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DISTRIBUTIONALLY ROBUST GAUSSIAN PROCESS REGRESSION AND
BAYESIAN INVERSE PROBLEMS

BY XUHUI ZHANG1,a, JOSE BLANCHET1,b, YOUSSEF MARZOUK2,c, VIET

ANH NGUYEN3,d AND SVEN WANG4,e

1Department of Management Science and Engineering, Stanford University, axuhui.zhang@stanford.edu,
bjose.blanchet@stanford.edu

2Department of Aeronautics and Astronautics, Massachusetts Institute of Technology, cymarz@mit.edu
3Department of Systems Engineering and Engineering Management, Chinese University of Hong Kong,

dnguyen@se.cuhk.edu.hk
4Department of Mathematics, Humboldt University Berlin, esven.wang@hu-berlin.de

We study a distributionally robust optimization formulation (i.e., a min-
max game) for two representative problems in Bayesian nonparametric es-
timation: Gaussian process regression and, more generally, linear inverse
problems. Our formulation seeks the best mean-squared error predictor in an
infinite-dimensional space against an adversary who chooses the worst-case
model in a Wasserstein ball around a nominal infinite-dimensional Bayesian
model. The transport cost is chosen to control features such as the degree of
roughness of the sample paths that the adversary is allowed to inject. We show
that strong duality holds in the sense that max-min equals min-max, and that
there exists a unique Nash equilibrium that can be computed by a sequence
of finite-dimensional approximations. Crucially, the worst-case distribution is
itself Gaussian. We explore the properties of the Nash equilibrium and the ef-
fects of hyperparameters through numerical experiments, demonstrating the
versatility of our modeling framework.
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MEAN FIELD GAMES WITH COMMON NOISE AND DEGENERATE
IDIOSYNCRATIC NOISE

BY PIERRE CARDALIAGUET1,a, BENJAMIN SEEGER2,b AND

PANAGIOTIS SOUGANIDIS3,c

1CEREMADE, Université Paris–Dauphine, acardaliaguet@ceremade.dauphine.fr
2Department of Statistics and Operations Research, University of North Carolina at Chapel Hill, bbseeger@unc.edu

3Department of Mathematics, University of Chicago, csouganidis@math.uchicago.edu

We study the forward-backward system of stochastic partial differential
equations describing a mean field game for a large population of small players
subject to both idiosyncratic and common noise. The unique feature of the
problem is that the idiosyncratic noise coefficient may be degenerate, so that
the system does not admit smooth solutions in general. We develop a new
notion of weak solutions for backward stochastic Hamilton–Jacobi–Bellman
equations, and use this to build probabilistically weak solutions of the mean
field game system. Under an additional monotonicity assumption, we prove
the uniqueness of a strong solution.

REFERENCES

[1] BAYRAKTAR, E., CECCHIN, A., COHEN, A. and DELARUE, F. (2021). Finite state mean field games with
Wright-Fisher common noise. J. Math. Pures Appl. (9) 147 98–162. MR4213680 https://doi.org/10.
1016/j.matpur.2021.01.003

[2] BERTUCCI, C. (2021). Monotone solutions for mean field games master equations: Finite state space and
optimal stopping. J. Éc. Polytech. Math. 8 1099–1132. MR4275225 https://doi.org/10.5802/jep.167

[3] BERTUCCI, C. (2023). Monotone solutions for mean field games master equations: Continuous state space
and common noise. Comm. Partial Differential Equations 48 1245–1285. MR4687277 https://doi.org/
10.1080/03605302.2023.2276564

[4] BERTUCCI, C., LASRY, J.-M. and LIONS, P.-L. (2019). Some remarks on mean field games. Comm. Partial
Differential Equations 44 205–227. MR3941633 https://doi.org/10.1080/03605302.2018.1542438

[5] BERTUCCI, C., LASRY, J.-M. and LIONS, P.-L. (2021). Master equation for the finite state space planning
problem. Arch. Ration. Mech. Anal. 242 327–342. MR4302761 https://doi.org/10.1007/s00205-021-
01687-8

[6] CANNARSA, P. and SINESTRARI, C. (2004). Semiconcave Functions, Hamilton-Jacobi Equations, and Op-
timal Control. Progress in Nonlinear Differential Equations and Their Applications 58. Birkhäuser,
Inc., Boston, MA. MR2041617

[7] CARDALIAGUET, P., CIRANT, M. and PORRETTA, A. (2023). Splitting methods and short time existence
for the master equations in mean field games. J. Eur. Math. Soc. (JEMS) 25 1823–1918. MR4592861
https://doi.org/10.4171/jems/1227

[8] CARDALIAGUET, P., DELARUE, F., LASRY, J.-M. and LIONS, P.-L. (2019). The Master Equation and the
Convergence Problem in Mean Field Games. Annals of Mathematics Studies 201. Princeton Univ.
Press, Princeton, NJ. MR3967062 https://doi.org/10.2307/j.ctvckq7qf

[9] CARDALIAGUET, P. and SOUGANIDIS, P. (2022). Monotone solutions of the master equation for mean field
games with idiosyncratic noise. SIAM J. Math. Anal. 54 4198–4237. MR4451309 https://doi.org/10.
1137/21M1450008

[10] CARDALIAGUET, P. and SOUGANIDIS, P. E. (2022). On first order mean field game systems with a common
noise. Ann. Appl. Probab. 32 2289–2326. MR4430014 https://doi.org/10.1214/21-aap1734

[11] CARMONA, R. and DELARUE, F. (2018). Probabilistic Theory of Mean Field Games with Applications. II.
Mean Field Games with Common Noise and Master Equations. Probability Theory and Stochastic
Modelling 84. Springer, Cham. MR3753660

MSC2020 subject classifications. Primary 35R60, 35Q89, 91A16; secondary 49N80, 60H15.
Key words and phrases. Mean field games, backward stochastic Hamilton–Jacobi equation, stochastic Fokker–

