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SIMPLE FORM CONTROL POLICIES FOR RESOURCE SHARING
NETWORKS WITH HGI PERFORMANCE

BY AMARJIT BUDHIRAJA"2 AND DANE JOHNSONZP

lDepartment of Statistics and Operations Research, University of North Carolina, *budhiraj@email.unc.edu

2Department of Mathematics and Statistics, Elon University, bdjohnson52 @elon.edu

We consider a family of resource sharing networks, known as bandwidth
sharing models, in heavy traffic with general service and interarrival times.
These networks, introduced in Massoulié and Roberts (Telecommun. Syst.
15 (2000) 185-201) as models for internet flows, have the feature that a
typical job may require simultaneous processing by multiple resources in
the network. We construct simple form threshold policies that asymptoti-
cally achieve the Hierarchical Greedy Ideal (HGI) performance. This per-
formance benchmark, which was introduced in Harrison et al. (Stoch. Syst.
4 (2014) 524-555), is characterized by the following two features: every re-
source works at full capacity whenever there is work for that resource in the
system; total holding cost of jobs of each type at any instant is the minimum
cost possible for the associated vector of workloads. The control policy we
provide is explicit in terms of a finite collection of vectors, which can be com-
puted offline by solving a system of linear inequalities. Proof of convergence
is based on path large deviation estimates for renewal processes, Lyapunov
function constructions and analyses of suitable sample path excursions.
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OPTIMAL STOPPING WITH EXPECTATION CONSTRAINTS
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We analyze an optimal stopping problem with a series of inequality-
type and equality-type expectation constraints in a general non-Markovian
framework. We show that the optimal stopping problem with expectation
constraints (OSEC) in an arbitrary probability setting is equivalent to the
constrained problem in weak formulation (an optimization over joint laws
of stopping rules with Brownian motion and state dynamics on an enlarged
canonical space), and thus the OSEC value is independent of a specific prob-
abilistic setup. Using a martingale-problem formulation, we make an equiv-
alent characterization of the probability classes in weak formulation, which
implies that the OSEC value function is upper semianalytic. Then we exploit a
measurable selection argument to establish a dynamic programming principle
in weak formulation for the OSEC value function, in which the conditional
expected costs act as additional states for constraint levels at the intermediate
horizon.

REFERENCES

ANKIRCHNER, S., KLEIN, M. and KRUSE, T. (2019). A verification theorem for optimal stopping problems
with expectation constraints. Appl. Math. Optim. 79 145-177. MR3903781 https://doi.org/10.1007/
s00245-017-9424-2

ARROW, K. J., BLACKWELL, D. and GIRSHICK, M. A. (1949). Bayes and minimax solutions of sequential
decision problems. Econometrica 17 213-244. MR0032173 https://doi.org/10.2307/1905525

BALZER, T. and JANSSEN, K. (2002). A duality approach to problems of combined stopping and decid-
ing under constraints. Math. Methods Oper. Res. 55 431-446. MR1913575 https://doi.org/10.1007/
s001860200195

BAYRAKTAR, E. and HUANG, Y.-J. (2013). On the multidimensional controller-and-stopper games. SIAM
J. Control Optim. 51 1263-1297. MR3036989 https://doi.org/10.1137/110847329

BAYRAKTAR, E., KARATZAS, I. and YAO, S. (2010). Optimal stopping for dynamic convex risk measures.
Illinois J. Math. 54 1025-1067. MR2928345

BAYRAKTAR, E. and MILLER, C. W. (2019). Distribution-constrained optimal stopping. Math. Finance 29
368—406. MR3905747 https://doi.org/10.1111/mafi.12171

BAYRAKTAR, E. and YAO, S. (2011). Optimal stopping for non-linear expectations—Part 1. Stochastic
Process. Appl. 121 185-211. MR2746173 https://doi.org/10.1016/j.spa.2010.10.001

BAYRAKTAR, E. and YAO, S. (2011). Optimal stopping for non-linear expectations—Part II. Stochastic
Process. Appl. 121 212-264. MR2746174 https://doi.org/10.1016/j.spa.2010.10.002

BAYRAKTAR, E. and YAO, S. (2014). On the robust optimal stopping problem. SIAM J. Control Optim. 52
3135-3175. MR3267150 https://doi.org/10.1137/130950331

BAYRAKTAR, E. and YAO, S. (2017). Optimal stopping with random maturity under nonlinear expectations.
Stochastic Process. Appl. 127 2586-2629. MR3660884 https://doi.org/10.1016/j.spa.2016.12.001

BAYRAKTAR, E. and YAO, S. (2017). On the robust Dynkin game. Ann. Appl. Probab. 27 1702-1755.
MR3678483 https://doi.org/10.1214/16- AAP1243

BAYRAKTAR, E. and YAO, S. (2020). Optimal stopping with expectation constraints.

BEIGLBOCK, M., EDER, M., ELGERT, C. and SCHMOCK, U. (2018). Geometry of distribution-
constrained optimal stopping problems. Probab. Theory Related Fields 172 71-101. MR3851830
https://doi.org/10.1007/s00440-017-0805-x

MSC2020 subject classifications. Primary 60G40, 49L20; secondary 93E20, 60G44.

