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ENERGY CORRELATIONS IN THE CRITICAL ISING MODEL ON
A TORUS

BY KONSTANTIN IZYUROVa, ANTTI KEMPPAINENb AND PETRI TUISKUc

Department of Mathematics and Statistics, University of Helsinki, akonstantin.izyurov@helsinki.fi,
bantti.kemppainen@helsinki.fi, cpetri.tuisku@luukku.com

We compute rigorously the scaling limit of multipoint energy correla-
tions in the critical Ising model on a torus. For the one-point function, aver-
aged between horizontal and vertical edges of the square lattice, this result
has been known since the 1969 work of Ferdinand and Fischer. We propose
an alternative proof, in a slightly greater generality, via a new exact formula
in terms of determinants of discrete Laplacians. We also compute the main
term of the asymptotics of the difference E(εV −εH ) of the energy density on
a vertical and a horizontal edge, which is of order of δ2, where δ is the mesh
size. The observable εV − εH has been identified by Kadanoff and Ceva as
(a component of) the stress-energy tensor.

We then apply the discrete complex analysis methods of Smirnov and
Hongler to compute the multipoint correlations. The fermionic observables
are only periodic with doubled periods; by antisymmetrization, this leads to
contributions from four “sectors.” The main new challenge arises in the dou-
bly periodic sector, due to the existence of nonzero constant (discrete) ana-
lytic functions. We show that some additional input, namely the scaling limit
of the one-point function and of relative contribution of sectors to the partition
function, is sufficient to overcome this difficulty and successfully compute all
correlations.

REFERENCES

[1] ALVAREZ-GAUMÉ, L., MOORE, G. and VAFA, C. (1986). Theta functions, modular invariance, and strings.
Comm. Math. Phys. 106 1–40. MR0853977

[2] ANTINUCCI, G., GIULIANI, A. and GREENBLATT, R. L. (2023). Energy correlations of non-integrable
Ising models: The scaling limit in the cylinder. Comm. Math. Phys. 397 393–483. MR4538288
https://doi.org/10.1007/s00220-022-04481-z

[3] BELAVIN, A. A., POLYAKOV, A. M. and ZAMOLODCHIKOV, A. B. (1984). Infinite conformal symmetry in
two-dimensional quantum field theory. Nuclear Phys. B 241 333–380. MR0757857 https://doi.org/10.
1016/0550-3213(84)90052-X

[4] BOUTILLIER, C. and DE TILIÈRE, B. (2010). The critical Z-invariant Ising model via dimers: The
periodic case. Probab. Theory Related Fields 147 379–413. MR2639710 https://doi.org/10.1007/
s00440-009-0210-1

[5] BOUTILLIER, C. and DE TILIÈRE, B. (2011). The critical Z-invariant Ising model via dimers: Locality
property. Comm. Math. Phys. 301 473–516. MR2764995 https://doi.org/10.1007/s00220-010-1151-3

[6] CHELKAK, D. (2020). Ising model and s-embeddings of planar graphs. ArXiv preprint. Available at
arXiv:2006.14559.

[7] CHELKAK, D., CIMASONI, D. and KASSEL, A. (2017). Revisiting the combinatorics of the 2D Ising model.
Ann. Inst. Henri Poincaré D 4 309–385. MR3713019 https://doi.org/10.4171/AIHPD/42

[8] CHELKAK, D., GLAZMAN, A. and SMIRNOV, S. (2016). Discrete stress-energy tensor in the loop O(n)
model. Available at arXiv:1604.06339.

[9] CHELKAK, D., HONGLER, C. and IZYUROV, K. Correlations of primary fields in the critical Ising model.
ArXiv preprint. Available at arXiv:2103.10263.

[10] CHELKAK, D., HONGLER, C. and IZYUROV, K. (2015). Conformal invariance of spin correlations in the
planar Ising model. Ann. of Math. (2) 181 1087–1138. MR3296821 https://doi.org/10.4007/annals.
2015.181.3.5

MSC2020 subject classifications. 82B20, 82B27.
Key words and phrases. Ising model, critical phenomena, discrete holomorphicity.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP1968
http://www.imstat.org
mailto:konstantin.izyurov@helsinki.fi
mailto:antti.kemppainen@helsinki.fi
mailto:petri.tuisku@luukku.com
https://mathscinet.ams.org/mathscinet-getitem?mr=0853977
https://mathscinet.ams.org/mathscinet-getitem?mr=4538288
https://doi.org/10.1007/s00220-022-04481-z
https://mathscinet.ams.org/mathscinet-getitem?mr=0757857
https://doi.org/10.1016/0550-3213(84)90052-X
https://mathscinet.ams.org/mathscinet-getitem?mr=2639710
https://doi.org/10.1007/s00440-009-0210-1
https://mathscinet.ams.org/mathscinet-getitem?mr=2764995
https://doi.org/10.1007/s00220-010-1151-3
http://arxiv.org/abs/arXiv:2006.14559
https://mathscinet.ams.org/mathscinet-getitem?mr=3713019
https://doi.org/10.4171/AIHPD/42
http://arxiv.org/abs/arXiv:1604.06339
http://arxiv.org/abs/arXiv:2103.10263
https://mathscinet.ams.org/mathscinet-getitem?mr=3296821
https://doi.org/10.4007/annals.2015.181.3.5
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1016/0550-3213(84)90052-X
https://doi.org/10.1007/s00440-009-0210-1
https://doi.org/10.4007/annals.2015.181.3.5


[11] CHELKAK, D., IZYUROV, K. and MAHFOUF, R. (2023). Universality of spin correlations in the Ising model
on isoradial graphs. Ann. Probab. 51 840–898. MR4583057 https://doi.org/10.1214/22-aop1595

[12] CHELKAK, D. and SMIRNOV, S. (2012). Universality in the 2D Ising model and conformal invari-
ance of fermionic observables. Invent. Math. 189 515–580. MR2957303 https://doi.org/10.1007/
s00222-011-0371-2

[13] CHINTA, G., JORGENSON, J. and KARLSSON, A. (2012). Complexity and heights of tori. In Dynamical
Systems and Group Actions (L. Bowen, R. Grigorchuk and Y. Vorobets, eds.). Contemp. Math. 567
89–98. Amer. Math. Soc., Providence, RI. MR2931912 https://doi.org/10.1090/conm/567/11235

[14] CIMASONI, D. (2010). A generalized Kac–Ward formula. J. Stat. Mech. Theory Exp. 2010 P07023.
[15] CIMASONI, D. (2012). The critical Ising model via Kac–Ward matrices. Comm. Math. Phys. 316 99–126.

MR2989454 https://doi.org/10.1007/s00220-012-1575-z
[16] CIMASONI, D. and DUMINIL-COPIN, H. (2013). The critical temperature for the Ising model on planar dou-

bly periodic graphs. Electron. J. Probab. 18 no. 44. MR3040554 https://doi.org/10.1214/EJP.v18-2352
[17] DI FRANCESCO, P., MATHIEU, P. and SÉNÉCHAL, D. (1997). Conformal Field Theory. Graduate Texts in

Contemporary Physics. Springer, New York. MR1424041 https://doi.org/10.1007/978-1-4612-2256-9
[18] DI FRANCESCO, P., SALEUR, H. and ZUBER, J.-B. (1987). Critical Ising correlation functions in the plane

and on the torus. Nuclear Phys. B 290 527–581. MR0922845 https://doi.org/10.1016/0550-3213(87)
90202-1

[19] DOLBILIN, N. P., ZINOV’EV, Y. M., MISHCHENKO, A. S., SHTAN’KO, M. A. and SHTOGRIN, M. I.
(1999). The two-dimensional Ising model and the Kac–Ward determinant. Izv. Math. 63 707.

[20] DUBÉDAT, J. (2011). Exact bosonization of the Ising model. ArXiv preprint. Available at arXiv:1112.4399.
[21] FELDER, G. (1989). BRST approach to minimal models. Nuclear Phys. B 317 215–236. MR0995219

https://doi.org/10.1016/0550-3213(89)90568-3
[22] FERDINAND, A. E. and FISHER, M. E. (1969). Bounded and inhomogeneous Ising models. I. specific-heat

anomaly of a finite lattice. Phys. Rev. 185 832–846.
[23] FINSKI, S. (2022). Finite difference method on flat surfaces with a flat unitary vector bundle. J. Geom. Anal.

32 Paper No. 274. MR4473135 https://doi.org/10.1007/s12220-022-01019-6
[24] FINSKI, S. (2022). Spanning trees, cycle-rooted spanning forests on discretizations of flat surfaces and

analytic torsion. Math. Z. 301 3285–3343. MR4449712 https://doi.org/10.1007/s00209-022-03020-9
[25] FISHER, M. E. (1961). Statistical mechanics of dimers on a plane lattice. Phys. Rev. (2) 124 1664–1672.

