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ON A STIFF PROBLEM IN TWO-DIMENSIONAL SPACE

BY LIPING LI1,a AND WENJIE SUN2,b

1School of Mathematical Sciences, Fudan University, aliliping@fudan.edu.cn
2School of Mathematical Sciences, Key Laboratory of Intelligent Computing and Applications (Ministry of Education), Tongji

University, bwjsun@tongji.edu.cn

In this paper we study a stiff problem in two-dimensional space and es-
pecially characterize its probabilistic counterpart. More specifically, consider
the heat equation with a parameter ε > 0:

∂tu
ε(t, x) = 1

2
∇ · (

Aε(x)∇uε(t, x)
)
, t ≥ 0, x ∈R

2,

where Aε(x) := Id2, the identity matrix, for x /∈ �ε := {x = (x1, x2) ∈ R
2 :

|x2| < ε} and

Aε(x) :=
(
a-
ε 0

0 a�

ε

)
, x ∈ �ε

with two constants a−
ε , a

�

ε > 0. The solution uε is usually called a flux. Then
the stiff problem is concerned with the existence and characterization of the
limit u, called the limiting flux, of uε as ε ↓ 0 in a certain sense. Note that
there exists a diffusion process Xε on R

2 associated to this heat equation in
the sense that uε(t, x) := Exuε(0,Xε

t ) is its unique solution. The main result
of this paper figures out the limiting process of Xε as ε ↓ 0 for all possible
cases. As a byproduct, the limiting flux u in an L2-sense and several boundary
conditions on the x1-axis satisfied by u regarding various cases will be further
obtained.
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FROM FINITE POPULATION OPTIMAL STOPPING TO MEAN FIELD
OPTIMAL STOPPING
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 iD AND JIANFENG ZHANG3,c
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1Laboratoire de Probabilités, Statistiques et Modélisation, Université Paris-Cité, atalbi@lpsm.paris
2Tandon School of Engineering, New York University, bnt2635@nyu.edu
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This paper analyzes the convergence of the finite population optimal
stopping problem towards the corresponding mean field limit. Building on the
viscosity solution characterization of the mean field optimal stopping prob-
lem of our previous papers (SIAM J. Control Optim. 61 (2023) 1712–1736,
2140–2164), we prove the convergence of the value functions by adapting the
Barles–Souganidis (Asymptot. Anal. 4 (1991) 271–283) monotone scheme
method to our context. We next characterize the optimal stopping policies of
the mean field problem by the accumulation points of the finite population
optimal stopping strategies. In particular, if the limiting problem has a unique
optimal stopping policy, then the finite population optimal stopping strate-
gies do converge towards this solution. As a by-product of our analysis, we
provide an extension of the standard propagation of chaos to the context of
stopped McKean–Vlasov diffusions.
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QUASILINEAR ROUGH EVOLUTION EQUATIONS
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We investigate the abstract Cauchy problem for a quasilinear parabolic
equation in a Banach space of the form dut − Lt (ut )ut dt = Nt (ut ) dt +
F(ut ) · dXt , where X is a γ -Hölder rough path for γ ∈ (1/3,1/2). We ex-
plore the mild formulation that combines functional analysis techniques and
controlled rough paths theory which entail the local well-posedness of such
equations. We apply our results to the stochastic Landau–Lifshitz–Gilbert and
Shigesada–Kawasaki–Teramoto equation.
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ANALYSIS OF TWO-COMPONENT GIBBS SAMPLERS USING THE
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The theory of two projections is utilized to study two-component Gibbs
samplers. Through this theory, previously intractable problems regarding the
asymptotic variances of two-component Gibbs samplers are reduced to ele-
mentary matrix algebra exercises. It is found that in terms of asymptotic vari-
ance, the two-component random-scan Gibbs sampler is never much worse,
and could be considerably better than its deterministic-scan counterpart, pro-
vided that the selection probability is appropriately chosen. This is espe-
cially the case when there is a large discrepancy in computation cost be-
tween the two components. The result contrasts with the known fact that the
deterministic-scan version has a faster convergence rate, which can also be
derived from the method herein. On the other hand, a modified version of
the deterministic-scan sampler that accounts for computation cost can out-
perform the random-scan version.
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In this paper we develop tests for detecting systematic jumps in asset
prices of general form, including ones not explained by observable factors,
and we further propose nonparametric estimates for them. The inference is
based on a panel of high-frequency asset returns, with both the sampling
frequency and the size of the cross-section increasing asymptotically. The
feasible limit theory developed in the paper utilizes the different asymptotic
roles played by diffusive versus jump risks and systematic versus idiosyn-
cratic risks in statistics that involve cross-sectional averages of suitably cho-
sen transforms of the high-frequency price increments. The rate of conver-
gence of the statistics is determined by the two asymptotically increasing
dimensions of the panel, without imposing restrictions on their relative size.
In an empirical application, using the developed tools, we document the ex-
istence of systematic jump risk, that is not spanned by standard (observable)
risk factors, and we further show that this risk commands a nontrivial risk
premium.
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We consider a random walk in a truncated cone KN , which is obtained
by slicing cone K by a hyperplane at a growing level of order N . We study
the behaviour of the Green function in this truncated cone as N increases.
Using these results we also obtain the asymptotic behaviour of the harmonic
measure.

