
ISSN 1050-5164 (print)
ISSN 2168-8737 (online)

THE ANNALS
of

APPLIED
PROBABILITY

AN OFFICIAL JOURNAL OF THE

INSTITUTE OF MATHEMATICAL STATISTICS

Vol. 35, No. 1—February 2025

Articles

Convergence of population processes with small and frequent mutations to the canonical
equation of adaptive dynamics . . . . . . NICOLAS CHAMPAGNAT AND VINCENT HASS 1

Weak error estimates for rough volatility models
PETER K. FRIZ, WILLIAM SALKELD AND THOMAS WAGENHOFER 64

Asymptotics for the site frequency spectrum associated with the genealogy of a birth and
death process . . . . . . . . . . . . . . . . . . . . . . . . . JASON SCHWEINSBERG AND YUBO SHUAI 99

Solidarity of Gibbs samplers: The spectral gap
IWONA CHLEBICKA, KRZYSZTOF ŁATUSZYŃSKI AND BŁAŻEJ MIASOJEDOW 142
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CONVERGENCE OF POPULATION PROCESSES WITH SMALL AND
FREQUENT MUTATIONS TO THE CANONICAL EQUATION OF ADAPTIVE

DYNAMICS

BY NICOLAS CHAMPAGNAT1,a AND VINCENT HASS2,b

1CNRS, Université de Lorraine, anicolas.champagnat@inria.fr
2IUT NFC, Université de Franche-Comté, bvincent.hass@univ-fcomte.fr

In this article, a stochastic individual-based model describing Darwinian
evolution of asexual, phenotypic trait-structured population, is studied. We
consider a large population with constant population size characterised by a
resampling rate modeling competition pressure driving selection and a muta-
tion rate where mutations occur during life. In this model, the population
state at fixed time is given as a measure on the space of phenotypes and
the evolution of the population is described by a continuous time, measure-
valued Markov process. We investigate the asymptotic behaviour of the sys-
tem, where mutations are frequent, in the double simultaneous limit of large
population (K → +∞) and small mutational effects (σK → 0) proving con-
vergence to an ODE known as the canonical equation of adaptive dynamics.
This result holds only for a certain range of σK parameters (as a function of
K) which must be small enough but not too small either. The canonical equa-
tion describes the evolution in time of the dominant trait in the population
driven by a fitness gradient. This result is based on an slow-fast asymptotic
analysis. We use an averaging method, inspired by Kurtz (In Applied Stochas-
tic Analysis (1992) 186–209, Springer), which exploits a martingale approach
and compactness-uniqueness arguments. The contribution of the fast compo-
nent, which converges to the centered Fleming–Viot process, is obtained by
averaging according to its invariant measure, recently characterised in Cham-
pagnat and Hass (Stochastic Process. Appl. 166 (2023) 104219).
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We consider a class of stochastic processes with rough stochastic volatil-
ity, examples of which include the rough Bergomi and rough Stein–Stein
model, that have gained considerable importance in quantitative finance.

A basic question for such (non-Markovian) models concerns efficient nu-
merical schemes. While strong rates are well understood (order H ), we tackle
here the intricate question of weak rates. Our main result asserts that the
weak rate, for a reasonably large class of test function, is essentially of order
min{3H + 1

2 ,1} where H ∈ (0,1/2] is the Hurst parameter of the fractional
Brownian motion that underlies the rough volatility process.

Interestingly, the phase transition at H = 1/6 is related to the correla-
tion between the two driving factors, and thus gives additional meaning to a
quantity already of central importance in stochastic volatility modelling. Our
results are complemented by a lower bound which show that the obtained
weak rate is indeed optimal.
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ASYMPTOTICS FOR THE SITE FREQUENCY SPECTRUM ASSOCIATED
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Consider a birth and death process started from one individual in which
each individual gives birth at rate λ and dies at rate μ, so that the population
size grows at rate r = λ−μ. Lambert (Theor. Popul. Biol. 122 (2018) 30–35)
and Harris, Johnston, and Roberts (Ann. Appl. Probab. 30 (2020) 1368–1414)
came up with methods for constructing the exact genealogy of a sample of
size n taken from this population at time T . We use the construction of Lam-
bert, which is based on the coalescent point process, to obtain asymptotic
results for the site frequency spectrum associated with this sample. In the
supercritical case r > 0, our results extend results of Durrett (Ann. Appl.
Probab. 23 (2013) 230–250) for exponentially growing populations. In the
critical case r = 0, our results parallel those that Dahmer and Kersting (Ann.
Appl. Probab. 25 (2015) 1325–1348) obtained for Kingman’s coalescent.
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Gibbs samplers are preeminent Markov chain Monte Carlo algorithms
used in computational physics and statistical computing. Yet, their most fun-
damental properties, such as relations between convergence characteristics of
their various versions, are not well understood.

