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HIGH-DIMENSIONAL SCALING LIMITS AND FLUCTUATIONS OF ONLINE
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We derive high-dimensional scaling limits and fluctuations for the on-
line least-squares stochastic gradient descent (SGD) algorithm by taking the
properties of the data generating model explicitly into consideration. Our ap-
proach treats the SGD iterates as an interacting particle system, where the
expected interaction is characterized by the covariance structure of the input.
Assuming smoothness conditions on moments of order up to eight orders, and
without explicitly assuming Gaussianity, we establish the high-dimensional
scaling limits and fluctuations in the form of infinite-dimensional ordinary
differential equations (ODEs) or stochastic differential equations (SDEs). Our
results reveal a precise three-step phase transition of the iterates; it goes from
being ballistic, to diffusive, and finally to purely random behavior, as the
noise variance goes from low, to moderate, and finally to very-high noise set-
ting. In the low-noise setting, we further characterize the precise fluctuations
of the (scaled) iterates as infinite-dimensional SDEs. We also show the ex-
istence and uniqueness of solutions to the derived limiting ODEs and SDEs.
Our results have several applications, including characterization of the limit-
ing mean-square estimation or prediction errors and their fluctuations, which
can be obtained by analytically or numerically solving the limiting equations.
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We consider a load balancing model where a Poisson stream of jobs ar-
rive at a system of many servers whose service time distribution possesses a
finite second moment. A small fraction of arrivals pass through the power-
of-choice algorithm, which assigns a job to the shortest among ℓ, ℓ ≥ 2, ran-
domly chosen queues, and the remaining jobs are assigned to queues chosen
uniformly at random. The system is analyzed at critical load in an asymptotic
regime where both the number of servers and the usual heavy traffic param-
eter associated with individual queue lengths grow to infinity. The first main
result is a hydrodynamic limit stating that the empirical measure of the diffu-
sively normalized queue lengths converges to a path in measure space whose
density is given by the unique solution of a parabolic PDE with nonlocal co-
efficients. The PDE has a stationary solution expressed explicitly, which in
particular provides a quantification of the balance achieved by the algorithm.
For fixed ℓ, as the intensity of the load balancing stream varies between its
limits, this solution varies from exponential distribution to a Dirac distribu-
tion, demonstrating that the result covers the whole range from independence
to state space collapse.

Further, two forms of an invariance principle are proved, one under a
rather general initial distribution and the other under exchangeability of the
initial conditions. In the latter, the limit of individual normalized queue length
is given by a McKean–Vlasov SDE, and propagation of chaos holds. The
McKean–Vlasov limit is closely related to limit results for Brownian particles
on ℝ+ interacting through their rank (with a specific interaction). However,
an entirely different set of tools is required, as the collection of n prelimit
particles does not obey a Markovian evolution on ℝ

n+.
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DYNAMIC SPATIAL MATCHING
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Motivated by a variety of online matching platforms, we consider de-
mand and supply units which are located i.i.d. in [0,1]d , and each demand
unit needs to be matched with a supply unit. The goal is to minimize the
expected average distance between matched pairs (the “cost”). We model dy-
namic arrivals of one or both of demand and supply with uncertain locations
of future arrivals, and characterize the scaling behavior of the achievable cost
in terms of system size (number of supply units), as a function of the dimen-
sion d. Our achievability results are backed by concrete matching algorithms.
Across cases, we find that the platform can achieve cost (nearly) as low as
that achievable if the locations of future arrivals had been known beforehand.
Furthermore, in all cases except one, cost nearly as low in terms of scaling
as the expected distance to the nearest neighboring supply unit is achievable,
that is, the matching constraint does not cause an increase in cost either. The
aberrant case is where only demand arrivals are dynamic, and d = 1; excess
supply significantly reduces cost in this case.
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We propose a novel approach to induce anomalous dissipation through
advection driven by turbulent fluid flows. Specifically, we establish the ex-
istence of a velocity field v satisfying randomly forced Navier–Stokes equa-
tions, leading to total dissipation of kinetic energy in finite time when advect-
ing a passive scalar. This dissipation phenomenon is uniform across viscosity
parameters and initial conditions, representing a case of anomalous dissipa-
tion. We further explore dissipation induced by individual realizations of v.
Our results extend to scenarios where the passive scalar is replaced by so-
lutions to two or three-dimensional deterministic Navier–Stokes equations
advected by v.
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TWO-DIMENSIONAL DELTA-BOSE GAS: SKEW-PRODUCT
RELATIVE MOTIONS