MR0136399
[26] FISHER, M. E. (1966). On the dimer solution of planar Ising models. J. Math. Phys. 7 1776–1781.
[27] GIULIANI, A., GREENBLATT, R. L. and MASTROPIETRO, V. (2012). The scaling limit of the energy corre-

lations in non-integrable Ising models. J. Math. Phys. 53 095214. MR2905796 https://doi.org/10.1063/
1.4745910

[28] HONGLER, C. (2010). Conformal invariance of Ising model correlations. Ph.D. thesis, Univ. Geneva.
[29] HONGLER, C. and SMIRNOV, S. (2013). The energy density in the planar Ising model. Acta Math. 211

191–225. MR3143889 https://doi.org/10.1007/s11511-013-0102-1
[30] HURST, C. A. and GREEN, H. S. (1960). New solution of the Ising problem for a rectangular lattice.

J. Chem. Phys. 33 1059–1062. MR0116546 https://doi.org/10.1063/1.1731333
[31] ISING, E. (1925). Beitrag zur Theorie des Ferromagnetismus. Z. Phys. 31 253–258.
[32] IZMAILIAN, N. S. and HU, C.-K. (2002). Exact amplitude ratio and finite-size corrections for the M× N

square lattice Ising model. Phys. Rev. E 65 036103.
[33] IZYUROV, K. and KHRISTOFOROV, M. (2022). Asymptotics of the determinant of discrete Lapla-

cians on triangulated and quadrangulated surfaces. Comm. Math. Phys. 394 531–572. MR4469401
https://doi.org/10.1007/s00220-022-04437-3

[34] KAC, M. and WARD, J. C. (1952). A combinatorial solution of the two-dimensional Ising model. Phys. Rev.
88 1332–1337.

[35] KADANOFF, L. P. and CEVA, H. (1971). Determination of an operator algebra for the two-dimensional
Ising model. Phys. Rev. B 3 3918–3939. MR0389111

[36] KASTELEYN, P. W. (1961). The statistics of dimers on a lattice. Physica 27 1209–1225.
[37] KASTELEYN, P. W. (1963). Dimer statistics and phase transitions. J. Math. Phys. 4 287–293. MR0153427

https://doi.org/10.1063/1.1703953
[38] KASTELEYN, P. W. (1967). Graph theory and crystal physics. In Graph Theory and Theoretical Physics

43–110. Academic Press, London. MR0253689
[39] KAUFMAN, B. (1949). Crystal statistics. II. Partition function evaluated by spinor analysis. Phys. Rev. 76

1232–1243.
[40] KAUFMAN, B. and ONSAGER, L. (1949). Crystal statistics. III. Short-range order in a binary Ising lattice.

Phys. Rev. 76 1244–1252.

https://mathscinet.ams.org/mathscinet-getitem?mr=4583057
https://doi.org/10.1214/22-aop1595
https://mathscinet.ams.org/mathscinet-getitem?mr=2957303
https://doi.org/10.1007/s00222-011-0371-2
https://mathscinet.ams.org/mathscinet-getitem?mr=2931912
https://doi.org/10.1090/conm/567/11235
https://mathscinet.ams.org/mathscinet-getitem?mr=2989454
https://doi.org/10.1007/s00220-012-1575-z
https://mathscinet.ams.org/mathscinet-getitem?mr=3040554
https://doi.org/10.1214/EJP.v18-2352
https://mathscinet.ams.org/mathscinet-getitem?mr=1424041
https://doi.org/10.1007/978-1-4612-2256-9
https://mathscinet.ams.org/mathscinet-getitem?mr=0922845
https://doi.org/10.1016/0550-3213(87)90202-1
http://arxiv.org/abs/arXiv:1112.4399
https://mathscinet.ams.org/mathscinet-getitem?mr=0995219
https://doi.org/10.1016/0550-3213(89)90568-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4473135
https://doi.org/10.1007/s12220-022-01019-6
https://mathscinet.ams.org/mathscinet-getitem?mr=4449712
https://doi.org/10.1007/s00209-022-03020-9
https://mathscinet.ams.org/mathscinet-getitem?mr=0136399
https://mathscinet.ams.org/mathscinet-getitem?mr=2905796
https://doi.org/10.1063/1.4745910
https://mathscinet.ams.org/mathscinet-getitem?mr=3143889
https://doi.org/10.1007/s11511-013-0102-1
https://mathscinet.ams.org/mathscinet-getitem?mr=0116546
https://doi.org/10.1063/1.1731333
https://mathscinet.ams.org/mathscinet-getitem?mr=4469401
https://doi.org/10.1007/s00220-022-04437-3
https://mathscinet.ams.org/mathscinet-getitem?mr=0389111
https://mathscinet.ams.org/mathscinet-getitem?mr=0153427
https://doi.org/10.1063/1.1703953
https://mathscinet.ams.org/mathscinet-getitem?mr=0253689
https://doi.org/10.1007/s00222-011-0371-2
https://doi.org/10.1016/0550-3213(87)90202-1
https://doi.org/10.1063/1.4745910


[41] KRAMERS, H. A. and WANNIER, G. H. (1941). Statistics of the two-dimensional ferromagnet. I. Phys. Rev.
(2) 60 252–262. MR0004803

[42] LIS, M. (2014). The fermionic observable in the Ising model and the inverse Kac–Ward operator. Ann.
Henri Poincaré 15 1945–1965. MR3257455 https://doi.org/10.1007/s00023-013-0295-z

[43] MCCOY, B. M. and WU, T. T. (2014). The Two-Dimensional Ising Model, 2nd ed. Dover, Mineola, NY.
MR3838431

[44] OLVER, F. W. J., OLDE DAALHUIS, A. B., LOZIER, D. W., SCHNEIDER, B. I., BOISVERT, R. F.,
CLARK, C. W., MILLER, B. R., SAUNDERS, B. V., COHL, H. S. and MCCLAIN, M. A., eds. NIST
Digital Library of Mathematical Functions.

[45] ONSAGER, L. (1944). Crystal statistics. I. A two-dimensional model with an order-disorder transition. Phys.
Rev. (2) 65 117–149. MR0010315

[46] PALMER, J. (2007). Planar Ising Correlations. Progress in Mathematical Physics 49. Birkhäuser, Boston,
MA. MR2332010

[47] PEIERLS, R. (1936). On Ising’s model of ferromagnetism. Math. Proc. Cambridge Philos. Soc. 32 477–481.
[48] POTTS, R. B. and WARD, J. C. (1955). The combinatorial method and the two-dimensional Ising model.

Progr. Theoret. Phys. 13 38–46. MR0075108 https://doi.org/10.1143/PTP.13.38
[49] SALAS, J. (2001). Exact finite-size-scaling corrections to the critical two-dimensional Ising model on a

torus. J. Phys. A 34 1311–1331. MR1819934 https://doi.org/10.1088/0305-4470/34/7/307
[50] SALAS, J. (2002). Exact finite-size-scaling corrections to the critical two-dimensional Ising model on a

torus. II. Triangular and hexagonal lattices. J. Phys. A 35 1833–1869. MR1892114 https://doi.org/10.
1088/0305-4470/35/8/304

[51] SHERMAN, S. (1960). Combinatorial aspects of the Ising model for ferromagnetism. I. A conjecture of Feyn-
man on paths and graphs. J. Math. Phys. 1 202–217. MR0119512 https://doi.org/10.1063/1.1703653

[52] SMIRNOV, S. (2010). Conformal invariance in random cluster models. I. Holomorphic fermions in the Ising
model. Ann. of Math. (2) 172 1435–1467. MR2680496 https://doi.org/10.4007/annals.2010.172.1441

[53] VAN DER WAERDEN, B. L. (1941). Die lange Reichweite der regelmäßigen Atomanordnung in Mis-
chkristallen. Z. Phys. 118 473–488.

https://mathscinet.ams.org/mathscinet-getitem?mr=0004803
https://mathscinet.ams.org/mathscinet-getitem?mr=3257455
https://doi.org/10.1007/s00023-013-0295-z
https://mathscinet.ams.org/mathscinet-getitem?mr=3838431
https://mathscinet.ams.org/mathscinet-getitem?mr=0010315
https://mathscinet.ams.org/mathscinet-getitem?mr=2332010
https://mathscinet.ams.org/mathscinet-getitem?mr=0075108
https://doi.org/10.1143/PTP.13.38
https://mathscinet.ams.org/mathscinet-getitem?mr=1819934
https://doi.org/10.1088/0305-4470/34/7/307
https://mathscinet.ams.org/mathscinet-getitem?mr=1892114
https://doi.org/10.1088/0305-4470/35/8/304
https://mathscinet.ams.org/mathscinet-getitem?mr=0119512
https://doi.org/10.1063/1.1703653
https://mathscinet.ams.org/mathscinet-getitem?mr=2680496
https://doi.org/10.4007/annals.2010.172.1441
https://doi.org/10.1088/0305-4470/35/8/304


The Annals of Applied Probability
2024, Vol. 34, No. 2, 1730–1788
https://doi.org/10.1214/23-AAP2001
© Institute of Mathematical Statistics, 2024