In this paper we prove the solidarity principle of the spectral gap for the
Gibbs sampler: if any of the random scan or d! deterministic scans has a spec-
tral gap then all of them have. Our methods rely on geometric interpretation
of the Gibbs samplers as alternating projection algorithms and analysis of
the rate of convergence in the von Neumann–Halperin method of cyclic al-
ternating projections. As a byproduct of our analysis, we also establish that
deterministic scan Gibbs, despite being nonreversible, share many robustness
properties with reversible chains, including exponential inequalities and cen-
tral limit theorems under the same conditions.

In addition, we provide a quantitative result: if the spectral gap of the
random scan Gibbs sampler decays with dimension at a polynomial rate β,
then the rate is no worse than 2β + 2 for any deterministic scan.
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In the critical beta-splitting model of a random n-leaf binary tree, leaf-
sets are recursively split into subsets, and a set of m leaves is split into subsets
containing i and m − i leaves with probabilities proportional to 1/i(m − i).
We study the continuous-time model in which the holding time before that
split is exponential with rate hm−1, the harmonic number. We (sharply) eval-
uate the first two moments of the time-height Dn and of the edge-height Ln

of a uniform random leaf (i.e., the length of the path from the root to the
leaf), and prove the corresponding CLTs. We study the correlation between
the heights of two random leaves of the same tree realization, and analyze the
expected number of splits necessary for a set of t leaves to partially or com-
pletely break away from each other. We give tail bounds for the time-height
and the edge-height of the tree, that is, the maximal leaf heights. We show
that there is a limit distribution for the size of a uniform random subtree, and
derive the asymptotics of the mean size. Our proofs are based on asymptotic
analysis of the attendant (sum-type) recurrences. The essential idea is to re-
place such a recursive equality by a pair of recursive inequalities for which
matching asymptotic solutions can be found, allowing one to bound, both
ways, the elusive explicit solution of the recursive equality. This reliance on
recursive inequalities necessitates usage of Laplace transforms rather than
Fourier characteristic functions.
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Contractive coupling rates have been recently introduced by Conforti as a
tool to establish convex Sobolev inequalities (including modified log-Sobolev
and Poincaré inequality) for some classes of Markov chains. In this work, for
most of the examples discussed by Conforti, we use contractive coupling rates
to prove stronger inequalities, in the form of curvature lower bounds (in en-
tropic and discrete Bakry–Émery sense) and geodesic convexity of some en-
tropic functionals. In addition, we recall and give straightforward generaliza-
tions of some notions of coarse Ricci curvature, and we discuss some of their
properties and relations with the concepts of couplings and coupling rates:
as an application, we show exponential contraction of the p-Wasserstein dis-
tance for the heat flow in the aforementioned examples.
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APPROXIMATELY OPTIMAL DISTRIBUTED STOCHASTIC CONTROLS
BEYOND THE MEAN FIELD SETTING
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We study high-dimensional stochastic optimal control problems in which
many agents cooperate to minimize a convex cost functional. We consider
both the full-information problem, in which each agent observes the states of
all other agents, and the distributed problem, in which each agent observes
only its own state. Our main results are sharp nonasymptotic bounds on the
gap between these two problems, measured both in terms of their value func-
tions and optimal states. Along the way, we develop theory for distributed
optimal stochastic control in parallel with the classical setting, by character-
izing optimizers in terms of an associated stochastic maximum principle and
a Hamilton–Jacobi-type equation. By specializing these results to the setting
of mean field control, in which costs are (symmetric) functions of the em-
pirical distribution of states, we derive the optimal rate for the convergence
problem in the displacement convex regime.
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SAMPLE-PATH LARGE DEVIATION PRINCIPLE FOR A 2-D STOCHASTIC
INTERACTING VORTEX DYNAMICS WITH SINGULAR KERNEL