BY YU-TING CHENa

Department of Mathematics and Statistics, University of Victoria, achenyuting@uvic.ca

We prove a Feynman–Kac-type formula for the relative motion of the
two-body delta-Bose gas in two dimensions. The multiplicative functional
is not exponential, and the process is a skew-product diffusion uniquely ex-
tended in law, in the sense of Erickson (Probab. Theory Related Fields 85
(1990) 73–89), from BES(0, β↓) of Donati-Martin and Yor (Publ. Res. Inst.
Math. Sci. 42 (2006) 879–895) as the radial part. We give two different
proofs of the formula. The first uses the original excursion characterization
of BES(0, β↓), and the second is via the lower-dimensional Bessel processes
at the expectation level. The latter proof contrasts the long-standing approach
for delta-function interactions by adding mollifiers to the Laplacians since
the present approximations are from “lower, fractional dimensions.” More-
over, the second proof conducts a new study of BES(0, β↓) as an SDE since
we handle the drift via certain ratios of the Macdonald functions. The proper-
ties proven include the strong well-posedness and comparison of the SDE of
BES(0, β↓) for all initial conditions. In particular, this well-posedness con-
trasts the fact that the skew-product diffusion for the Feynman–Kac-type for-
mula has a singular drift of L

p
loc-integrability only for p ≤ 2.
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We establish a strong law of large numbers and a central limit theo-
rem in the Bures–Wasserstein space of covariance operators—or equivalently
centred Gaussian measures—over a general separable Hilbert space. Specif-
ically, we show that empirical barycentre sequences indexed by sample size
are almost certainly relatively compact, with accumulation points compris-
ing population barycentres. We give a sufficient regularity condition for the
limit to be unique. When the limit is unique, we also establish a central limit
theorem under a refined pair of moment and regularity conditions. Finally,
we prove strong operator convergence of the empirical optimal transport
maps to their population counterparts. Though our results naturally extend
finite-dimensional counterparts, including associated regularity conditions,
our techniques are distinctly different owing to the functional nature of the
problem in the general setting. A key element is the characterisation of com-
pact sets in the Bures–Wasserstein topology that reflects an ordered Heine–
Borel property of the Bures–Wasserstein space.
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Consider the stationary measure of open asymmetric simple exclusion
process (ASEP) on the lattice {1, . . . , n}. Taking n to infinity while fixing
the jump rates, this measure converges to a measure on the semi-infinite lat-
tice. In the high and low density phases, we characterize the limiting mea-
sure and provide bounds on the convergence rates in total variation distance.
Our approach involves bounding the total variation distance using generating
functions, which are further estimated through a subtle analysis of the atom
masses of Askey–Wilson signed measures.
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We consider distributional approximation by generalized Dickman dis-
tributions, which appear in number theory, perpetuities, logarithmic combina-
torial structures and many other areas. We prove bounds in the Kolmogorov
distance for the approximation of certain weighted sums of Bernoulli and
Poisson random variables by members of this family. While such results have
previously been shown in Bhattacharjee and Goldstein (2019) for distances
based on smoother test functions and for a special case of the random vari-
ables considered in this paper, results in the Kolmogorov distance are new.
We also establish optimality of our rates of convergence by deriving lower
bounds. As a result, some interesting phase transitions emerge depending on
the choice of the underlying parameters. The proofs of our results mainly
rely on the use of Stein’s method. In particular, we study the solutions of
the Stein equation corresponding to the test functions associated to the Kol-
mogorov distance, and establish their smoothness properties. As applications,
we study the runtime of the Quickselect algorithm, an edge-length statistic of
a long-range percolation model, and the weighted depth in randomly grown
simple increasing trees.
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OPTIMAL STOPPING WITH NONLINEAR EXPECTATION: GEOMETRIC
AND ALGORITHMIC SOLUTIONS
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We use the geometry of suitably generalised potentials to solve risk-
sensitive Markovian optimal stopping problems. As in the linear case due to
Dynkin and Yushkievich (1967), the value function is the pointwise infimum
of those functions which dominate the gain function. An emphasis is placed
on geometric and pathwise arguments, rather than exploiting convexity, posi-
tive homogeneity or related analytical properties. An algorithm is provided to
construct the value function at the computational cost of a two-dimensional
search.
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We investigate a mean-field version of Bank–El Karoui’s representation
theorem of stochastic processes. Under three different technical conditions,
we established some existence and uniqueness results, using three different
approaches. As motivation and first applications, the results of mean-field
representation provide a unified approach for studying various mean-field
games (MFGs) in the setting with common noise and multiple populations,
including the MFG of timing and the MFG with singular control, etc. As a
crucial technical step, a stability result was provided on the classical Bank–El
Karoui’s representation theorem. It has its own interest and other applications,
such as deriving stability results of optimizers (in the strong sense) for a class
of optimal stopping and singular control problems.
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We introduce a class of cellular automata growth models on the two-
dimensional integer lattice with finite cross neighborhoods. These dynamics
are determined by a Young diagram 𝒵 and the radius ρ of the neighborhood,
which we assume to be sufficiently large, so that the resulting dynamics are
supercritical. A point becomes occupied if the pair of counts of currently oc-
cupied points in the horizontal and vertical parts of the cross neighborhood
lies outside 𝒵 . Starting with a small density p of occupied points, we focus
on the first time T at which the origin is occupied. We show that T scales as
a power of 1/p, and identify that power, when 𝒵 is a triangle, a rectangle,
and the union of a finite rectangle with an infinite strip. The case of a trian-
gle corresponds to the classical bootstrap percolation model. We give partial
results when 𝒵 is a union of two finite rectangles. The distinguishing feature
of these dynamics is nucleation of lines that grow to significant length before
most of the space is covered.
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[15] GRAVNER, J., KRNC, M., MILANIČ, M. and RAYMOND, J.-P. Young domination on Hamming rectangles.
Available at arXiv:2501.03788.

