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In this paper we study a stiff problem in two-dimensional space and es-
pecially characterize its probabilistic counterpart. More specifically, consider
the heat equation with a parameter ¢ > 0:

1
B (1,x) = 5V - (Ac (VU (1.1). 12 0.x€ R?,

where Ag(x) := Idy, the identity matrix, for x ¢ Q¢ := {x = (x1,x) € R?:
|x2| < €} and

Apc(x) = (“8 0,) . e
0 a

with two constants a; ", az > 0. The solution u® is usually called a flux. Then
the stiff problem is concerned with the existence and characterization of the
limit u, called the limiting flux, of u® as & | 0 in a certain sense. Note that
there exists a diffusion process X¢ on R2 associated to this heat equation in
the sense that u® (7, x) := E*u® (0, X?) is its unique solution. The main result
of this paper figures out the limiting process of X¢ as ¢ | 0 for all possible
cases. As a byproduct, the limiting flux # in an L2-sense and several boundary
conditions on the x| -axis satisfied by u regarding various cases will be further
obtained.
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FROM FINITE POPULATION OPTIMAL STOPPING TO MEAN FIELD
OPTIMAL STOPPING

BY MEHDI TALBI2®, N1ZAR TOUZI*P® AND JIANFENG ZHANG>®

Laboratoire de Probabilités, Statistiques et Modélisation, Université Paris-Cité, *talbi@Ipsm.paris
2Tandon School of Engineering, New York University, bnt2635@nyu.edu

3Departmem of Mathematics, University of Southern California, €jianfenz@usc.edu

This paper analyzes the convergence of the finite population optimal
stopping problem towards the corresponding mean field limit. Building on the
viscosity solution characterization of the mean field optimal stopping prob-
lem of our previous papers (SIAM J. Control Optim. 61 (2023) 1712-1736,
2140-2164), we prove the convergence of the value functions by adapting the
Barles—Souganidis (Asymptot. Anal. 4 (1991) 271-283) monotone scheme
method to our context. We next characterize the optimal stopping policies of
the mean field problem by the accumulation points of the finite population
optimal stopping strategies. In particular, if the limiting problem has a unique
optimal stopping policy, then the finite population optimal stopping strate-
gies do converge towards this solution. As a by-product of our analysis, we
provide an extension of the standard propagation of chaos to the context of
stopped McKean—Vlasov diffusions.

REFERENCES

[1] BARLES, G. and SOUGANIDIS, P. E. (1991). Convergence of approximation schemes for fully nonlinear
second order equations. Asymptot. Anal. 4 271-283. MR1115933

[2] BAYRAKTAR, E., CECCHIN, A. and CHAKRABORTY, P. (2023). Mean field control and finite agent approx-
imation for regime-switching jump diffusions. Appl. Math. Optim. 88 Paper No. 36, 35. MR4595996
https://doi.org/10.1007/s00245-023-10015-3

[3] BAYRAKTAR, E., CECCHIN, A., COHEN, A. and DELARUE, F. (2022). Finite state mean field games with
Wright—Fisher common noise as limits of N-player weighted games. Math. Oper. Res. 47 2840-2890.
MR4515487 https://doi.org/10.1287/moor.2021.1230

[4] BAYRAKTAR, E. and COHEN, A. (2018). Analysis of a finite state many player game using its master
equation. SIAM J. Control Optim. 56 3538-3568. MR3860894 https://doi.org/10.1137/17M113887X

[5] BILLINGSLEY, P. (1968). Convergence of Probability Measures. Wiley, New York. MR0233396

[6] CARDALIAGUET, P. (2017). The convergence problem in mean field games with local coupling. Appl. Math.
Optim. 76 177-215. MR3679342 https://doi.org/10.1007/s00245-017-9434-0

[7] CARDALIAGUET, P., DAUDIN, S., JACKSON, J. and SOUGANIDIS, P. E. (2023). An algebraic convergence
rate for the optimal control of McKean—Vlasov dynamics. SIAM J. Control Optim. 61 3341-3369.
MR4665660 https://doi.org/10.1137/22M1486789

[8] CARDALIAGUET, P., DELARUE, F., LASRY, J.-M. and LIONS, P.-L. (2019). The Master Equation and
the Convergence Problem in Mean Field Games. Annals of Mathematics Studies 201. Princeton Univ.
Press, Princeton, NJ. MR3967062 https://doi.org/10.2307/j.ctvckq7qf

[9] CARDALIAGUET, P. and SOUGANIDIS, P. E. (2023). Regularity of the value function and quantitative prop-
agation of chaos for mean field control problems. NoDEA Nonlinear Differential Equations Appl. 30
Paper No. 25, 37. MR4530369 https://doi.org/10.1007/s00030-022-00823-x

[10] CARMONA, R. and DELARUE, F. (2013). Probabilistic analysis of mean-field games. SIAM J. Control Op-
tim. 51 2705-2734. MR3072222 https://doi.org/10.1137/120883499
[11] CARMONA, R. and DELARUE, F. (2018). Probabilistic Theory of Mean Field Games with Applications

1I: Mean Field Games with Common Noise and Master Equations. Probability Theory and Stochastic
Modelling 84. Springer, Cham. MR3753660

MSC2020 subject classifications. Primary 60G40, 35Q89; secondary 49N80, 49L25, 65K15.
Key words and phrases. Mean field optimal stopping, obstacle problems, viscosity solutions, propagation of
chaos.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/24-AAP2064
https://doi.org/10.1214/24-AAP2064
http://www.imstat.org
http://www.imstat.org
https://orcid.org/0000-0002-3705-2600
https://orcid.org/0000-0002-3705-2600
https://orcid.org/0000-0001-5252-033X
https://orcid.org/0000-0001-5252-033X
https://orcid.org/0000-0002-5494-7799
https://orcid.org/0000-0002-5494-7799
mailto:talbi@lpsm.paris
mailto:talbi@lpsm.paris
mailto:nt2635@nyu.edu
mailto:nt2635@nyu.edu
mailto:jianfenz@usc.edu
mailto:jianfenz@usc.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=1115933
https://mathscinet.ams.org/mathscinet-getitem?mr=1115933
https://mathscinet.ams.org/mathscinet-getitem?mr=4595996
https://mathscinet.ams.org/mathscinet-getitem?mr=4595996
https://doi.org/10.1007/s00245-023-10015-3
https://doi.org/10.1007/s00245-023-10015-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4515487
https://mathscinet.ams.org/mathscinet-getitem?mr=4515487
https://doi.org/10.1287/moor.2021.1230
https://doi.org/10.1287/moor.2021.1230
https://mathscinet.ams.org/mathscinet-getitem?mr=3860894
https://mathscinet.ams.org/mathscinet-getitem?mr=3860894
https://doi.org/10.1137/17M113887X
https://doi.org/10.1137/17M113887X
https://mathscinet.ams.org/mathscinet-getitem?mr=0233396
https://mathscinet.ams.org/mathscinet-getitem?mr=0233396
https://mathscinet.ams.org/mathscinet-getitem?mr=3679342
https://mathscinet.ams.org/mathscinet-getitem?mr=3679342
https://doi.org/10.1007/s00245-017-9434-0
https://doi.org/10.1007/s00245-017-9434-0
https://mathscinet.ams.org/mathscinet-getitem?mr=4665660
https://mathscinet.ams.org/mathscinet-getitem?mr=4665660
https://doi.org/10.1137/22M1486789
https://doi.org/10.1137/22M1486789
https://mathscinet.ams.org/mathscinet-getitem?mr=3967062
https://mathscinet.ams.org/mathscinet-getitem?mr=3967062
https://doi.org/10.2307/j.ctvckq7qf
https://doi.org/10.2307/j.ctvckq7qf
https://mathscinet.ams.org/mathscinet-getitem?mr=4530369
https://mathscinet.ams.org/mathscinet-getitem?mr=4530369
https://doi.org/10.1007/s00030-022-00823-x
https://doi.org/10.1007/s00030-022-00823-x
https://mathscinet.ams.org/mathscinet-getitem?mr=3072222
https://mathscinet.ams.org/mathscinet-getitem?mr=3072222
https://doi.org/10.1137/120883499
https://doi.org/10.1137/120883499
https://mathscinet.ams.org/mathscinet-getitem?mr=3753660
https://mathscinet.ams.org/mathscinet-getitem?mr=3753660
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

(22]

[23]
[24]
[25]
[26]
[27]
(28]
[29]
[30]
[31]

(32]

(33]

(34]

(35]

[36]

CARMONA, R., DELARUE, F. and LACKER, D. (2017). Mean field games of timing and models for bank
runs. Appl. Math. Optim. 76 217-260. MR3679343 https://doi.org/10.1007/s00245-017-9435-z
CAVAGNARI, G., LISINI, S., ORRIERI, C. and SAVARE, G. (2022). Lagrangian, Eulerian and Kantorovich
formulations of multi-agent optimal control problems: Equivalence and gamma-convergence. J. Differ.

