org/10.1214/18-AOP1288
https://mathscinet.ams.org/mathscinet-getitem?mr=4461469
https://doi.org/10.4213/tm4217
https://mathscinet.ams.org/mathscinet-getitem?mr=4429995
https://doi.org/10.1214/21-aap1689
https://mathscinet.ams.org/mathscinet-getitem?mr=0680660
https://doi.org/10.1016/0022-1236(82)90080-5
https://mathscinet.ams.org/mathscinet-getitem?mr=0026274
https://doi.org/10.2307/1990499
https://mathscinet.ams.org/mathscinet-getitem?mr=1709279
https://doi.org/10.1007/s004400050233
https://mathscinet.ams.org/mathscinet-getitem?mr=1954248
https://mathscinet.ams.org/mathscinet-getitem?mr=0996984
https://doi.org/10.1016/0047-259X(89)90097-3
https://mathscinet.ams.org/mathscinet-getitem?mr=2489436
https://doi.org/10.1007/978-0-387-87835-5
http://arxiv.org/abs/arXiv:2010.15830
https://mathscinet.ams.org/mathscinet-getitem?mr=0322926
https://mathscinet.ams.org/mathscinet-getitem?mr=1014449
https://doi.org/10.1016/0304-4149(89)90075-6
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1016/0022-1236(82)90080-5
https://doi.org/10.1007/978-0-387-87835-5

(16]

[17]

(18]
[19]

(20]

(21]

(22]
(23]
(24]

[25]
[26]

[27]

(28]

(29]

(30]

JANSON, S. and MARCKERT, J.-F. (2005). Convergence of discrete snakes. J. Theoret. Probab. 18 615-647.
MR2167644 https://doi.org/10.1007/s10959-005-7252-9

KORTCHEMSKI, I. (2017). Sub-exponential tail bounds for conditioned stable Bienaymé-Galton-
Watson trees. Probab. Theory Related Fields 168 1-40. MR3651047 https://doi.org/10.1007/
s00440-016-0704-6

LALLEY, S. P. and SHAO, Y. (2015). On the maximal displacement of critical branching random walk.
Probab. Theory Related Fields 162 71-96. MR3350041 https://doi.org/10.1007/s00440-014-0566-8

LAWLER, G. F. (1996). Cut times for simple random walk. Electron. J. Probab. 1 no. 13, approx. 24 pp.
MR 1423466 https://doi.org/10.1214/EJP.v1-13

LAWLER, G. F. and L1MIC, V. (2010). Random Walk: A Modern Introduction. Cambridge Studies in Ad-
vanced Mathematics 123. Cambridge Univ. Press, Cambridge. MR2677157 https://doi.org/10.1017/
CBO09780511750854

LE GALL, J.-F. (1999). Spatial Branching Processes, Random Snakes and Partial Differential Equa-
tions. Lectures in Mathematics ETH Ziirich. Birkhduser, Basel. MR1714707 https://doi.org/10.1007/
978-3-0348-8683-3

LE GALL, J.-F. (2005). Random trees and applications. Probab. Surv. 2 245-311. MR2203728
https://doi.org/10.1214/154957805100000140

LE GALL, J.-F. and LIN, S. (2015). The range of tree-indexed random walk in low dimensions. Ann.
Probab. 43 2701-2728. MR3395472 https://doi.org/10.1214/14- AOP947

LE GALL, J.-F. and LIN, S. (2016). The range of tree-indexed random walk. J. Inst. Math. Jussieu 15
271-317. MR3480967 https://doi.org/10.1017/S1474748014000280

LIN, S. (2014). The range of tree-indexed random walk with drift. Preprint.

MARZOUK, C. (2020). Scaling limits of discrete snakes with stable branching. Ann. Inst. Henri Poincaré
Probab. Stat. 56 502-523. MR4058997 https://doi.org/10.1214/19- ATHP970

PETROV, V. V. (1995). Limit Theorems of Probability Theory: Sequences of independent random variables.
Oxford Studies in Probability 4. The Clarendon Press, Oxford University Press, New York. Oxford
Science Publications. MR1353441

PORT, S. C. and STONE, C. J. (1978). Brownian Motion and Classical Potential Theory. Probability and
Mathematical Statistics. Academic Press [Harcourt Brace Jovanovich, Publishers], New York—-London.
MRO0492329

UCHIYAMA, K. (1998). Green’s functions for random walks on ZY. P. Lond. Math. Soc. 77 215-240.
MR1625467 https://doi.org/10.1112/S0024611598000458

ZHU, Q. (2021). On the critical branching random walk III: The critical dimension. Ann. Inst. Henri
Poincaré Probab. Stat. 57 73-93. MR4255168 https://doi.org/10.1214/20-aihp1071


https://mathscinet.ams.org/mathscinet-getitem?mr=2167644
https://doi.org/10.1007/s10959-005-7252-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3651047
https://doi.org/10.1007/s00440-016-0704-6
https://mathscinet.ams.org/mathscinet-getitem?mr=3350041
https://doi.org/10.1007/s00440-014-0566-8
https://mathscinet.ams.org/mathscinet-getitem?mr=1423466
https://doi.org/10.1214/EJP.v1-13
https://mathscinet.ams.org/mathscinet-getitem?mr=2677157
https://doi.org/10.1017/CBO9780511750854
https://mathscinet.ams.org/mathscinet-getitem?mr=1714707
https://doi.org/10.1007/978-3-0348-8683-3
https://mathscinet.ams.org/mathscinet-getitem?mr=2203728
https://doi.org/10.1214/154957805100000140
https://mathscinet.ams.org/mathscinet-getitem?mr=3395472
https://doi.org/10.1214/14-AOP947
https://mathscinet.ams.org/mathscinet-getitem?mr=3480967
https://doi.org/10.1017/S1474748014000280
https://mathscinet.ams.org/mathscinet-getitem?mr=4058997
https://doi.org/10.1214/19-AIHP970
https://mathscinet.ams.org/mathscinet-getitem?mr=1353441
https://mathscinet.ams.org/mathscinet-getitem?mr=0492329
https://mathscinet.ams.org/mathscinet-getitem?mr=1625467
https://doi.org/10.1112/S0024611598000458
https://mathscinet.ams.org/mathscinet-getitem?mr=4255168
https://doi.org/10.1214/20-aihp1071
https://doi.org/10.1007/s00440-016-0704-6
https://doi.org/10.1017/CBO9780511750854
https://doi.org/10.1007/978-3-0348-8683-3

The Annals of Applied Probability

2023, Vol. 33, No. 6A, 4995
https://doi.org/10.1214/22-AAP1875

Main article: https://doi.org/10.1214/09-AAP604
© Institute of Mathematical Statistics, 2023

ERRATUM TO “ON MANY-SERVER QUEUES IN HEAVY TRAFFIC”
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We correct the proof of the limit (4.38) in A.A. Puhalskii and J.E. Reed,
on many-server queues in heavy traffic (Ann. Appl. Probab. 20 (2010) 129—

195).
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