[16] GRAVNER, J., PAGUYO, J. E. and SLIVKEN, E. (2019). Maximal spanning time for neighborhood growth
on the Hamming plane. SIAM J. Discrete Math. 33 976–993. MR3968241 https://doi.org/10.1137/
17M1153807

[17] GRAVNER, J. and SIVAKOFF, D. (2017). Bootstrap percolation on products of cycles and complete graphs.
Electron. J. Probab. 22 Paper No. 29. MR3629873 https://doi.org/10.1214/17-EJP43

[18] GRAVNER, J. and SIVAKOFF, D. (2020). Bootstrap percolation on the product of the two-dimensional lattice
with a Hamming square. Ann. Appl. Probab. 30 145–174. MR4068308 https://doi.org/10.1214/19-
AAP1497

[19] GRAVNER, J., SIVAKOFF, D. and SLIVKEN, E. (2017). Neighborhood growth dynamics on the Hamming
plane. Electron. J. Combin. 24 Paper No. 4.29. MR3723568 https://doi.org/10.37236/6400

[20] HARTARSKY, I. and MEZEI, T. R. (2020). Complexity of two-dimensional bootstrap percolation difficulty:
Algorithm and NP-hardness. SIAM J. Discrete Math. 34 1444–1459. MR4117299 https://doi.org/10.
1137/19M1239933

[21] HARTARSKY, I. and MORRIS, R. (2019). The second term for two-neighbour bootstrap percolation in two
dimensions. Trans. Amer. Math. Soc. 372 6465–6505. MR4024528 https://doi.org/10.1090/tran/7828

[22] HOLROYD, A. E. (2003). Sharp metastability threshold for two-dimensional bootstrap percolation. Probab.
Theory Related Fields 125 195–224. MR1961342 https://doi.org/10.1007/s00440-002-0239-x

[23] HOLROYD, A. E., LIGGETT, T. M. and ROMIK, D. (2004). Integrals, partitions, and cellular automata. Trans.
Amer. Math. Soc. 356 3349–3368. MR2052953 https://doi.org/10.1090/S0002-9947-03-03417-2

[24] JUNGBLUT, S. and DELLAGO, C. (2016). Pathways to self-organization: Crystallization via nucleation and
growth. Eur. Phys. J. E 77.

[25] MARIS, H. J. (2006). Introduction to the physics of nucleation. C. R. Phys. 7 946–958.
[26] MORRIS, R. (2017). Bootstrap percolation, and other automata. European J. Combin. 66 250–263.