Planck equation, idiosyncratic/common noise, stochastic partial differential equation.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/25-AAP2148
https://www.imstat.org
https://orcid.org/0000-0003-4472-605X
https://orcid.org/0000-0003-2399-0759
mailto:cardaliaguet@ceremade.dauphine.fr
mailto:bseeger@unc.edu
mailto:souganidis@math.uchicago.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=4213680
https://doi.org/10.1016/j.matpur.2021.01.003
https://doi.org/10.1016/j.matpur.2021.01.003
https://mathscinet.ams.org/mathscinet-getitem?mr=4275225
https://doi.org/10.5802/jep.167
https://mathscinet.ams.org/mathscinet-getitem?mr=4687277
https://doi.org/10.1080/03605302.2023.2276564
https://doi.org/10.1080/03605302.2023.2276564
https://mathscinet.ams.org/mathscinet-getitem?mr=3941633
https://doi.org/10.1080/03605302.2018.1542438
https://mathscinet.ams.org/mathscinet-getitem?mr=4302761
https://doi.org/10.1007/s00205-021-01687-8
https://doi.org/10.1007/s00205-021-01687-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2041617
https://mathscinet.ams.org/mathscinet-getitem?mr=4592861
https://doi.org/10.4171/jems/1227
https://mathscinet.ams.org/mathscinet-getitem?mr=3967062
https://doi.org/10.2307/j.ctvckq7qf
https://mathscinet.ams.org/mathscinet-getitem?mr=4451309
https://doi.org/10.1137/21M1450008
https://doi.org/10.1137/21M1450008
https://mathscinet.ams.org/mathscinet-getitem?mr=4430014
https://doi.org/10.1214/21-aap1734
https://mathscinet.ams.org/mathscinet-getitem?mr=3753660
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[12] CARMONA, R., DELARUE, F. and LACKER, D. (2016). Mean field games with common noise. Ann. Probab.
44 3740–3803. MR3572323 https://doi.org/10.1214/15-AOP1060

[13] CATELLIER, R. and GUBINELLI, M. (2016). Averaging along irregular curves and regularisation of ODEs.
Stochastic Process. Appl. 126 2323–2366. MR3505229 https://doi.org/10.1016/j.spa.2016.02.002

[14] DAVIE, A. M. (2007). Uniqueness of solutions of stochastic differential equations. Int. Math. Res. Not. IMRN
24 Art. ID rnm124, 26. MR2377011 https://doi.org/10.1093/imrn/rnm124

[15] DJETE, M. F. (2023). Large population games with interactions through controls and common noise: Con-
vergence results and equivalence between open-loop and closed-loop controls. ESAIM Control Optim.
Calc. Var. 29 Paper No. 39, 42. MR4598796 https://doi.org/10.1051/cocv/2023005

[16] DOUGLIS, A. (1961). The continuous dependence of generalized solutions of non-linear partial differential
equations upon initial data. Comm. Pure Appl. Math. 14 267–284. MR0139848 https://doi.org/10.1002/
cpa.3160140307

[17] EVANS, L. C. (2010). Partial Differential Equations, 2nd ed. Graduate Studies in Mathematics 19. Amer.
Math. Soc., Providence, RI. MR2597943 https://doi.org/10.1090/gsm/019

[18] EVANS, L. C. and GARIEPY, R. F. (2015). Measure Theory and Fine Properties of Functions, Revised ed.
Textbooks in Mathematics. CRC Press, Boca Raton, FL. MR3409135

[19] FLANDOLI, F., GUBINELLI, M. and PRIOLA, E. (2010). Well-posedness of the transport equation by stochas-
tic perturbation. Invent. Math. 180 1–53. MR2593276 https://doi.org/10.1007/s00222-009-0224-4

[20] FLEMING, W. H. (1969). The Cauchy problem for a nonlinear first order partial differential equation. J.
Differ. Equ. 5 515–530. MR0235269 https://doi.org/10.1016/0022-0396(69)90091-6

[21] GANGBO, W., MÉSZÁROS, A. R., MOU, C. and ZHANG, J. Mean field games master equations with
non-separable Hamiltonians and displacement monotonicity. Preprint. Available at arXiv:2101.12362
[math.AP].

[22] ISHII, H. and LIONS, P.-L. (1990). Viscosity solutions of fully nonlinear second-order elliptic partial differ-
ential equations. J. Differ. Equ. 83 26–78. MR1031377 https://doi.org/10.1016/0022-0396(90)90068-Z

[23] KRUŽKOV, S. N. (1960). The Cauchy problem in the large for certain non-linear first order differential
equations. Sov. Math., Dokl. 1 474–477. MR0121575

[24] LASRY, J.-M. and LIONS, P.-L. (2006). Jeux à champ moyen. I. Le cas stationnaire. C. R. Math. Acad. Sci.
Paris 343 619–625. MR2269875 https://doi.org/10.1016/j.crma.2006.09.019

[25] LASRY, J.-M. and LIONS, P.-L. (2006). Jeux à champ moyen. II. Horizon fini et contrôle optimal. C. R. Math.
Acad. Sci. Paris 343 679–684. MR2271747 https://doi.org/10.1016/j.crma.2006.09.018

[26] LASRY, J.-M. and LIONS, P.-L. (2007). Mean field games. Jpn. J. Math. 2 229–260. MR2295621 https://doi.
org/10.1007/s11537-007-0657-8

[27] LIONS, P.-L. (1983). Optimal control of diffusion processes and Hamilton-Jacobi-Bellman equations. III.
Regularity of the optimal cost function. In Nonlinear Partial Differential Equations and Their Appli-
cations. Collège de France Seminar, Vol. V (Paris, 1981/1982). Res. Notes in Math. 93 95–205. Pitman,
Boston, MA. MR0725360

[28] LIONS, P.-L. (1983). Optimal control of diffusion processes and Hamilton-Jacobi-Bellman equations. II.
Viscosity solutions and uniqueness. Comm. Partial Differential Equations 8 1229–1276. MR0709162
https://doi.org/10.1080/03605308308820301

[29] LIONS, P. L. Courses at the Collège de France.
[30] MOU, C. and ZHANG, J. (2024). Wellposedness of second order master equations for mean field games with

nonsmooth data. Mem. Amer. Math. Soc. 302 v+86. MR4813035 https://doi.org/10.1090/memo/1515
[31] PENG, S. G. (1992). Stochastic Hamilton-Jacobi-Bellman equations. SIAM J. Control Optim. 30 284–304.