Key words and phrases. Optimal stopping with expectation constraints, martingale-problem formulation, en-
larged canonical space, Polish space of stopping times, dynamic programming principle, regular conditional prob-
ability distribution, measurable selection.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP1980
http://www.imstat.org
mailto:erhan@umich.edu
mailto:songyao@pitt.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=3903781
https://doi.org/10.1007/s00245-017-9424-2
https://mathscinet.ams.org/mathscinet-getitem?mr=0032173
https://doi.org/10.2307/1905525
https://mathscinet.ams.org/mathscinet-getitem?mr=1913575
https://doi.org/10.1007/s001860200195
https://mathscinet.ams.org/mathscinet-getitem?mr=3036989
https://doi.org/10.1137/110847329
https://mathscinet.ams.org/mathscinet-getitem?mr=2928345
https://mathscinet.ams.org/mathscinet-getitem?mr=3905747
https://doi.org/10.1111/mafi.12171
https://mathscinet.ams.org/mathscinet-getitem?mr=2746173
https://doi.org/10.1016/j.spa.2010.10.001
https://mathscinet.ams.org/mathscinet-getitem?mr=2746174
https://doi.org/10.1016/j.spa.2010.10.002
https://mathscinet.ams.org/mathscinet-getitem?mr=3267150
https://doi.org/10.1137/130950331
https://mathscinet.ams.org/mathscinet-getitem?mr=3660884
https://doi.org/10.1016/j.spa.2016.12.001
https://mathscinet.ams.org/mathscinet-getitem?mr=3678483
https://doi.org/10.1214/16-AAP1243
https://mathscinet.ams.org/mathscinet-getitem?mr=3851830
https://doi.org/10.1007/s00440-017-0805-x
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/s00245-017-9424-2
https://doi.org/10.1007/s001860200195

(14]
[15]

[16]

[17]
[18]
[19]
[20]
(21]

(22]

(23]

(24]

[25]

[26]

(27]

(28]

[29]

(30]

[31]
(32]
(33]
[34]
[35]

[36]

(37]
(38]

[39]

BERTSEKAS, D. P. and SHREVE, S. E. (1978). Stochastic Optimal Control: The Discrete Time Case. Math-
ematics in Science and Engineering 139. Academic Press, New York-London. MR0511544

BILLINGSLEY, P. (1986). Probability and Measure, 2nd ed. Wiley Series in Probability and Mathematical
Statistics: Probability and Mathematical Statistics. Wiley, New York. MR0830424

BOUCHARD, B. and DANG, N.-M. (2013). Generalized stochastic target problems for pricing and partial
hedging under loss constraints—application in optimal book liquidation. Finance Stoch. 17 31-72.
MR3016777 https://doi.org/10.1007/s00780-012-0198-8

BOUCHARD, B., DJEHICHE, B. and KHARROUBI, I. (2020). Quenched mass transport of particles toward a
target. J. Optim. Theory Appl. 186 345-374. MR4131972 https://doi.org/10.1007/s10957-020-01704-y

BOUCHARD, B., ELIE, R. and IMBERT, C. (2009/10). Optimal control under stochastic target constraints.
SIAM J. Control Optim. 48 3501-3531. MR2599929 https://doi.org/10.1137/090757629

BOUCHARD, B., ELIE, R. and TouzI, N. (2009/10). Stochastic target problems with controlled loss. SIAM
J. Control Optim. 48 3123-3150. MR2599913 https://doi.org/10.1137/08073593X

BOUCHARD, B., MOREAU, L. and NUTZ, M. (2014). Stochastic target games with controlled loss. Ann.
Appl. Probab. 24 899-934. MR3199977 https://doi.org/10.1214/13- AAP938

BOUCHARD, B. and NUTZ, M. (2012). Weak dynamic programming for generalized state constraints. SIAM
J. Control Optim. 50 3344-3373. MR3024163 https://doi.org/10.1137/110852942

BOUCHARD, B. and VU, T. N. (2010). The obstacle version of the geometric dynamic programming princi-
ple: Application to the pricing of American options under constraints. Appl. Math. Optim. 61 235-265.
MR2585143 https://doi.org/10.1007/s00245-009-9084-y

CHENG, X. and RIEDEL, F. (2013). Optimal stopping under ambiguity in continuous time. Math. Financ.
Econ. 7 29-68. MR3023890 https://doi.org/10.1007/s11579-012-0081-6

CHERIDITO, P., DELBAEN, F. and KUPPER, M. (2006). Dynamic monetary risk measures for bounded
discrete-time processes. Electron. J. Probab. 11 57-106. MR2199055 https://doi.org/10.1214/EJP.
v11-302

CHOW, Y.-L., YU, X. and ZHOU, C. (2020). On dynamic programming principle for stochastic control
under expectation constraints. J. Optim. Theory Appl. 185 803-818. MR4110639 https://doi.org/10.
1007/s10957-020-01673-2

CHOW, Y. S., ROBBINS, H. and SIEGMUND, D. (1971). Great Expectations: The Theory of Optimal Stop-
ping. Houghton, Boston, MA. MR0331675

DELBAEN, F. (2006). The structure of m-stable sets and in particular of the set of risk neutral measures.
In In Memoriam Paul-André Meyer: Séminaire de Probabilités XXXIX. Lecture Notes in Math. 1874
215-258. Springer, Berlin. MR2276899 https://doi.org/10.1007/978-3-540-35513-7_17

EKREN, I., Touzi, N. and ZHANG, J. (2014). Optimal stopping under nonlinear expectation. Stochastic
Process. Appl. 124 3277-3311. MR3231620 https://doi.org/10.1016/j.spa.2014.04.006

EL KAROUI, N. (1981). Les aspects probabilistes du contrdle stochastique. In Ninth Saint Flour Probabil-
ity Summer School—1979 (Saint Flour, 1979). Lecture Notes in Math. 876 73-238. Springer, Berlin.
MRO0637471

EL KARrROUI, N., HUU NGUYEN, D. and JEANBLANC-PICQUE, M. (1987). Compactification methods
in the control of degenerate diffusions: Existence of an optimal control. Stochastics 20 169-219.
MRO0878312 https://doi.org/10.1080/17442508708833443

EL KAROUI, N. and TAN, X. (2013). Capacities, measurable selection and dynamic programming Part II:
Applications in stochastic control problems. Available at https://arxiv.org/abs/1310.3364.