BY CHENYANG CHENa AND HAO GEb
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We consider a stochastic interacting vortex system of N particles, ap-
proximating the vorticity formulation of the 2-D Navier–Stokes equation on
a torus. The singular interaction kernel is given by the Biot–Savart law. As-
suming only that the initial state has finite energy, we derive a sample-path
large deviation principle for the empirical measure as the number of vortices
tends to infinity. This contrasts with previous studies that require the initial
state to have finite entropy. The rate function is characterized by an explicit
formula that takes finite values only on sample paths with finite energy and
finite integrals of L2 norms over time. The proof employs a symmetrization
technique for the representation of the singular kernel, originating from De-
lort (J. Amer. Math. Soc. 4 (1991) 553–586), and a carefully modified energy
dissipation structure to establish a sharp prior estimate for an auxiliary func-
tional as a modification of the rate function. The key step is to prove that
the singular term after symmetrization can be bounded by the integral of L2

norms along sample paths.

REFERENCES

[1] AMBROSIO, L. and GANGBO, W. (2008). Hamiltonian ODEs in the Wasserstein space of probability mea-
sures. Comm. Pure Appl. Math. 61 18–53. MR2361303 https://doi.org/10.1002/cpa.20188

[2] AMBROSIO, L., GIGLI, N. and SAVARÉ, G. (2008). Gradient Flows in Metric Spaces and in the Space of
Probability Measures, 2nd ed. Lectures in Mathematics ETH Zürich. Birkhäuser, Basel. MR2401600

[3] ANDERSON, G. W., GUIONNET, A. and ZEITOUNI, O. (2010). An Introduction to Random Matrices. Cam-
bridge Studies in Advanced Mathematics 118. Cambridge Univ. Press, Cambridge. MR2760897

[4] BEN-ARTZI, M. (1994). Global solutions of two-dimensional Navier-Stokes and Euler equations. Arch. Ra-
tion. Mech. Anal. 128 329–358. MR1308857 https://doi.org/10.1007/BF00387712

[5] BERMAN, R. J. (2017). Large deviations for Gibbs measures with singular Hamiltonians and emergence
of Kähler-Einstein metrics. Comm. Math. Phys. 354 1133–1172. MR3668617 https://doi.org/10.1007/
s00220-017-2926-6

[6] BERTINI, L., LANDIM, C. and MOURRAGUI, M. (2009). Dynamical large deviations for the boundary driven
weakly asymmetric exclusion process. Ann. Probab. 37 2357–2403. MR2573561 https://doi.org/10.
1214/09-AOP472

[7] BLANCHET, A., DOLBEAULT, J. and PERTHAME, B. (2006). Two-dimensional Keller-Segel model: Optimal
critical mass and qualitative properties of the solutions. Electron. J. Differential Equations No. 44, 32.
MR2226917

[8] BRESCH, D., JABIN, P.-E. and WANG, Z. (2019). On mean-field limits and quantitative estimates with a
large class of singular kernels: Application to the Patlak-Keller-Segel model. C. R. Math. Acad. Sci.
Paris 357 708–720. MR4018082 https://doi.org/10.1016/j.crma.2019.09.007

[9] BREZIS, H. (1994). Remarks on the preceding paper by M. Ben-Artzi: “Global solutions of two-dimensional
Navier–Stokes and Euler equations”. Arch. Ration. Mech. Anal. 128 359–360. MR1308858 https://doi.
org/10.1007/BF00387713

[10] BUDHIRAJA, A., DUPUIS, P. and FISCHER, M. (2012). Large deviation properties of weakly interacting
processes via weak convergence methods. Ann. Probab. 40 74–102. MR2917767 https://doi.org/10.
1214/10-AOP616