MR1149069 https://doi.org/10.1137/0330018
[32] QIU, J. (2018). Viscosity solutions of stochastic Hamilton-Jacobi-Bellman equations. SIAM J. Control Op-

tim. 56 3708–3730. MR3864678 https://doi.org/10.1137/17M1148232
[33] QIU, J. and WEI, W. (2019). Uniqueness of viscosity solutions of stochastic Hamilton-Jacobi equations.

Acta Math. Sci. Ser. B Engl. Ed. 39 857–873. MR4066509 https://doi.org/10.1007/s10473-019-0314-3
[34] YAMADA, T. and WATANABE, S. (1971). On the uniqueness of solutions of stochastic differential equations.

J. Math. Kyoto Univ. 11 155–167. MR0278420 https://doi.org/10.1215/kjm/1250523691

https://mathscinet.ams.org/mathscinet-getitem?mr=3572323
https://doi.org/10.1214/15-AOP1060
https://mathscinet.ams.org/mathscinet-getitem?mr=3505229
https://doi.org/10.1016/j.spa.2016.02.002
https://mathscinet.ams.org/mathscinet-getitem?mr=2377011
https://doi.org/10.1093/imrn/rnm124
https://mathscinet.ams.org/mathscinet-getitem?mr=4598796
https://doi.org/10.1051/cocv/2023005
https://mathscinet.ams.org/mathscinet-getitem?mr=0139848
https://doi.org/10.1002/cpa.3160140307
https://doi.org/10.1002/cpa.3160140307
https://mathscinet.ams.org/mathscinet-getitem?mr=2597943
https://doi.org/10.1090/gsm/019
https://mathscinet.ams.org/mathscinet-getitem?mr=3409135
https://mathscinet.ams.org/mathscinet-getitem?mr=2593276
https://doi.org/10.1007/s00222-009-0224-4
https://mathscinet.ams.org/mathscinet-getitem?mr=0235269
https://doi.org/10.1016/0022-0396(69)90091-6
https://arxiv.org/abs/2101.12362
https://mathscinet.ams.org/mathscinet-getitem?mr=1031377
https://doi.org/10.1016/0022-0396(90)90068-Z
https://mathscinet.ams.org/mathscinet-getitem?mr=0121575
https://mathscinet.ams.org/mathscinet-getitem?mr=2269875
https://doi.org/10.1016/j.crma.2006.09.019
https://mathscinet.ams.org/mathscinet-getitem?mr=2271747
https://doi.org/10.1016/j.crma.2006.09.018
https://mathscinet.ams.org/mathscinet-getitem?mr=2295621
https://doi.org/10.1007/s11537-007-0657-8
https://doi.org/10.1007/s11537-007-0657-8
https://mathscinet.ams.org/mathscinet-getitem?mr=0725360
https://mathscinet.ams.org/mathscinet-getitem?mr=0709162
https://doi.org/10.1080/03605308308820301
https://mathscinet.ams.org/mathscinet-getitem?mr=4813035
https://doi.org/10.1090/memo/1515
https://mathscinet.ams.org/mathscinet-getitem?mr=1149069
https://doi.org/10.1137/0330018
https://mathscinet.ams.org/mathscinet-getitem?mr=3864678
https://doi.org/10.1137/17M1148232
https://mathscinet.ams.org/mathscinet-getitem?mr=4066509
https://doi.org/10.1007/s10473-019-0314-3
https://mathscinet.ams.org/mathscinet-getitem?mr=0278420
https://doi.org/10.1215/kjm/1250523691


The Annals of Applied Probability
2025, Vol. 35, No. 3, 1570–1621
https://doi.org/10.1214/25-AAP2150
© Institute of Mathematical Statistics, 2025

ERGODIC RISK SENSITIVE CONTROL OF MARKOVIAN MULTICLASS
MANY-SERVER QUEUES WITH ABANDONMENT

BY SUMITH REDDY ANUGUa AND GUODONG PANGb

Department of Computational Applied Mathematics and Operations Research, George R. Brown School of Engineering,
Rice University, aanugu.reddy@rice.edu, bgdpang@rice.edu

We study the optimal scheduling problem for a Markovian multiclass
queueing network with abandonment in the Halfin–Whitt regime, under the
long run average (ergodic) risk sensitive cost criterion. The objective is to
prove asymptotic optimality for the optimal control arising from the corre-
sponding ergodic risk sensitive control (ERSC) problem for the limiting dif-
fusion. In particular, we show that the optimal ERSC value associated with
the diffusion-scaled queueing process converges to that of the limiting dif-
fusion in the asymptotic regime. The challenge that ERSC poses is that one
cannot express the ERSC cost as an expectation over the mean empirical mea-
sure associated with the queueing process, unlike in the usual case of a long
run average (ergodic) cost. We develop a novel approach by exploiting the
variational representations of the limiting diffusion and the Poisson-driven
queueing dynamics, which both involve certain auxiliary controls. The ERSC
costs for both the diffusion-scaled queueing process and the limiting diffusion
can be represented as the integrals of an extended running cost over a mean
empirical measure associated with the corresponding extended processes us-
ing these auxiliary controls. For the lower bound proof, we exploit the con-
nections of the ERSC problem for the limiting diffusion with a two-person
zero-sum stochastic differential game. We also make use of the mean empir-
ical measures associated with the extended limiting diffusion and diffusion-
scaled processes with the auxiliary controls. One major technical challenge in
both lower and upper bound proofs, is to establish the tightness of the afore-
mentioned mean empirical measures for the extended processes. We identify
nearly optimal controls appropriately in both cases so that the existing er-
godicity properties of the limiting diffusion and diffusion-scaled queueing
processes can be used.
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STRONG SOLUTIONS TO SUBMODULAR MEAN FIELD GAMES WITH
COMMON NOISE AND RELATED MCKEAN–VLASOV FBSDES