EL KAROUI, N. and TAN, X. (2013). Capacities, measurable selection and dynamic programming Part I:
Abstract framework. Available at https://arxiv.org/abs/1310.3363.

HORIGUCHI, M. (2001). Stopped Markov decision processes with multiple constraints. Math. Methods
Oper. Res. 54 455-469. MR1890914 https://doi.org/10.1007/s001860100160

HORIGUCHI, M., KURANO, M. and YASUDA, M. (2000). Markov decision processes with constrained
stopping times. In Proceedings of the 39th IEEE Conference on Decision and Control 1 706-710.

KALLBLAD, S. (2017). A Dynamic Programming Principle for Distribution-Constrained Optimal Stopping.
Available on https://arxiv.org/abs/1703.08534.

KARATZAS, 1. and SHREVE, S. E. (1991). Brownian Motion and Stochastic Calculus, 2nd ed.
Graduate Texts in Mathematics 113. Springer, New York. MR1121940 https://doi.org/10.1007/
978-1-4612-0949-2

KARATZAS, 1. and SHREVE, S. E. (1998). Methods of Mathematical Finance. Applications of Mathematics
(New York) 39. Springer, New York. MR1640352 https://doi.org/10.1007/b98840

KARATZAS, 1. and SUDDERTH, W. D. (2001). The controller-and-stopper game for a linear diffusion. Ann.
Probab. 29 1111-1127. MR1872738 https://doi.org/10.1214/a0p/1015345598

KARATZAS, I. and ZAMFIRESCU, I.-M. (2005). Game approach to the optimal stopping problem. Stochas-
tics 77 401-435. MR2178425 https://doi.org/10.1080/17442500500219885


https://mathscinet.ams.org/mathscinet-getitem?mr=0511544
https://mathscinet.ams.org/mathscinet-getitem?mr=0830424
https://mathscinet.ams.org/mathscinet-getitem?mr=3016777
https://doi.org/10.1007/s00780-012-0198-8
https://mathscinet.ams.org/mathscinet-getitem?mr=4131972
https://doi.org/10.1007/s10957-020-01704-y
https://mathscinet.ams.org/mathscinet-getitem?mr=2599929
https://doi.org/10.1137/090757629
https://mathscinet.ams.org/mathscinet-getitem?mr=2599913
https://doi.org/10.1137/08073593X
https://mathscinet.ams.org/mathscinet-getitem?mr=3199977
https://doi.org/10.1214/13-AAP938
https://mathscinet.ams.org/mathscinet-getitem?mr=3024163
https://doi.org/10.1137/110852942
https://mathscinet.ams.org/mathscinet-getitem?mr=2585143
https://doi.org/10.1007/s00245-009-9084-y
https://mathscinet.ams.org/mathscinet-getitem?mr=3023890
https://doi.org/10.1007/s11579-012-0081-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2199055
https://doi.org/10.1214/EJP.v11-302
https://mathscinet.ams.org/mathscinet-getitem?mr=4110639
https://doi.org/10.1007/s10957-020-01673-2
https://mathscinet.ams.org/mathscinet-getitem?mr=0331675
https://mathscinet.ams.org/mathscinet-getitem?mr=2276899
https://doi.org/10.1007/978-3-540-35513-7_17
https://mathscinet.ams.org/mathscinet-getitem?mr=3231620
https://doi.org/10.1016/j.spa.2014.04.006
https://mathscinet.ams.org/mathscinet-getitem?mr=0637471
https://mathscinet.ams.org/mathscinet-getitem?mr=0878312
https://doi.org/10.1080/17442508708833443
https://arxiv.org/abs/1310.3364
https://arxiv.org/abs/1310.3363
https://mathscinet.ams.org/mathscinet-getitem?mr=1890914
https://doi.org/10.1007/s001860100160
https://arxiv.org/abs/1703.08534
https://mathscinet.ams.org/mathscinet-getitem?mr=1121940
https://doi.org/10.1007/978-1-4612-0949-2
https://mathscinet.ams.org/mathscinet-getitem?mr=1640352
https://doi.org/10.1007/b98840
https://mathscinet.ams.org/mathscinet-getitem?mr=1872738
https://doi.org/10.1214/aop/1015345598
https://mathscinet.ams.org/mathscinet-getitem?mr=2178425
https://doi.org/10.1080/17442500500219885
https://doi.org/10.1214/EJP.v11-302
https://doi.org/10.1007/s10957-020-01673-2
https://doi.org/10.1007/978-1-4612-0949-2

(40]
[41]
(42]
[43]
[44]
[45]
[46]
[47]
(48]
[49]
(50]

[51]

[52]
[53]
[54]
[55]

(561

(571
(58]
[59]

[60]

(61]
[62]
[63]
[64]
[65]

[66]