The obtained results are applied to a multidimensional gambler’s problem
studied by Diaconis and Ethier (Staist. Sci. 37 (2022) 289–305). In particu-
lar we confirm their conjecture that the probability of eliminating players in
a particular order has the same exact asymptotic behaviour as for the Brow-
nian motion approximation. We also provide a rate of convergence of this
probability towards this approximation.
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We investigate final outcome properties of an SIR (susceptible → in-
fective → recovered) epidemic model defined on a population of large sub-
communities in which there is stronger disease transmission within the com-
munities than between them. Our analysis involves approximation of the epi-
demic process by a chain of within-community large outbreaks spreading
between the communities. We derive law of large numbers and central limit
type results for the number of individuals and the number of communities af-
fected and the so-called severity of the outbreak. These results are valid as the
size of communities tends to infinity, with the number of communities either
fixed or also tending to infinity. The weaker between-community connections
lead to randomness even in the law of large numbers type limit. As part of our
proofs we also obtain a new result concerning the rate of convergence of the
expected fraction infected in a standard SIR epidemic to its large-population
limit.
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The modified method of successive approximations (MSA) is an iterative
scheme for approximating solutions to stochastic control problems in contin-
uous time based on Pontryagin optimality principle which, starting with an
initial open loop control, solves the forward equation, the backward adjoint
equation and then performs a static minimization step. We observe that this
is an implicit Euler scheme for a gradient flow system. We prove that ap-
propriate interpolations of the iterates of the modified MSA converge to a
gradient flow with rate τ . We then study the convergence of this gradient
flow as time goes to infinity. In the general (nonconvex) case we prove that
the gradient term itself converges to zero. This is a consequence of an en-
ergy identity which shows that the optimization objective decreases along
the gradient flow. Moreover, in the convex case, when Pontryagin optimal-
ity principle provides a sufficient condition for optimality, we prove that the
optimization objective converges at rate 1

S
to its optimal value and at expo-

nential rate under strong convexity. The main technical difficulties lie in ob-
taining appropriate properties of the Hamiltonian (growth, continuity). These
are obtained by utilising the theory of bounded mean oscillation (BMO) mar-
tingales required for estimates on the adjoint backward stochastic differential
equation (BSDE).
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A SINGULAR TWO-PHASE STEFAN PROBLEM AND PARTICLES
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BY GRAEME BAKER1,a AND MYKHAYLO SHKOLNIKOV2,b

1Department of Statistics, Columbia University, ag.baker@columbia.edu
2Department of Mathematical Sciences, Carnegie Mellon University, bmshkolni@gmail.com

We consider a probabilistic formulation of a singular two-phase Stefan
problem in one space dimension, which amounts to a coupled system of two
McKean–Vlasov stochastic differential equations. In the financial context of
systemic risk, this system models two competing regions with a large num-
ber of interconnected banks or firms at risk of default. Our main result shows
the existence of a solution whose discontinuities obey the natural physicality
condition for the problem at hand. Thus, this work extends the recent series
of existence results for singular one-phase Stefan problems in one space di-
mension. As for the one-phase problems, our existence result is obtained via a
large system limit of a finite particle system approximation in the Skorokhod
M1 topology. But, unlike for the previously studied one-phase case, the free
boundary herein is not necessarily monotone, so that the large system limit is
obtained by a novel argument.
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We introduce a simple but powerful strategy to study processes driven by
two or more reinforcement mechanisms in competition. We apply our method
to two types of models: to nonconservative zero range processes on finite
graphs, and to multi-particle random walks with positive and negative rein-
forcement on the edges. The results hold for a broad class of reinforcement
functions, including those with superlinear growth. Our strategy consists in
a comparison of the original processes with suitable reference models. To
implement the comparison we estimate an object reminiscent to the Radon–
Nikodym derivative on a carefully chosen set of trajectories. Our results de-
scribe the almost sure long time behaviour of the processes. We also prove a
phase transition depending on the strength of the reinforcement functions.
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Given a transition matrix P indexed by a finite set V of vertices, the voter
model is a discrete-time Markov chain in {0,1}V where at each time-step a
randomly chosen vertex x imitates the opinion of vertex y with probability
P(x, y). The noisy voter model is a variation of the voter model in which
vertices may change their opinions by the action of an external noise. The
strength of this noise is measured by an extra parameter p ∈ [0,1].

