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SAMPLING FROM POTTS ON RANDOM GRAPHS OF UNBOUNDED
DEGREE VIA RANDOM-CLUSTER DYNAMICS

BY ANTONIO BLANCA1,a AND REZA GHEISSARI2,b

1Department of CSE, Pennsylvania State University, aablanca@cse.psu.edu
2Departments of Statistics and EECS, University of California, Berkeley, bgheissari@berkeley.edu

We consider the problem of sampling from the ferromagnetic Potts
and random-cluster models on a general family of random graphs via the
Glauber dynamics for the random-cluster model. The random-cluster model
is parametrized by an edge probability p ∈ (0,1) and a cluster weight q > 0.
We establish that for every q ≥ 1, the random-cluster Glauber dynamics
mixes in optimal �(n logn) steps on n-vertex random graphs having a pre-
scribed degree sequence with bounded average branching γ throughout the
full high-temperature uniqueness regime p < pu(q, γ ).

The family of random graph models we consider includes the Erdős–
Rényi random graph G(n,γ /n), and so we provide the first polynomial-time
sampling algorithm for the ferromagnetic Potts model on Erdős–Rényi ran-
dom graphs for the full tree uniqueness regime. We accompany our results
with mixing time lower bounds (exponential in the largest degree) for the
Potts Glauber dynamics, in the same settings where our �(n logn) bounds
for the random-cluster Glauber dynamics apply. This reveals a novel and
significant computational advantage of random-cluster based algorithms for
sampling from the Potts model at high temperatures.
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We will prove the Berry–Esseen theorem for the number counting func-
tion of the circular β-ensemble (CβE), which will imply the central limit
theorem for the number of points in arcs of the unit circle in mesoscopic and
macroscopic scales. We will prove the main result by estimating the char-
acteristic functions of the Prüfer phases and the number counting function,
which will imply the uniform upper and lower bounds of their variance. We
also show that the similar results hold for the Sineβ process. As a direct appli-
cation of the uniform variance bound, we can prove the normality of the linear
statistics when the test function f (θ) ∈ W1,p(S1) for some p ∈ (1,+∞).
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Our study aims to specify the asymptotic error distribution in the dis-
cretization of a stochastic Volterra equation with a fractional kernel. It is well
known that for a standard stochastic differential equation, the discretization
error, normalized with its rate of convergence 1/

√
n, converges in law to the

solution of a certain linear equation. Similar to this, we show that a suitably
normalized discretization error of the Volterra equation converges in law to
the solution of a certain linear Volterra equation with the same fractional ker-
nel.
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Department of Mathematical Sciences, Korea Advanced Institute of Science and Technology, ayitingli@kaist.ac.kr

For a β ensemble on �(N) = {(x1, . . . , xN ) ∈ R
N |x1 ≤ · · · ≤ xN } with

real analytic potential and general β > 0, under the assumption that its equi-
librium measure is supported on q intervals where q > 1, we prove the fol-
lowing rigidity property for its particles.

1. In the bulk of the spectrum, with overwhelming probability, the distance
between a particle and its classical position is of order O(N−1+ε).

2. If k is close to 1 or close to N , that is, near the extreme edges of the
spectrum, then with overwhelming probability, the distance between the kth

largest particle and its classical position is of order O(N− 2
3 +ε min(k,N +

1 − k)− 1
3 ).

Here ε > 0 is an arbitrarily small constant. Our main idea is to decompose
the multi-cut β ensemble as a product of probability measures on spaces with
lower dimensions and show that each of these measures is very close to a β

ensemble in one-cut regime for which the rigidity of particles is known.
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The first motivation of this paper is to study stationarity and ergodic
properties for a general class of time series models defined conditional on
an exogenous covariates process. The dynamic of these models is given by
an autoregressive latent process which forms a Markov chain in random en-
vironments. Contrarily to existing contributions in the field of Markov chains
in random environments, the state space is not discrete and we do not use
small set type assumptions or uniform contraction conditions for the ran-
dom Markov kernels. Our assumptions are quite general and allow us to deal
with models that are not fully contractive, such as threshold autoregressive
processes. Using a coupling approach, we study the existence of a limit, in
Wasserstein metric, for the backward iterations of the chain. We also derive
ergodic properties for the corresponding skew-product Markov chain. Our re-
sults are illustrated with many examples of autoregressive processes widely
used in statistics or in econometrics, including GARCH type processes, count
autoregressions and categorical time series.
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In this article, we establish a near-optimal convergence rate for the CLT
of linear eigenvalue statistics of N × N Wigner matrices, in Kolmogorov–
Smirnov distance. For all test functions f ∈ C5(R), we show that the conver-
gence rate is either N−1/2+ε or N−1+ε , depending on the first Chebyshev
coefficient of f and the third moment of the diagonal matrix entries. The
condition that distinguishes these two rates is necessary and sufficient. For a
general class of test functions, we further identify matching lower bounds for
the convergence rates. In addition, we identify an explicit, nonuniversal con-
tribution in the linear eigenvalue statistics, which is responsible for the slow
rate N−1/2+ε for non-Gaussian ensembles. By removing this nonuniversal
part, we show that the shifted linear eigenvalue statistics have the unified
convergence rate N−1+ε for all test functions.
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Consider a uniformly random deck consisting of cards labelled by num-
bers from 1 through n, possibly with repeats. A guesser guesses the top card,
after which it is revealed and removed and the game continues. What is the
expected number of correct guesses under the best and worst strategies? We
establish sharp asymptotics for both strategies. For the worst case, this an-
swers a recent question of Diaconis, Graham, He and Spiro, who found the
correct order. As part of the proof, we study the birthday problem for sam-
pling without replacement using Stein’s method.
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We consider a random process on recursive trees, with three types of
events. Vertices give birth at a constant rate (growth), each edge may be re-
moved independently (fragmentation of the tree) and clusters (or trees) are
frozen with a rate proportional to their sizes (isolation of connected compo-
nent). A phase transition occurs when the isolation is able to stop the growth-
fragmentation process and cause extinction. When the process survives, the
number of clusters increases exponentially and we prove that the normalised
empirical measure of clusters a.s. converges to a limit law on recursive trees.
We exploit the branching structure associated to the size of clusters, which
is inherited from the splitting property of random recursive trees. This work
is motivated by the control of epidemics and contact tracing where clusters
correspond to trees of infected individuals that can be identified and isolated.
We complement this work by providing results on the Malthusian exponent
to describe the effect of control policies on epidemics.
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This work develops a powerful and versatile framework for determin-
ing acceptance ratios in Metropolis–Hastings-type Markov kernels widely
used in statistical sampling problems. Our approach allows us to derive new
classes of kernels which unify random walk or diffusion-type sampling meth-
ods with more complicated “extended phase space” algorithms based around
ideas from Hamiltonian dynamics. Our starting point is an abstract result de-
veloped in the generality of measurable state spaces that addresses proposal
kernels that possess a certain involution structure. Note that, while this under-
lying proposal structure suggests a scope which includes Hamiltonian-type
kernels, we demonstrate that our abstract result is, in an appropriate sense,
equivalent to an earlier general state space setting developed in (Ann. Appl.
Probab. 8 (1998) 1–9) where the connection to Hamiltonian methods was
more obscure.