KARATZAS, 1. and ZAMFIRESCU, I.-M. (2008). Martingale approach to stochastic differential games of
control and stopping. Ann. Probab. 36 1495-1527. MR2435857 https://doi.org/10.1214/07- AOP367

KENNEDY, D. P. (1982). On a constrained optimal stopping problem. J. Appl. Probab. 19 631-641.
MRO0664846 https://doi.org/10.1017/s0021900200037116

LOPEZ, F. J., SAN MIGUEL, M. and SANZ, G. (1995). Lagrangean methods and optimal stopping. Opti-
mization 34 317-327. MR1754943 https://doi.org/10.1080/02331939508844116

MAKASU, C. (2009). Bounds for a constrained optimal stopping problem. Optim. Lett. 3 499-505.
MR2525943 https://doi.org/10.1007/s11590-009-0127-8

MILLER, C. W. (2017). Nonlinear PDE approach to time-inconsistent optimal stopping. SIAM J. Control
Optim. 55 557-573. MR3614676 https://doi.org/10.1137/15M 1047064

NEUFELD, A. and NUTZ, M. (2013). Superreplication under volatility uncertainty for measurable claims.
Electron. J. Probab. 18 no. 48, 14. MR3048120 https://doi.org/10.1214/EJP.v18-2358

NuTz, M. and VAN HANDEL, R. (2013). Constructing sublinear expectations on path space. Stochastic
Process. Appl. 123 3100-3121. MR3062438 https://doi.org/10.1016/j.spa.2013.03.022

NuUTZ, M. and ZHANG, J. (2015). Optimal stopping under adverse nonlinear expectation and related games.
Ann. Appl. Probab. 25 2503-2534. MR3375882 https://doi.org/10.1214/14- AAP1054

PEDERSEN, J. L. and PESKIR, G. (2016). Optimal mean-variance selling strategies. Math. Financ. Econ.
10 203-220. MR3462068 https://doi.org/10.1007/s11579-015-0156-2

PEDERSEN, J. L. and PESKIR, G. (2017). Optimal mean-variance portfolio selection. Math. Financ. Econ.
11 137-160. MR3604446 https://doi.org/10.1007/s11579-016-0174-8

PESKIR, G. (2012). Optimal detection of a hidden target: The median rule. Stochastic Process. Appl. 122
2249-2263. MR2921979 https://doi.org/10.1016/j.spa.2012.02.004

PFEIFFER, L., TAN, X. and ZHOU, Y.-L. (2021). Duality and approximation of stochastic optimal con-
trol problems under expectation constraints. SIAM J. Control Optim. 59 3231-3260. MR4313837
https://doi.org/10.1137/20M 1349886

PONTIER, M. and SZPIRGLAS, J. (1984). Optimal stopping with constraint. In Analysis and Optimization
of Systems, Part 2 (Nice, 1984). Lect. Notes Control Inf. Sci. 63 82-91. Springer, Berlin. MR0876716

PossaMAi, D., ROYER, G. and Touzi, N. (2013). On the robust superhedging of measurable claims.
Electron. Commun. Probab. 18 no. 95, 13. MR3151751 https://doi.org/10.1214/ECP.v18-2739

PossAaMAl, D., TAN, X. and ZHOU, C. (2018). Stochastic control for a class of nonlinear kernels and
applications. Ann. Probab. 46 551-603. MR3758737 https://doi.org/10.1214/17-AOP1191

RIEDEL, F. (2009). Optimal stopping with multiple priors. Econometrica 77 857-908. MR2531363
https://doi.org/10.3982/ECTA7594

ROGERS, L. C. G. and WILLIAMS, D. (2000). Diffusions, Markov Processes, and Martingales. Vol. 2:
Ito Calculus. Cambridge Mathematical Library. Cambridge Univ. Press, Cambridge. MR1780932
https://doi.org/10.1017/CB0O9781107590120

SHIRYAYEV, A. N. (1978). Optimal Stopping Rules. Applications of Mathematics, Vol. 8. Springer, New
York. MR0468067

SNELL, J. L. (1952). Applications of martingale system theorems. Trans. Amer. Math. Soc. 73 293-312.
MRO0050209 https://doi.org/10.2307/1990670

SONER, H. M. and Touzi, N. (2002). Dynamic programming for stochastic target problems and geometric
flows. J. Eur. Math. Soc. (JEMS) 4 201-236. MR1924400 https://doi.org/10.1007/s100970100039

SONER, H. M. and Touzi, N. (2002). Stochastic target problems, dynamic programming, and
viscosity solutions. SIAM J. Control Optim. 41 404-424. MR1920265 https://doi.org/10.1137/
S0363012900378863

SONER, H. M. and Touzi, N. (2009). The dynamic programming equation for second order stochastic tar-
get problems. SIAM J. Control Optim. 48 2344-2365. MR2556347 https://doi.org/10.1137/07071130X

SONER, H. M., Touzi, N. and ZHANG, J. (2011). Quasi-sure stochastic analysis through aggregation.
Electron. J. Probab. 16 1844—-1879. MR2842089 https://doi.org/10.1214/EJP.v16-950

STROOCK, D. W. and VARADHAN, S. R. S. (2006). Multidimensional Diffusion Processes. Classics in
Mathematics. Springer, Berlin. MR2190038

TAKESAKI, M. (2002). Theory of Operator Algebras. 1. Encyclopaedia of Mathematical Sciences 124.
Springer, Berlin. MR1873025