In this work we analyse the density process, defined as the stationary mass
of vertices with opinion 1, that is, St = ∑

x∈V π(x)ξt (x), where π is the sta-
tionary distribution of P , and ξt (x) is the opinion of vertex x at time t . We
investigate the asymptotic behaviour of St when t tends to infinity for dif-
ferent values of the noise parameter p. In particular, by allowing P and p

to be functions of the size |V |, we show that, under appropriate conditions
and small enough p a normalised version of St converges to a Gaussian ran-
dom variable, while for large enough p, St converges to a Bernoulli random
variable. We provide further analysis of the noisy voter model on a variety
of specific graphs including the complete graph, cycle, torus, and hypercube,
where we identify the critical rate p (depending on the size |V |) that separates
these two asymptotic behaviours.
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APPROXIMATION OF STOCHASTIC INTEGRALS WITH JUMPS VIA
WEIGHTED BMO APPROACH

BY NGUYEN TRAN THUANa

Department of Mathematics, Saarland University, anguyen@math.uni-saarland.de

This article investigates discrete-time approximations of stochastic inte-
grals driven by semimartingales with jumps via weighted bounded mean os-
cillation (BMO) approach. This approach enables Lp-estimates, p ∈ (2,∞),
for the approximation error depending on the weight, and it allows a change
of the underlying measure which leaves the error estimates unchanged. To
take advantage of this approach, we propose a new approximation scheme
obtained from an adjustment for the Riemann approximation based on track-
ing jumps of the underlying semimartingale. We discuss a way to optimize the
approximation and also illustrate the sharpness of the obtained convergence
rates. When the small jump activity of the semimartingale behaves like an
α-stable process with α ∈ (1,2), our scheme achieves under a regular regime
the same convergence rate for the error as in Rosenbaum and Tankov [Ann.
Appl. Probab. 24 (2014) 1002–1048]. Moreover, our approach extends to the
case α ∈ (0,1] and to the Lp-setting which are not treated there. As an ap-
plication, we apply the methods in the special case where the semimartingale
is an exponential Lévy process to mean-variance hedging of European type
options.
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Multitudinous probabilistic and combinatorial objects are associated
with generating functions satisfying a composition scheme F(z) = G(H(z)).
The analysis becomes challenging when this scheme is critical (i.e., G and H

are simultaneously singular). Motivated by many examples (random map-
pings, planar maps, directed lattice paths), we consider a natural extension of
this scheme, namely F(z,u) = G(uH(z))M(z). We also consider a variant
of this scheme, which allows us to analyse the number of H -components of
a given size in F .

We prove that these two models lead to a rich world of limit laws,
where we identify the key role played by a new universal law introduced in
this article: the three-parameter Mittag-Leffler distribution, which is essen-
tially the product of a beta and a Mittag-Leffler distribution. We also prove
(double) phase transitions, additionally involving Boltzmann and mixed Pois-
son distributions, bringing a unified explanation of the associated thresholds.
In all cases we obtain moment convergence and local limit theorems. We end
with extensions of the critical composition scheme to a cycle scheme and
to the multivariate case, leading to product distributions. Applications are
presented for random walks, trees (supertrees of trees, increasingly labelled
trees, preferential attachment trees), triangular Pólya urns, and the Chinese
restaurant process.
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A group of players are supposed to follow a prescribed profile of strate-
gies. If they follow this profile, they will reach a given target. We show that
if the target is not reached because some player deviates, then an outside ob-
server can identify the deviator. We also construct identification methods in
two nontrivial cases.
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VISCOSITY SOLUTIONS TO SECOND ORDER ELLIPTIC
HAMILTON-JACOBI–BELLMAN EQUATIONS WITH INFINITE DELAY

BY JIANJUN ZHOUa
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This paper introduces a notion of viscosity solutions for second order el-
liptic Hamilton–Jacobi–Bellman (HJB) equations with infinite delay associ-
ated with infinite-horizon optimal control problems for stochastic differential
equations with infinite delay. We identify the value functional of optimal con-
trol problems as unique viscosity solution to associated second order elliptic
HJB equations with infinite delay. We also show that our notion of viscosity
solutions is consistent with the corresponding notion of classical solutions,
and satisfies a stability property.