BY JODI DIANETTIa

Department of Economics and Finance, University of Rome Tor Vergata, ajodi.dianetti@uniroma2.it

This paper studies multidimensional mean field games with common
noise and the related system of McKean–Vlasov forward-backward stochas-
tic differential equations deriving from the stochastic maximum principle. We
first propose some structural conditions which are related to the submodular-
ity of the underlying mean field game and are a sort of opposite version of
the well known Lasry–Lions monotonicity. By reformulating the represen-
tative player minimization problem via the stochastic maximum principle,
the submodularity conditions allow to prove comparison principles for the
forward-backward system, which correspond to the monotonicity of the best
reply map. Building on this property, existence of strong solutions is shown
via Tarski’s fixed point theorem, both for the mean field game and for the re-
lated McKean–Vlasov forward-backward system. In both cases, the set of so-
lutions enjoys a lattice structure, with minimal and maximal solutions which
can be constructed by iterating the best reply map or via the fictitious play
algorithm.
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HESSIAN SPECTRUM AT THE GLOBAL MINIMUM AND TOPOLOGY
TRIVIALIZATION OF LOCALLY ISOTROPIC GAUSSIAN RANDOM FIELDS

BY HAO XU1,a AND QIANG ZENG2,b

1Department of Mathematics, University of Macau, axuhaokd001@gmail.com
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We study the energy landscape near the ground state of a model of a
single particle in a random potential with trivial topology. More precisely,
we find the large-dimensional limit of the Hessian spectrum at the global
minimum of the Hamiltonian XN(x) + μ

2 ‖x‖2, x ∈ R
N , when μ is above

the phase transition threshold so that the system has only one critical point.
Here XN is a locally isotropic Gaussian random field. The same idea is also
applied to study the more general model of elastic manifold. In the replica
symmetric regime, our results confirm the predictions of Fyodorov and Le
Doussal made in 2018 and 2020 using the replica method.
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QUANTITATIVE CLTS ON THE POISSON SPACE VIA SKOROHOD
ESTIMATES AND p-POINCARÉ INEQUALITIES

BY TARA TRAUTHWEINa

Department of Statistics, University of Oxford, atara.trauthwein@stats.ox.ac.uk

We establish new explicit bounds on the Gaussian approximation of Pois-
son functionals based on novel estimates of moments of Skorohod integrals.
Combining these with the Malliavin–Stein method, we derive bounds in the
Wasserstein and Kolmogorov distances whose application requires minimal
moment assumptions on add-one cost operators—thereby extending the re-
sults from (Last, Peccati and Schulte, 2016). Our paper also removes a redun-
dant term from the bound in Kolmogorov distance and replaces a complicated
term by a simpler one, without requiring additional assumptions. Our applica-
tions include a central limit theorem (CLT) for the online nearest neighbour
graph, whose validity was conjectured in (Wade, 2009; Penrose and Wade,
2009). We also apply our techniques to derive quantitative CLTs for edge
functionals of the Gilbert graph, of the k-nearest neighbour graph and of the
radial spanning tree. In most cases, even the qualitative CLTs are new.
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Continuous-time random matching with a large (continuum) population
is widely exploited in the literature, but has not had a rigorous formulation,
nor a demonstration of its key assumed properties. This paper provides the
first probabilistic foundation for this approach by presenting a mathemati-
cal model of continuous-time random matching and showing its existence
and properties. The agents’ types, which can change due to random match-
ing and random mutation, form a continuum of independent continuous-time
Markov chains. Using the exact law of large numbers, we show how the cross-
sectional distribution of agent types evolves deterministically according to an
explicit ordinary differential equation. Nonstandard analysis is used in prov-
ing the main theorem.

REFERENCES

ANDERSON, R. M. (1976). A non-standard representation for Brownian motion and Itô integration. Israel J. Math.
25 15–46. MR0464380 https://doi.org/10.1007/BF02756559

ANDERSON, R. M., DUANMU, H., KHAN, M. A. and UYANIK, M. (2022). On abstract economies with an arbitrary
set of players and action sets in locally-convex topological vector spaces. J. Math. Econom. 98 Paper No.
102581. MR4376469 https://doi.org/10.1016/j.jmateco.2021.102581

APPLEBAUM, D. (2009). Lévy Processes and Stochastic Calculus, 2nd ed. Cambridge Studies in Advanced Math-
ematics 116. Cambridge Univ. Press, Cambridge. MR2512800 https://doi.org/10.1017/CBO9780511809781

AURELL, A., CARMONA, R. and LAURIÈRE, M. (2022). Stochastic graphon games: II. The linear-quadratic case.
Appl. Math. Optim. 85 Paper No. 26. MR4429315 https://doi.org/10.1007/s00245-022-09839-2

BENAÏM, M. and WEIBULL, J. W. (2003). Deterministic approximation of stochastic evolution in games. Econo-
metrica 71 873–903. MR1983230 https://doi.org/10.1111/1468-0262.00429

BRÉMAUD, P. (1981). Point Processes and Queues: Martingale Dynamics. Springer Series in Statistics. Springer,
New York. MR0636252

CARMONA, R. and DELARUE, F. (2018). Probabilistic Theory of Mean Field Games, Volumes I and II. Springer,
Berlin.