TANAKA, T. (2019). A D-solution of a multi-parameter continuous time optimal stopping problem with con-
straints. J. Inf. Optim. Sci. 40 839-852. MR3957628 https://doi.org/10.1080/02522667.2018.1461781

URUSOV, M. A. (2005). On a property of the moment at which Brownian motion attains its maximum and
some optimal stopping problems. Theory Probab. Appl. 49 169-176.


https://mathscinet.ams.org/mathscinet-getitem?mr=2435857
https://doi.org/10.1214/07-AOP367
https://mathscinet.ams.org/mathscinet-getitem?mr=0664846
https://doi.org/10.1017/s0021900200037116
https://mathscinet.ams.org/mathscinet-getitem?mr=1754943
https://doi.org/10.1080/02331939508844116
https://mathscinet.ams.org/mathscinet-getitem?mr=2525943
https://doi.org/10.1007/s11590-009-0127-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3614676
https://doi.org/10.1137/15M1047064
https://mathscinet.ams.org/mathscinet-getitem?mr=3048120
https://doi.org/10.1214/EJP.v18-2358
https://mathscinet.ams.org/mathscinet-getitem?mr=3062438
https://doi.org/10.1016/j.spa.2013.03.022
https://mathscinet.ams.org/mathscinet-getitem?mr=3375882
https://doi.org/10.1214/14-AAP1054
https://mathscinet.ams.org/mathscinet-getitem?mr=3462068
https://doi.org/10.1007/s11579-015-0156-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3604446
https://doi.org/10.1007/s11579-016-0174-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2921979
https://doi.org/10.1016/j.spa.2012.02.004
https://mathscinet.ams.org/mathscinet-getitem?mr=4313837
https://doi.org/10.1137/20M1349886
https://mathscinet.ams.org/mathscinet-getitem?mr=0876716
https://mathscinet.ams.org/mathscinet-getitem?mr=3151751
https://doi.org/10.1214/ECP.v18-2739
https://mathscinet.ams.org/mathscinet-getitem?mr=3758737
https://doi.org/10.1214/17-AOP1191
https://mathscinet.ams.org/mathscinet-getitem?mr=2531363
https://doi.org/10.3982/ECTA7594
https://mathscinet.ams.org/mathscinet-getitem?mr=1780932
https://doi.org/10.1017/CBO9781107590120
https://mathscinet.ams.org/mathscinet-getitem?mr=0468067
https://mathscinet.ams.org/mathscinet-getitem?mr=0050209
https://doi.org/10.2307/1990670
https://mathscinet.ams.org/mathscinet-getitem?mr=1924400
https://doi.org/10.1007/s100970100039
https://mathscinet.ams.org/mathscinet-getitem?mr=1920265
https://doi.org/10.1137/S0363012900378863
https://mathscinet.ams.org/mathscinet-getitem?mr=2556347
https://doi.org/10.1137/07071130X
https://mathscinet.ams.org/mathscinet-getitem?mr=2842089
https://doi.org/10.1214/EJP.v16-950
https://mathscinet.ams.org/mathscinet-getitem?mr=2190038
https://mathscinet.ams.org/mathscinet-getitem?mr=1873025
https://mathscinet.ams.org/mathscinet-getitem?mr=3957628
https://doi.org/10.1080/02522667.2018.1461781
https://doi.org/10.1137/S0363012900378863

The Annals of Applied Probability

2024, Vol. 34, No. 1B, 960-985
https://doi.org/10.1214/23-AAP1981

© Institute of Mathematical Statistics, 2024

(1]

[2]

(3]
(4]
(5]

[6]

[7]

(8]

(9]
[10]
(1]

[12]

SHADOWS AND BARRIERS
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In this article, we show an intimate connection between two objects in
probability theory, which received some attention in the last years: shadows of
measures and barrier solutions to the Skorokhod embedding problem (SEP).
The shadow of a measure © in the measure v is the key object in the con-
struction of the left-curtain coupling and its siblings in martingale optimal
transport by Beiglbock and Juillet (Ann. Probab. 44 (2016) 42-106; Trans.
Amer. Math. Soc. 374 (2021) 4973-5002). Many prominent solutions to the
SEP are first hitting times of barriers in certain phase spaces, that is, they are
of the form inf{r > 0: (X;, By) € R} for some closed set R, an increasing
processes X and Brownian motion B.

‘We show that the property that a solution to the SEP is of barrier type can
be characterized in terms of the shadow. This characterization allows us to
construct new families of barrier solutions that naturally interpolate between
two given barrier solutions. We exemplify this by an interpolation between
the Root embedding and the left-monotone embedding.
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THE CRITICAL TWO-POINT FUNCTION FOR LONG-RANGE
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We prove up-to-constants bounds on the two-point function (i.e., point-
to-point connection probabilities) for critical long-range percolation on the d-
dimensional hierarchical lattice. More precisely, we prove that if we connect
each pair of points x and y by an edge with probability 1 — exp(—g|lx —
y[I~9=%), where 0 < o < d is fixed and B > 0 is a parameter, then the critical
two-point function satisfies