REFERENCES

[1] BORWEIN, J. M. and ZHU, Q. J. (2005). Techniques of Variational Analysis. CMS Books in Mathemat-
ics/Ouvrages de Mathématiques de la SMC 20. Springer, New York. MR2144010

[2] CARLIER, G. and TAHRAOUI, R. (2010). Hamilton–Jacobi–Bellman equations for the optimal con-
trol of a state equation with memory. ESAIM Control Optim. Calc. Var. 16 744–763. MR2674635
https://doi.org/10.1051/cocv/2009024

[3] CONT, R. and FOURNIÉ, D.-A. (2010). Change of variable formulas for non-anticipative functionals on
path space. J. Funct. Anal. 259 1043–1072. MR2652181 https://doi.org/10.1016/j.jfa.2010.04.017

[4] CONT, R. and FOURNIÉ, D.-A. (2013). Functional Itô calculus and stochastic integral representation of
martingales. Ann. Probab. 41 109–133. MR3059194 https://doi.org/10.1214/11-AOP721

[5] CRANDALL, M. G., ISHII, H. and LIONS, P.-L. (1992). User’s guide to viscosity solutions of second order
partial differential equations. Bull. Amer. Math. Soc. (N.S.) 27 1–67. MR1118699 https://doi.org/10.
1090/S0273-0979-1992-00266-5

[6] CRANDALL, M. G. and LIONS, P.-L. (1983). Viscosity solutions of Hamilton–Jacobi equations. Trans.
Amer. Math. Soc. 277 1–42. MR0690039 https://doi.org/10.2307/1999343

[7] DUPIRE, B. (2019). Functional Itô calculus. Quant. Finance 19 721–729. MR3939653 https://doi.org/10.
1080/14697688.2019.1575974

[8] EKREN, I. (2017). Viscosity solutions of obstacle problems for fully nonlinear path-dependent PDEs.
Stochastic Process. Appl. 127 3966–3996. MR3718103 https://doi.org/10.1016/j.spa.2017.03.016

[9] EKREN, I., KELLER, C., TOUZI, N. and ZHANG, J. (2014). On viscosity solutions of path dependent PDEs.
Ann. Probab. 42 204–236. MR3161485 https://doi.org/10.1214/12-AOP788

[10] EKREN, I., TOUZI, N. and ZHANG, J. (2016). Viscosity solutions of fully nonlinear parabolic path depen-
dent PDEs: Part I. Ann. Probab. 44 1212–1253. MR3474470 https://doi.org/10.1214/14-AOP999

[11] EKREN, I., TOUZI, N. and ZHANG, J. (2016). Viscosity solutions of fully nonlinear parabolic path depen-
dent PDEs: Part II. Ann. Probab. 44 2507–2553. MR3531674 https://doi.org/10.1214/15-AOP1027

[12] ELSANOSI, I., ØKSENDAL, B. and SULEM, A. (2000). Some solvable stochastic control problems with
delay. Stoch. Stoch. Rep. 71 69–89. MR1813507 https://doi.org/10.1080/17442500008834259
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In this paper, we consider quadratic forward-backward SDEs (QFBS-
DEs), for which the drift in the forward equation does not satisfy the standard
globally Lipschitz condition and the driver of the backward system possesses
nonlinearity of type f (|y|)|z|2, where f is any locally integrable function.
We prove both the Malliavin and classical differentiability of solutions to this
type of QFBSDEs and provide representations of these derivatives processes.
As a by-product, we derive a representation formula of the control variable
Zt as a conditional expectation of the terminal value, the driver and the Malli-
avin weights, when the drift term is only bounded and Hölder continuous. We
study a numerical approximation of this system in the sense of Imkeller and
Dos Reis (Stochastic Process. Appl. 120 (2010) 2286–2288) in which the au-
thors assume that the drift is Lipschitz and the driver of the BSDE is globally
Lipschitz in y and quadratic in the traditional sense in z (i.e., f is a positive
constant). We show that the rate of convergence is the same as in (Stochastic
Process. Appl. 120 (2010) 2286–2288).
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CONVERGENCE OF ADAPTED EMPIRICAL MEASURES ON R
d

BY BEATRICE ACCIAIOa AND SONGYAN HOUb

Department of Mathematics, ETH Zürich, abeatrice.acciaio@math.ethz.ch, bsongyan.hou@math.ethz.ch