MR3692148 https://doi.org/10.1016/j.ejc.2017.06.024
[27] SLIVKEN, E. Bootstrap percolation on the Hamming torus with threshold 2. Available at arXiv:1407.2317.
[28] VAN ENTER, A. C. D. (1987). Proof of Straley’s argument for bootstrap percolation. J. Stat. Phys. 48

943–945. MR0914911 https://doi.org/10.1007/BF01019705

https://mathscinet.ams.org/mathscinet-getitem?mr=1415228
https://doi.org/10.1214/aop/1041903205
https://mathscinet.ams.org/mathscinet-getitem?mr=3297774
https://doi.org/10.1214/13-AAP996
https://arxiv.org/abs/2501.03788
https://mathscinet.ams.org/mathscinet-getitem?mr=3968241
https://doi.org/10.1137/17M1153807
https://doi.org/10.1137/17M1153807
https://mathscinet.ams.org/mathscinet-getitem?mr=3629873
https://doi.org/10.1214/17-EJP43
https://mathscinet.ams.org/mathscinet-getitem?mr=4068308
https://doi.org/10.1214/19-AAP1497
https://doi.org/10.1214/19-AAP1497
https://mathscinet.ams.org/mathscinet-getitem?mr=3723568
https://doi.org/10.37236/6400
https://mathscinet.ams.org/mathscinet-getitem?mr=4117299
https://doi.org/10.1137/19M1239933
https://doi.org/10.1137/19M1239933
https://mathscinet.ams.org/mathscinet-getitem?mr=4024528
https://doi.org/10.1090/tran/7828
https://mathscinet.ams.org/mathscinet-getitem?mr=1961342
https://doi.org/10.1007/s00440-002-0239-x
https://mathscinet.ams.org/mathscinet-getitem?mr=2052953
https://doi.org/10.1090/S0002-9947-03-03417-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3692148
https://doi.org/10.1016/j.ejc.2017.06.024
https://arxiv.org/abs/1407.2317
https://mathscinet.ams.org/mathscinet-getitem?mr=0914911
https://doi.org/10.1007/BF01019705


The Annals of Applied Probability
2025, Vol. 35, No. 5, 3412–3440
https://doi.org/10.1214/25-AAP2199
© Institute of Mathematical Statistics, 2025

DIFFUSION LIMITS IN THE QUARTER PLANE AND
NONSEMIMARTINGALE REFLECTED BROWNIAN MOTION

BY RAMI ATAR1,a AND AMARJIT BUDHIRAJA2,b

1Viterbi Faculty of Electrical and Computer Engineering, Technion—Israel Institute of Technology, arami@technion.ac.il
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We consider a continuous-time random walk in the quarter plane for
which the transition intensities are constant on each of the four faces (0,∞)2,
F1 = {0} × (0,∞), F2 = (0,∞) × {0} and {(0,0)}. We show that when
rescaled diffusively it converges in law to a Brownian motion with oblique re-
flection direction d(i) on face Fi , i = 1,2, defined via the Varadhan–Williams
submartingale problem (Comm. Pure Appl. Math. 38 (1985) 405–443). A pa-
rameter denoted by α was introduced in (Comm. Pure Appl. Math. 38 (1985)
405–443), measuring the extent to which d(i) are inclined toward the origin.
In the case of the quarter plane, α takes values in (−2,2), and it is known that
the reflected Brownian motion is a semimartingale if and only if α ∈ (−2,1).
Convergence results via both the Skorohod map and the invariance principle
for semimartingale reflected Brownian motion are known to hold in various
settings in arbitrary dimension. In the case of the quarter plane, the invariance
principle was proved for α ∈ (−2,1) whereas for tools based on the Skoro-
hod map to be applicable it is necessary (but not sufficient) that α ∈ [−1,1).
Another tool that has been used to prove convergence in general dimension is
the extended Skorohod map, which in the case of the quarter plane provides
convergence for α = 1. This paper focuses on the range α ∈ (1,2), where
the Skorohod problem and the extended Skorohod problem do not possess a
unique solution, the limit process is not a semimartingale, and convergence to
reflected Brownian motion has not been shown before. The result has impli-
cations on the asymptotic analysis of two Markovian queueing models: The
generalized processor sharing model with parallelization slowdown, and the
coupled processor model. In both cases, the diffusion limit in heavy traffic is
characterized by the aforementioned reflected Brownian motion. The restric-
tion of our treatment to dimension two is due to the fact that, for analogous
models in higher dimension, the well posedness of the submartingale prob-
lem for the candidate limit process is an open problem.
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PATHWISE UNIQUENESS FOR MULTIPLICATIVE YOUNG AND ROUGH
DIFFERENTIAL EQUATIONS DRIVEN BY FRACTIONAL BROWNIAN