On the basis of our abstract results we develop several new classes of
extended phase space, HMC-like algorithms. First we tackle the classical
finite-dimensional setting of a continuously distributed target measure. We
then consider an infinite-dimensional framework for targets which are ab-
solutely continuous with respect to a Gaussian measure with a trace-class
covariance. Each of these algorithm classes can be viewed as “surrogate-
trajectory” methods, providing a versatile methodology to bypass expensive
gradient computations through skillful reduced order modeling and/or data
driven approaches as we begin to explore in a forthcoming companion work
(Glatt-Holtz et al. (2023)). On the other hand, along with the connection of
our main abstract result to the framework in (Ann. Appl. Probab. 8 (1998) 1–
9), these algorithm classes provide a unifying picture connecting together a
number of popular existing algorithms which arise as special cases of our gen-
eral frameworks under suitable parameter choices. In particular we show that,
in the finite-dimensional setting, we can produce an algorithm class which
includes the Metropolis adjusted Langevin algorithm (MALA) and random
walk Metropolis method (RWMC) alongside a number of variants of the
HMC algorithm including the geometric approach introduced in (J. R. Stat.
Soc. Ser. B. Stat. Methodol. 73 (2011) 123–214). In the infinite-dimensional
situation, we show that the algorithm class we derive includes the precondi-
tioned Crank–Nicolson (pCN), ∞MALA and ∞HMC methods considered in
(Stoch. Dyn. 8 (2008) 319–350; Stochastic Process. Appl. 121 (2011) 2201–
2230; Statist. Sci. 28 (2013) 424–446) as special cases.
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We study infinite horizon discounted mean field control (MFC) prob-
lems with common noise through the lens of mean field Markov decision
processes (MFMDP). We allow the agents to use actions that are randomized
not only at the individual level but also at the level of the population. This
common randomization is introduced for the purpose of exploration from a
reinforcement learning (RL) paradigm. It also allows us to establish connec-
tions between both closed-loop and open-loop policies for MFC and Markov
policies for the MFMDP. In particular, we show that there exists an optimal
closed-loop policy for the original MFC and we prove dynamic program-
ming principles for the state and state-action value functions. Building on
this framework and the notion of state-action value function, we then propose
RL methods for such problems, by adapting existing tabular and deep RL
methods to the mean-field setting. The main difficulty is the treatment of the
population state, which is an input of the policy and the value function. We
provide convergence guarantees for the tabular Q-learning algorithm based
on discretizations of the simplex. We also show that neural network based
deep RL algorithms are more suitable for continuous spaces as they allow
us to avoid discretizing the mean field state space. Numerical examples are
provided.

REFERENCES

[1] ACHDOU, Y., CAMILLI, F. and CAPUZZO-DOLCETTA, I. (2012). Mean field games: Numerical methods
for the planning problem. SIAM J. Control Optim. 50 77–109. MR2888257 https://doi.org/10.1137/
100790069

[2] ACHDOU, Y. and CAPUZZO-DOLCETTA, I. (2010). Mean field games: Numerical methods. SIAM J. Numer.
Anal. 48 1136–1162. MR2679575 https://doi.org/10.1137/090758477

[3] ACHDOU, Y. and LASRY, J.-M. (2019). Mean field games for modeling crowd motion. In Contributions
to Partial Differential Equations and Applications. Comput. Methods Appl. Sci. 47 17–42. Springer,
Cham. MR3821977

[4] ACHDOU, Y. and LAURIÈRE, M. (2016). Mean field type control with congestion (II): An aug-
mented Lagrangian method. Appl. Math. Optim. 74 535–578. MR3575615 https://doi.org/10.1007/
s00245-016-9391-z

[5] AGRAM, N., BAKDI, A. and OKSENDAL, B. (2020). Deep learning and stochastic mean-field control for a
neural network model. Available at SSRN 3639022.

[6] AL-ARADI, A., CORREIA, A., NAIFF, D. D. F., JARDIM, G. and SAPORITO, Y. (2019). Applications of the
deep Galerkin method to solving partial integro-differential and Hamilton–Jacobi–Bellman equations.
Preprint. Available at arXiv:1912.01455.