Equ. 322 268-364. MR4401975 https://doi.org/10.1016/j.jde.2022.03.019

CECCHIN, A. (2021). Finite state N-agent and mean field control problems. ESAIM Control Optim. Calc.
Var. 27 Paper No. 31, 33. MR4241175 https://doi.org/10.1051/cocv/2021032

CECCHIN, A. and PELINO, G. (2019). Convergence, fluctuations and large deviations for finite state
mean field games via the master equation. Stochastic Process. Appl. 129 4510-4555. MR4013871
https://doi.org/10.1016/j.spa.2018.12.002

CECCHIN, A., PRA, P. D., FISCHER, M. and PELINO, G. (2019). On the convergence problem in mean field
games: A two state model without uniqueness. SIAM J. Control Optim. 57 2443-2466. MR3981375
https://doi.org/10.1137/18M 1222454

DAUDIN, S., DELARUE, F. and JACKSON, J. (2023). On the optimal rate for the convergence problem in
mean field control. Available at arXiv:2305.08423.

DELARUE, F., LACKER, D. and RAMANAN, K. (2019). From the master equation to mean field game
limit theory: A central limit theorem. Electron. J. Probab. 24 Paper No. 51, 54. MR3954791
https://doi.org/10.1214/19-EJP298

DELARUE, F., LACKER, D. and RAMANAN, K. (2020). From the master equation to mean field game
limit theory: Large deviations and concentration of measure. Ann. Probab. 48 211-263. MR4079435
https://doi.org/10.1214/19- AOP1359

DIJETE, M. F. (2023). Mean field games of controls: On the convergence of Nash equilibria. Ann. Appl.
Probab. 33 2824-2862. MR4612656 https://doi.org/10.1214/22-aap1879

DIETE, M. F. (2023). Large population games with interactions through controls and common noise: Con-
vergence results and equivalence between open-loop and closed-loop controls. ESAIM Control Optim.
Calc. Var. 29 Paper No. 39, 42. MR4598796 https://doi.org/10.1051/cocv/2023005

DIETE, M. F., PossaMAl, D. and TAN, X. (2022). McKean—Vlasov optimal control: Limit theory
and equivalence between different formulations. Math. Oper. Res. 47 2891-2930. MR4515488
https://doi.org/10.1287/moor.2021.1232

DONCEL, J., GAST, N. and GAUJAL, B. (2019). Discrete mean field games: Existence of equilibria and
convergence. J. Dyn. Games 6 221-239. MR4026158 https://doi.org/10.3934/jdg.2019016

EKREN, I. (2017). Viscosity solutions of obstacle problems for fully nonlinear path-dependent PDEs.
Stochastic Process. Appl. 127 3966-3996. MR3718103 https://doi.org/10.1016/j.spa.2017.03.016

EKREN, I., KELLER, C., Touzi, N. and ZHANG, J. (2014). On viscosity solutions of path dependent PDEs.
Ann. Probab. 42 204-236. MR3161485 https://doi.org/10.1214/12- AOP788

EKREN, I., Touzi, N. and ZHANG, J. (2016). Viscosity solutions of fully nonlinear parabolic path depen-
dent PDEs: Part I. Ann. Probab. 44 1212-1253. MR3474470 https://doi.org/10.1214/14- AOP999

EXREN, I., ToUZI, N. and ZHANG, J. (2016). Viscosity solutions of fully nonlinear parabolic path depen-
dent PDEs: Part II. Ann. Probab. 44 2507-2553. MR3531674 https://doi.org/10.1214/15- AOP1027

FELEQI, E. (2013). The derivation of ergodic mean field game equations for several populations of players.
Dyn. Games Appl. 3 523-536. MR3127148 https://doi.org/10.1007/s13235-013-0088-5

FISCHER, M. (2017). On the connection between symmetric N-player games and mean field games. Ann.
Appl. Probab. 27 757-810. MR3655853 https://doi.org/10.1214/16- AAP1215

FISCHER, M. and LIVIERI, G. (2016). Continuous time mean-variance portfolio optimization through the
mean field approach. ESAIM Probab. Stat. 20 30-44. MR3528616 https://doi.org/10.1051/ps/2016001

FISCHER, M. and SILVA, F. J. (2021). On the asymptotic nature of first order mean field games. Appl. Math.
Optim. 84 2327-2357. MR4304905 https://doi.org/10.1007/s00245-020-09711-1

FORNASIER, M., LISINI, S., ORRIERI, C. and SAVARE, G. (2019). Mean-field optimal control as gamma-
limit of finite agent controls. European J. Appl. Math. 30 1153-1186. MR4028474 https://doi.org/10.
1017/50956792519000044

FOURNIER, N. and GUILLIN, A. (2015). On the rate of convergence in Wasserstein distance of the em-
pirical measure. Probab. Theory Related Fields 162 707-738. MR3383341 https://doi.org/10.1007/
s00440-014-0583-7

GANGBO, W., MAYORGA, S. and SWIECH, A. (2021). Finite dimensional approximations of Hamilton—
Jacobi—-Bellman equations in spaces of probability measures. SIAM J. Math. Anal. 53 1320-1356.
MR4226237 https://doi.org/10.1137/20M 1331135

GANGBO, W. and MESZAROS, A. R. (2022). Global well-posedness of master equations for deterministic
displacement convex potential mean field games. Comm. Pure Appl. Math. 75 2685-2801. MR4509653

GERMAIN, M., PHAM, H. and WARIN, X. (2022). Rate of convergence for particle approximation of PDEs
in Wasserstein space. J. Appl. Probab. 59 992—-1008. MR4507678 https://doi.org/10.1017/jpr.2021.102