THE NEUMANN PROBLEM FOR FULLY NONLINEAR SPDE

BY PAUL GASSIAT1,a AND BENJAMIN SEEGER2,b

1CEREMADE, Université Paris-Dauphine, PSL University, agassiat@ceremade.dauphine.fr
2Department of Mathematics, University of Texas at Austin, bseeger@math.utexas.edu

We generalize the notion of pathwise viscosity solutions, put forward by
Lions and Souganidis to study fully nonlinear stochastic partial differential
equations, to equations set on a sub-domain with Neumann boundary con-
ditions. Under a convexity assumption on the domain, we obtain a compar-
ison theorem which yields existence and uniqueness of solutions as well as
continuity with respect to the driving noise. As an application, we study the
long time behaviour of a stochastically perturbed mean-curvature flow in a
cylinder-like domain with right angle contact boundary condition.
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We consider the open symmetric exclusion (SEP) and inclusion (SIP)
processes on a bounded Lipschitz domain �, with both fast and slow bound-
ary. For the random walks on � dual to SEP/SIP we establish: a functional-
CLT-type convergence to the Brownian motion on � with either Neumann
(slow boundary), Dirichlet (fast boundary), or Robin (at criticality) bound-
ary conditions; the discrete-to-continuum convergence of the correspond-
ing harmonic profiles. As a consequence, we rigorously derive the hydrody-
namic and hydrostatic limits for SEP/SIP on �, and analyze their stationary
nonequilibrium fluctuations. All scaling limit results for SEP/SIP concern
finite-dimensional distribution convergence only, as our duality techniques
do not require to establish tightness for the fields associated to the particle
systems.
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We consider first passage percolation (FPP) with passage times generated
by a general class of models with long-range correlations on Z

d , d ≥ 2, in-
cluding discrete Gaussian free fields, Ginzburg–Landau ∇φ interface models
or random interlacements as prominent examples. We show that the associ-
ated time constant is positive, the FPP distance is comparable to the Euclidean
distance, and we obtain a shape theorem. We also present two applications for
random conductance models (RCM) with possibly unbounded and strongly
correlated conductances. Namely, we obtain a Gaussian heat kernel upper
bound for RCMs with a general class of speed measures, and an exponen-
tial decay estimate for the Green’s function of RCMs with random killing
measures.
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In this paper, we investigate a two-layer fully connected neural network
of the form f (X) = 1√

d1
a�σ(WX), where X ∈ d0×n is a deterministic data

matrix, W ∈ R
d1×d0 and a ∈ R

d1 are random Gaussian weights, and σ is
a nonlinear activation function. We study the limiting spectral distributions
of two empirical kernel matrices associated with f (X): the empirical conju-
gate kernel (CK) and neural tangent kernel (NTK), beyond the linear-width
regime (d1 � n). We focus on the ultra-wide regime, where the width d1 of
the first layer is much larger than the sample size n. Under appropriate as-
sumptions on X and σ , a deformed semicircle law emerges as d1/n → ∞
and n → ∞. We first prove this limiting law for generalized sample covari-
ance matrices with some dependency. To specify it for our neural network
model, we provide a nonlinear Hanson–Wright inequality suitable for neural
networks with random weights and Lipschitz activation functions. We also
demonstrate nonasymptotic concentrations of the empirical CK and NTK
around their limiting kernels in the spectral norm, along with lower bounds
on their smallest eigenvalues. As an application, we show that random fea-
ture regression induced by the empirical kernel achieves the same asymptotic
performance as its limiting kernel regression under the ultra-wide regime.
This allows us to calculate the asymptotic training and test errors for random
feature regression using the corresponding kernel regression.
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MERTENS CONJECTURES IN ABSORBING GAMES WITH INCOMPLETE
INFORMATION

BY BRUNO ZILIOTTOa

CEREMADE, CNRS, PSL Research Institute, Université Paris Dauphine, aziliotto@math.cnrs.fr

In a zero-sum stochastic game with signals (Repeated Games (2015)
Cambridge Univ. Press, Chapter IV), at each stage, two adversary players
make decisions and receive stage payoffs determined by these decisions and
a variable called the state. The state follows a Markov chain controlled by
both players. Actions and states are imperfectly observed by players, who
receive private signals at each stage. Mertens (In Proceedings of the Interna-
tional Congress of Mathematicians, Vol. 1, 2 (Berkeley, Calif., 1986) (1987)
1528–1577 Amer. Math. Soc.) conjectured two properties regarding games
with long durations: first, that a limit value always exists; second, that when
Player 1 is more informed than Player 2, she can guarantee the limit value
uniformly. These conjectures were recently disproved by the author (Ann.
Probab. 44 (2016) 1107–1133) but remain widely open in many subclasses.
A well-known particular subclass is absorbing games with incomplete in-
formation on both sides, in which the state can move at most once during
the game, and players receive a private signal about it at the outset of the
game. This paper proves Mertens’ conjectures in this particular model by
introducing a new approximation technique of belief dynamics likely to gen-
eralize to many other frameworks. In particular, this represents a significant
step towards understanding the following broad question: in which games do
Mertens’ conjectures hold?

REFERENCES

[1] AMIR, R. (2003). Stochastic games in economics and related fields: An overview. In Stochastic Games
and Applications (Stony Brook, NY, 1999). NATO Sci. Ser. C Math. Phys. Sci. 570 455–470. Kluwer
Academic, Dordrecht. MR2035573

[2] AUMANN, R. J. and MASCHLER, M. B. (1995). Repeated Games with Incomplete Information. MIT Press,
Cambridge. With the collaboration of Richard E. Stearns. MR1342074

[3] BELLMAN, R. (1957). A Markovian decision process. J. Math. Mech. 6 679–684. MR0091859
https://doi.org/10.1512/iumj.1957.6.56038

[4] BEWLEY, T. and KOHLBERG, E. (1976). The asymptotic theory of stochastic games. Math. Oper. Res. 1
197–208. MR0529119 https://doi.org/10.1287/moor.1.3.197

[5] BLACKWELL, D. and FERGUSON, T. S. (1968). The big match. Ann. Math. Stat. 39 159–163. MR0223162
https://doi.org/10.1214/aoms/1177698513

[6] BOLTE, J., GAUBERT, S. and VIGERAL, G. (2015). Definable zero-sum stochastic games. Math. Oper. Res.
40 171–191. MR3320419 https://doi.org/10.1287/moor.2014.0666

[7] COULOMB, J.-M. (2001). Absorbing games with a signalling structure. Math. Oper. Res. 26 286–303.
MR1895829 https://doi.org/10.1287/moor.26.2.286.10554

[8] EAVES, B. C. (1984). A Course in Triangulations for Solving Equations with Deformations. Lecture Notes
in Economics and Mathematical Systems 234. Springer, Berlin. MR0871269 https://doi.org/10.1007/
978-3-642-46516-1

[9] FORGES, F. (1982). Infinitely repeated games of incomplete information: Symmetric case with random
signals. Internat. J. Game Theory 11 203–213. MR0693001 https://doi.org/10.1007/BF01755730

[10] GARREC, T. (2019). Communicating zero-sum product stochastic games. J. Math. Anal. Appl. 477 60–84.
MR3950028 https://doi.org/10.1016/j.jmaa.2019.04.003

MSC2020 subject classifications. Primary 91A15; secondary 60G42.
Key words and phrases. Stochastic games with incomplete information, Mertens’ conjectures, Martingale ap-

proximation.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP2011
http://www.imstat.org
mailto:ziliotto@math.cnrs.fr
https://mathscinet.ams.org/mathscinet-getitem?mr=2035573
https://mathscinet.ams.org/mathscinet-getitem?mr=1342074
https://mathscinet.ams.org/mathscinet-getitem?mr=0091859
https://doi.org/10.1512/iumj.1957.6.56038
https://mathscinet.ams.org/mathscinet-getitem?mr=0529119
https://doi.org/10.1287/moor.1.3.197
https://mathscinet.ams.org/mathscinet-getitem?mr=0223162
https://doi.org/10.1214/aoms/1177698513
https://mathscinet.ams.org/mathscinet-getitem?mr=3320419
https://doi.org/10.1287/moor.2014.0666
https://mathscinet.ams.org/mathscinet-getitem?mr=1895829
https://doi.org/10.1287/moor.26.2.286.10554
https://mathscinet.ams.org/mathscinet-getitem?mr=0871269
https://doi.org/10.1007/978-3-642-46516-1
https://mathscinet.ams.org/mathscinet-getitem?mr=0693001
https://doi.org/10.1007/BF01755730
https://mathscinet.ams.org/mathscinet-getitem?mr=3950028
https://doi.org/10.1016/j.jmaa.2019.04.003
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/978-3-642-46516-1
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We consider a class of stochastic control problems where the state pro-
cess is a probability measure-valued process satisfying an additional martin-
gale condition on its dynamics, called measure-valued martingales (MVMs).
We establish the “classical” results of stochastic control for these problems:
specifically, we prove that the value function for the problem can be char-
acterised as the unique solution to the Hamilton–Jacobi–Bellman equation
in the sense of viscosity solutions. In order to prove this result, we exploit
structural properties of the MVM processes. Our results also include an ap-
propriate version of Itô’s formula for controlled MVMs.