MSC2020 subject classifications. Primary 60K35, 60F10, 76D05; secondary 60H10, 60B10.
Key words and phrases. 2D Navier–Stokes equation, stochastic vortex dynamics, large deviation principle, en-

ergy dissipation structure.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/24-AAP2115
https://www.imstat.org
mailto:1801110039@pku.edu.cn
mailto:haoge@pku.edu.cn
https://mathscinet.ams.org/mathscinet-getitem?mr=2361303
https://doi.org/10.1002/cpa.20188
https://mathscinet.ams.org/mathscinet-getitem?mr=2401600
https://mathscinet.ams.org/mathscinet-getitem?mr=2760897
https://mathscinet.ams.org/mathscinet-getitem?mr=1308857
https://doi.org/10.1007/BF00387712
https://mathscinet.ams.org/mathscinet-getitem?mr=3668617
https://doi.org/10.1007/s00220-017-2926-6
https://doi.org/10.1007/s00220-017-2926-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2573561
https://doi.org/10.1214/09-AOP472
https://doi.org/10.1214/09-AOP472
https://mathscinet.ams.org/mathscinet-getitem?mr=2226917
https://mathscinet.ams.org/mathscinet-getitem?mr=4018082
https://doi.org/10.1016/j.crma.2019.09.007
https://mathscinet.ams.org/mathscinet-getitem?mr=1308858
https://doi.org/10.1007/BF00387713
https://doi.org/10.1007/BF00387713
https://mathscinet.ams.org/mathscinet-getitem?mr=2917767
https://doi.org/10.1214/10-AOP616
https://doi.org/10.1214/10-AOP616
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[11] CAGLIOTI, E., LIONS, P.-L., MARCHIORO, C. and PULVIRENTI, M. (1992). A special class of stationary
flows for two-dimensional Euler equations: A statistical mechanics description. Comm. Math. Phys.
143 501–525. MR1145596

[12] CAGLIOTI, E., LIONS, P.-L., MARCHIORO, C. and PULVIRENTI, M. (1995). A special class of stationary
flows for two-dimensional Euler equations: A statistical mechanics description. II. Comm. Math. Phys.
174 229–260. MR1362165

[13] CHESKIDOV, A. and LUO, X. (2023). L2-critical nonuniqueness for the 2D Navier-Stokes equations. Ann.
PDE 9 Paper No. 13, 56. MR4610908 https://doi.org/10.1007/s40818-023-00154-9

[14] DAWSON, D. A. and GÄRTNER, J. (1987). Large deviations from the McKean-Vlasov limit for weakly inter-
acting diffusions. Stochastics 20 247–308. MR0885876 https://doi.org/10.1080/17442508708833446

[15] DELORT, J.-M. (1991). Existence de nappes de tourbillon en dimension deux. J. Amer. Math. Soc. 4 553–586.
MR1102579 https://doi.org/10.2307/2939269

[16] DEMBO, A. and ZEITOUNI, O. (2010). Large Deviations Techniques and Applications. Stochastic Modelling
and Applied Probability 38. Springer, Berlin. MR2571413 https://doi.org/10.1007/978-3-642-03311-7

[17] DONSKER, M. D. and VARADHAN, S. R. S. (1989). Large deviations from a hydrodynamic scaling limit.
Comm. Pure Appl. Math. 42 243–270. MR0982350 https://doi.org/10.1002/cpa.3160420303

[18] DUERINCKX, M. (2016). Mean-field limits for some Riesz interaction gradient flows. SIAM J. Math. Anal.
48 2269–2300. MR3514713 https://doi.org/10.1137/15M1042620

[19] DUPUIS, P., LASCHOS, V. and RAMANAN, K. (2020). Large deviations for configurations generated by
Gibbs distributions with energy functionals consisting of singular interaction and weakly confining
potentials. Electron. J. Probab. 25 Paper No. 46, 41. MR4092765 https://doi.org/10.1214/20-ejp449

[20] DÜRR, D. and PULVIRENTI, M. (1982). On the vortex flow in bounded domains. Comm. Math. Phys. 85
265–273. MR0676001

[21] ETHIER, S. N. and KURTZ, T. G. (1986). Markov Processes: Characterization and Convergence. Wiley Series
in Probability and Mathematical Statistics: Probability and Mathematical Statistics. Wiley, New York.
MR0838085 https://doi.org/10.1002/9780470316658

[22] EYINK, G. L. and SPOHN, H. (1993). Negative-temperature states and large-scale, long-lived vortices in two-
dimensional turbulence. J. Stat. Phys. 70 833–886. MR1203717 https://doi.org/10.1007/BF01053597