https://mathscinet.ams.org/mathscinet-getitem?mr=3679343
https://mathscinet.ams.org/mathscinet-getitem?mr=3679343
https://doi.org/10.1007/s00245-017-9435-z
https://doi.org/10.1007/s00245-017-9435-z
https://mathscinet.ams.org/mathscinet-getitem?mr=4401975
https://mathscinet.ams.org/mathscinet-getitem?mr=4401975
https://doi.org/10.1016/j.jde.2022.03.019
https://doi.org/10.1016/j.jde.2022.03.019
https://mathscinet.ams.org/mathscinet-getitem?mr=4241175
https://mathscinet.ams.org/mathscinet-getitem?mr=4241175
https://doi.org/10.1051/cocv/2021032
https://doi.org/10.1051/cocv/2021032
https://mathscinet.ams.org/mathscinet-getitem?mr=4013871
https://mathscinet.ams.org/mathscinet-getitem?mr=4013871
https://doi.org/10.1016/j.spa.2018.12.002
https://doi.org/10.1016/j.spa.2018.12.002
https://mathscinet.ams.org/mathscinet-getitem?mr=3981375
https://mathscinet.ams.org/mathscinet-getitem?mr=3981375
https://doi.org/10.1137/18M1222454
https://doi.org/10.1137/18M1222454
http://arxiv.org/abs/2305.08423
http://arxiv.org/abs/2305.08423
https://mathscinet.ams.org/mathscinet-getitem?mr=3954791
https://mathscinet.ams.org/mathscinet-getitem?mr=3954791
https://doi.org/10.1214/19-EJP298
https://doi.org/10.1214/19-EJP298
https://mathscinet.ams.org/mathscinet-getitem?mr=4079435
https://mathscinet.ams.org/mathscinet-getitem?mr=4079435
https://doi.org/10.1214/19-AOP1359
https://doi.org/10.1214/19-AOP1359
https://mathscinet.ams.org/mathscinet-getitem?mr=4612656
https://mathscinet.ams.org/mathscinet-getitem?mr=4612656
https://doi.org/10.1214/22-aap1879
https://doi.org/10.1214/22-aap1879
https://mathscinet.ams.org/mathscinet-getitem?mr=4598796
https://mathscinet.ams.org/mathscinet-getitem?mr=4598796
https://doi.org/10.1051/cocv/2023005
https://doi.org/10.1051/cocv/2023005
https://mathscinet.ams.org/mathscinet-getitem?mr=4515488
https://mathscinet.ams.org/mathscinet-getitem?mr=4515488
https://doi.org/10.1287/moor.2021.1232
https://doi.org/10.1287/moor.2021.1232
https://mathscinet.ams.org/mathscinet-getitem?mr=4026158
https://mathscinet.ams.org/mathscinet-getitem?mr=4026158
https://doi.org/10.3934/jdg.2019016
https://doi.org/10.3934/jdg.2019016
https://mathscinet.ams.org/mathscinet-getitem?mr=3718103
https://mathscinet.ams.org/mathscinet-getitem?mr=3718103
https://doi.org/10.1016/j.spa.2017.03.016
https://doi.org/10.1016/j.spa.2017.03.016
https://mathscinet.ams.org/mathscinet-getitem?mr=3161485
https://mathscinet.ams.org/mathscinet-getitem?mr=3161485
https://doi.org/10.1214/12-AOP788
https://doi.org/10.1214/12-AOP788
https://mathscinet.ams.org/mathscinet-getitem?mr=3474470
https://mathscinet.ams.org/mathscinet-getitem?mr=3474470
https://doi.org/10.1214/14-AOP999
https://doi.org/10.1214/14-AOP999
https://mathscinet.ams.org/mathscinet-getitem?mr=3531674
https://mathscinet.ams.org/mathscinet-getitem?mr=3531674
https://doi.org/10.1214/15-AOP1027
https://doi.org/10.1214/15-AOP1027
https://mathscinet.ams.org/mathscinet-getitem?mr=3127148
https://mathscinet.ams.org/mathscinet-getitem?mr=3127148
https://doi.org/10.1007/s13235-013-0088-5
https://doi.org/10.1007/s13235-013-0088-5
https://mathscinet.ams.org/mathscinet-getitem?mr=3655853
https://mathscinet.ams.org/mathscinet-getitem?mr=3655853
https://doi.org/10.1214/16-AAP1215
https://doi.org/10.1214/16-AAP1215
https://mathscinet.ams.org/mathscinet-getitem?mr=3528616
https://mathscinet.ams.org/mathscinet-getitem?mr=3528616
https://doi.org/10.1051/ps/2016001
https://doi.org/10.1051/ps/2016001
https://mathscinet.ams.org/mathscinet-getitem?mr=4304905
https://mathscinet.ams.org/mathscinet-getitem?mr=4304905
https://doi.org/10.1007/s00245-020-09711-1
https://doi.org/10.1007/s00245-020-09711-1
https://mathscinet.ams.org/mathscinet-getitem?mr=4028474
https://mathscinet.ams.org/mathscinet-getitem?mr=4028474
https://doi.org/10.1017/s0956792519000044
https://doi.org/10.1017/s0956792519000044
https://mathscinet.ams.org/mathscinet-getitem?mr=3383341
https://mathscinet.ams.org/mathscinet-getitem?mr=3383341
https://doi.org/10.1007/s00440-014-0583-7
https://doi.org/10.1007/s00440-014-0583-7
https://mathscinet.ams.org/mathscinet-getitem?mr=4226237
https://mathscinet.ams.org/mathscinet-getitem?mr=4226237
https://doi.org/10.1137/20M1331135
https://doi.org/10.1137/20M1331135
https://mathscinet.ams.org/mathscinet-getitem?mr=4509653
https://mathscinet.ams.org/mathscinet-getitem?mr=4509653
https://mathscinet.ams.org/mathscinet-getitem?mr=4507678
https://mathscinet.ams.org/mathscinet-getitem?mr=4507678
https://doi.org/10.1017/jpr.2021.102
https://doi.org/10.1017/jpr.2021.102

(371
(38]
(39]
(40]
[41]
[42]
[43]
[44]
[45]

[46]

[47]
(48]
[49]
(50]

[51]

(52]

(53]

[54]

[55]

[56]

HUANG, M., MALHAME, R. P. and CAINES, P. E. (2006). Large population stochastic dynamic games:
Closed-loop McKean—Vlasov systems and the Nash certainty equivalence principle. Commun. Inf.
Syst. 6 221-251. MR2346927

ISERI, M. and ZHANG, J. (2021). Set values for mean field games. Available at arXiv:2107.01661.

KOBYLANSKI, M., QUENEZ, M.-C. and ROUY-MIRONESCU, E. (2011). Optimal multiple stopping time
problem. Ann. Appl. Probab. 21 1365-1399. MR2857451 https://doi.org/10.1214/10-AAP727

LACKER, D. (2015). Mean field games via controlled martingale problems: Existence of Markovian equilib-
ria. Stochastic Process. Appl. 125 2856-2894. MR3332857 https://doi.org/10.1016/j.spa.2015.02.006

LACKER, D. (2016). A general characterization of the mean field limit for stochastic differential games.
Probab. Theory Related Fields 165 581-648. MR3520014 https://doi.org/10.1007/s00440-015-0641-9

LACKER, D. (2017). Limit theory for controlled McKean—Vlasov dynamics. SIAM J. Control Optim. 55
1641-1672. MR3654119 https://doi.org/10.1137/16M 1095895

LACKER, D. (2020). On the convergence of closed-loop Nash equilibria to the mean field game limit. Ann.
Appl. Probab. 30 1693-1761. MR4133381 https://doi.org/10.1214/19-AAP1541

LACKER, D. and LE FLEM, L. (2023). Closed-loop convergence for mean field games with common noise.
Ann. Appl. Probab. 33 2681-2733. MR4612653 https://doi.org/10.1214/22-aap1876

LASRY, J.-M. and LIONS, P.-L. (2007). Mean field games. Jpn. J. Math. 2 229-260. MR2295621
https://doi.org/10.1007/s11537-007-0657-8

LAURIERE, M. and TANGPI, L. (2022). Convergence of large population games to mean field games with
interaction through the controls. SIAM J. Math. Anal. 54 3535-3574. MR4438040 https://doi.org/10.
1137/22M 1469328

Mou, C. and ZHANG, J. (2021). Wellposedness of second order master equations for mean field games
with nonsmooth data. Memoirs of the AMS.

NuTz, M., SAN MARTIN, J. and TAN, X. (2020). Convergence to the mean field game limit: A case study.
Ann. Appl. Probab. 30 259-286. MR4068311 https://doi.org/10.1214/19-AAP1501

OELSCHLAGER, K. (1984). A martingale approach to the law of large numbers for weakly interacting
stochastic processes. Ann. Probab. 12 458-479. MR(0735849

PossAaMAI, D. (2021). Non-asymptotic convergence rates for mean-field games: Weak formulation and
McKean—Vlasov BSDEs. Available at arXiv:2105.00484.

REN, Z., Touzi, N. and ZHANG, J. (2014). An overview of viscosity solutions of path-dependent PDEs. In
Stochastic Analysis and Applications 2014. Springer Proc. Math. Stat. 100 397-453. Springer, Cham.
MR3332721 https://doi.org/10.1007/978-3-319-11292-3_15

SZNITMAN, A.-S. (1991). Topics in propagation of chaos. In Ecole D’Eté de Probabilités de Saint-Flour
XIX—1989. Lecture Notes in Math. 1464 165-251. Springer, Berlin. MR1108185 https://doi.org/10.
1007/BFb0085169

TALBI, M. (2022). A finite-dimensional approximation for partial differential equations on Wasserstein
space. Available at arXiv:2211.00719.