We also show how problems of this type arise in a number of applications,
including model-independent derivatives pricing, the optimal Skorokhod em-
bedding problem, and two player games with asymmetric information.
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We give an algorithm which generates a uniformly random contingency
table with specified marginals, that is, a matrix with nonnegative integer val-
ues and specified row and column sums. Such algorithms are useful in statis-
tics and combinatorics. When 
4 < M/5, where 
 is the maximum of the
row and column sums and M is the sum of all entries of the matrix, our al-
gorithm runs in time linear in M in expectation. Most previously published
algorithms for this problem are approximate samplers based on Markov chain
Monte Carlo, whose provable bounds on the mixing time are typically poly-
nomials with rather large degrees.
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We prove the large-dimensional Gaussian approximation of a sum of n

independent random vectors inRd together with fourth-moment error bounds
on convex sets and Euclidean balls. Our bounds have near-optimal depen-
dence on n and, compared with classical third-moment bounds, can achieve
improved dependence on the dimension d. For centered balls, we obtain an
additional error bound that has a sub-optimal dependence on n, but recovers
the known result of the validity of the Gaussian approximation if and only
if d = o(n). We discuss an application to the bootstrap. We prove our main
results using Stein’s method.
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[30] RAIČ, M. (2019b). A multivariate central limit theorem for Lipschitz and smooth test functions. Preprint.
Available at https://arxiv.org/abs/1812.08268.

[31] REINERT, G. and RÖLLIN, A. (2009). Multivariate normal approximation with Stein’s method of ex-
changeable pairs under a general linearity condition. Ann. Probab. 37 2150–2173. MR2573554
https://doi.org/10.1214/09-AOP467

[32] REIß, M. (2011). Asymptotic equivalence for inference on the volatility from noisy observations. Ann.
Statist. 39 772–802. MR2816338 https://doi.org/10.1214/10-AOS855

[33] SAZONOV, V. V. (1972). On a bound for the rate of convergence in the multidimensional central limit
theorem. In Proceedings of the Sixth Berkeley Symposium on Mathematical Statistics and Probability
(Univ. California, Berkeley, Calif., 1970/1971), Vol. II: Probability Theory 563–581. Univ. California
Press, Berkeley, CA. MR0400351

[34] SCHULTE, M. and YUKICH, J. E. (2019). Multivariate second order Poincaré inequalities for Poisson func-
tionals. Electron. J. Probab. 24 Paper No. 130, 42. MR4040990 https://doi.org/10.1214/19-ejp386

[35] SHI, C., SONG, R., CHEN, Z. and LI, R. (2019). Linear hypothesis testing for high dimensional generalized
linear models. Ann. Statist. 47 2671–2703. MR3988769 https://doi.org/10.1214/18-AOS1761

[36] SPOKOINY, V. and ZHILOVA, M. (2015). Bootstrap confidence sets under model misspecification. Ann.
Statist. 43 2653–2675. MR3405607 https://doi.org/10.1214/15-AOS1355

[37] SRIVASTAVA, N. and VERSHYNIN, R. (2013). Covariance estimation for distributions with 2 + ε moments.
Ann. Probab. 41 3081–3111. MR3127875 https://doi.org/10.1214/12-AOP760

[38] STEIN, C. (1972). A bound for the error in the normal approximation to the distribution of a sum of de-
pendent random variables. In Proceedings of the Sixth Berkeley Symposium on Mathematical Statistics

https://mathscinet.ams.org/mathscinet-getitem?mr=4386537
https://doi.org/10.1214/21-aap1690
https://mathscinet.ams.org/mathscinet-getitem?mr=3378463
https://doi.org/10.3150/14-BEJ639
https://mathscinet.ams.org/mathscinet-getitem?mr=1106283
https://mathscinet.ams.org/mathscinet-getitem?mr=4003557
https://doi.org/10.3150/18-BEJ1062
https://mathscinet.ams.org/mathscinet-getitem?mr=0026771
https://mathscinet.ams.org/mathscinet-getitem?mr=3556768
https://doi.org/10.3150/15-BEJ730
https://arxiv.org/abs/2009.13673
https://mathscinet.ams.org/mathscinet-getitem?mr=4460558
https://mathscinet.ams.org/mathscinet-getitem?mr=0964947
https://doi.org/10.1214/aos/1176351062
https://mathscinet.ams.org/mathscinet-getitem?mr=4505371
https://doi.org/10.1214/22-aos2184
https://mathscinet.ams.org/mathscinet-getitem?mr=2797946
https://doi.org/10.1214/09-IMSCOLL511
https://mathscinet.ams.org/mathscinet-getitem?mr=0443043
https://mathscinet.ams.org/mathscinet-getitem?mr=3738131
https://doi.org/10.1016/j.jmva.2017.11.002
https://mathscinet.ams.org/mathscinet-getitem?mr=0924876
https://doi.org/10.1214/aos/1176350710
https://mathscinet.ams.org/mathscinet-getitem?mr=3450756
https://doi.org/10.1214/15-EJS1090
https://mathscinet.ams.org/mathscinet-getitem?mr=4003566
https://doi.org/10.3150/18-BEJ1072
https://arxiv.org/abs/1812.08268
https://mathscinet.ams.org/mathscinet-getitem?mr=2573554
https://doi.org/10.1214/09-AOP467
https://mathscinet.ams.org/mathscinet-getitem?mr=2816338
https://doi.org/10.1214/10-AOS855
https://mathscinet.ams.org/mathscinet-getitem?mr=0400351
https://mathscinet.ams.org/mathscinet-getitem?mr=4040990
https://doi.org/10.1214/19-ejp386
https://mathscinet.ams.org/mathscinet-getitem?mr=3988769
https://doi.org/10.1214/18-AOS1761
https://mathscinet.ams.org/mathscinet-getitem?mr=3405607
https://doi.org/10.1214/15-AOS1355
https://mathscinet.ams.org/mathscinet-getitem?mr=3127875
https://doi.org/10.1214/12-AOP760
https://doi.org/10.3150/18-BEJ1062
https://doi.org/10.1214/22-aos2184
https://doi.org/10.1016/j.jmva.2017.11.002
https://doi.org/10.1214/aos/1176350710


and Probability (Univ. California, Berkeley, Calif., 1970/1971), Vol. II: Probability Theory 583–602.
Univ. California Press, Berkeley, CA. MR0402873

[39] TIKHOMIROV, K. (2018). Sample covariance matrices of heavy-tailed distributions. Int. Math. Res. Not.
IMRN 20 6254–6289. MR3872323 https://doi.org/10.1093/imrn/rnx067

[40] VERSHYNIN, R. (2018). High-Dimensional Probability. Cambridge Series in Statistical and Probabilistic
Mathematics: An Introduction with Applications in Data Science, with a Foreword by Sara van de Geer
47. Cambridge Univ. Press, Cambridge. MR3837109 https://doi.org/10.1017/9781108231596

[41] WU, C. F. J. (1986). Jackknife, bootstrap and other resampling methods in regression analysis. Ann. Statist.
14 1261–1295. With discussion and a rejoinder by the author. MR0868303 https://doi.org/10.1214/
aos/1176350142

[42] XU, M., ZHANG, D. and WU, W. B. (2019). Pearson’s chi-squared statistics: Approximation theory and
beyond. Biometrika 106 716–723. MR3992401 https://doi.org/10.1093/biomet/asz020

[43] ZHAI, A. (2018). A high-dimensional CLT in W2 distance with near optimal convergence rate. Probab.
Theory Related Fields 170 821–845. MR3773801 https://doi.org/10.1007/s00440-017-0771-3

[44] ZHILOVA, M. (2020). Nonclassical Berry–Esseen inequalities and accuracy of the bootstrap. Ann. Statist.
48 1922–1939. MR4134780 https://doi.org/10.1214/18-AOS1802

https://mathscinet.ams.org/mathscinet-getitem?mr=0402873
https://mathscinet.ams.org/mathscinet-getitem?mr=3872323
https://doi.org/10.1093/imrn/rnx067
https://mathscinet.ams.org/mathscinet-getitem?mr=3837109
https://doi.org/10.1017/9781108231596
https://mathscinet.ams.org/mathscinet-getitem?mr=0868303
https://doi.org/10.1214/aos/1176350142
https://mathscinet.ams.org/mathscinet-getitem?mr=3992401
https://doi.org/10.1093/biomet/asz020
https://mathscinet.ams.org/mathscinet-getitem?mr=3773801
https://doi.org/10.1007/s00440-017-0771-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4134780
https://doi.org/10.1214/18-AOS1802
https://doi.org/10.1214/aos/1176350142


The Annals of Applied Probability
2024, Vol. 34, No. 2, 2107–2135
https://doi.org/10.1214/23-AAP2015
© Institute of Mathematical Statistics, 2024

PROPAGATION OF CHAOS AND POISSON HYPOTHESIS FOR REPLICA
MEAN-FIELD MODELS OF INTENSITY-BASED NEURAL NETWORKS

BY MICHEL DAVYDOVa
 iD

INRIA and Département d’informatique de l’ENS, ENS, CNRS, PSL University, amichel.davydov@inria.fr