Pp, (x < y) < lx =y~

for every pair of distinct points x and y. We deduce in particular that the
model has mean-field critical behaviour when « < d/3 and does not have
mean-field critical behaviour when o > d/3.
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Consider the Monge—Kantorovich problem of transporting densities pg
to p1 on RY with a strictly convex cost function. A popular regularization of
the problem is the one-parameter family called the entropic cost problem. The
entropic cost Ky, h > 0, is significantly faster to compute and 4 K}, is known
to converge to the optimal transport cost as & goes to zero. We are interested
in the rate of convergence. We show that the difference between Kj and 1/ h
times the optimal cost of transport has a pointwise limit when transporting
a compactly supported density to another that satisfies a few other technical
restrictions. This limit is the relative entropy of p; with respect to a weighted
Riemannian volume measure on R that measures the local sensitivity of the
transport map. For the quadratic Wasserstein transport, this relative entropy
is exactly one half of the difference of entropies of p and pg. More surpris-
ingly, we demonstrate that this difference of two entropies (plus the cost) is
also the limit for the Dirichlet transport introduced by Pal and Wong (Probab.
Theory Related Fields 178 (2020) 613-654) in the context of stochastic port-
folio theory. The latter can be thought of as a multiplicative analog of the
Wasserstein transport and corresponds to a nonlocal operator. The proofs are
based on Gaussian approximations to Schrodinger bridges as /& approaches
Zero.
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The standard setting for studying parallel server systems (PSS) at the
diffusion scale is based on the heavy traffic condition (HTC), which assumes
that the underlying static allocation linear program (LP) is critical and has a
unique solution. This solution determines the graph of basic activities, which
identifies the set of activities (i.e., class-server pairs) that are operational. In
this paper we explore the extended HTC, where the LP is merely assumed
to be critical. Because multiple solutions are allowed, multiple sets of oper-
ational activities, referred to as modes, are available. Formally, the scaling
limit for the control problem associated with the model is given by a so-
called workload control problem (WCP) in which a cost associated with a
diffusion process is to be minimized by dynamically switching between these
modes. Our main result is that the WCP’s value constitutes an asymptotic
lower bound on the cost associated with the PSS model.
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ANALYSIS OF THE ENSEMBLE KALMAN-BUCY FILTER FOR
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Ensemble Kalman—Bucy filters (EnKBFs) are an important tool in data
assimilation that aim to approximate the posterior distribution for continu-
ous time filtering problems using an ensemble of interacting particles. In this
work we extend a previously derived unifying framework for consistent rep-
resentations of the posterior distribution to correlated observation noise and
use these representations to derive an EnKBF suitable for this setting as a
constant gain approximation of these optimal filters. Existence and unique-
ness results for both the EnKBF and its mean field limit are provided. The
existence and uniqueness of solutions to its limiting McKean-Vlasov equa-
tion does not seem to be covered by the existing literature. In the correlated
noise case the evolution of the ensemble depends also on the pseudoinverse
of its empirical covariance matrix, which has to be controlled for global well-
posedness. These bounds may also be of independent interest. Finally the
convergence to the mean field limit is proven. The results can also be ex-
tended to other versions of EnKBFs.
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We revisit the question of characterizing the convergence rate of plug-
in estimators of optimal transport costs. It is well known that an empirical
measure comprising independent samples from an absolutely continuous dis-
tribution on R¥ converges to that distribution at the rate n~ 14 in Wasserstein
distance, which can be used to prove that plug-in estimators of many optimal
transport costs converge at this same rate. However, we show that when the
cost is smooth, this analysis is loose: plug-in estimators based on empirical
measures converge quadratically faster, at the rate n=2/4 Asa corollary, we
show that the Wasserstein distance between two distributions is significantly
easier to estimate when the measures are well-separated. We also prove lower
bounds, showing not only that our analysis of the plug-in estimator is tight,
but also that no other estimator can enjoy significantly faster rates of con-
vergence uniformly over all pairs of measures. Our proofs rely on empirical
process theory arguments based on tight control of L2 covering numbers for
locally Lipschitz and semiconcave functions. As a byproduct of our proofs,
we derive L estimates on the displacement induced by the optimal coupling
between any two measures satisfying suitable concentration and anticoncen-
tration conditions, for a wide range of cost functions.
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ONE-POINT ASYMPTOTICS FOR HALF-FLAT ASEP
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We consider the asymmetric simple exclusion process (ASEP) with half-
flat initial condition. We show that the one-point marginals of the ASEP
height function are described by those of the Airy,_, | process, introduced
by Borodin—Ferrari—Sasamoto in (Comm. Pure Appl. Math. 61 (2008) 1603—
1629). This result was conjectured by Ortmann—Quastel-Remenik (Ann.
Appl. Probab. 26 (2016) 507-548), based on an informal asymptotic analysis
of exact formulas for generating functions of the half-flat ASEP height func-
tion at one spatial point. Our present work provides a fully rigorous derivation
and asymptotic analysis of the same generating functions, under certain pa-
rameter restrictions of the model.
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ON THE VALLEYS OF THE STOCHASTIC HEAT EQUATION
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We consider a generalization of the parabolic Anderson model driven by
space-time white noise, also called the stochastic heat equation, on the real
line:

1
Oru(t,x) = Eagu(t,x) +o(u(t,x))&@,x) fort>0andx eR.

High peaks of solutions have been extensively studied under the name of
intermittency, but less is known about spatial regions between peaks, which
we may loosely refer to as valleys. We present two results about the valleys
of the solution.

Our first theorem provides information about the size of valleys and the
supremum of the solution u(¢, x) over a valley. More precisely, when the
initial function ug(x) = 1 for all x € R, we show that the supremum of the
solution over a valley vanishes as t — 0o, and we establish an upper bound
of exp{—const - 1173} for u(z, x) when x lies in a valley. We demonstrate also
that the length of a valley grows at least as exp{+const - 13} as 1 — oo.