CURRARINI, S., JACKSON, M. O. and PIN, P. (2009). An economic model of friendship: Homophily, minorities,
and segregation. Econometrica 77 1003–1045. MR2547067 https://doi.org/10.3982/ECTA7528

DELARUE, F., LACKER, D. and RAMANAN, K. (2020). From the master equation to mean field game limit theory:
Large deviations and concentration of measure. Ann. Probab. 48 211–263. MR4079435 https://doi.org/10.
1214/19-AOP1359

DIAMOND, P. (1982). Wage determination and efficiency in search equilibrium. Rev. Econ. Stud. 2 217–227.
DOOB, J. L. (1937). Stochastic processes depending on a continuous parameter. Trans. Amer. Math. Soc. 42

107–140. MR1501916 https://doi.org/10.2307/1989677
DOOB, J. L. (1953). Stochastic Processes. Wiley, New York. MR0058896
DUANMU, H., ROSENTHAL, J. and WEISS, W. (2021). Ergodicity of Markov processes via nonstandard analysis.

Mem. Amer. Math. Soc. 273 1342. MR4336249 https://doi.org/10.1090/memo/1342
DUANMU, H. and ROY, D. M. (2021). On extended admissible procedures and their nonstandard Bayes risk. Ann.

Statist. 49 2053–2078. MR4319241 https://doi.org/10.1214/20-aos2026
DUFFIE, D. (2012). Dark Markets: Asset Pricing and Information Transmission in Over-the-Counter Markets.

Princeton University Press, Princeton.

MSC2020 subject classifications. 60J28, 91B68, 91B70.
Key words and phrases. Independent dynamic random matching, Markov chain, exact law of large numbers,

continuous-time, random mutation.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/25-AAP2156
https://www.imstat.org
mailto:duffie@stanford.edu
mailto:qiao.lei@mail.shufe.edu.cn
mailto:ynsun@nus.edu.sg
https://mathscinet.ams.org/mathscinet-getitem?mr=0464380
https://doi.org/10.1007/BF02756559
https://mathscinet.ams.org/mathscinet-getitem?mr=4376469
https://doi.org/10.1016/j.jmateco.2021.102581
https://mathscinet.ams.org/mathscinet-getitem?mr=2512800
https://doi.org/10.1017/CBO9780511809781
https://mathscinet.ams.org/mathscinet-getitem?mr=4429315
https://doi.org/10.1007/s00245-022-09839-2
https://mathscinet.ams.org/mathscinet-getitem?mr=1983230
https://doi.org/10.1111/1468-0262.00429
https://mathscinet.ams.org/mathscinet-getitem?mr=0636252
https://mathscinet.ams.org/mathscinet-getitem?mr=2547067
https://doi.org/10.3982/ECTA7528
https://mathscinet.ams.org/mathscinet-getitem?mr=4079435
https://doi.org/10.1214/19-AOP1359
https://doi.org/10.1214/19-AOP1359
https://mathscinet.ams.org/mathscinet-getitem?mr=1501916
https://doi.org/10.2307/1989677
https://mathscinet.ams.org/mathscinet-getitem?mr=0058896
https://mathscinet.ams.org/mathscinet-getitem?mr=4336249
https://doi.org/10.1090/memo/1342
https://mathscinet.ams.org/mathscinet-getitem?mr=4319241
https://doi.org/10.1214/20-aos2026
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


DUFFIE, D., GÂRLEANU, N. and PEDERSEN, L. H. (2005). Over-the-counter markets. Econometrica 73
1815–1847. MR2171326 https://doi.org/10.1111/j.1468-0262.2005.00639.x

DUFFIE, D., QIAO, L. and SUN, Y. (2018). Dynamic directed random matching. J. Econom. Theory 174 124–183.
MR3759045 https://doi.org/10.1016/j.jet.2017.11.011

DUFFIE, D., QIAO, L. and SUN, Y. (2025). Supplement to “Continuous Time Random Matching.” https://doi.org/
10.1214/25-AAP2156SUPP

DUFFIE, D. and SUN, Y. (2007). Existence of independent random matching. Ann. Appl. Probab. 17 386–419.
MR2292591 https://doi.org/10.1214/105051606000000673

GUÉANT, O., LASRY, J.-M. and LIONS, P.-L. (2011). Mean field games and applications. In Paris-Princeton
Lectures on Mathematical Finance 2010. Lecture Notes in Math. 2003 205–266. Springer, Berlin. MR2762362
https://doi.org/10.1007/978-3-642-14660-2_3

HAMMOND, P. J. (2015). A notion of statistical equilibrium for games with many players. Working paper, Univ.
Warwick.

HE, W. and YANNELIS, N. C. (2016). Existence of Walrasian equilibria with discontinuous, non-ordered, interde-
pendent and price-dependent preferences. Econom. Theory 61 497–513. MR3477772 https://doi.org/10.1007/
s00199-015-0875-x

HELLWIG, M. F. (1976). A model of monetary exchange. Econometric Research Program, Research Memoran-
dum Number 202, Princeton Univ.

HELLWIG, M. F. (2022). Incomplete-information games in large populations with anonymity. Theor. Econ. 17
461–506. MR4378364 https://doi.org/10.3982/te4066

HOFBAUER, J. and SANDHOLM, W. H. (2007). Evolution in games with randomly disturbed payoffs. J. Econom.
Theory 132 47–69. MR2285597 https://doi.org/10.1016/j.jet.2005.05.011

JIN, R. (2015). Density problems and Freiman’s inverse problems. In Nonstandard Analysis for the Working
Mathematician 403–441. Springer, Dordrecht. MR3409521

KARATZAS, I. and SHREVE, S. E. (1991). Brownian Motion and Stochastic Calculus, 2nd ed. Graduate Texts in
Mathematics 113. Springer, New York. MR1121940 https://doi.org/10.1007/978-1-4612-0949-2

KEISLER, H. J. (1977). Hyperfinite model theory. In Logic Colloquium 76 (Oxford, 1976) (R. O. Gandy and
J. M. E. Hyland, eds.). Stud. Logic Found. Math., Vol. 87 5–110. North-Holland, Amsterdam. MR0491155

KEISLER, H. J. (1984). An infinitesimal approach to stochastic analysis. Mem. Amer. Math. Soc. 48 x+184.
MR0732752 https://doi.org/10.1090/memo/0297

KEISLER, H. J. (2007). Foundations of Infinitesimal Calculus. Online edition. Available at https://people.math.
wisc.edu/~keisler/foundations.html.