[7] ALMULLA, N., FERREIRA, R. and GOMES, D. (2017). Two numerical approaches to stationary mean-field
games. Dyn. Games Appl. 7 657–682. MR3698446 https://doi.org/10.1007/s13235-016-0203-5

[8] ANAHTARCI, B., KARIKSIZ, C. D. and SALDI, N. (2023). Q-learning in regularized mean-field games.
Dyn. Games Appl. 13 89–117. MR4550415 https://doi.org/10.1007/s13235-022-00450-2

MSC2020 subject classifications. 65M12, 65M99, 93E20, 93E25.
Key words and phrases. Mean field reinforcement learning, mean field Markov decision processes, McKean–

Vlasov control.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP1949
http://www.imstat.org
mailto:rcarmona@princeton.edu
mailto:zongjun.tan@princeton.edu
mailto:mathieu.lauriere@nyu.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=2888257
https://doi.org/10.1137/100790069
https://mathscinet.ams.org/mathscinet-getitem?mr=2679575
https://doi.org/10.1137/090758477
https://mathscinet.ams.org/mathscinet-getitem?mr=3821977
https://mathscinet.ams.org/mathscinet-getitem?mr=3575615
https://doi.org/10.1007/s00245-016-9391-z
http://arxiv.org/abs/arXiv:1912.01455
https://mathscinet.ams.org/mathscinet-getitem?mr=3698446
https://doi.org/10.1007/s13235-016-0203-5
https://mathscinet.ams.org/mathscinet-getitem?mr=4550415
https://doi.org/10.1007/s13235-022-00450-2
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1137/100790069
https://doi.org/10.1007/s00245-016-9391-z


[9] BARDI, M. and CARDALIAGUET, P. (2021). Convergence of some mean field games systems to aggregation
and flocking models. Nonlinear Anal. 204 Paper No. 112199, 24 pp. MR4199409 https://doi.org/10.
1016/j.na.2020.112199

[10] BELLEMARE, M. G., OSTROVSKI, G., GUEZ, A., THOMAS, P. S. and MUNOS, R. (2016). Increasing
the action gap: New operators for reinforcement learning. In Thirtieth AAAI Conference on Artificial
Intelligence.

[11] BENSOUSSAN, A., FREHSE, J. and YAM, P. (2013). Mean Field Games and Mean Field Type Control
Theory. SpringerBriefs in Mathematics. Springer, New York. MR3134900 https://doi.org/10.1007/
978-1-4614-8508-7

[12] BERTSEKAS, D. P. and SHREVE, S. (2004). Stochastic Optimal Control: The Discrete-Time Case. Athena
Scientific, Nashua.

[13] CAMPBELL, M., HOANE, A. J. JR and HSU, F.-H. (2002). Deep blue. Artificial Intelligence 134 57–83.
[14] CARDALIAGUET, P., DELARUE, F., LASRY, J.-M. and LIONS, P.-L. (2019). The Master Equation and

the Convergence Problem in Mean Field Games. Annals of Mathematics Studies 201. Princeton Univ.
Press, Princeton, NJ. MR3967062 https://doi.org/10.2307/j.ctvckq7qf

[15] CARMONA, R. and DELARUE, F. (2018). Probabilistic Theory of Mean Field Games with Applications. I:
Mean Field FBSDEs, Control, and Games. Probability Theory and Stochastic Modelling 83. Springer,
Cham. MR3752669

[16] CARMONA, R. and DELARUE, F. (2018). Probabilistic Theory of Mean Field Games with Applications.
II: Mean Field Games with Common Noise and Master Equations. Probability Theory and Stochastic
Modelling 84. Springer, Cham. MR3753660

[17] CARMONA, R., HAMIDOUCHE, K., LAURIÈRE, M. and TAN, Z. (2020). Policy optimization for linear-
quadratic zero-sum mean-field type games. In 2020 59th IEEE Conference on Decision and Control
(CDC) 1038–1043. IEEE, New York.

[18] CARMONA, R. and LAURIÈRE, M. (2021). Convergence analysis of machine learning algorithms for the
numerical solution of mean field control and games I—The ergodic case. SIAM J. Numer. Anal. 59
1455–1485. MR4264647 https://doi.org/10.1137/19M1274377

[19] CARMONA, R. and LAURIÈRE, M. (2022). Convergence analysis of machine learning algorithms for the
numerical solution of mean field control and games: II—The finite horizon case. Ann. Appl. Probab.
32 4065–4105. MR4522347 https://doi.org/10.1214/21-aap1715

[20] CARMONA, R., LAURIÈRE, M. and TAN, Z. (2019). Linear-quadratic mean-field reinforcement learning:
Convergence of policy gradient methods. Preprint. Available at arXiv:1910.04295.

[21] CARMONA, R., LAURIÈRE, M. and TAN, Z. (2019). Model-free mean-field reinforcement learning: Mean-
field MDP and mean-field Q-learning. Preprint. Available at arXiv:1910.12802.

[22] CHAN, P. and SIRCAR, R. (2015). Bertrand and Cournot mean field games. Appl. Math. Optim. 71 533–569.
MR3359708 https://doi.org/10.1007/s00245-014-9269-x

[23] CHASSAGNEUX, J.-F., CRISAN, D. and DELARUE, F. (2022). A probabilistic approach to classical so-
lutions of the master equation for large population equilibria. Mem. Amer. Math. Soc. 280 v+123.
MR4493576 https://doi.org/10.1090/memo/1379

[24] ELIE, R., PEROLAT, J., LAURIÈRE, M., GEIST, M. and PIETQUIN, O. (2020). On the convergence of model
free learning in mean field games. In Proceedings of the AAAI Conference on Artificial Intelligence 34
7143–7150.

[25] EVEN-DAR, E. and MANSOUR, Y. (2003/04). Learning rates for Q-learning. J. Mach. Learn. Res. 5 1–25.
MR2247972 https://doi.org/10.1162/153244303768966085

[26] FARAHMAND, A.-M. (2011). Action-gap phenomenon in reinforcement learning. In Advances in Neural
Information Processing Systems 172–180.