[23] FENG, J. and KURTZ, T. G. (2006). Large Deviations for Stochastic Processes. Mathematical Surveys and
Monographs 131. Amer. Math. Soc., Providence, RI. MR2260560 https://doi.org/10.1090/surv/131
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A randomized time integrator is suggested for unadjusted Hamilto-
nian Monte Carlo (uHMC) which involves a very minor modification to
the usual Verlet time integrator, and hence, is easy to implement. For tar-
get distributions of the form μ(dx) ∝ e−U(x) dx where U : Rd → R≥0 is
K-strongly convex but only L-gradient Lipschitz, and initial distributions
ν with finite second moment, coupling proofs reveal that an ε-accurate
approximation of the target distribution in L2-Wasserstein distance W2

can be achieved by the uHMC algorithm with randomized time integra-
tion using O((d/K)1/3(L/K)5/3ε−2/3 log(W2(μ, ν)/ε)+) gradient eval-
uations; whereas for such rough target densities the corresponding com-
plexity of the uHMC algorithm with Verlet time integration is in general
O((d/K)1/2(L/K)2ε−1 log(W2(μ, ν)/ε)+). Metropolis-adjustable ran-
domized time integrators are also provided.
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Our results characterize the long-term behavior for a broad class of
Λ-Wright–Fisher processes (on [0,1]) with frequency-dependent and envi-
ronmental selection. In particular, we reveal a rich variety of parameter-
dependent behaviors and provide explicit criteria to discriminate between
them. That includes the situation in which both boundary points, 0 and 1,
are repelling—a new phenomenon in this context. This has significant bio-
logical implications, because it means that selection alone can maintain ge-
netic variation, that is, coexistence. If a boundary point is attractive, we derive
polynomial/exponential decay rates for the probability of not being polyno-
mially/exponentially close to that boundary, depending on some weak/strong
integrability conditions. Moreover, we provide a handy representation of the
fixation probability. In our proofs we make use of Siegmund duality. The dual
process can be sandwiched near the boundaries in-between transformed Lévy
processes. In this way we relate the boundary behavior of the dual process to
fluctuation properties of these Lévy processes and shed new light on pre-
viously established conditions for attractive/repelling boundary points. Our
method allows us to treat models that so far could not be analyzed by means
of moment or Bernstein duality. This closes an existing gap in the literature.
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INDEPENDENCE PROPERTY OF THE BUSEMANN FUNCTION
IN EXACTLY SOLVABLE KPZ MODELS

BY XIAO SHENa

Department of Mathematics, University of Utah, axiao.shen@utah.edu

The study of Kadar–Parsi–Zhang (KPZ) universality class has been a
subject of great interest among mathematicians and physicists over the past
three decades. A notably successful approach for analyzing KPZ models is
the coupling method, which hinges on understanding random growth from
stationary initial conditions defined by Busemann functions. To advance in
this direction, we investigate the independence property of the Busemann
function across multiple directions in various exactly solvable KPZ mod-
els. These models encompass the corner growth model, the inverse-gamma
polymer, Brownian last-passage percolation, the O’Connell–Yor polymer, the
KPZ equation, and the directed landscape. In the context of the corner growth
model, our result states that disjoint Busemann increments in different direc-
tions along a down-right path are independent, as long as their associated
semi-infinite geodesics have nonempty intersections almost surely. The proof
for the independence utilizes the queueing representation of the Busemann
process developed by Seppäläinen et al. As an application, our independence
result yields a near-optimal probability upper bound (missing by a logarith-
mic factor) for the rare event where the endpoint of a point-to-line inverse-
gamma polymer is close to the diagonal.
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STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS ARISING IN
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We study scaling limits of the weakly driven Zhang and the Bak–
Tang–Wiesenfeld (BTW) model for self-organized criticality. We show that
the weakly driven Zhang model converges to a stochastic partial differential
equation (PDE) with singular-degenerate diffusion. In addition, the determin-
istic BTW model is shown to converge to a singular-degenerate PDE. Alterna-
tively, the proof of the scaling limit can be understood as a convergence proof
of a finite-difference discretization for singular-degenerate stochastic PDEs.
This extends recent work on finite difference approximation of (determin-
istic) quasilinear diffusion equations to discontinuous diffusion coefficients
and stochastic PDEs. In addition, we perform numerical simulations illustrat-
ing key features of the considered models and the convergence to stochastic
PDEs in spatial dimension d = 1,2.
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We connect the study of phase transitions in high-dimensional statistical
inference to the study of threshold phenomena in random graphs.