KHAN, M. A. and SUN, Y. (2002). Noncooperative games with many players. In Handbook of Game Theory with
Economic Applications, Volume 3 1761–1808.

KIRSZBRAUN, M. D. (1934). Über die zusammenziehende und Lipschitzsche Transformationen. Fund. Math. 22
77–108.

KIYOTAKI, N. and WRIGHT, R. (1993). A search-theoretic approach to monetary economics. Amer. Econ. Rev. 83
63–77.

LAGOS, R. and ROCHETEAU, G. (2009). Liquidity in asset markets with search frictions. Econometrica 77
403–426. MR2503034 https://doi.org/10.3982/ECTA7250

LOEB, P. A. (1975). Conversion from nonstandard to standard measure spaces and applications in probability
theory. Trans. Amer. Math. Soc. 211 113–122. MR0390154 https://doi.org/10.2307/1997222

LOEB, P. A. (2016). Real Analysis. Birkhäuser/Springer, Cham. MR3495356 https://doi.org/10.1007/978-3-319-
30744-2

LOEB, P. A. (2020). An intuitive approach to the Martin boundary. Indag. Math. (N.S.) 31 879–884. MR4143510
https://doi.org/10.1016/j.indag.2020.01.009

LOEB, P. A. and WOLFF, M. P. H., eds. (2015). Nonstandard Analysis for the Working Mathematician, 2nd ed.
Springer, Dordrecht. MR3381849 https://doi.org/10.1007/978-94-017-7327-0

MAYNARD SMITH, J. and PRICE, G. R. (1973). The logic of animal conflict. Nature 246 15–18.
MORTENSEN, D. (1978). Specific capital and labor turnover. Bell J. Econ. 9 572–586.
PERKINS, E. (1981). A global intrinsic characterization of Brownian local time. Ann. Probab. 9 800–817.

MR0628874
PISSARIDES, C. (2000). Equilibrium Unemployment Theory, 2nd ed. MIT Press, Cambridge.
PROTTER, P. E. (2004). Stochastic Integration and Differential Equations: Stochastic Modelling and Applied

Probability, 2nd ed. Applications of Mathematics (New York) 21. Springer, Berlin. MR2020294
SIGMUND, K. (2017). Games of Life: Explorations in Ecology, Evolution and Behavior. Dover, New York.
STROOCK, D. W. (2014). An Introduction to Markov Processes, 2nd ed. Graduate Texts in Mathematics 230.

Springer, Heidelberg. MR3137424 https://doi.org/10.1007/978-3-642-40523-5
SUN, Y. (1998). A theory of hyperfinite processes: The complete removal of individual uncertainty via exact LLN.

J. Math. Econom. 29 419–503. MR1627287 https://doi.org/10.1016/S0304-4068(97)00036-0

https://mathscinet.ams.org/mathscinet-getitem?mr=2171326
https://doi.org/10.1111/j.1468-0262.2005.00639.x
https://mathscinet.ams.org/mathscinet-getitem?mr=3759045
https://doi.org/10.1016/j.jet.2017.11.011
https://doi.org/10.1214/25-AAP2156SUPP
https://doi.org/10.1214/25-AAP2156SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=2292591
https://doi.org/10.1214/105051606000000673
https://mathscinet.ams.org/mathscinet-getitem?mr=2762362
https://doi.org/10.1007/978-3-642-14660-2_3
https://mathscinet.ams.org/mathscinet-getitem?mr=3477772
https://doi.org/10.1007/s00199-015-0875-x
https://doi.org/10.1007/s00199-015-0875-x
https://mathscinet.ams.org/mathscinet-getitem?mr=4378364
https://doi.org/10.3982/te4066
https://mathscinet.ams.org/mathscinet-getitem?mr=2285597
https://doi.org/10.1016/j.jet.2005.05.011
https://mathscinet.ams.org/mathscinet-getitem?mr=3409521
https://mathscinet.ams.org/mathscinet-getitem?mr=1121940
https://doi.org/10.1007/978-1-4612-0949-2
https://mathscinet.ams.org/mathscinet-getitem?mr=0491155
https://mathscinet.ams.org/mathscinet-getitem?mr=0732752
https://doi.org/10.1090/memo/0297
https://people.math.wisc.edu/~keisler/foundations.html
https://people.math.wisc.edu/~keisler/foundations.html
https://mathscinet.ams.org/mathscinet-getitem?mr=2503034
https://doi.org/10.3982/ECTA7250
https://mathscinet.ams.org/mathscinet-getitem?mr=0390154
https://doi.org/10.2307/1997222
https://mathscinet.ams.org/mathscinet-getitem?mr=3495356
https://doi.org/10.1007/978-3-319-30744-2
https://doi.org/10.1007/978-3-319-30744-2
https://mathscinet.ams.org/mathscinet-getitem?mr=4143510
https://doi.org/10.1016/j.indag.2020.01.009
https://mathscinet.ams.org/mathscinet-getitem?mr=3381849
https://doi.org/10.1007/978-94-017-7327-0
https://mathscinet.ams.org/mathscinet-getitem?mr=0628874
https://mathscinet.ams.org/mathscinet-getitem?mr=2020294
https://mathscinet.ams.org/mathscinet-getitem?mr=3137424
https://doi.org/10.1007/978-3-642-40523-5
https://mathscinet.ams.org/mathscinet-getitem?mr=1627287
https://doi.org/10.1016/S0304-4068(97)00036-0


SUN, Y. (2006). The exact law of large numbers via Fubini extension and characterization of insurable risks. J.
Econom. Theory 126 31–69. MR2195268 https://doi.org/10.1016/j.jet.2004.10.005