[27] FOUQUE, J.-P. and ZHANG, Z. (2020). Deep learning methods for mean field control problems with delay.
Front. Appl. Math. Stat. 6 11.

[28] FU, Z., YANG, Z., CHEN, Y. and WANG, Z. (2019). Actor-critic provably finds Nash equilibria of linear-
quadratic mean-field games. In International Conference on Learning Representations.

[29] GAO, B. and PAVEL, L. (2017). On the properties of the softmax function with application in game theory
and reinforcement learning. Preprint. Available at arXiv:1704.00805.

[30] GAST, N. and GAUJAL, B. (2011). A mean field approach for optimization in discrete time. Discrete Event
Dyn. Syst. 21 63–101. MR2764439 https://doi.org/10.1007/s10626-010-0094-3

[31] GAST, N., GAUJAL, B. and LE BOUDEC, J.-Y. (2012). Mean field for Markov decision processes:
From discrete to continuous optimization. IEEE Trans. Automat. Control 57 2266–2280. MR2968782
https://doi.org/10.1109/TAC.2012.2186176

[32] GERMAIN, M., MIKAEL, J. and WARIN, X. (2022). Numerical resolution of McKean–Vlasov FB-
SDEs using neural networks. Methodol. Comput. Appl. Probab. 24 (4) 2557–2586. MR4528393
https://doi.org/10.1007/s11009-022-09946-1

https://mathscinet.ams.org/mathscinet-getitem?mr=4199409
https://doi.org/10.1016/j.na.2020.112199
https://mathscinet.ams.org/mathscinet-getitem?mr=3134900
https://doi.org/10.1007/978-1-4614-8508-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3967062
https://doi.org/10.2307/j.ctvckq7qf
https://mathscinet.ams.org/mathscinet-getitem?mr=3752669
https://mathscinet.ams.org/mathscinet-getitem?mr=3753660
https://mathscinet.ams.org/mathscinet-getitem?mr=4264647
https://doi.org/10.1137/19M1274377
https://mathscinet.ams.org/mathscinet-getitem?mr=4522347
https://doi.org/10.1214/21-aap1715
http://arxiv.org/abs/arXiv:1910.04295
http://arxiv.org/abs/arXiv:1910.12802
https://mathscinet.ams.org/mathscinet-getitem?mr=3359708
https://doi.org/10.1007/s00245-014-9269-x
https://mathscinet.ams.org/mathscinet-getitem?mr=4493576
https://doi.org/10.1090/memo/1379
https://mathscinet.ams.org/mathscinet-getitem?mr=2247972
https://doi.org/10.1162/153244303768966085
http://arxiv.org/abs/arXiv:1704.00805
https://mathscinet.ams.org/mathscinet-getitem?mr=2764439
https://doi.org/10.1007/s10626-010-0094-3
https://mathscinet.ams.org/mathscinet-getitem?mr=2968782
https://doi.org/10.1109/TAC.2012.2186176
https://mathscinet.ams.org/mathscinet-getitem?mr=4528393
https://doi.org/10.1007/s11009-022-09946-1
https://doi.org/10.1016/j.na.2020.112199
https://doi.org/10.1007/978-1-4614-8508-7


[33] GU, H., GUO, X., WEI, X. and XU, R. (2019). Dynamic programming principles for mean-field controls
with learning. Preprint. Available at arXiv:1911.07314.

[34] GU, H., GUO, X., WEI, X. and XU, R. (2021). Mean-field controls with Q-learning for cooperative
MARL: Convergence and complexity analysis. SIAM J. Math. Data Sci. 3 1168–1196. MR4331936
https://doi.org/10.1137/20M1360700

[35] GUÉANT, O., LASRY, J.-M. and LIONS, P.-L. (2011). Mean field games and applications. In Paris-
Princeton Lectures on Mathematical Finance 2010. Lecture Notes in Math. 2003 205–266. Springer,
Berlin. MR2762362 https://doi.org/10.1007/978-3-642-14660-2_3

[36] GUO, X., HU, A., XU, R. and ZHANG, J. (2019). Learning mean-field games. Adv. Neural Inf. Process.
Syst. 32 4966–4976.

[37] HUANG, M., MALHAMÉ, R. P. and CAINES, P. E. (2006). Large population stochastic dynamic games:
Closed-loop McKean–Vlasov systems and the Nash certainty equivalence principle. Commun. Inf.
Syst. 6 221–251. MR2346927

[38] KALLENBERG, O. (2002). Foundations of Modern Probability, 2nd ed. Probability and Its Applications
(New York). Springer, New York. MR1876169 https://doi.org/10.1007/978-1-4757-4015-8

[39] KALLENBERG, O. (2017). Random Measures, Theory and Applications. Probability Theory and Stochastic
Modelling 77. Springer, Cham. MR3642325 https://doi.org/10.1007/978-3-319-41598-7

[40] KOLOKOLTSOV, V. N. and BENSOUSSAN, A. (2016). Mean-field-game model for botnet defense in cyber-
security. Appl. Math. Optim. 74 669–692. MR3575619 https://doi.org/10.1007/s00245-016-9389-6

[41] LASRY, J.-M. and LIONS, P.-L. (2007). Mean field games. Jpn. J. Math. 2 229–260. MR2295621
https://doi.org/10.1007/s11537-007-0657-8

[42] LAURIÈRE, M., PERRIN, S., GEIST, M. and PIETQUIN, O. (2022). Learning mean field games: A survey.
Preprint. Available at arXiv:2205.12944.