A major question in the study of the Erdős–Rényi random graph G(n,p)

is to understand the probability, as a function of p, that G(n,p) contains a
given subgraph H = Hn. This was studied for many specific examples of H ,
starting with classical work of Erdős and Rényi (1960). More recent work
studies this question for general H , both in building a general theory of sharp
versus coarse transitions (Friedgut and Bourgain (1999); Hatami (2012)) and
in results on the location of the transition (Kahn and Kalai (2007); Talagrand
(2010); Frankston, Kahn, Narayanan, Park (2019); Park and Pham (2022)).

In inference problems, one often studies the optimal accuracy of infer-
ence as a function of the amount of noise. In a variety of sparse recovery
problems, an “all-or-nothing (AoN) phenomenon” has been observed: Infor-
mally, as the amount of noise is gradually increased, at some critical threshold
the inference problem undergoes a sharp jump from near-perfect recovery to
near-zero accuracy (Gamarnik and Zadik (2017); Reeves, Xu, Zadik (2021)).
We can regard AoN as the natural inference analogue of the sharp threshold
phenomenon in random graphs. In contrast with the general theory developed
for sharp thresholds of random graph properties, the AoN phenomenon has
only been studied so far in specific inference settings, and a general theory
behind its appearance remains elusive.

In this paper we study the general problem of inferring a graph H = Hn

planted in an Erdős–Rényi random graph, thus naturally connecting the two
lines of research mentioned above. We show that questions of AoN are closely
connected to first moment thresholds, and to a generalization of the so-called
Kahn–Kalai expectation threshold that scans over subgraphs of H of edge
density at least q. In a variety of settings we characterize AoN, by showing
that AoN occurs if and only if this “generalized expectation threshold” is
roughly constant in q. Our proofs combine techniques from random graph
theory and Bayesian inference.
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In this paper, we consider partial sums of martingale differences
weighted by random variables drawn uniformly on the sphere, and globally
independent of the martingale differences. Combining Lindeberg’s method
and a series of arguments due to Bobkov, Chistyakov and Götze, we show
that the Kolmogorov distance between the distribution of these weighted
sums and the limiting Gaussian is “super-fast” of order (logn)2/n, under
conditions allowing us to control the higher-order conditional moments of
the martingale differences. We also show that the same rate is achieved if we
consider a quantity very close to these weighted sums, and give an application
of this result to the least squares estimator of the slope in the linear model
with Gaussian design.
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We consider the 4D fixed length lattice Higgs model with Wilson action
for the gauge field and structure group Zn. We study Wilson line observables
in the strong coupling regime and compute their asymptotic behavior with
error estimates. Our analysis is based on a high-temperature representation
of the lattice Higgs measure combined with Poisson approximation. We also
give a short proof of the folklore result that Wilson line (and loop) expecta-
tions exhibit perimeter law decay whenever the Higgs field coupling constant
is positive.
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In this paper, we introduce and study the primitive equations with non-
isothermal turbulent pressure and transport noise. They are derived from the
Navier–Stokes equations by employing stochastic versions of the Boussi-
nesq and the hydrostatic approximations. The temperature dependence of
the turbulent pressure can be seen as a consequence of an additive noise
acting on the small vertical dynamics. For such a model we prove global
well-posedness in H 1 where the noise is considered in both the Itô and
Stratonovich formulations. Compared to previous variants of the primitive
equations, the one considered here presents a more intricate coupling between
the velocity field and the temperature. The corresponding analysis is seriously
more involved than in the deterministic setting. Finally, the continuous depen-
dence on the initial data and the energy estimates proven here are new, even
in the case of isothermal turbulent pressure.
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We analyse a family of two-types Wright–Fisher models with selection
in a random environment and skewed offspring distribution. We provide a
calculable criterion to quantify the impact of different shapes of selection on
the fate of the weakest allele, and thus compare them. The main mathematical
tool is duality, which we prove to hold, also in presence of random environ-
ment (quenched and in some cases annealed), between the population’s allele
frequencies and genealogy, both in the case of finite population size and in the
scaling limit for large size. Duality also yields new insight on properties of
branching-coalescing processes in random environment, such as their long-
term behaviour.
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