TAO, T. (2014). Hilbert’s Fifth Problem and Related Topics. Graduate Studies in Mathematics 153. Amer. Math.
Soc., Providence, RI. MR3237440 https://doi.org/10.1090/gsm/153

TAYLOR, P. D. and JONKER, L. B. (1978). Evolutionarily stable strategies and game dynamics. Math. Biosci. 40
145–156. MR0489983 https://doi.org/10.1016/0025-5564(78)90077-9

TREJOS, A. and WRIGHT, R. (1995). Search, bargaining, money, and prices. J. Polit. Econ. 103 118–140.
ÜSLÜ, S. (2019). Pricing and liquidity in decentralized asset markets. Econometrica 87 2079–2140. MR4051686

https://doi.org/10.3982/ecta14713
ZHOU, R. (1997). Currency exchange in a random search model. Rev. Econ. Stud. 64 289–310.

https://mathscinet.ams.org/mathscinet-getitem?mr=2195268
https://doi.org/10.1016/j.jet.2004.10.005
https://mathscinet.ams.org/mathscinet-getitem?mr=3237440
https://doi.org/10.1090/gsm/153
https://mathscinet.ams.org/mathscinet-getitem?mr=0489983
https://doi.org/10.1016/0025-5564(78)90077-9
https://mathscinet.ams.org/mathscinet-getitem?mr=4051686
https://doi.org/10.3982/ecta14713


The Annals of Applied Probability
2025, Vol. 35, No. 3, 1791–1827
https://doi.org/10.1214/25-AAP2157
© Institute of Mathematical Statistics, 2025

CONDITIONS FOR EXISTENCE AND UNIQUENESS OF THE INVERSE
FIRST-PASSAGE TIME PROBLEM APPLICABLE FOR LÉVY PROCESSES
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For a real-valued stochastic process (Xt )t≥0 we establish conditions un-
der which the inverse first-passage time problem has a solution for any ran-
dom variable ξ > 0. For Markov processes we give additional conditions un-
der which the solutions are unique and solutions corresponding to ordered
initial states fulfill a comparison principle. As examples we show that these
conditions include Lévy processes with infinite activity or unbounded vari-
ation and diffusions on an interval with appropriate behavior at the bound-
aries. Our methods are based on the techniques used in the case of Brownian
motion and rely on discrete approximations of solutions via Γ-convergence
from (Theory Probab. Appl. 25 (1980) 362–366) and (Ann. Appl. Probab.
21 (2011) 1663–1693) combined with stochastic ordering arguments adapted
from (Theory Probab. Appl. 67 (2023) 570–592).
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Let X(·) be a random field from R
D to R

d , where D ≥ d. We study the
level set X−1(u), where u ∈ R

d . Specifically, we provide a weak condition
for this level set to be rectifiable. Next, we establish the Kac–Rice formula
to compute the (D − d)-dimensional Hausdorff measure. Our results extend
previous work, particularly in the non-Gaussian case where we obtain a very
general result. We conclude with several extensions and examples of applica-
tions, including functions of Gaussian random fields, zeros of the likelihood
functions, gravitational microlensing, and shot-noise.
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In this paper we consider the two-type Moran model with N individuals.
Each individual is assigned a resampling rate, drawn independently from a
probability distribution P on R+, and a type, either 1 or 0. Each individual
resamples its type at its assigned rate, by adopting the type of an individual
drawn uniformly at random. Let YN(t) denote the empirical distribution of
the resampling rates of the individuals with type 1 at time Nt . We show that
if P has countable support and satisfies certain tail and moment conditions,
then in the limit as N → ∞ the process (YN (t))t≥0 converges in law to the
process (S(t)P)t≥0, in the so-called Meyer–Zheng topology, where (S(t))t≥0
is the Fisher–Wright diffusion with diffusion constant D given by 1/D =∫
R+(1/r)P(dr).
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EULER SCHEME FOR SDES DRIVEN BY FRACTIONAL BROWNIAN
MOTIONS: INTEGRABILITY AND CONVERGENCE IN LAW
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We prove that the Euler scheme for stochastic differential equations
driven by fractional Brownian motions (fBm) with Hurst parameter H > 1/3
and its Malliavin derivatives are integrable uniformly in step size n. Then we
use the integrability results to derive the weak convergence rate n1−4H+ε for
the Euler scheme. The proof for integrability is based on an application of the
argument of (Ann. Probab. 41 (2013) 3026–3050) to a quadratic functional
of the fBm. The proof of weak convergence applies Malliavin calculus and
some upper-bound estimates for weighted random sums.
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L∞-OPTIMAL TRANSPORT OF ANISOTROPIC LOG-CONCAVE MEASURES
AND EXPONENTIAL CONVERGENCE IN FISHER’S INFINITESIMAL

MODEL
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We prove upper bounds on the L∞-Wasserstein distance from opti-
mal transport between strongly log-concave probability densities and log-
Lipschitz perturbations. In the simplest setting, such a bound amounts
to a transport-information inequality involving the L∞-Wasserstein metric
and the relative L∞-Fisher information. We show that this inequality can
be sharpened significantly in situations where the involved densities are
anisotropic. Our proof is based on probabilistic techniques using Langevin
dynamics. As an application of these results, we obtain sharp exponential
rates of convergence in Fisher’s infinitesimal model from quantitative genet-
ics, generalising recent results by Calvez, Poyato, and Santambrogio in di-
mension 1 to arbitrary dimensions.
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ASYMPTOTIC EXPANSIONS FOR HIGH-FREQUENCY OPTION DATA
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We derive a nonparametric higher-order asymptotic expansion for small-
time changes of conditional characteristic functions of Itô semimartingale
increments. The asymptotics setup is of joint type: both the length of the
time interval of the increment of the underlying process and the time gap
between evaluating the conditional characteristic function are shrinking. The
spot semimartingale characteristics of the underlying process as well as their
spot semimartingale characteristics appear as leading terms in the derived
asymptotic expansions. The analysis applies to a general class of Itô semi-
martingales that includes in particular Lévy-driven SDEs and time-changed
Lévy processes. The asymptotic expansion results are subsequently used to
construct a test for whether volatility jumps are of finite or infinite variation.
In an application to high-frequency data of options written on the S&P 500
index, we find evidence for infinite variation volatility jumps.
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SHARP NONUNIQUENESS OF SOLUTIONS TO 2D NAVIER–STOKES
EQUATIONS WITH SPACE-TIME WHITE NOISE