We consider empirical measures of Rd -valued stochastic process in fi-
nite discrete-time. We show that the adapted empirical measure introduced in
the recent work (Ann. Appl. Probab. 32 (2022) 529–550) by Backhoff et al.
in compact spaces can be defined analogously on R

d , and that it converges
almost surely to the underlying measure under the adapted Wasserstein dis-
tance. Moreover, we quantitatively analyze the convergence of the adapted
Wasserstein distance between those two measures. We establish convergence
rates of the expected error as well as the deviation error under different mo-
ment conditions. Under suitable integrability and kernel assumptions, we re-
cover the optimal convergence rates of both expected error and deviation er-
ror. Furthermore, we propose a modification of the adapted empirical measure
with projection on a nonuniform grid, which obtains the same convergence
rate but under weaker assumptions.
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We propose a new Monte Carlo-based estimator for digital options with
assets modelled by a stochastic differential equation (SDE). The new esti-
mator is based on repeated path splitting and relies on the correlation of ap-
proximate paths of the underlying SDE that share parts of a Brownian path.
Combining this new estimator with multilevel Monte Carlo (MLMC) leads to
an estimator with a computational complexity that is similar to the complex-
ity of a MLMC estimator when applied to options with Lipschitz payoffs.
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We consider the edge-triangle model, a two-parameter family of expo-
nential random graphs in which dependence between edges is introduced
through triangles. In the so-called replica symmetric regime, the limiting free
energy exists together with a complete characterization of the phase diagram
of the model. We borrow tools from statistical mechanics to obtain limit theo-
rems for the edge density. First, we investigate the asymptotic distribution of
this quantity, as the graph size tends to infinity, in the various phases. Then,
we study the fluctuations of the edge density around its average value off the
critical curve and formulate conjectures about the behavior at criticality based
on the analysis of a mean-field approximation of the model. Some of our re-
sults can be extended with no substantial changes to more general classes of
exponential random graphs.
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SPECTRAL GAP OF THE SYMMETRIC INCLUSION PROCESS
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We consider the symmetric inclusion process on a general finite graph.
Our main result establishes universal upper and lower bounds for the spec-
tral gap of this interacting particle system in terms of the spectral gap of the
random walk on the same graph. In the regime in which the gamma-like re-
versible measures of the particle systems are log-concave, our bounds match,
yielding a version for the symmetric inclusion process of the celebrated Al-
dous’ spectral gap conjecture originally formulated for the interchange pro-
cess. Finally, by means of duality techniques, we draw analogous conclusions
for an interacting diffusion-like unbounded conservative spin system known
as Brownian energy process.
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Consider a multiple hypothesis testing setting involving rare/weak ef-
fects: relatively few tests, out of possibly many, deviate from their null hy-
pothesis behavior. Summarizing the significance of each test by a p-value, we
construct a global test against the joint null using the higher criticism (HC)
statistics of these p-values. We calibrate the rare/weak model using parame-
ters controlling the asymptotic distribution of nonnull p-values near zero. We
derive a region in the parameter space where the HC test is asymptotically
powerless. Our derivation involves very different tools than previously used
to show powerlessness of HC, relying on properties of the empirical processes
underlying HC. In particular, our result applies to situations where HC is not
asymptotically optimal, or when the asymptotically detectable region of the
parameter space is unknown.
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We consider the so-called directed configuration model (DCM), that is,
a random directed graph with prescribed in- and out-degrees. In this random
geometry, we study the meeting time of two random walks starting at station-
arity, the coalescence time for a system of coalescent random walks, and the
consensus time of the classical voter model. Indeed, it is known that the latter
three quantities are related to each other under certain mean field conditions
requiring fast enough mixing time and not too concentrated stationary distri-
bution. Our main result shows that, for a typical large graph from the DCM
ensemble, the meeting time is well-approximated by an exponential random
variable for which we provide the first-order asymptotics of its expectation,
showing that the latter is linear in the size of the graph, and its pre-constant
depends on some explicit statistics of the degree sequence. As a byproduct,
we explore the effect of the degree sequence in changing the meeting, co-
alescence, and consensus time by discussing several classes of examples of
interest also from an applied perspective. Our approach follows the classi-
cal idea of converting meeting into hitting times of a proper collapsed chain,
which we control by the so-called first visit time lemma. The main technical
challenge is related to the fact that in such a directed setting the stationary
distribution is random, and it depends on the whole realization of the graph.
As a consequence, a good share of the proof focuses on showing that certain
functions of the stationary distribution concentrate around their expectations,
and on their characterization, via proper annealing arguments.
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