[43] LILLICRAP, T. P., HUNT, J. J., PRITZEL, A., HEESS, N., EREZ, T., TASSA, Y., SILVER, D. and WIER-
STRA, D. (2016). Continuous control with deep reinforcement learning. In Proceedings of the Inter-
national Conference on Learning Representations (ICLR 2016).

[44] MOTTE, M. and PHAM, H. (2022). Mean-field Markov decision processes with common noise and open-
loop controls. Ann. Appl. Probab. 32 1421–1458. MR4414709 https://doi.org/10.1214/21-aap1713

[45] NOURIAN, M., CAINES, P. E. and MALHAMÉ, R. P. (2011). Mean field analysis of controlled Cucker–
Smale type flocking: Linear analysis and perturbation equations. IFAC Proc. Vol. 44 4471–4476.

[46] PASZTOR, B., BOGUNOVIC, I. and KRAUSE, A. (2021). Efficient model-based multi-agent mean-field
reinforcement learning. Preprint. Available at arXiv:2107.04050.

[47] PERRIN, S., PÉROLAT, J., LAURIÈRE, M., GEIST, M., ELIE, R. and PIETQUIN, O. (2020). Fictitious play
for mean field games: Continuous time analysis and applications. In Advances in Neural Information
Processing Systems.

[48] RUTHOTTO, L., OSHER, S. J., LI, W., NURBEKYAN, L. and FUNG, S. W. (2020). A machine learning
framework for solving high-dimensional mean field game and mean field control problems. Proc. Natl.
Acad. Sci. USA 117 9183–9193. MR4236167 https://doi.org/10.1073/pnas.1922204117

[49] SILVER, D., HUANG, A., MADDISON, C. J., GUEZ, A., SIFRE, L., VAN DEN DRIESSCHE, G.,
SCHRITTWIESER, J., ANTONOGLOU, I., PANNEERSHELVAM, V., LANCLOT, M., DIELEMAN, S.,
GREWE, D., NHAM, J., KALCHBRENNER, N., SUTSKEVER, I., LILLICRAP, T., LEACH, M.,
KAVUKCUOGLU, K., GRAEPEL, T., HASSABIS, D., (2016). Mastering the game of Go with deep
neural networks and treesearch. Nature 529 484–489.

[50] SUBRAMANIAN, J. and MAHAJAN, A. (2019). Reinforcement learning in stationary mean-field games. In
Proceedings. 18th International Conference on Autonomous Agents and Multiagent Systems.

[51] WATKINS, C. J. and DAYAN, P. (1992). Q-learning. Mach. Learn. 8 279–292.

http://arxiv.org/abs/arXiv:1911.07314
https://mathscinet.ams.org/mathscinet-getitem?mr=4331936
https://doi.org/10.1137/20M1360700
https://mathscinet.ams.org/mathscinet-getitem?mr=2762362
https://doi.org/10.1007/978-3-642-14660-2_3
https://mathscinet.ams.org/mathscinet-getitem?mr=2346927
https://mathscinet.ams.org/mathscinet-getitem?mr=1876169
https://doi.org/10.1007/978-1-4757-4015-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3642325
https://doi.org/10.1007/978-3-319-41598-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3575619
https://doi.org/10.1007/s00245-016-9389-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2295621
https://doi.org/10.1007/s11537-007-0657-8
http://arxiv.org/abs/arXiv:2205.12944
https://mathscinet.ams.org/mathscinet-getitem?mr=4414709
https://doi.org/10.1214/21-aap1713
http://arxiv.org/abs/arXiv:2107.04050
https://mathscinet.ams.org/mathscinet-getitem?mr=4236167
https://doi.org/10.1073/pnas.1922204117


The Annals of Applied Probability
2023, Vol. 33, No. 6B, 5382–5412
https://doi.org/10.1214/23-AAP1950
© Institute of Mathematical Statistics, 2023

STABILITY OF THE WEAK MARTINGALE OPTIMAL TRANSPORT
PROBLEM

BY MATHIAS BEIGLBÖCK1,aBENJAMIN JOURDAIN2,b, WILLIAM MARGHERITI2,c AND

GUDMUND PAMMER3,d

1Department of Mathematics, University of Vienna, amathias.beiglboeck@univie.ac.at
2CERMICS, École Nationale des Ponts et Chaussées, bbenjamin.jourdain@enpc.fr, cwilliam.margheriti@gmail.com

3Department of Mathematics, ETH Zürich, dgudmund.pammer@math.ethz.ch

While many questions in (robust) finance can be posed in the martingale
optimal transport (MOT) framework, others require to consider also nonlinear
cost functionals. Following the terminology of Gozlan, Roberto, Samson and
Tetali (J. Funct. Anal. 273 (2017) 3327–3405) for classical optimal transport,
this corresponds to weak martingale optimal transport (WMOT).

In this article we establish stability of WMOT which is important since fi-
nancial data can give only imprecise information on the underlying marginals.
As application, we deduce the stability of the superreplication bound for VIX
futures as well as the stability of the stretched Brownian motion and we derive
a monotonicity principle for WMOT.
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STABILITY OF OVERSHOOTS OF MARKOV ADDITIVE PROCESSES
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We prove precise stability results for overshoots of Markov additive pro-
cesses (MAPs) with finite modulating space. Our approach is based on the
Markovian nature of overshoots of MAPs whose mixing and ergodic proper-
ties are investigated in terms of the characteristics of the MAP. On our way we
extend fluctuation theory of MAPs, contributing among others to the under-
standing of the Wiener–Hopf factorization for MAPs by generalizing Vigon’s
équations amicales inversés known for Lévy processes. Using the Lamperti
transformation the results can be applied to self-similar Markov processes.
Among many possible applications, we study the mixing behavior of stable
processes sampled at symmetric first hitting times as a concrete example.
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STOCHASTIC BILLIARDS WITH MARKOVIAN REFLECTIONS IN
GENERALIZED PARABOLIC DOMAINS