Neural computations arising from myriads of interactions between spik-
ing neurons can be modeled as network dynamics with punctuate interactions.
However, most relevant dynamics do not allow for computational tractability.
To circumvent this difficulty, the Poisson hypothesis regime replaces interac-
tion times between neurons by Poisson processes. We prove that the Pois-
son hypothesis holds at the limit of an infinite number of replicas in the
replica-mean-field model, which consists of randomly interacting copies of
the network of interest. The proof is obtained through a novel application of
the Chen–Stein method to the case of a random sum of Bernoulli random
variables and a fixed point approach to prove a law of large numbers for ex-
changeable random variables.
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In this paper we mainly investigate the strong and weak well-posedness
of a class of McKean–Vlasov stochastic (partial) differential equations. The
main existence and uniqueness results state that we only need to impose some
local assumptions on the coefficients, that is, locally monotone condition both
in state variable and distribution variable, which cause some essential diffi-
culty since the coefficients of McKean–Vlasov stochastic equations typically
are nonlocal. Furthermore, the large deviation principle is also derived for
the McKean–Vlasov stochastic equations under those weak assumptions. The
wide applications of main results are illustrated by various concrete examples
such as the granular media equations, plasma-type models, kinetic equations,
McKean–Vlasov-type porous media equations and Navier–Stokes equations.
In particular, we could remove or relax some typical assumptions previously
imposed on those models.
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ON A RANDOM MODEL OF FORGETTING
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Georgiou, Katkov and Tsodyks considered the following random pro-
cess. Let x1, x2, . . . be an infinite sequence of independent, identically dis-
tributed, uniform random points in [0,1]. Starting with S = {0}, the elements
xk join S one by one, in order. When an entering element is larger than the
current minimum element of S, this minimum leaves S. Let S(1, n) denote
the content of S after the first n elements xk join. Simulations suggest that
the size |S(1, n)| of S at time n is typically close to n/e. Here we first give
a rigorous proof that this is indeed the case, and that in fact the symmet-
ric difference of S(1, n) and the set {xk ≥ 1 − 1/e : 1 ≤ k ≤ n} is of size
at most Õ(

√
n) with high probability. Our main result is a more accurate

description of the process implying, in particular, that as n tends to infinity
n−1/2(|S(1, n)| − n/e) converges to a normal random variable with variance
3e−2 − e−1. We further show that the dynamics of the symmetric difference
of S(1, n) and the set {xk ≥ 1 − 1/e : 1 ≤ k ≤ n} converges with proper scal-
ing to a three-dimensional Bessel process.
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A FEASIBLE CENTRAL LIMIT THEOREM FOR REALISED COVARIATION
OF SPDES IN THE CONTEXT OF FUNCTIONAL DATA
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1Department of Mathematics, University of Oslo, afredb@math.uio.no, bdschroer@uni-bonn.de
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This article establishes an asymptotic theory for volatility estimation
in an infinite-dimensional setting. We consider mild solutions of semilin-
ear stochastic partial differential equations and derive a stable central limit
theorem for the semigroup-adjusted realised covariation (SARCV), which
is a consistent estimator of the integrated volatility and a generalisation of
the realised quadratic covariation to Hilbert spaces. Moreover, we introduce
semigroup-adjusted multipower variations (SAMPV) and establish their weak
law of large numbers; using SAMPV , we construct a consistent estimator of
the asymptotic covariance of the mixed-Gaussian limiting process appearing
in the central limit theorem for the SARCV, resulting in a feasible asymptotic
theory. Finally, we outline how our results can be applied even if observations
are only available on a discrete space-time grid.
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AN ENTROPIC APPROACH FOR HAMILTONIAN MONTE CARLO: THE
IDEALIZED CASE

BY PIERRE MONMARCHÉa
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Quantitative long-time entropic convergence and short-time regulariza-
tion are established for an idealized Hamiltonian Monte Carlo chain which
alternatively follows an Hamiltonian dynamics for a fixed time and then par-
tially or totally refreshes its velocity with an auto-regressive Gaussian step.
These results, in discrete time, are the analogues of similar results for the
continuous-time kinetic Langevin diffusion, and the latter can be obtained
from our bounds in a suitable limit regime. The dependency in the log-
Sobolev constant of the target measure is sharp and is illustrated on a mean-
field case and on a low-temperature regime, with an application to the simu-
lated annealing algorithm. The practical unadjusted algorithm is briefly dis-
cussed.
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DISTRIBUTION OF THE NUMBER OF PIVOTS NEEDED USING GAUSSIAN
ELIMINATION WITH PARTIAL PIVOTING ON RANDOM MATRICES

BY JOHN PECA-MEDLINa
 iD

Department of Mathematics, University of Arizona, ajohnpeca@math.arizona.edu

Gaussian elimination with partial pivoting (GEPP) is a widely used
method to solve dense linear systems. Each GEPP step uses a row transposi-
tion pivot movement if needed to ensure the leading pivot entry is maximal
in magnitude for the leading column of the remaining untriangularized sub-
system. We will use theoretical and numerical approaches to study how often
this pivot movement is needed. We provide full distributional descriptions for
the number of pivot movements needed using GEPP using particular Haar
random ensembles as well as compare these models to other common trans-
formations from randomized numerical linear algebra. Additionally, we in-
troduce new random ensembles with fixed pivot movement counts and fixed
sparsity, α. Experiments estimating the empirical spectral density (ESD) of
these random ensembles leads to a new conjecture on a universality class of
random matrices with fixed sparsity whose scaled ESD converges to a mea-
sure on the complex unit disk that depends on α and is an interpolation of the
uniform measure on the unit disk and the Dirac measure at the origin.

REFERENCES

[1] BABOULIN, M., LI, X. S. and ROUET, F. H. (2014). Using random butterfly transformations to avoid
pivoting in sparse direct methods. In Proc. of Int. Con. on Vector and Par. Proc. https://doi.org/10.
1007/978-3-319-17353-5_12

[2] BAI, Z. D. (1997). Circular law. Ann. Probab. 25 494–529. MR1428519 https://doi.org/10.1214/aop/
1024404298

[3] CHARALAMBIDES, CH. A. and SINGH, J. (1988). A review of the Stirling numbers, their general-
izations and statistical applications. Comm. Statist. Theory Methods 17 2533–2595. MR0955350
https://doi.org/10.1080/03610928808829760

[4] COMTET, L. (1974). Advanced Combinatorics: The Art of Finite and Infinite Expansions, enlarged ed. Rei-
del, Dordrecht. MR0460128

[5] DIACONIS, P. and SHAHSHAHANI, M. (1987). The subgroup algorithm for generating uniform random
variables. Probab. Engrg. Inform. Sci. 1 15–32. https://doi.org/10.1017/S0269964800000255

[6] DIACONIS, P. and SHAHSHAHANI, M. (1994). On the eigenvalues of random matrices J. Appl. Probab. 31
49–62. MR1274717 https://doi.org/10.2307/3214948

[7] FLAJOLET, P. and SEDGEWICK, R. (2009). Analytic Combinatorics. Cambridge Univ. Press, Cambridge.
[8] HAJIME, H. (1990). A probabilistic approach to Stirling numbers of the first kind. Comm. Statist. Theory

Methods 19 3915–3923. MR1089510 https://doi.org/10.1080/03610929008830421
[9] HIGHAM, N. J. (2002). Accuracy and Stability of Numerical Algorithms, 2nd ed. SIAM, Philadelphia, PA.

MR1927606 https://doi.org/10.1137/1.9780898718027
[10] HUANG, H. and TIKHOMIROV, K. (2022). Average-Case Analysis of the Gaussian Elimination with Partial

Pivoting.
[11] MARTINSSON, P.-G. and TROPP, J. A. (2020). Randomized numerical linear algebra: Foundations and

algorithms. Acta Numer. 29 403–572. MR4189294 https://doi.org/10.1017/s0962492920000021
[12] MEZZADRI, F. (2007). How to generate random matrices from the classical compact groups. Notices Amer.

Math. Soc. 54 592–604. MR2311982
[13] PARKER, D. S. (1995). Random butterfly transformations with applications in computational linear algebra.

UCLA. Tech. rep.