TALBI, M., Touzi, N. and ZHANG, J. (2023). Dynamic programming equation for the mean field opti-
mal stopping problem. SIAM J. Control Optim. 61 2140-2164. MR4613226 https://doi.org/10.1137/
21M1404259

TALBI, M., TouzI, N. and ZHANG, J. (2023). Viscosity solutions for obstacle problems on Wasserstein
space. SIAM J. Control Optim. 61 1712—-1736. MR4604196 https://doi.org/10.1137/22M 1488119

VILLANI, C. (2003). Topics in Optimal Transportation. Graduate Studies in Mathematics 58. Amer. Math.
Soc., Providence, RI. MR1964483 https://doi.org/10.1090/gsm/058


https://mathscinet.ams.org/mathscinet-getitem?mr=2346927
https://mathscinet.ams.org/mathscinet-getitem?mr=2346927
http://arxiv.org/abs/2107.01661
http://arxiv.org/abs/2107.01661
https://mathscinet.ams.org/mathscinet-getitem?mr=2857451
https://mathscinet.ams.org/mathscinet-getitem?mr=2857451
https://doi.org/10.1214/10-AAP727
https://doi.org/10.1214/10-AAP727
https://mathscinet.ams.org/mathscinet-getitem?mr=3332857
https://mathscinet.ams.org/mathscinet-getitem?mr=3332857
https://doi.org/10.1016/j.spa.2015.02.006
https://doi.org/10.1016/j.spa.2015.02.006
https://mathscinet.ams.org/mathscinet-getitem?mr=3520014
https://mathscinet.ams.org/mathscinet-getitem?mr=3520014
https://doi.org/10.1007/s00440-015-0641-9
https://doi.org/10.1007/s00440-015-0641-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3654119
https://mathscinet.ams.org/mathscinet-getitem?mr=3654119
https://doi.org/10.1137/16M1095895
https://doi.org/10.1137/16M1095895
https://mathscinet.ams.org/mathscinet-getitem?mr=4133381
https://mathscinet.ams.org/mathscinet-getitem?mr=4133381
https://doi.org/10.1214/19-AAP1541
https://doi.org/10.1214/19-AAP1541
https://mathscinet.ams.org/mathscinet-getitem?mr=4612653
https://mathscinet.ams.org/mathscinet-getitem?mr=4612653
https://doi.org/10.1214/22-aap1876
https://doi.org/10.1214/22-aap1876
https://mathscinet.ams.org/mathscinet-getitem?mr=2295621
https://mathscinet.ams.org/mathscinet-getitem?mr=2295621
https://doi.org/10.1007/s11537-007-0657-8
https://doi.org/10.1007/s11537-007-0657-8
https://mathscinet.ams.org/mathscinet-getitem?mr=4438040
https://mathscinet.ams.org/mathscinet-getitem?mr=4438040
https://doi.org/10.1137/22M1469328
https://doi.org/10.1137/22M1469328
https://mathscinet.ams.org/mathscinet-getitem?mr=4068311
https://mathscinet.ams.org/mathscinet-getitem?mr=4068311
https://doi.org/10.1214/19-AAP1501
https://doi.org/10.1214/19-AAP1501
https://mathscinet.ams.org/mathscinet-getitem?mr=0735849
https://mathscinet.ams.org/mathscinet-getitem?mr=0735849
http://arxiv.org/abs/2105.00484
http://arxiv.org/abs/2105.00484
https://mathscinet.ams.org/mathscinet-getitem?mr=3332721
https://mathscinet.ams.org/mathscinet-getitem?mr=3332721
https://doi.org/10.1007/978-3-319-11292-3_15
https://doi.org/10.1007/978-3-319-11292-3_15
https://mathscinet.ams.org/mathscinet-getitem?mr=1108185
https://mathscinet.ams.org/mathscinet-getitem?mr=1108185
https://doi.org/10.1007/BFb0085169
https://doi.org/10.1007/BFb0085169
http://arxiv.org/abs/2211.00719
http://arxiv.org/abs/2211.00719
https://mathscinet.ams.org/mathscinet-getitem?mr=4613226
https://mathscinet.ams.org/mathscinet-getitem?mr=4613226
https://doi.org/10.1137/21M1404259
https://doi.org/10.1137/21M1404259
https://mathscinet.ams.org/mathscinet-getitem?mr=4604196
https://mathscinet.ams.org/mathscinet-getitem?mr=4604196
https://doi.org/10.1137/22M1488119
https://doi.org/10.1137/22M1488119
https://mathscinet.ams.org/mathscinet-getitem?mr=1964483
https://mathscinet.ams.org/mathscinet-getitem?mr=1964483
https://doi.org/10.1090/gsm/058
https://doi.org/10.1090/gsm/058

The Annals of Applied Probability

2024, Vol. 34, No. 5, 4268-4309
https://doi.org/10.1214/24-AAP2065

© Institute of Mathematical Statistics, 2024

(1]
(2]
(3]
(4]
(3]

(6]

(71
(8]

(9]

[10]

(1]

[12]

[13]

[14]

QUASILINEAR ROUGH EVOLUTION EQUATIONS
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We investigate the abstract Cauchy problem for a quasilinear parabolic
equation in a Banach space of the form du; — Ls(us)us dt = Ny (us) dt +
F(uz) - dX;, where X is a y-Holder rough path for y € (1/3,1/2). We ex-
plore the mild formulation that combines functional analysis techniques and
controlled rough paths theory which entail the local well-posedness of such
equations. We apply our results to the stochastic Landau—Lifshitz—Gilbert and
Shigesada—Kawasaki—Teramoto equation.
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ANALYSIS OF TWO-COMPONENT GIBBS SAMPLERS USING THE
THEORY OF TWO PROJECTIONS

By QIAN QIN?
School of Statistics, University of Minnesota, *qqin@umn.edu

The theory of two projections is utilized to study two-component Gibbs
samplers. Through this theory, previously intractable problems regarding the
asymptotic variances of two-component Gibbs samplers are reduced to ele-
mentary matrix algebra exercises. It is found that in terms of asymptotic vari-
ance, the two-component random-scan Gibbs sampler is never much worse,
and could be considerably better than its deterministic-scan counterpart, pro-
vided that the selection probability is appropriately chosen. This is espe-
cially the case when there is a large discrepancy in computation cost be-
tween the two components. The result contrasts with the known fact that the
deterministic-scan version has a faster convergence rate, which can also be
derived from the method herein. On the other hand, a modified version of
the deterministic-scan sampler that accounts for computation cost can out-
perform the random-scan version.
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In this paper we develop tests for detecting systematic jumps in asset
prices of general form, including ones not explained by observable factors,
and we further propose nonparametric estimates for them. The inference is
based on a panel of high-frequency asset returns, with both the sampling
frequency and the size of the cross-section increasing asymptotically. The
feasible limit theory developed in the paper utilizes the different asymptotic
roles played by diffusive versus jump risks and systematic versus idiosyn-
cratic risks in statistics that involve cross-sectional averages of suitably cho-
sen transforms of the high-frequency price increments. The rate of conver-
gence of the statistics is determined by the two asymptotically increasing
dimensions of the panel, without imposing restrictions on their relative size.
In an empirical application, using the developed tools, we document the ex-
istence of systematic jump risk, that is not spanned by standard (observable)
risk factors, and we further show that this risk commands a nontrivial risk
premium.
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HARMONIC MEASURE IN A MULTIDIMENSIONAL GAMBLER’S
PROBLEM
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We consider a random walk in a truncated cone K, which is obtained
by slicing cone K by a hyperplane at a growing level of order N. We study
the behaviour of the Green function in this truncated cone as N increases.
Using these results we also obtain the asymptotic behaviour of the harmonic
measure.