BY CONRADO DA COSTAa, MIKHAIL V. MENSHIKOVb AND ANDREW R. WADEc

Department of Mathematical Sciences, Durham University, aconrado.da-costa@durham.ac.uk,
bmikhail.menshikov@durham.ac.uk, candrew.wade@durham.ac.uk

We study recurrence and transience for a particle that moves at constant
velocity in the interior of an unbounded planar domain, with random reflec-
tions at the boundary governed by a Markov kernel producing outgoing an-
gles from incoming angles. Our domains have a single unbounded direction
and sub-linear growth. We characterize recurrence in terms of the reflection
kernel and growth rate of the domain. The results are obtained by transform-
ing the stochastic billiards model to a Markov chain on a half-strip R+ × S

where S is a compact set. We develop the recurrence classification for such
processes in the near-critical regime in which drifts of the R+ component are
of generalized Lamperti type, and the S component is asymptotically Markov;
this extends earlier work that dealt with finite S.
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ALGORITHMIC OBSTRUCTIONS IN THE RANDOM NUMBER
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We consider the algorithmic problem of finding a near-optimal solution
for the number partitioning problem (NPP). This problem appears in many
practical applications, including the design of randomized controlled trials,
multiprocessor scheduling, and cryptography. It is also of theoretical sig-
nificance. The NPP possesses a so-called statistical-to-computational gap:
when its input X has distribution N (0, In), the optimal value of the NPP
is �(

√
n2−n) w.h.p., whereas the best-known polynomial-time algorithm

achieves an objective value of only 2−�(log2 n) w.h.p.
In this paper we initiate the study of the nature of this gap. Inspired by

insights from statistical physics, we study the landscape of the NPP and es-
tablish the presence of the overlap gap property (OGP), an intricate geomet-
rical property which is known to be a rigorous evidence of an algorithmic
hardness for large classes of algorithms. By leveraging the OGP, we establish
that: (a) any sufficiently stable algorithm, appropriately defined, fails to find a

near-optimal solution with energy below 2−ω(n log−1/5 n), and (b) a very nat-
ural Markov chain Monte Carlo dynamic fails to find near-optimal solutions.
Our simulation results suggest that the state-of-the-art algorithm achieving

the value of 2−�(log2 n) is indeed stable, but formally verifying this is left as
an open problem.

OGP regards the overlap structure of m-tuples of solutions achieving a
certain objective value. When m is constant, we prove the presence of OGP
for the objective values of order 2−�(n) and the absence of it in the regime
2−o(n). Interestingly though, by considering overlaps with growing values of
m, we prove the presence of the OGP up to the level 2−ω(

√
n logn). Our proof

of the failure of stable algorithms at values 2−ω(n log−1/5 n) employs methods
from Ramsey theory from the extremal combinatorics and is of independent
interest.
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VISCOSITY SOLUTIONS TO SECOND ORDER PATH-DEPENDENT
HAMILTON–JACOBI–BELLMAN EQUATIONS AND APPLICATIONS

BY JIANJUN ZHOUa
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In this article a notion of viscosity solutions is introduced for second-
order path-dependent Hamilton–Jacobi–Bellman (PHJB) equations associ-
ated with optimal control problems for path-dependent stochastic differential
equations. We identify the value functional of optimal control problems as
unique viscosity solution to the associated PHJB equations. We also show
that our notion of viscosity solutions is consistent with the corresponding no-
tion of classical solutions and satisfies a stability property. Applications to
backward stochastic Hamilton–Jacobi–Bellman equations are also given.
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We consider the extremal values of the stationary distribution of sparse
directed random graphs with given degree sequences and their relation to
the extremal values of the in-degree sequence. The graphs are generated by
the directed configuration model. Under the assumption of bounded (2 + η)-
moments on the in-degrees and of bounded out-degrees, we obtain tight com-
parisons between the maximum value of the stationary distribution and the
maximum in-degree. Under the further assumption that the order statistics
of the in-degrees have a power-law behavior, we show that the extremal val-
ues of the stationary distribution also have a power-law behavior with the
same index. In the same setting, we prove that these results extend to the
PageRank scores of the random digraph, thus confirming a version of the so-
called power-law hypothesis. Along the way we establish several facts about
the model, including the mixing time cutoff and the characterization of the
typical values of the stationary distribution, which were previously obtained
under the assumption of bounded in-degrees.
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We study elastic manifolds with self-repelling terms and estimate their
effective radius. This class of manifolds is modelled by a self-repelling
vector-valued Gaussian free field with Neumann boundary conditions over
the domain [−N,N ]d ∩ Z

d , that takes values in R
d . Our main result states

that in two dimensions (d = 2), the effective radius RN of the manifold is
approximately N . This verifies the conjecture of Kantor, Kardar and Nelson
(Phys. Rev. Lett. 58 (1987) 1289–1292) up to a logarithmic correction. Our re-
sults in d ≥ 3 give a similar lower bound on RN and an upper of order Nd/2.
This result implies that self-repelling elastic manifolds undergo a substantial
stretching at any dimension.
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Motivated by the challenge of incorporating data into misspecified and
multiscale dynamical models, we study a McKean–Vlasov equation that con-
tains the data stream as a common driving rough path. This setting allows us
to prove well-posedness as well as continuity with respect to the driver in an
appropriate rough-path topology. The latter property is key in our subsequent
development of a robust data assimilation methodology: We establish prop-
agation of chaos for the associated interacting particle system, which in turn
is suggestive of a numerical scheme that can be viewed as an extension of
the ensemble Kalman filter to a rough-path framework. Finally, we discuss
a data-driven method based on subsampling to construct suitable rough path
lifts and demonstrate the robustness of our scheme in a number of numerical
experiments related to parameter estimation problems in multiscale contexts.
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In this paper, we consider the singular values and singular vectors of low
rank perturbations of large rectangular random matrices, in the regime the
matrix is “long”: we allow the number of rows (columns) to grow polynomi-
ally in the number of columns (rows). We prove there exists a critical signal-
to-noise ratio (depending on the dimensions of the matrix), and the extreme
singular values and singular vectors exhibit a BBP-type phase transition. As a
main application, we investigate the tensor unfolding algorithm for the asym-
metric rank-one spiked tensor model, and obtain an exact threshold, which is
independent of the procedure of tensor unfolding. If the signal-to-noise ratio
is above the threshold, tensor unfolding detects the signals; otherwise, it fails
to capture the signals.