MSC2020 subject classifications. Primary 60B20, 15A23; secondary 65F99.
Key words and phrases. Gaussian elimination, partial pivoting, butterfly matrices, Stirling numbers of the first

kind, numerical linear algebra, universality.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP2023
http://www.imstat.org
https://orcid.org/0000-0002-3215-6531
mailto:johnpeca@math.arizona.edu
https://doi.org/10.1007/978-3-319-17353-5_12
https://mathscinet.ams.org/mathscinet-getitem?mr=1428519
https://doi.org/10.1214/aop/1024404298
https://mathscinet.ams.org/mathscinet-getitem?mr=0955350
https://doi.org/10.1080/03610928808829760
https://mathscinet.ams.org/mathscinet-getitem?mr=0460128
https://doi.org/10.1017/S0269964800000255
https://mathscinet.ams.org/mathscinet-getitem?mr=1274717
https://doi.org/10.2307/3214948
https://mathscinet.ams.org/mathscinet-getitem?mr=1089510
https://doi.org/10.1080/03610929008830421
https://mathscinet.ams.org/mathscinet-getitem?mr=1927606
https://doi.org/10.1137/1.9780898718027
https://mathscinet.ams.org/mathscinet-getitem?mr=4189294
https://doi.org/10.1017/s0962492920000021
https://mathscinet.ams.org/mathscinet-getitem?mr=2311982
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/978-3-319-17353-5_12
https://doi.org/10.1214/aop/1024404298


[14] PECA-MEDLIN, J. and TROGDON, T. (2023). Growth factors of random butterfly matrices and the stability
of avoiding pivoting. SIAM J. Matrix Anal. Appl. 44 945–970. MR4613233 https://doi.org/10.1137/
22M148762X

[15] RUDELSON, M. and TIKHOMIROV, K. (2019). The sparse circular law under minimal assumptions. Geom.
Funct. Anal. 29 561–637. MR3945840 https://doi.org/10.1007/s00039-019-00492-6

[16] STEWART, G. W. (1980). The efficient generation of random orthogonal matrices with an application to
condition estimators. SIAM J. Numer. Anal. 17 403–409. MR0581487 https://doi.org/10.1137/0717034

[17] STRANG, G. (1999). The discrete cosine transform. SIAM Rev. 41 135–147. MR1669796 https://doi.org/10.
1137/S0036144598336745

[18] TAO, T. and VU, V. (2010). Random matrices: Universality of ESDs and the circular law. Ann. Probab. 38
2023–2065. MR2722794 https://doi.org/10.1214/10-AOP534

[19] TIKHOMIROV, K. (2020). Singularity of random Bernoulli matrices. Ann. of Math. (2) 191 593–634.
MR4076632 https://doi.org/10.4007/annals.2020.191.2.6

[20] TIKHOMIROV, K. and YOUSSEF, P. (2021). Outliers in spectrum of sparse Wigner matrices. Random Struc-
tures Algorithms 58 517–605. MR4234995 https://doi.org/10.1002/rsa.20982

[21] TROGDON, T. (2019). On spectral and numerical properties of random butterfly matrices. Appl. Math. Lett.
95 48–58. MR3933363 https://doi.org/10.1016/j.aml.2019.03.024

[22] TROPP, J. A. (2011). Improved analysis of the subsampled randomized Hadamard transform. Adv. Adapt.
Data Anal. 3 115–126. MR2835584 https://doi.org/10.1142/S1793536911000787

[23] VIANELLI BELLAVISTA, L. (1983). On the Stirling numbers of the first kind arising from probabilistic
and statistical problems. Rend. Circ. Mat. Palermo (2) 32 19–26. MR0709907 https://doi.org/10.1007/
BF02851099

[24] WEIL, A. (1940). L’intégration dans les Groupes Topologiques et Ses Applications. Actualités Scientifiques
et Industrielles [Current Scientific and Industrial Topics], No. 869. Hermann, Paris. [This book has
been republished by the author at Princeton, N. J., 1941.]. MR0005741

[25] WILKINSON, J. H. (1961). Error analysis of direct methods of matrix inversion. J. Assoc. Comput. Mach. 8
281–330. MR0176602 https://doi.org/10.1145/321075.321076

[26] WOOD, P. M. (2012). Universality and the circular law for sparse random matrices. Ann. Appl. Probab. 22
1266–1300. MR2977992 https://doi.org/10.1214/11-AAP789

https://mathscinet.ams.org/mathscinet-getitem?mr=4613233
https://doi.org/10.1137/22M148762X
https://mathscinet.ams.org/mathscinet-getitem?mr=3945840
https://doi.org/10.1007/s00039-019-00492-6
https://mathscinet.ams.org/mathscinet-getitem?mr=0581487
https://doi.org/10.1137/0717034
https://mathscinet.ams.org/mathscinet-getitem?mr=1669796
https://doi.org/10.1137/S0036144598336745
https://mathscinet.ams.org/mathscinet-getitem?mr=2722794
https://doi.org/10.1214/10-AOP534
https://mathscinet.ams.org/mathscinet-getitem?mr=4076632
https://doi.org/10.4007/annals.2020.191.2.6
https://mathscinet.ams.org/mathscinet-getitem?mr=4234995
https://doi.org/10.1002/rsa.20982
https://mathscinet.ams.org/mathscinet-getitem?mr=3933363
https://doi.org/10.1016/j.aml.2019.03.024
https://mathscinet.ams.org/mathscinet-getitem?mr=2835584
https://doi.org/10.1142/S1793536911000787
https://mathscinet.ams.org/mathscinet-getitem?mr=0709907
https://doi.org/10.1007/BF02851099
https://mathscinet.ams.org/mathscinet-getitem?mr=0005741
https://mathscinet.ams.org/mathscinet-getitem?mr=0176602
https://doi.org/10.1145/321075.321076
https://mathscinet.ams.org/mathscinet-getitem?mr=2977992
https://doi.org/10.1214/11-AAP789
https://doi.org/10.1137/22M148762X
https://doi.org/10.1137/S0036144598336745
https://doi.org/10.1007/BF02851099


The Annals of Applied Probability
2024, Vol. 34, No. 2, 2326–2363
https://doi.org/10.1214/23-AAP2024
© Institute of Mathematical Statistics, 2024

AN EXPLICIT MILSTEIN-TYPE SCHEME FOR INTERACTING PARTICLE
SYSTEMS AND MCKEAN–VLASOV SDES WITH COMMON NOISE AND

NON-DIFFERENTIABLE DRIFT COEFFICIENTS
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We propose an explicit drift-randomised Milstein scheme for both
McKean–Vlasov stochastic differential equations and associated high-dimen-
sional interacting particle systems with common noise. By using a drift
randomisation step in space and measure, we establish the scheme’s strong
convergence rate of 1 under reduced regularity assumptions on the drift co-
efficient: no classical (Euclidean) derivatives in space or measure derivatives
(e.g., Lions/Fréchet) are required. The main result is established by enrich-
ing the concepts of bistability and consistency of numerical schemes used
previously for standard SDE. We introduce certain Spijker-type norms (and
associated Banach spaces) to deal with the interaction of particles present in
the stochastic systems being analysed. A discussion of the scheme’s com-
plexity is provided.

REFERENCES

[1] ADAMS, D., DOS REIS, G., RAVAILLE, R., SALKELD, W. and TUGAUT, J. (2022). Large deviations and
exit-times for reflected McKean–Vlasov equations with self-stabilising terms and superlinear drifts.
Stochastic Process. Appl. 146 264–310. MR4374937 https://doi.org/10.1016/j.spa.2021.12.017

[2] BALADRON, J., FASOLI, D., FAUGERAS, O. and TOUBOUL, J. (2012). Mean-field description and propa-
gation of chaos in networks of Hodgkin–Huxley and FitzHugh–Nagumo neurons. J. Math. Neurosci.
2 Art. 10, 50. MR2974499 https://doi.org/10.1186/2190-8567-2-10

[3] BAO, J. and HUANG, X. (2022). Approximations of McKean–Vlasov stochastic differential equations with
irregular coefficients. J. Theoret. Probab. 35 1187–1215. MR4414415

[4] BAO, J., REISINGER, C., REN, P. and STOCKINGER, W. (2021). First-order convergence of Milstein
schemes for McKean–Vlasov equations and interacting particle systems. Proc. R. Soc. A 477 Paper
No. 20200258, 27. MR4212406

[5] BAO, J., REISINGER, C., REN, P. and STOCKINGER, W. (2023). Milstein schemes and antithetic multilevel
Monte Carlo sampling for delay McKean–Vlasov equations and interacting particle systems. IMA J.
Numer. Anal. drad064. https://doi.org/10.1093/imanum/drad064.