Our second theorem asserts that the length of the valleys are eventually
infinite when the initial function u (0, x) has subgaussian tails.
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FINITE SAMPLE COMPLEXITY OF SEQUENTIAL MONTE CARLO
ESTIMATORS ON MULTIMODAL TARGET DISTRIBUTIONS

BY JOSEPH MATHEWS?® AND SCOTT C. SCHMIDLER®

Department of Statistical Science, Duke University, 2joseph.mathews @duke.edu, bscott.schmidler @ duke.edu

We prove finite sample complexities for sequential Monte Carlo (SMC)
algorithms which require only /ocal mixing times of the associated Markov
kernels. Our bounds are particularly useful when the target distribution is
multimodal and global mixing of the Markov kernel is slow; in such cases
our approach establishes the benefits of SMC over the corresponding Markov
chain Monte Carlo (MCMC) estimator. The lack of global mixing is ad-
dressed by sequentially controlling the bias introduced by SMC resampling
procedures. We apply these results to obtain complexity bounds for ap-
proximating expectations under mixtures of log-concave distributions and
show that SMC provides a fully polynomial time randomized approxima-
tion scheme for some difficult multimodal problems where the corresponding
Markov chain sampler is exponentially slow. Finally, we compare the bounds
obtained by our approach to existing bounds for tempered Markov chains on
the same problems.
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FUNCTIONALS OF PARTICLE DISPLACEMENT DISTRIBUTIONS
FROM COUNT DATA
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Suppose that particles are randomly distributed in R4, and they are sub-
ject to identical stochastic motion independently of each other. The Smolu-
chowski process describes fluctuations of the number of particles in an obser-
vation region over time. This paper studies properties of the Smoluchowski
processes and considers related statistical problems. In the first part of the
paper we revisit probabilistic properties of the Smoluchowski process in a
unified and principled way: explicit formulas for generating functionals and
moments are derived, conditions for stationarity and Gaussian approximation
are discussed, and relations to other stochastic models are highlighted. The
second part deals with statistics of the Smoluchowski processes. We consider
two different models of the particle displacement process: the undeviated uni-
form motion (when a particle moves with random constant velocity along a
straight line) and the Brownian motion displacement. In the setting of the
undeviated uniform motion we study the problems of estimating the mean
speed and the speed distribution, while for the Brownian displacement model
the problem of estimating the diffusion coefficient is considered. In all these
settings we develop estimators with provable accuracy guarantees.
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When two (possibly different in distribution) continuous-state branch-
ing processes with immigration are present, we study the relative frequency
of one of them when the total mass is forced to be constant at a dense set of
times. This leads to a SDE whose unique strong solution will be the definition
of a A-asymmetric frequency process (A-AFP). We prove that it is a Feller
process and we calculate a large population limit when the total mass tends
to infinity. This allows us to study the fluctuations of the process around its
deterministic limit. Furthermore, we find conditions for the A-AFP to have a
moment dual. The dual can be interpreted in terms of selection, (coordinated)
mutation, pairwise branching (efficiency), coalescence, and a novel compo-
nent that comes from the asymmetry between the reproduction mechanisms.
In the particular case of a pair of equally distributed continuous-state branch-
ing processes the associated A-AFP will be the dual of a A-coalescent. The
map that sends each continuous-state branching process to its associated A-
coalescent (according to the former procedure) is a homeomorphism between
metric spaces.
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Random-scan Gibbs samplers possess a natural hierarchical structure.
The structure connects Gibbs samplers targeting higher-dimensional distri-
butions to those targeting lower-dimensional ones. This leads to a quasi-
telescoping property of their spectral gaps. Based on this property, we de-
rive three new bounds on the spectral gaps and convergence rates of Gibbs
samplers on general domains. The three bounds relate a chain’s spectral gap
to, respectively, the correlation structure of the target distribution, a class of
random walk chains, and a collection of influence matrices. Notably, one of
our results generalizes the technique of spectral independence, which has re-
ceived considerable attention for its success on finite domains, to general state
spaces. We illustrate our methods through a sampler targeting the uniform
distribution on a corner of an n-cube.
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Given a spectrally negative Lévy process X drifting to infinity, (inspired
on the early ideas of Shiryaev (2002)) we are interested in finding a stopping
time that minimises the L? distance (p > 1) with g, the last time X is nega-
tive. The solution is substantially more difficult compared to the case p =1,
for which it was shown by Baurdoux and Pedraza (2020) that it is optimal
to stop as soon as X exceeds a constant barrier. In the case of p > 1 treated
here, we prove that solving this optimal prediction problem is equivalent to
solving an optimal stopping problem in terms of a two-dimensional strong
Markov process that incorporates the length of the current positive excursion
away from 0. We show that an optimal stopping time is now given by the first
time that X exceeds a nonincreasing and nonnegative curve depending on
the length of the current positive excursion away from 0. We further charac-
terise the optimal boundary and the value function as the unique solution of a
nonlinear system of integral equations within a subclass of functions. As ex-
amples, the case of a Brownian motion with drift and a Brownian motion with
drift perturbed by a Poisson process with exponential jumps are considered.
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LIMIT DISTRIBUTIONS AND SENSITIVITY ANALYSIS FOR EMPIRICAL
ENTROPIC OPTIMAL TRANSPORT ON COUNTABLE SPACES
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For probability measures on countable spaces we derive distributional
limits for empirical entropic optimal transport quantities. More precisely, we