REFERENCES

[1] BAI, Z. and YAO, J. (2012). On sample eigenvalues in a generalized spiked population model. J. Multivari-
ate Anal. 106 167–177. MR2887686 https://doi.org/10.1016/j.jmva.2011.10.009

[2] BAIK, J., BEN AROUS, G. and PÉCHÉ, S. (2005). Phase transition of the largest eigenvalue for nonnull
complex sample covariance matrices. Ann. Probab. 33 1643–1697. MR2165575 https://doi.org/10.
1214/009117905000000233

[3] BAIK, J. and SILVERSTEIN, J. W. (2006). Eigenvalues of large sample covariance matrices of spiked popu-
lation models. J. Multivariate Anal. 97 1382–1408. MR2279680 https://doi.org/10.1016/j.jmva.2005.
08.003

[4] BANDEIRA, A. S., PERRY, A. and WEIN, A. S. (2018). Notes on computational-to-statistical gaps: Predic-
tions using statistical physics. Port. Math. 75 159–186. MR3892753 https://doi.org/10.4171/PM/2014

[5] BAO, Z. and WANG, D. (2022). Eigenvector distribution in the critical regime of BBP transition. Probab.
Theory Related Fields 182 399–479. MR4367951 https://doi.org/10.1007/s00440-021-01062-4

[6] BEN AROUS, G., GHEISSARI, R. and JAGANNATH, A. (2020). Algorithmic thresholds for tensor PCA.
Ann. Probab. 48 2052–2087. MR4124533 https://doi.org/10.1214/19-AOP1415

[7] BEN AROUS, G., MEI, S., MONTANARI, A. and NICA, M. (2019). The landscape of the spiked tensor
model. Comm. Pure Appl. Math. 72 2282–2330. MR4011861 https://doi.org/10.1002/cpa.21861

[8] BENAYCH-GEORGES, F., GUIONNET, A. and MAIDA, M. (2011). Fluctuations of the extreme eigenval-
ues of finite rank deformations of random matrices. Electron. J. Probab. 16 1621–1662. MR2835249
https://doi.org/10.1214/EJP.v16-929

[9] BENAYCH-GEORGES, F. and NADAKUDITI, R. R. (2011). The eigenvalues and eigenvectors of finite, low
rank perturbations of large random matrices. Adv. Math. 227 494–521. MR2782201 https://doi.org/10.
1016/j.aim.2011.02.007

[10] BENAYCH-GEORGES, F. and NADAKUDITI, R. R. (2012). The singular values and vectors of low rank
perturbations of large rectangular random matrices. J. Multivariate Anal. 111 120–135. MR2944410
https://doi.org/10.1016/j.jmva.2012.04.019

[11] BIRNBAUM, A., JOHNSTONE, I. M., NADLER, B. and PAUL, D. (2013). Minimax bounds for sparse PCA
with noisy high-dimensional data. Ann. Statist. 41 1055–1084. MR3113803 https://doi.org/10.1214/
12-AOS1014

[12] BIROLI, G., CAMMAROTA, C. and RICCI-TERSENGHI, F. (2020). How to iron out rough landscapes and
get optimal performances: Averaged gradient descent and its application to tensor PCA. J. Phys. A 53
174003, 13 pp. MR4084297 https://doi.org/10.1088/1751-8121/ab7b1f

MSC2020 subject classifications. Primary 60B20; secondary 62H25.
Key words and phrases. Random matrices, tensor PCA.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP1958
http://www.imstat.org
mailto:benarous@cims.nyu.edu
mailto:huangdz@bicmr.pku.edu.cn
mailto:huangjy@wharton.upenn.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=2887686
https://doi.org/10.1016/j.jmva.2011.10.009
https://mathscinet.ams.org/mathscinet-getitem?mr=2165575
https://doi.org/10.1214/009117905000000233
https://mathscinet.ams.org/mathscinet-getitem?mr=2279680
https://doi.org/10.1016/j.jmva.2005.08.003
https://mathscinet.ams.org/mathscinet-getitem?mr=3892753
https://doi.org/10.4171/PM/2014
https://mathscinet.ams.org/mathscinet-getitem?mr=4367951
https://doi.org/10.1007/s00440-021-01062-4
https://mathscinet.ams.org/mathscinet-getitem?mr=4124533
https://doi.org/10.1214/19-AOP1415
https://mathscinet.ams.org/mathscinet-getitem?mr=4011861
https://doi.org/10.1002/cpa.21861
https://mathscinet.ams.org/mathscinet-getitem?mr=2835249
https://doi.org/10.1214/EJP.v16-929
https://mathscinet.ams.org/mathscinet-getitem?mr=2782201
https://doi.org/10.1016/j.aim.2011.02.007
https://mathscinet.ams.org/mathscinet-getitem?mr=2944410
https://doi.org/10.1016/j.jmva.2012.04.019
https://mathscinet.ams.org/mathscinet-getitem?mr=3113803
https://doi.org/10.1214/12-AOS1014
https://mathscinet.ams.org/mathscinet-getitem?mr=4084297
https://doi.org/10.1088/1751-8121/ab7b1f
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/009117905000000233
https://doi.org/10.1016/j.jmva.2005.08.003
https://doi.org/10.1016/j.aim.2011.02.007
https://doi.org/10.1214/12-AOS1014
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APPROXIMATE VISCOSITY SOLUTIONS OF PATH-DEPENDENT PDES AND
DUPIRE’S VERTICAL DIFFERENTIABILITY
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We introduce a notion of approximate viscosity solutions for a class of
nonlinear path-dependent PDEs (PPDEs), including the Hamilton–Jacobi–
Bellman-type equations. Existence, comparaison and stability results have
been established under fairly general conditions. It is also consistent with
the notion of smooth solution when the dimension is less or equal to two, or
the nonlinearity is concave in the second order space derivative. We finally
investigate the regularity (in the sense of Dupire) of the solution to the PPDE.
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ERRATUM: DIFFUSION MODELS AND STEADY-STATE APPROXIMATIONS
FOR EXPONENTIALLY ERGODIC MARKOVIAN QUEUES