[6] BAUER, M., MEYER-BRANDIS, T. and PROSKE, F. (2018). Strong solutions of mean-field stochastic dif-
ferential equations with irregular drift. Electron. J. Probab. 23 1–35. MR3896869 https://doi.org/10.
1214/18-EJP259

[7] BEYN, W.-J. and KRUSE, R. (2010). Two-sided error estimates for the stochastic theta method. Discrete
Contin. Dyn. Syst. Ser. B 14 389–407. MR2660864 https://doi.org/10.3934/dcdsb.2010.14.389

[8] BOLLEY, F., CAÑIZO, J. A. and CARRILLO, J. A. (2011). Stochastic mean-field limit: Non-Lipschitz forces
and swarming. Math. Models Methods Appl. Sci. 21 2179–2210. MR2860672 https://doi.org/10.1142/
S0218202511005702

[9] BOSSY, M., FAUGERAS, O. and TALAY, D. (2015). Clarification and complement to “Mean-field de-
scription and propagation of chaos in networks of Hodgkin–Huxley and FitzHugh-Nagumo neurons”.
J. Math. Neurosci. 5 Art. 19, 23. MR3392551 https://doi.org/10.1186/s13408-015-0031-8

MSC2020 subject classifications. Primary 65C30, 60H35; secondary 65C05, 65C35.
Key words and phrases. Stochastic interacting particle systems, McKean–Vlasov equations, common noise,

Milstein scheme, nondifferentiable drift, drift randomisation, bistability.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP2024
http://www.imstat.org
https://orcid.org/0000-0002-4993-2672
mailto:sbiswas2@ma.iitr.ac.in
mailto:chaman.kumar@ma.iitr.ac.in
mailto:neelima_maths@ramjas.du.ac.in
mailto:G.dosReis@ed.ac.uk
mailto:christoph.reisinger@maths.ox.ac.uk
https://mathscinet.ams.org/mathscinet-getitem?mr=4374937
https://doi.org/10.1016/j.spa.2021.12.017
https://mathscinet.ams.org/mathscinet-getitem?mr=2974499
https://doi.org/10.1186/2190-8567-2-10
https://mathscinet.ams.org/mathscinet-getitem?mr=4414415
https://mathscinet.ams.org/mathscinet-getitem?mr=4212406
https://doi.org/10.1093/imanum/drad064
https://mathscinet.ams.org/mathscinet-getitem?mr=3896869
https://doi.org/10.1214/18-EJP259
https://mathscinet.ams.org/mathscinet-getitem?mr=2660864
https://doi.org/10.3934/dcdsb.2010.14.389
https://mathscinet.ams.org/mathscinet-getitem?mr=2860672
https://doi.org/10.1142/S0218202511005702
https://mathscinet.ams.org/mathscinet-getitem?mr=3392551
https://doi.org/10.1186/s13408-015-0031-8
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/18-EJP259
https://doi.org/10.1142/S0218202511005702


[10] BOSSY, M. and TALAY, D. (1997). A stochastic particle method for the McKean–Vlasov and the Burgers
equation. Math. Comp. 66 157–192. MR1370849 https://doi.org/10.1090/S0025-5718-97-00776-X

[11] BURKHOLDER, D. L. (1966). Martingale transforms. Ann. Math. Stat. 37 1494–1504. MR0208647
https://doi.org/10.1214/aoms/1177699141

[12] CARDALIAGUET, P. (2013). Notes on Mean Field Games, notes from P. L. Lions lectures at Collège de
France. https://www.ceremade.dauphine.fr/~cardaliaguet/MFG20130420.pdf.

[13] CARMONA, R. and DELARUE, F. (2018). Probabilistic Theory of Mean Field Games with Applications. I:
Mean Field FBSDEs, Control, and Games. Probability Theory and Stochastic Modelling 83. Springer,
Cham. MR3752669

[14] CARMONA, R. and DELARUE, F. (2018). Probabilistic Theory of Mean Field Games with Applications.
II: Mean Field Games with Common Noise and Master Equations. Probability Theory and Stochastic
Modelling 84. Springer, Cham. MR3753660

[15] CARRILLO, J. A., CHOI, Y.-P. and TSE, O. (2019). Convergence to equilibrium in Wasserstein distance
for damped Euler equations with interaction forces. Comm. Math. Phys. 365 329–361. MR3900833
https://doi.org/10.1007/s00220-018-3276-8

[16] CARRILLO, J. A., FORNASIER, M., TOSCANI, G. and VECIL, F. (2010). Particle, kinetic, and hydro-
dynamic models of swarming. In Mathematical Modeling of Collective Behavior in Socio-Economic
and Life Sciences. Model. Simul. Sci. Eng. Technol. 297–336. Birkhäuser, Boston, MA. MR2744704
https://doi.org/10.1007/978-0-8176-4946-3_12

[17] CHAUDRU DE RAYNAL, P. E. (2020). Strong well posedness of McKean–Vlasov stochastic differential
equations with Hölder drift. Stochastic Process. Appl. 130 79–107. MR4035024 https://doi.org/10.
1016/j.spa.2019.01.006

[18] CHEN, X. and DOS REIS, G. (2022). A flexible split-step scheme for solving McKean–Vlasov stochastic
differential equations. Appl. Math. Comput. 427 Paper No. 127180, 23. MR4413221 https://doi.org/10.
1016/j.amc.2022.127180

[19] CHEN, X. and DOS REIS, G. (2023). Euler simulation of interacting particle systems and McKean–Vlasov
SDEs with fully super-linear growth drifts in space and interaction. IMA J. Numer. Anal. drad022.
https://doi.org/10.1093/imanum/drad022

[20] CHEN, X., DOS REIS, G. and STOCKINGER, W. (2023). Wellposedness, exponential ergodicity and numer-
ical approximation of fully super-linear McKean–Vlasov SDEs and associated particle systems. arXiv
preprint. Available at arXiv:2302.05133.

[21] COGHI, M. and GESS, B. (2019). Stochastic nonlinear Fokker–Planck equations. Nonlinear Anal. 187 259–
278. MR3954095 https://doi.org/10.1016/j.na.2019.05.003

[22] COGHI, M. and NILSSEN, T. (2021). Rough nonlocal diffusions. Stochastic Process. Appl. 141 1–56.
MR4293767 https://doi.org/10.1016/j.spa.2021.07.002

[23] DELARUE, F., LACKER, D. and RAMANAN, K. (2019). From the master equation to mean field game limit
theory: A central limit theorem. Electron. J. Probab. 24 1–54. MR3954791 https://doi.org/10.1214/
19-EJP298

[24] DOS REIS, G., ENGELHARDT, S. and SMITH, G. (2022). Simulation of McKean–Vlasov SDEs with super-
linear growth. IMA J. Numer. Anal. 42 874–922. MR4367675 https://doi.org/10.1093/imanum/draa099

[25] DOS REIS, G., SALKELD, W. and TUGAUT, J. (2019). Freidlin–Wentzell LDP in path space for McKean–
Vlasov equations and the functional iterated logarithm law. Ann. Appl. Probab. 29 1487–1540.
MR3914550 https://doi.org/10.1214/18-AAP1416
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THE STEFAN PROBLEM AND FREE TARGETS OF OPTIMAL BROWNIAN
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We formulate and solve a free target optimal Brownian stopping prob-
lem from a given distribution while the target distribution is free and is con-
ditioned to satisfy a given density height constraint. The free target optimiza-
tion problem exhibits monotonicity, from which a remarkable universality
follows, in the sense that the optimal target is independent of its Lagrangian
cost type. In particular, the solutions to this optimization problem generate
solutions to both unstable and stable type of the Stefan problem, where the
former stands for freezing of supercooled fluid (St1) and the latter for ice
melting (St2). This unified approach to both types of the Stefan problem is
new. In particular we obtain global-time existence and weak-strong unique-
ness for the ill-posed freezing problem (St1), for a given initial data and for a
well-prepared class of initial domains generated from the initial data.
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THE WIRED MINIMAL SPANNING FOREST ON THE
POISSON-WEIGHTED INFINITE TREE
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We study the spectral and diffusive properties of the wired minimal span-
ning forest (WMSF) on the Poisson-weighted infinite tree (PWIT). Let M be
the tree containing the root in the WMSF on the PWIT and (Yn)n≥0 be a
simple random walk on M starting from the root. We show that almost surely
M has P[Y2n = Y0] = n−3/4+o(1) and dist(Y0, Yn) = n1/4+o(1) with high
probability. That is, the spectral dimension of M is 3/2 and its typical dis-
placement exponent is 1/4, almost surely. These confirm Addario–Berry’s
predictions (Addario-Berry (2013)).

REFERENCES

[1] ADDARIO-BERRY, L. (2013). The local weak limit of the minimum spanning tree of the complete graph.
Preprint. Available at arXiv:1301.1667.