The obtained results are applied to a multidimensional gambler’s problem
studied by Diaconis and Ethier (Staist. Sci. 37 (2022) 289-305). In particu-
lar we confirm their conjecture that the probability of eliminating players in
a particular order has the same exact asymptotic behaviour as for the Brow-
nian motion approximation. We also provide a rate of convergence of this
probability towards this approximation.
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We investigate final outcome properties of an SIR (susceptible — in-
fective — recovered) epidemic model defined on a population of large sub-
communities in which there is stronger disease transmission within the com-
munities than between them. Our analysis involves approximation of the epi-
demic process by a chain of within-community large outbreaks spreading
between the communities. We derive law of large numbers and central limit
type results for the number of individuals and the number of communities af-
fected and the so-called severity of the outbreak. These results are valid as the
size of communities tends to infinity, with the number of communities either
fixed or also tending to infinity. The weaker between-community connections
lead to randomness even in the law of large numbers type limit. As part of our
proofs we also obtain a new result concerning the rate of convergence of the
expected fraction infected in a standard SIR epidemic to its large-population
limit.
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The modified method of successive approximations (MSA) is an iterative
scheme for approximating solutions to stochastic control problems in contin-
uous time based on Pontryagin optimality principle which, starting with an
initial open loop control, solves the forward equation, the backward adjoint
equation and then performs a static minimization step. We observe that this
is an implicit Euler scheme for a gradient flow system. We prove that ap-
propriate interpolations of the iterates of the modified MSA converge to a
gradient flow with rate r. We then study the convergence of this gradient
flow as time goes to infinity. In the general (nonconvex) case we prove that
the gradient term itself converges to zero. This is a consequence of an en-
ergy identity which shows that the optimization objective decreases along
the gradient flow. Moreover, in the convex case, when Pontryagin optimal-
ity principle provides a sufficient condition for optimality, we prove that the
optimization objective converges at rate % to its optimal value and at expo-
nential rate under strong convexity. The main technical difficulties lie in ob-
taining appropriate properties of the Hamiltonian (growth, continuity). These
are obtained by utilising the theory of bounded mean oscillation (BMO) mar-
tingales required for estimates on the adjoint backward stochastic differential
equation (BSDE).
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A SINGULAR TWO-PHASE STEFAN PROBLEM AND PARTICLES
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We consider a probabilistic formulation of a singular two-phase Stefan
problem in one space dimension, which amounts to a coupled system of two
McKean—Vlasov stochastic differential equations. In the financial context of
systemic risk, this system models two competing regions with a large num-
ber of interconnected banks or firms at risk of default. Our main result shows
the existence of a solution whose discontinuities obey the natural physicality
condition for the problem at hand. Thus, this work extends the recent series
of existence results for singular one-phase Stefan problems in one space di-
mension. As for the one-phase problems, our existence result is obtained via a
large system limit of a finite particle system approximation in the Skorokhod
M1 topology. But, unlike for the previously studied one-phase case, the free
boundary herein is not necessarily monotone, so that the large system limit is
obtained by a novel argument.
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We introduce a simple but powerful strategy to study processes driven by
two or more reinforcement mechanisms in competition. We apply our method
to two types of models: to nonconservative zero range processes on finite
graphs, and to multi-particle random walks with positive and negative rein-
forcement on the edges. The results hold for a broad class of reinforcement
functions, including those with superlinear growth. Our strategy consists in
a comparison of the original processes with suitable reference models. To
implement the comparison we estimate an object reminiscent to the Radon—
Nikodym derivative on a carefully chosen set of trajectories. Our results de-
scribe the almost sure long time behaviour of the processes. We also prove a
phase transition depending on the strength of the reinforcement functions.
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Given a transition matrix P indexed by a finite set V of vertices, the voter

model is a discrete-time Markov chain in {0, l}V where at each time-step a

randomly chosen vertex x imitates the opinion of vertex y with probability

P(x,y). The noisy voter model is a variation of the voter model in which

vertices may change their opinions by the action of an external noise. The

strength of this noise is measured by an extra parameter p € [0, 1].

In this work we analyse the density process, defined as the stationary mass
of vertices with opinion 1, thatis, S =Y, cy 7 (x)& (x), where 7 is the sta-
tionary distribution of P, and & (x) is the opinion of vertex x at time 7. We
investigate the asymptotic behaviour of S; when ¢ tends to infinity for dif-
ferent values of the noise parameter p. In particular, by allowing P and p
to be functions of the size |V|, we show that, under appropriate conditions
and small enough p a normalised version of S; converges to a Gaussian ran-
dom variable, while for large enough p, Sy converges to a Bernoulli random
variable. We provide further analysis of the noisy voter model on a variety
of specific graphs including the complete graph, cycle, torus, and hypercube,
where we identify the critical rate p (depending on the size |V |) that separates
these two asymptotic behaviours.
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APPROXIMATION OF STOCHASTIC INTEGRALS WITH JUMPS VIA
WEIGHTED BMO APPROACH

BY NGUYEN TRAN THUAN?

Department of Mathematics, Saarland University, *nguyen@math.uni-saarland.de

This article investigates discrete-time approximations of stochastic inte-
grals driven by semimartingales with jumps via weighted bounded mean os-
cillation (BMO) approach. This approach enables L ,-estimates, p € (2, 00),
for the approximation error depending on the weight, and it allows a change
of the underlying measure which leaves the error estimates unchanged. To
take advantage of this approach, we propose a new approximation scheme
obtained from an adjustment for the Riemann approximation based on track-
ing jumps of the underlying semimartingale. We discuss a way to optimize the
approximation and also illustrate the sharpness of the obtained convergence
rates. When the small jump activity of the semimartingale behaves like an
a-stable process with & € (1, 2), our scheme achieves under a regular regime
the same convergence rate for the error as in Rosenbaum and Tankov [Ann.
Appl. Probab. 24 (2014) 1002-1048]. Moreover, our approach extends to the
case o € (0, 1] and to the L p-setting which are not treated there. As an ap-
plication, we apply the methods in the special case where the semimartingale
is an exponential Lévy process to mean-variance hedging of European type
options.

REFERENCES

[1] APPLEBAUM, D. (2009). Lévy Processes and Stochastic Calculus, 2nd ed. Cambridge Studies in Ad-
vanced Mathematics 116. Cambridge Univ. Press, Cambridge. MR2512800 https://doi.org/10.1017/
CB09780511809781

[2] BENTH, F. E., D1 NUNNO, G., LGKKA, A., @KSENDAL, B. and PROSKE, F. (2003). Explicit represen-
tation of the minimal variance portfolio in markets driven by Lévy processes. Math. Finance 13 55—
72. Conference on Applications of Malliavin Calculus in Finance (Rocquencourt, 2001). MR1968096
https://doi.org/10.1111/1467-9965.t01-1-00005

[3] BLUMENTHAL, R. M. and GETOOR, R. K. (1961). Sample functions of stochastic processes with stationary
independent increments. J. Math. Mech. 10 493-516. MR0123362

[4] BRODEN, M. and TANKOV, P. (2011). Tracking errors from discrete hedging in exponential Lévy models.
Int. J. Theor. Appl. Finance 14 803-837. MR2845218 https://doi.org/10.1142/S0219024911006760

[5] CHOULLI, T., KRAWCZYK, L. and STRICKER, C. (1998). &-martingales and their applications in mathe-
matical finance. Ann. Probab. 26 853-876. MR1626523 https://doi.org/10.1214/a0p/1022855653

[6] CoONT, R. and TANKOV, P. (2004). Financial Modelling with Jump Processes. Chapman & Hall/CRC Fi-
nancial Mathematics Series. CRC Press, Boca Raton, FL. MR2042661

[7]1 ConT, R., TANKOV, P. and VOLTCHKOVA, E. (2007). Hedging with options in models with jumps.
In Stochastic Analysis and Applications. Abel Symp. 2 197-217. Springer, Berlin. MR2397788
https://doi.org/10.1007/978-3-540-70847-6_8

[8] DELBAEN, F., MONAT, P., SCHACHERMAYER, W., SCHWEIZER, M. and STRICKER, C. (1997). Weighted
norm inequalities and hedging in incomplete markets. Finance Stoch. 1 181-227.