show that the empirical optimal transport plan weakly converges to a centered
Gaussian process and that the empirical entropic optimal transport value is
asymptotically normal. The results are valid for a large class of cost func-
tions and generalize distributional limits for empirical entropic optimal trans-
port quantities on finite spaces. Our proofs are based on a sensitivity analysis
with respect to norms induced by suitable function classes, which arise from
novel quantitative bounds for primal and dual optimizers, that are related to
the exponential penalty term in the dual formulation. The distributional limits
then follow from the functional delta method together with weak convergence
of the empirical process in that respective norm, for which we provide sharp
conditions on the underlying measures. As a byproduct of our proof tech-
nique, consistency of the bootstrap for statistical applications is shown.
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We provide a comprehensive characterisation of the theoretical prop-
erties of the divide-and-conquer sequential Monte Carlo (DaC-SMC) algo-
rithm. We firmly establish it as a well-founded method by showing that it
possesses the same basic properties as conventional sequential Monte Carlo
(SMC) algorithms do. In particular, we derive pertinent laws of large num-
bers, L? inequalities, and central limit theorems; and we characterize the bias
in the normalized estimates produced by the algorithm and argue the absence
thereof in the unnormalized ones. We further consider its practical imple-
mentation and several interesting variants; obtain expressions for its globally
and locally optimal intermediate targets, auxiliary measures, and proposal
kernels; and show that, in comparable conditions, DaC-SMC proves more
statistically efficient than its direct SMC analogue. We close the paper with a
discussion of our results, open questions, and future research directions.
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We derive the hydrodynamic limit for two degenerate lattice gases, the
facilitated exclusion process (FEP) and the facilitated zero-range process
(FZRP), both in the symmetric and the asymmetric case. For both processes,
the hydrodynamic limit in the symmetric case takes the form of a diffusive
Stefan problem, whereas the asymmetric case is characterized by a hyperbolic
Stefan problem. Although the FZRP is attractive, a property that we exten-
sively use to derive its hydrodynamic limits in both cases, the FEP is not. To
derive the hydrodynamic limit for the latter, we exploit that of the zero-range
process, together with a classical mapping between exclusion and zero-range
processes, both at the microscopic and macroscopic level. Due to the degen-
eracy of both processes, the asymmetric case is a new result, but our work
also provides a simpler proof than the one that was previously proposed for
the FEP in the symmetric case in (Probab. Math. Phys. 2 (2021) 127-178).
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We study an optimal transport problem with a backward martingale con-
straint in a pseudo-Euclidean space S. We show that the dual problem con-
sists in the minimization of the expected values of the Fitzpatrick functions
associated with maximal S-monotone sets. An optimal plan y and an optimal
maximal S-monotone set G are characterized by the condition that the sup-
port of y is contained in the graph of the S-projection on G. For a Gaussian
random variable Y, we get a unique decomposition: Y = X 4 Z, where X and
Z are independent Gaussian random variables taking values, respectively, in
complementary positive and negative linear subspaces of the S-space.
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This paper is concerned with the analysis of blow-ups for two McKean—
Vlasov equations involving hitting times. Let (B(¢); ¢t > 0) be standard Brow-
nian motion, and t := inf{ > 0: X (#) < 0} be the hitting time to zero of a
given process X. The first equation is X (t) = X (0—) + B(t) — «P(r <1).
We provide a simple condition on « and the distribution of X (0—) such
that the corresponding Fokker—Planck equation has no blow-up, and thus the
McKean—Vlasov dynamics is well defined for all time # > 0. Our approach
relies on a connection between the McKean—Vlasov equation and the super-
cooled Stefan problem, as well as several comparison principles. The second
equation is X (r) = X (0—)+ Bt + B(t) +a InP(z > 1), t > 0, whose Fokker—
Planck equation is nonlocal. We prove that for g > 0 sufficiently large and o
no greater than a sufficiently small positive constant, there is no blow-up and
the McKean—Vlasov dynamics is well defined for all time # > 0. The argu-
ment is based on a new transform, which removes the nonlocal term, followed
by a relative entropy analysis.
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We consider quadratic forms of deterministic matrices A evaluated at
the random eigenvectors of a large N x N GOE or GUE matrix, or equiva-
lently evaluated at the columns of a Haar-orthogonal or Haar-unitary random
matrix. We prove that, as long as the deterministic matrix has rank much
smaller than +/N, the distributions of the extrema of these quadratic forms
are asymptotically the same as if the eigenvectors were independent Gaus-
sians. This reduces the problem to Gaussian computations, which we carry
out in several cases to illustrate our result, finding Gumbel or Weibull limit-
ing distributions depending on the signature of A. Our result also naturally
applies to the eigenvectors of any invariant ensemble.
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We are interested in the time discretization of stochastic differential
equations with additive d-dimensional Brownian noise and L4 — L drift
coefficient when the condition % + 2 < 1, under which Krylov and Rock-
ner (Probab. Theory Related Fields i31 (2005) 154-196) proved existence
of a unique strong solution, is met. We show weak convergence with order
%(1 - (% + %)) which corresponds to half the distance to the threshold for
the Euler scheme with randomized time variable and cutoffed drift coefficient
so that its contribution on each time-step does not dominate the Brownian
contribution. More precisely, we prove that both the diffusion and this Euler
scheme admit transition densities and that the difference between these densi-
ties is bounded from above by the time-step to this order multiplied by some

centered Gaussian density.
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