[2] ADDARIO-BERRY, L., BROUTIN, N., GOLDSCHMIDT, C. and MIERMONT, G. (2017). The scaling limit
of the minimum spanning tree of the complete graph. Ann. Probab. 45 3075–3144. MR3706739
https://doi.org/10.1214/16-AOP1132

[3] ADDARIO-BERRY, L., BROUTIN, N. and REED, B. (2009). Critical random graphs and the structure of a
minimum spanning tree. Random Structures Algorithms 35 323–347. MR2548517 https://doi.org/10.
1002/rsa.20241

[4] ADDARIO-BERRY, L., GRIFFITHS, S. and KANG, R. J. (2012). Invasion percolation on the Poisson-
weighted infinite tree. Ann. Appl. Probab. 22 931–970. MR2977982 https://doi.org/10.1214/
11-AAP761

[5] ALDOUS, D. and LYONS, R. (2007). Processes on unimodular random networks. Electron. J. Probab. 12
1454–1508. MR2354165 https://doi.org/10.1214/EJP.v12-463

[6] ALDOUS, D. and STEELE, J. M. (2004). The objective method: Probabilistic combinatorial optimization
and local weak convergence. In Probability on Discrete Structures. Encyclopaedia Math. Sci. 110 1–
72. Springer, Berlin. MR2023650 https://doi.org/10.1007/978-3-662-09444-0_1

[7] BARLOW, M. T., COULHON, T. and KUMAGAI, T. (2005). Characterization of sub-Gaussian heat ker-
nel estimates on strongly recurrent graphs. Comm. Pure Appl. Math. 58 1642–1677. MR2177164
https://doi.org/10.1002/cpa.20091

[8] BARLOW, M. T., JÁRAI, A. A., KUMAGAI, T. and SLADE, G. (2008). Random walk on the incipient infi-
nite cluster for oriented percolation in high dimensions. Comm. Math. Phys. 278 385–431. MR2372764
https://doi.org/10.1007/s00220-007-0410-4

[9] BARLOW, M. T. and KUMAGAI, T. (2006). Random walk on the incipient infinite cluster on trees. Illinois
J. Math. 50 33–65. MR2247823

[10] BENJAMINI, I. and SCHRAMM, O. (2001). Recurrence of distributional limits of finite planar graphs. Elec-
tron. J. Probab. 6 no. 23, 13. MR1873300 https://doi.org/10.1214/EJP.v6-96

[11] BILLINGSLEY, P. (1999). Convergence of Probability Measures, 2nd ed. Wiley Series in Probability and
Statistics: Probability and Statistics. Wiley, New York. A Wiley-Interscience Publication. MR1700749
https://doi.org/10.1002/9780470316962

[12] DURRETT, R. (2019). Probability—Theory and Examples. Cambridge Series in Statistical and Probabilistic
Mathematics 49. Cambridge Univ. Press, Cambridge. Fifth edition of [ MR1068527]. MR3930614
https://doi.org/10.1017/9781108591034

[13] FRIEZE, A. M. (1985). On the value of a random minimum spanning tree problem. Discrete Appl. Math. 10
47–56. MR0770868 https://doi.org/10.1016/0166-218X(85)90058-7

MSC2020 subject classifications. Primary 60C05; secondary 60G55.
Key words and phrases. Minimal spanning tree, wired minimal spanning forest, Poisson-weighted infinite tree,

local limit, spectral dimension.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/23-AAP2027
http://www.imstat.org
mailto:asafnach@tauex.tau.ac.il
mailto:pengfei_tang@tju.edu.cn
http://arxiv.org/abs/arXiv:1301.1667
https://mathscinet.ams.org/mathscinet-getitem?mr=3706739
https://doi.org/10.1214/16-AOP1132
https://mathscinet.ams.org/mathscinet-getitem?mr=2548517
https://doi.org/10.1002/rsa.20241
https://mathscinet.ams.org/mathscinet-getitem?mr=2977982
https://doi.org/10.1214/11-AAP761
https://mathscinet.ams.org/mathscinet-getitem?mr=2354165
https://doi.org/10.1214/EJP.v12-463
https://mathscinet.ams.org/mathscinet-getitem?mr=2023650
https://doi.org/10.1007/978-3-662-09444-0_1
https://mathscinet.ams.org/mathscinet-getitem?mr=2177164
https://doi.org/10.1002/cpa.20091
https://mathscinet.ams.org/mathscinet-getitem?mr=2372764
https://doi.org/10.1007/s00220-007-0410-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2247823
https://mathscinet.ams.org/mathscinet-getitem?mr=1873300
https://doi.org/10.1214/EJP.v6-96
https://mathscinet.ams.org/mathscinet-getitem?mr=1700749
https://doi.org/10.1002/9780470316962
https://mathscinet.ams.org/mathscinet-getitem?mr=3930614
https://doi.org/10.1017/9781108591034
https://mathscinet.ams.org/mathscinet-getitem?mr=0770868
https://doi.org/10.1016/0166-218X(85)90058-7
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1002/rsa.20241
https://doi.org/10.1214/11-AAP761


[14] KUMAGAI, T. and MISUMI, J. (2008). Heat kernel estimates for strongly recurrent random walk on random
media. J. Theoret. Probab. 21 910–935. MR2443641 https://doi.org/10.1007/s10959-008-0183-5

[15] LYONS, R. and PERES, Y. (2016). Probability on Trees and Networks. Cambridge Series in Statistical
and Probabilistic Mathematics 42. Cambridge Univ. Press, New York. MR3616205 https://doi.org/10.
1017/9781316672815

[16] LYONS, R., PERES, Y. and SCHRAMM, O. (2006). Minimal spanning forests. Ann. Probab. 34 1665–1692.
MR2271476 https://doi.org/10.1214/009117906000000269

[17] NACHMIAS, A. and PERES, Y. (2022). The local limit of uniform spanning trees. Probab. Theory Related
Fields 182 1133–1161. MR4408511 https://doi.org/10.1007/s00440-021-01072-2

[18] SKOROHOD, A. V. (1956). Limit theorems for stochastic processes. Teor. Veroyatn. Primen. 1 289–319.
MR0084897

[19] VAN DEN BERG, J., JÁRAI, A. A. and VÁGVÖLGYI, B. (2007). The size of a pond in 2D invasion percola-
tion. Electron. Commun. Probab. 12 411–420. MR2350578 https://doi.org/10.1214/ECP.v12-1327

[20] VAN DER HOFSTAD, R. (2017). Random Graphs and Complex Networks. Vol. 1. Cambridge Series in
Statistical and Probabilistic Mathematics, [43]. Cambridge Univ. Press, Cambridge. MR3617364
https://doi.org/10.1017/9781316779422

https://mathscinet.ams.org/mathscinet-getitem?mr=2443641
https://doi.org/10.1007/s10959-008-0183-5
https://mathscinet.ams.org/mathscinet-getitem?mr=3616205
https://doi.org/10.1017/9781316672815
https://mathscinet.ams.org/mathscinet-getitem?mr=2271476
https://doi.org/10.1214/009117906000000269
https://mathscinet.ams.org/mathscinet-getitem?mr=4408511
https://doi.org/10.1007/s00440-021-01072-2
https://mathscinet.ams.org/mathscinet-getitem?mr=0084897
https://mathscinet.ams.org/mathscinet-getitem?mr=2350578
https://doi.org/10.1214/ECP.v12-1327
https://mathscinet.ams.org/mathscinet-getitem?mr=3617364
https://doi.org/10.1017/9781316779422
https://doi.org/10.1017/9781316672815


The Annals of Applied Probability
2024, Vol. 34, No. 2, 2447–2487
https://doi.org/10.1214/23-AAP2028
© Institute of Mathematical Statistics, 2024

LIMIT DISTRIBUTION THEORY FOR SMOOTH p-WASSERSTEIN
DISTANCES

BY ZIV GOLDFELD1,a, KENGO KATO2,b, SLOAN NIETERT3,c AND GABRIEL RIOUX4,d

1School of Electrical and Computer Engineering, Cornell University, agoldfeld@cornell.edu
2Department of Statistics and Data Science, Cornell University, bkk976@cornell.edu

3Department of Computer Science, Cornell University, cnietert@cs.cornell.edu
4Center for Applied Mathematics, Cornell University, dger84@cornell.edu

The Wasserstein distance is a metric on a space of probability measures
that has seen a surge of applications in statistics, machine learning, and ap-
plied mathematics. However, statistical aspects of Wasserstein distances are
bottlenecked by the curse of dimensionality, whereby the number of data
points needed to accurately estimate them grows exponentially with dimen-
sion. Gaussian smoothing was recently introduced as a means to alleviate the
curse of dimensionality, giving rise to a parametric convergence rate in any
dimension, while preserving the Wasserstein metric and topological structure.
To facilitate valid statistical inference, in this work, we develop a comprehen-
sive limit distribution theory for the empirical smooth Wasserstein distance.
The limit distribution results leverage the functional delta method after em-
bedding the domain of the Wasserstein distance into a certain dual Sobolev
space, characterizing its Hadamard directional derivative for the dual Sobolev
norm, and establishing weak convergence of the smooth empirical process in
the dual space. To estimate the distributional limits, we also establish con-
sistency of the nonparametric bootstrap. Finally, we use the limit distribution
theory to study applications to generative modeling via minimum distance
estimation with the smooth Wasserstein distance, showing asymptotic nor-
mality of optimal solutions for the quadratic cost.
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In this work, we show a convergence result for the discrete formulation
of the generalised KPZ equation ∂tu = (
u)+g(u)(∇u)2 + k(∇u)+h(u)+
f (u)ξt (x), where ξ is real-valued, 
 is the discrete Laplacian, and ∇ is a dis-
crete gradient, without fixing the spatial dimension. Our convergence result is
established within the discrete regularity structures introduced by Hairer and
Erhard (Ann. Inst. Henri Poincaré Probab. Stat. 55 (2019) 2209–2248). We
extend with new ideas the convergence result found in (Comm. Pure Appl.
Math. 77 (2024) 1065–1125) that deals with a discrete form of the parabolic
Anderson model driven by a (rescaled) symmetric simple exclusion process.
This is the first time that a discrete generalised KPZ equation is treated and
it is a major step toward a general convergence result that will cover a large
family of discrete models.
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