BY HUAXIANG LÜ1,a AND XIANGCHAN ZHU2,b

1Academy of Mathematics and Systems Science, Chinese Academy of Sciences, alvhuaxiang22@mails.ucas.ac.cn
2State Key Laboratory of Mathematical Sciences, Academy of Mathematics and Systems Science, Chinese Academy of

Sciences, bzhuxiangchan@126.com

In this paper we are concerned with the 2D incompressible Navier–
Stokes equations driven by space-time white noise. We establish existence of
infinitely many global-in-time probabilistically strong and analytically weak
solutions u for every divergence free initial condition u0 ∈ Lp ∪ C−1+δ,p ∈
(1,2), δ > 0. More precisely, there exist infinitely many solutions such that

u − z ∈ C([0,∞);Lp) ∩ L2
loc([0,∞);Hζ ) ∩ L1

loc([0,∞);W 1
3 ,1) for some

ζ ∈ (0,1), where z is the solution to the linear equation. This result in par-
ticular implies nonuniqueness in law. Our result is sharp in the sense that
the solution satisfying u − z ∈ C([0,∞);L2) ∩ L2

loc([0,∞);Hζ ) for some
ζ ∈ (0,1) is unique.
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We are interested here in modeling and estimating the anisotropy of
Gaussian random fields through the geometry of their excursion sets. In order
to do this, we use Lipschitz–Killing curvatures of the level sets as functions
of the levels and see them as generalized processes for which we are able
to obtain a joint functional central limit theorem. For 2D and 3D stationary
Gaussian fields we provide explicit formulas for the Lipschitz–Killing curva-
ture densities. Then, we can deduce geometrical equivalent of second spectral
moments and anisotropy ratios that allow the estimation of the anisotropy of
the underlying Gaussian field.
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We consider a variant of the configuration model with an embedded com-
munity structure and study the mixing properties of a simple random walk on
it. Every vertex has an internal degint ≥ 3 and an outgoing degout number of
half-edges. Given a stochastic matrix Q, we pick a random perfect matching
of the half-edges subject to the constraint that each vertex v has degint(v)

neighbours inside its community and the proportion of outgoing half-edges
from community i matched to a half-edge from community j is Q(i, j). As-
suming the number of communities is constant and they all have comparable
sizes, we prove the following dichotomy: simple random walk on the result-
ing graph exhibits cutoff if and only if the product of the Cheeger constant of
Q times logn (where n is the number of vertices) diverges.

In (Ann. Appl. Probab. 30 (2020) 1824–1846), Ben-Hamou established a
dichotomy for cutoff for a nonbacktracking random walk on a similar random
graph model with two communities. We prove that the same characterisation
of cutoff holds for simple random walk.
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In this paper, we study general mean-field backward stochastic dif-
ferential equations (BSDEs, for short) with quadratic growth. First, us-
ing some new ideas, we prove the existence and uniqueness of local and
global solutions for a one-dimensional mean-field BSDE when the genera-
tor g(t, Y,Z,PY ,PZ) has quadratic growth in Z and the terminal value is
bounded. Second, we derive a comparison theorem for general mean-field
BSDEs by applying the Girsanov transform. Third, within this framework,
we use the mean-field BSDE to provide a probabilistic representation of the
viscosity solution for a nonlocal partial differential equation (PDE, for short)
as an extended nonlinear Feynman–Kac formula, which yields the existence
and uniqueness of the solution to the PDE. Finally, we prove the convergence
of the particle systems to general mean-field BSDEs with quadratic growth
and give the corresponding convergence rate.
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We study an individual-based stochastic epidemic model in which in-
fected individuals become susceptible again, after each infection. In contrast
to classical compartment models, after each infection, the infectivity is a ran-
dom function of the time elapsed since infection. Similarly, recovered indi-
viduals become gradually susceptible after some time according to a random
susceptibility function.

We study the large population asymptotic behaviour of the model: we
prove a functional law of large numbers (FLLN) and investigate the endemic
equilibria of the limiting deterministic model. The limit depends on the law
of the susceptibility random functions but only on the mean infectivity func-
tions. The FLLN is proved by constructing a sequence of i.i.d. auxiliary pro-
cesses and adapting the approach from the theory of propagation of chaos.
The limit is a generalisation of a PDE model introduced by Kermack and
McKendrick, and we show how this PDE model can be obtained as a special
case of our FLLN limit.

If R0 is less than (or equal to) some threshold, the epidemic does not
last forever and eventually disappears from the population, while if R0 is
larger than this threshold, the epidemic will not go extinct and there exists an
endemic equilibrium. The value of this threshold turns out to be the harmonic
mean of the susceptibility a long time after an infection.
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DRIFT CONTROL WITH DISCRETIONARY STOPPING FOR A DIFFUSION
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We consider stochastic control with discretionary stopping for the drift
of a diffusion process over an infinite time horizon. The objective is to choose
a control process and a stopping time to minimize the expectation of a convex
terminal cost in the presence of a fixed operating cost and a control-dependent
running cost per unit of elapsed time. Under appropriate conditions on the co-
efficients of the controlled diffusion, an optimal pair of control and stopping
rules is shown to exist. Moreover, under the same assumptions, it is shown
that the optimal control is a constant which can be computed fairly explicitly;
and that it is optimal to stop the first time an appropriate interval is visited.
We consider also a constrained version of the above problem, in which an
upper bound on the expectation of available stopping times is imposed; we
show that this constrained problem can be reduced to an unconstrained prob-
lem with some appropriate change of parameters and, as a result, solved by
similar arguments.
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