BY ITAI GURVICHa

Kellogg School of Management, Northwestern University
ai-gurvich@kellogg.northwestern.edu

This is a correction to (Ann. Appl. Probab. 24 (2014) 2527–2559). The
corrected result is that the gap between the steady-state moments of the dif-
fusion and those of the properly centered and scaled CTMCs shrinks at a rate

of n
1
2 −ε for any ε > 0.
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WU, WENQIAN, ARARAT, ÇAĞIN AND MA, JIN. Set-valued backward
stochastic differential equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3418–3448

WU, YIHONG, XU, JIAMING AND YU, SOPHIE H. Testing correlation of un-
labeled random graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2519–2558

XIA, PANQIU, ZHENG, JIAYU, HU, YAOZHONG AND KOURITZIN, MICHAEL

A. On mean-field super-Brownian motions . . . . . . . . . . . . . . . . . . . . . . . . . . 3872–3915
XU, JIAMING, YU, SOPHIE H. AND WU, YIHONG. Testing correlation of un-

labeled random graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2519–2558
XU, LIHU, CHEN, PENG AND SHAO, QI-MAN. A probability approximation

framework: Markov process approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1619–1659
XU, YUANYUAN AND SCHNELLI, KEVIN. Convergence rate to the Tracy–

Widom laws for the largest eigenvalue of sample covariance matrices . . . . 677–725
XUE, JIANFEI, LANDIM, CLAUDIO, PACHECO, CARLOS G. AND SETHURA-

MAN, SUNDER. On a nonlinear SPDE derived from a hydrodynamic
limit in a Sinai-type random environment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200–237

YANG, JUN AND ROSENTHAL, JEFFREY S. Complexity results for MCMC
derived from quantitative bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1459–1500

YAROSLAVTSEVA, LARISA AND MÜLLER-GRONBACH, THOMAS. Sharp
lower error bounds for strong approximation of SDEs with discontinuous
drift coefficient by coupling of noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1102–1135

YIN, GEORGE AND NGUYEN, NHU. Stochastic approximation with discon-
tinuous dynamics, differential inclusions, and applications . . . . . . . . . . . . . . 780–823

YU, SOPHIE H., WU, YIHONG AND XU, JIAMING. Testing correlation of un-
labeled random graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2519–2558

YUAN, LINGLONG, BANSAYE, VINCENT AND GU, CHENLIN. A growth-
fragmentation-isolation process on random recursive trees and contact trac-
ing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5233–5278

YUKICH, J. E. AND SCHULTE, MATTHIAS. Rates of multivariate normal ap-
proximation for statistics in geometric probability . . . . . . . . . . . . . . . . . . . . . . 507–548

ZEITOUNI, OFER, KIM, YUJIN H. AND LUBETZKY, EYAL. The maximum of
branching Brownian motion in R

d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1515–1568
ZHANG, DENG. Stochastic nonlinear Schrödinger equations in the defocusing

mass and energy critical cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3652–3705
ZHANG, JING AND QIU, JINNIAO. Stochastic differential games with random

coefficients and stochastic Hamilton–Jacobi–Bellman–Isaacs equations . . 889–930
ZHANG, ZHUO-SONG AND LIU, SONG-HAO. Cramér-type moderate devia-

tions under local dependence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4747–4797
ZHANG, ZHUO-SONG AND RÖLLIN, ADRIAN. Dense multigraphon-valued

stochastic processes and edge-changing dynamics in the configuration
model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3207–3239



ZHENG, GUANGQU, BARBOUR, A. D. AND ROSS, NATHAN. Stein’s method,
Gaussian processes and Palm measures, with applications to queueing. . . . 3835–3871

ZHENG, JIAYU, HU, YAOZHONG, KOURITZIN, MICHAEL A. AND XIA, PAN-
QIU. On mean-field super-Brownian motions . . . . . . . . . . . . . . . . . . . . . . . . . 3872–3915

ZHOU, JIANJUN. Viscosity solutions to second order path-dependent
Hamilton–Jacobi–Bellman equations and applications . . . . . . . . . . . . . . . . . . 5564–5612

ZHU, RONGCHAN, ZHU, XIANGCHAN AND SHEN, HAO. An SPDE approach
to perturbation theory of 
4

2: Asymptoticity and short distance behavior . . 2600–2642
ZHU, XIANGCHAN, SHEN, HAO AND ZHU, RONGCHAN. An SPDE approach

to perturbation theory of 
4
2: Asymptoticity and short distance behavior . . 2600–2642

Erratum

PUHALSKII, ANATOLII A. AND REED, JOSH E. Erratum to “On many-server
queues in heavy traffic” . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4995–4995

GURVICH, ITAI. Diffusion models and steady-state approximations for expo-
nentially ergodic Markovian queues. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5810–5815