[9] DELLACHERIE, C. and MEYER, P.-A. (1982). Probabilities and Potential. B: Theory of Martingales. North-
Holland Mathematics Studies 72. North-Holland, Amsterdam. Translated from the French by J. P.
Wilson. MR0745449

[10] DEREICH, S. and HEIDENREICH, F. (2011). A multilevel Monte Carlo algorithm for Lévy-driven stochastic
differential equations. Stochastic Process. Appl. 121 1565-1587. MR2802466 https://doi.org/10.1016/
j-spa.2011.03.015

MSC2020 subject classifications. Primary 60HO05, 91G20; secondary 60H07, 60G51.
Key words and phrases. Approximation of stochastic integral, convergence rate, Lévy process, semimartin-
gale, weighted bounded mean oscillation.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/24-AAP2075
https://doi.org/10.1214/24-AAP2075
http://www.imstat.org
http://www.imstat.org
mailto:nguyen@math.uni-saarland.de
mailto:nguyen@math.uni-saarland.de
https://mathscinet.ams.org/mathscinet-getitem?mr=2512800
https://mathscinet.ams.org/mathscinet-getitem?mr=2512800
https://doi.org/10.1017/CBO9780511809781
https://doi.org/10.1017/CBO9780511809781
https://mathscinet.ams.org/mathscinet-getitem?mr=1968096
https://mathscinet.ams.org/mathscinet-getitem?mr=1968096
https://doi.org/10.1111/1467-9965.t01-1-00005
https://doi.org/10.1111/1467-9965.t01-1-00005
https://mathscinet.ams.org/mathscinet-getitem?mr=0123362
https://mathscinet.ams.org/mathscinet-getitem?mr=0123362
https://mathscinet.ams.org/mathscinet-getitem?mr=2845218
https://mathscinet.ams.org/mathscinet-getitem?mr=2845218
https://doi.org/10.1142/S0219024911006760
https://doi.org/10.1142/S0219024911006760
https://mathscinet.ams.org/mathscinet-getitem?mr=1626523
https://mathscinet.ams.org/mathscinet-getitem?mr=1626523
https://doi.org/10.1214/aop/1022855653
https://doi.org/10.1214/aop/1022855653
https://mathscinet.ams.org/mathscinet-getitem?mr=2042661
https://mathscinet.ams.org/mathscinet-getitem?mr=2042661
https://mathscinet.ams.org/mathscinet-getitem?mr=2397788
https://mathscinet.ams.org/mathscinet-getitem?mr=2397788
https://doi.org/10.1007/978-3-540-70847-6_8
https://doi.org/10.1007/978-3-540-70847-6_8
https://mathscinet.ams.org/mathscinet-getitem?mr=0745449
https://mathscinet.ams.org/mathscinet-getitem?mr=0745449
https://mathscinet.ams.org/mathscinet-getitem?mr=2802466
https://mathscinet.ams.org/mathscinet-getitem?mr=2802466
https://doi.org/10.1016/j.spa.2011.03.015
https://doi.org/10.1016/j.spa.2011.03.015
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

(11]

[12]
[13]

[14]

[15]
[16]
(7]
(18]
[19]

(20]

(21]
(22]

(23]

[24]

[25]

(26]

(27]

(28]

[29]
(30]

(31]

(32]
(33]

[34]

[35]

FUKASAWA, M. (2011). Asymptotically efficient discrete hedging. In Stochastic Analysis with Financial
Applications. Progress in Probability 65 331-346. Birkhauser, Basel. MR3050797 https://doi.org/10.
1007/978-3-0348-0097-6_19

FUKASAWA, M. (2014). Efficient discretization of stochastic integrals. Finance Stoch. 18 175-208.
MR3146491 https://doi.org/10.1007/s00780-013-0215-6

GEISS, C. and GEISS, S. (2004). On approximation of a class of stochastic integrals and interpolation.
Stoch. Stoch. Rep. 76 339-362. MR2075477 https://doi.org/10.1080/10451120410001728445

GEiss, C., GEIsS, S. and LAUKKARINEN, E. (2013). A note on Malliavin fractional smoothness for
Lévy processes and approximation. Potential Anal. 39 203-230. MR3102985 https://doi.org/10.1007/
s11118-012-9326-5

GEISS, S. (2002). Quantitative approximation of certain stochastic integrals. Stoch. Stoch. Rep. 73 241-270.
MR1932161 https://doi.org/10.1080/1045112021000025934

GEISS, S. (2005). Weighted BMO and discrete time hedging within the Black—Scholes model. Probab.
Theory Related Fields 132 13-38. MR2136865 https://doi.org/10.1007/s00440-004-0389-0

GEISS, S. and THUAN, N. T. (2021). On Riemann-Liouville operators, BMO, gradient estimates in the
Lévy-Ito space, and approximation. Available at arXiv:2009.00899v2.

GEISS, S. and TorvoLA, A. (2009). Weak convergence of error processes in discretizations of stochastic
integrals and Besov spaces. Bernoulli 15 925-954. MR2597578 https://doi.org/10.3150/09-BEJ197

GEIss, S. and TOIVOLA, A. (2015). On fractional smoothness and L p-approximation on the Gaussian
space. Ann. Probab. 43 605-638. MR3306001 https://doi.org/10.1214/13- AOP884

GEISS, S. and YLINEN, J. (2020). Weighted bounded mean oscillation applied to backward stochastic
differential equations. Stochastic Process. Appl. 130 3711-3752. MR4092418 https://doi.org/10.1016/
j-spa.2019.10.007

GOBET, E. and LANDON, N. (2014). Almost sure optimal hedging strategy. Ann. Appl. Probab. 24 1652—
1690. MR3211007 https://doi.org/10.1214/13- AAP959

GOBET, E. and TEMAM, E. (2001). Discrete time hedging errors for options with irregular payoffs. Finance
Stoch. § 357-367. MR1849426 https://doi.org/10.1007/PL00013539

HUBALEK, F., KALLSEN, J. and KRAWCZYK, L. (2006). Variance-optimal hedging for processes with
stationary independent increments. Ann. Appl. Probab. 16 853—885. MR2244435 https://doi.org/10.
1214/105051606000000178

JACOD, J., MELEARD, S. and PROTTER, P. (2000). Explicit form and robustness of martingale representa-
tions. Ann. Probab. 28 1747-1780. MR1813842 https://doi.org/10.1214/a0p/1019160506

JACOD, J. and SHIRYAEV, A. N. (2003). Limit Theorems for Stochastic Processes, 2nd ed. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 288. Springer,
Berlin. MR1943877 https://doi.org/10.1007/978-3-662-05265-5

KOHATSU-HIGA, A. and TANKOV, P. (2010). Jump-adapted discretization schemes for Lévy-driven SDEs.
Stochastic Process. Appl. 120 2258-2285. MR2684745 https://doi.org/10.1016/j.spa.2010.07.001

MIKULEVICIUS, R. (2012). On the rate of convergence of simple and jump-adapted weak Euler schemes
for Lévy driven SDEs. Stochastic Process. Appl. 122 2730-2757. MR2926173 https://doi.org/10.1016/
j-spa.2012.04.013

PLATEN, E. and BRUTI-LIBERATI, N. (2010). Numerical Solution of Stochastic Differential Equations with
Jumps in Finance. Stochastic Modelling and Applied Probability 64. Springer, Berlin. MR2723480
https://doi.org/10.1007/978-3-642-13694-8

PROTTER, P. E. (2004). Stochastic Integration and Differential Equations: Stochastic Modelling and Ap-
plied Probability, 2nd ed. Applications of Mathematics (New York) 21. Springer, Berlin. MR2020294

ROSENBAUM, M. and TANKOV, P. (2014). Asymptotically optimal discretization of hedging strategies with
jumps. Ann. Appl. Probab. 24 1002-1048. MR3199979 https://doi.org/10.1214/13- AAP940

SATO0, K. (2013). Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies in Advanced
Mathematics 68. Cambridge Univ. Press, Cambridge. Translated from the 1990 Japanese original,
Revised edition of the 1999 English translation. MR3185174

SCHOUTENS, W. (2003). Lévy Processes in Finance: Pricing Financial Derivatives. Wiley, New York.

SCHWEIZER, M. (2001). A guided tour through quadratic hedging approaches. In Option Pricing, Interest
Rates and Risk Management. Handb. Math. Finance 538-574. Cambridge Univ. Press, Cambridge.
MR 1848562 https://doi.org/10.1017/CB0O9780511569708.016

TANKOV, P. (2011). Pricing and hedging in exponential Lévy models: Review of recent results. In Paris—
Princeton Lectures on Mathematical Finance 2010. Lecture Notes in Math. 2003 319-359. Springer,
Berlin. MR2762364 https://doi.org/10.1007/978-3-642-14660-2_5

TANKOV, P. and VOLTCHKOVA, E. (2009). Asymptotic analysis of hedging errors in models with jumps.
Stochastic Process. Appl. 119 2004-2027. MR2519354 https://doi.org/10.1016/j.spa.2008.10.002


https://mathscinet.ams.org/mathscinet-getitem?mr=3050797
https://mathscinet.ams.org/mathscinet-getitem?mr=3050797
https://doi.org/10.1007/978-3-0348-0097-6_19
https://doi.org/10.1007/978-3-0348-0097-6_19
https://mathscinet.ams.org/mathscinet-getitem?mr=3146491
https://mathscinet.ams.org/mathscinet-getitem?mr=3146491
https://doi.org/10.1007/s00780-013-0215-6
https://doi.org/10.1007/s00780-013-0215-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2075477
https://mathscinet.ams.org/mathscinet-getitem?mr=2075477
https://doi.org/10.1080/10451120410001728445
https://doi.org/10.1080/10451120410001728445
https://mathscinet.ams.org/mathscinet-getitem?mr=3102985
https://mathscinet.ams.org/mathscinet-getitem?mr=3102985
https://doi.org/10.1007/s11118-012-9326-5
https://doi.org/10.1007/s11118-012-9326-5
https://mathscinet.ams.org/mathscinet-getitem?mr=1932161
https://mathscinet.ams.org/mathscinet-getitem?mr=1932161
https://doi.org/10.1080/1045112021000025934
https://doi.org/10.1080/1045112021000025934
https://mathscinet.ams.org/mathscinet-getitem?mr=2136865
https://mathscinet.ams.org/mathscinet-getitem?mr=2136865
https://doi.org/10.1007/s00440-004-0389-0
https://doi.org/10.1007/s00440-004-0389-0
http://arxiv.org/abs/2009.00899v2
http://arxiv.org/abs/2009.00899v2
https://mathscinet.ams.org/mathscinet-getitem?mr=2597578
https://mathscinet.ams.org/mathscinet-getitem?mr=2597578
https://doi.org/10.3150/09-BEJ197
https://doi.org/10.3150/09-BEJ197
https://mathscinet.ams.org/mathscinet-getitem?mr=3306001
https://mathscinet.ams.org/mathscinet-getitem?mr=3306001
https://doi.org/10.1214/13-AOP884
https://doi.org/10.1214/13-AOP884
https://mathscinet.ams.org/mathscinet-getitem?mr=4092418
https://mathscinet.ams.org/mathscinet-getitem?mr=4092418
https://doi.org/10.1016/j.spa.2019.10.007
https://doi.org/10.1016/j.spa.2019.10.007
https://mathscinet.ams.org/mathscinet-getitem?mr=3211007
https://mathscinet.ams.org/mathscinet-getitem?mr=3211007
https://doi.org/10.1214/13-AAP959
https://doi.org/10.1214/13-AAP959
https://mathscinet.ams.org/mathscinet-getitem?mr=1849426
https://mathscinet.ams.org/mathscinet-getitem?mr=1849426
https://doi.org/10.1007/PL00013539
https://doi.org/10.1007/PL00013539
https://mathscinet.ams.org/mathscinet-getitem?mr=2244435
https://mathscinet.ams.org/mathscinet-getitem?mr=2244435
https://doi.org/10.1214/105051606000000178
https://doi.org/10.1214/105051606000000178
https://mathscinet.ams.org/mathscinet-getitem?mr=1813842
https://mathscinet.ams.org/mathscinet-getitem?mr=1813842
https://doi.org/10.1214/aop/1019160506
https://doi.org/10.1214/aop/1019160506
https://mathscinet.ams.org/mathscinet-getitem?mr=1943877
https://mathscinet.ams.org/mathscinet-getitem?mr=1943877
https://doi.org/10.1007/978-3-662-05265-5
https://doi.org/10.1007/978-3-662-05265-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2684745
https://mathscinet.ams.org/mathscinet-getitem?mr=2684745
https://doi.org/10.1016/j.spa.2010.07.001
https://doi.org/10.1016/j.spa.2010.07.001
https://mathscinet.ams.org/mathscinet-getitem?mr=2926173
https://mathscinet.ams.org/mathscinet-getitem?mr=2926173
https://doi.org/10.1016/j.spa.2012.04.013
https://doi.org/10.1016/j.spa.2012.04.013
https://mathscinet.ams.org/mathscinet-getitem?mr=2723480
https://mathscinet.ams.org/mathscinet-getitem?mr=2723480
https://doi.org/10.1007/978-3-642-13694-8
https://doi.org/10.1007/978-3-642-13694-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2020294
https://mathscinet.ams.org/mathscinet-getitem?mr=2020294
https://mathscinet.ams.org/mathscinet-getitem?mr=3199979
https://mathscinet.ams.org/mathscinet-getitem?mr=3199979
https://doi.org/10.1214/13-AAP940
https://doi.org/10.1214/13-AAP940
https://mathscinet.ams.org/mathscinet-getitem?mr=3185174
https://mathscinet.ams.org/mathscinet-getitem?mr=3185174
https://mathscinet.ams.org/mathscinet-getitem?mr=1848562
https://mathscinet.ams.org/mathscinet-getitem?mr=1848562
https://doi.org/10.1017/CBO9780511569708.016
https://doi.org/10.1017/CBO9780511569708.016
https://mathscinet.ams.org/mathscinet-getitem?mr=2762364
https://mathscinet.ams.org/mathscinet-getitem?mr=2762364
https://doi.org/10.1007/978-3-642-14660-2_5
https://doi.org/10.1007/978-3-642-14660-2_5
https://mathscinet.ams.org/mathscinet-getitem?mr=2519354
https://mathscinet.ams.org/mathscinet-getitem?mr=2519354
https://doi.org/10.1016/j.spa.2008.10.002
https://doi.org/10.1016/j.spa.2008.10.002

[36] THUAN, N. T. (2022). Explicit Follmer-Schweizer decomposition and discretization with jump correction
in exponential Lévy models. Available at arXiv:2009.04328v2.

[37] THUAN, N. T. (2024). Supplement to “Approximation of stochastic integrals with jumps via weighted BMO
approach.” https://doi.org/10.1214/24- AAP2075SUPP


http://arxiv.org/abs/2009.04328v2
http://arxiv.org/abs/2009.04328v2
https://doi.org/10.1214/24-AAP2075SUPP
https://doi.org/10.1214/24-AAP2075SUPP

The Annals of Applied Probability

2024, Vol. 34, No. 5, 4635-4693

https://doi.org/10.1214/24-AAP2076

This research was funded, in whole or in part, by FWF, P 34142. A CC BY 4.0 license is applied to this article arising from this submission, in accordance with the
grant’s open access conditions.

PHASE TRANSITIONS OF COMPOSITION SCHEMES: MITTAG-LEFFLER

AND MIXED POISSON DISTRIBUTIONS

BY CYRIL BANDERIER!®, MARKUS KUBAZ2® AND MICHAEL WALLNER>:P

This article is kindly devoted to Alois Panholzer, on the occasion of his 50th birthday.

U Laboratoire d "Informatique de Paris-Nord, Université Sorbonne Paris Nord

2Dep),‘. of Applied Mathematics and Physics, University of Applied Sciences Technikum Wien, *kuba@technikum-wien.at

(1]
(2]

(3]

(4]

(5]
(6]

(7]

3 Institute of Discrete Mathematics and Geometry, Technische Universitit Wien, Ymichael.wallner@ tuwien.ac.at

Multitudinous probabilistic and combinatorial objects are associated
with generating functions satisfying a composition scheme F(z) = G(H(2)).
The analysis becomes challenging when this scheme is critical (i.e., G and H
are simultaneously singular). Motivated by many examples (random map-
pings, planar maps, directed lattice paths), we consider a natural extension of
this scheme, namely F(z,u) = G(uH (z))M(z). We also consider a variant
of this scheme, which allows us to analyse the number of H-components of
a given size in F.

We prove that these two models lead to a rich world of limit laws,
where we identify the key role played by a new universal law introduced in
this article: the three-parameter Mittag-Leffler distribution, which is essen-
tially the product of a beta and a Mittag-Leffler distribution. We also prove
(double) phase transitions, additionally involving Boltzmann and mixed Pois-
son distributions, bringing a unified explanation of the associated thresholds.
In all cases we obtain moment convergence and local limit theorems. We end
with extensions of the critical composition scheme to a cycle scheme and
to the multivariate case, leading to product distributions. Applications are
presented for random walks, trees (supertrees of trees, increasingly labelled
trees, preferential attachment trees), triangular Pélya urns, and the Chinese
restaurant process.
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A group of players are supposed to follow a prescribed profile of strate-
gies. If they follow this profile, they will reach a given target. We show that
if the target is not reached because some player deviates, then an outside ob-
server can identify the deviator. We also construct identification methods in
two nontrivial cases.
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VISCOSITY SOLUTIONS TO SECOND ORDER ELLIPTIC
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This paper introduces a notion of viscosity solutions for second order el-
liptic Hamilton—Jacobi—-Bellman (HJB) equations with infinite delay associ-
ated with infinite-horizon optimal control problems for stochastic differential
equations with infinite delay. We identify the value functional of optimal con-
trol problems as unique viscosity solution to associated second order elliptic
HJB equations with infinite delay. We also show that our notion of viscosity
solutions is consistent with the corresponding notion of classical solutions,
and satisfies a stability property.
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In this paper, we consider quadratic forward-backward SDEs (QFBS-
DEs), for which the drift in the forward equation does not satisfy the standard
globally Lipschitz condition and the driver of the backward system possesses
nonlinearity of type f(| y)Iz|%, where f is any locally integrable function.
We prove both the Malliavin and classical differentiability of solutions to this
type of QFBSDEs and provide representations of these derivatives processes.
As a by-product, we derive a representation formula of the control variable
Z; as a conditional expectation of the terminal value, the driver and the Malli-
avin weights, when the drift term is only bounded and Holder continuous. We
study a numerical approximation of this system in the sense of Imkeller and
Dos Reis (Stochastic Process. Appl. 120 (2010) 2286-2288) in which the au-
thors assume that the drift is Lipschitz and the driver of the BSDE is globally
Lipschitz in y and quadratic in the traditional sense in z (i.e., f is a positive
constant). We show that the rate of convergence is the same as in (Stochastic
Process. Appl. 120 (2010) 2286-2288).
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CONVERGENCE OF ADAPTED EMPIRICAL MEASURES ON R?

BY BEATRICE ACCIAIO* AND SONGYAN HouP

Department of Mathematics, ETH Ziirich, ®beatrice.acciaio@math.ethz.ch, bsongyan.hou@math.ethz.ch

We consider empirical measures of R9-valued stochastic process in fi-
nite discrete-time. We show that the adapted empirical measure introduced in
the recent work (Ann. Appl. Probab. 32 (2022) 529-550) by Backhoff et al.
in compact spaces can be defined analogously on R4, and that it converges
almost surely to the underlying measure under the adapted Wasserstein dis-
tance. Moreover, we quantitatively analyze the convergence of the adapted
Wasserstein distance between those two measures. We establish convergence
rates of the expected error as well as the deviation error under different mo-
ment conditions. Under suitable integrability and kernel assumptions, we re-
cover the optimal convergence rates of both expected error and deviation er-
ror. Furthermore, we propose a modification of the adapted empirical measure
with projection on a nonuniform grid, which obtains the same convergence
rate but under weaker assumptions.
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We propose a new Monte Carlo-based estimator for digital options with
assets modelled by a stochastic differential equation (SDE). The new esti-
mator is based on repeated path splitting and relies on the correlation of ap-
proximate paths of the underlying SDE that share parts of a Brownian path.
Combining this new estimator with multilevel Monte Carlo (MLMC) leads to
an estimator with a computational complexity that is similar to the complex-
ity of a MLMC estimator when applied to options with Lipschitz payoffs.
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We consider the edge-triangle model, a two-parameter family of expo-
nential random graphs in which dependence between edges is introduced
through triangles. In the so-called replica symmetric regime, the limiting free
energy exists together with a complete characterization of the phase diagram
of the model. We borrow tools from statistical mechanics to obtain limit theo-
rems for the edge density. First, we investigate the asymptotic distribution of
this quantity, as the graph size tends to infinity, in the various phases. Then,
we study the fluctuations of the edge density around its average value off the
critical curve and formulate conjectures about the behavior at criticality based
on the analysis of a mean-field approximation of the model. Some of our re-
sults can be extended with no substantial changes to more general classes of
exponential random graphs.
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We consider the symmetric inclusion process on a general finite graph.
Our main result establishes universal upper and lower bounds for the spec-
tral gap of this interacting particle system in terms of the spectral gap of the
random walk on the same graph. In the regime in which the gamma-like re-
versible measures of the particle systems are log-concave, our bounds match,
yielding a version for the symmetric inclusion process of the celebrated Al-
dous’ spectral gap conjecture originally formulated for the interchange pro-
cess. Finally, by means of duality techniques, we draw analogous conclusions
for an interacting diffusion-like unbounded conservative spin system known
as Brownian energy process.
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Consider a multiple hypothesis testing setting involving rare/weak ef-
fects: relatively few tests, out of possibly many, deviate from their null hy-
pothesis behavior. Summarizing the significance of each test by a p-value, we
construct a global test against the joint null using the higher criticism (HC)
statistics of these p-values. We calibrate the rare/weak model using parame-
ters controlling the asymptotic distribution of nonnull p-values near zero. We
derive a region in the parameter space where the HC test is asymptotically
powerless. Our derivation involves very different tools than previously used
to show powerlessness of HC, relying on properties of the empirical processes
underlying HC. In particular, our result applies to situations where HC is not
asymptotically optimal, or when the asymptotically detectable region of the
parameter space is unknown.
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We consider the so-called directed configuration model (DCM), that is,
a random directed graph with prescribed in- and out-degrees. In this random
geometry, we study the meeting time of two random walks starting at station-
arity, the coalescence time for a system of coalescent random walks, and the
consensus time of the classical voter model. Indeed, it is known that the latter
three quantities are related to each other under certain mean field conditions
requiring fast enough mixing time and not too concentrated stationary distri-
bution. Our main result shows that, for a typical large graph from the DCM
ensemble, the meeting time is well-approximated by an exponential random
variable for which we provide the first-order asymptotics of its expectation,
showing that the latter is linear in the size of the graph, and its pre-constant
depends on some explicit statistics of the degree sequence. As a byproduct,
we explore the effect of the degree sequence in changing the meeting, co-
alescence, and consensus time by discussing several classes of examples of
interest also from an applied perspective. Our approach follows the classi-
cal idea of converting meeting into hitting times of a proper collapsed chain,
which we control by the so-called first visit time lemma. The main technical
challenge is related to the fact that in such a directed setting the stationary
distribution is random, and it depends on the whole realization of the graph.
As a consequence, a good share of the proof focuses on showing that certain
functions of the stationary distribution concentrate around their expectations,
and on their characterization, via proper annealing arguments.
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