MOTION

BY TOYOMU MATSUDA1,a AND AVI MAYORCAS2,b
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2Department of Mathematical Sciences, University of Bath, bam2735@bath.ac.uk

We show pathwise uniqueness of multiplicative SDEs, in arbitrary di-
mensions, driven by fractional Brownian motion with Hurst parameter H ∈
(1/3,1) with volatility coefficient σ that is at least γ -Hölder continuous for
γ > 1

2H
∨ 1−H

H
. This improves upon the long-standing results of (Math. Res.

Lett. 1 (1994) 451–464; Rev. Mat. Iberoam. 14 (1998) 215–310; Appl. Math.
Res. Express. AMRX (2008) Art. ID abm009) which cover the same regime
but require σ to be at least 1

H
-Hölder continuous. Our central innovation is to

combine stochastic averaging estimates with refined versions of the stochas-
tic sewing lemma, due to (Electron. J. Probab. 25 (2020) Paper No. 38; Stoch.
Partial Differ. Equ. Anal. Comput. 11 (2023) 714–729; Forum Math. Sigma
12 (2024) Paper No. e52).
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Conditional independence and graphical models are well studied for
probability distributions on product spaces. We propose a new notion of con-
ditional independence for any measure Λ on the punctured Euclidean space
ℝ

d \ {0} that explodes at the origin. The importance of such measures stems
from their connection to infinitely divisible and max-infinitely divisible dis-
tributions, where they appear as Lévy measures and exponent measures, re-
spectively. We characterize independence and conditional independence for
Λ in various ways through kernels and factorization of a modified density, in-
cluding a Hammersley–Clifford type theorem for undirected graphical mod-
els. As opposed to the classical conditional independence, our notion is inti-
mately connected to the support of the measure Λ. Our general theory unifies
and extends recent approaches to graphical modeling in the fields of extreme
value analysis and Lévy processes. Our results for the corresponding undi-
rected and directed graphical models lay the foundation for new statistical
methodology in these areas.
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We analyze the fluctuations of the free energy, replica overlaps and
overlap with the external field in the quadratic spherical SK model with
a magnetic field. We identify several different behaviors for these quanti-
ties depending on the size of the magnetic field, confirming predictions by
Fyodorov-Le Doussal and recent work of Baik, Collins–Woodfin, Le Dous-
sal and Wu.
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[12] CIPOLLONI, G., ERDŐS, L. and SCHRÖDER, D. (2023). Functional central limit theorems for Wigner matri-
ces. Ann. Appl. Probab. 33 447–489. MR4551555 https://doi.org/10.1214/22-aap1820

[13] COLLINS-WOODFIN, E. (2021). Overlaps of a spherical spin glass model with microscopic external field.
Electron. J. Probab. 26 Paper No. 146, 22. MR4346677 https://doi.org/10.1214/21-ejp722

[14] CUGLIANDOLO, L. F., DEAN, D. S. and YOSHINO, H. (2007). Nonlinear susceptibilities of spherical models.
J. Phys. A: Math. Theor. 40 4285–4303. MR2316706 https://doi.org/10.1088/1751-8113/40/16/003

[15] DEMBO, A. and ZEITOUNI, O. (2015). Matrix optimization under random external fields. J. Stat. Phys. 159
1306–1326. MR3350373 https://doi.org/10.1007/s10955-015-1228-7

[16] DEY, P. S. and WU, Q. (2023). Mean field spin glass models under weak external field. Comm. Math. Phys.
402 1205–1258. MR4627320 https://doi.org/10.1007/s00220-023-04742-5

MSC2020 subject classifications. 60B10.
Key words and phrases. Spherical Sherrington–Kirkpatrick model.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/25-AAP2203
https://www.imstat.org
mailto:blandon@math.toronto.edu
mailto:ps934@cornell.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=0904135
https://mathscinet.ams.org/mathscinet-getitem?mr=2999295
https://doi.org/10.1002/cpa.21422
https://mathscinet.ams.org/mathscinet-getitem?mr=4257832
https://doi.org/10.1007/s10955-021-02757-7
https://doi.org/10.1007/s10955-021-02757-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3554380
https://doi.org/10.1007/s10955-016-1610-0
https://mathscinet.ams.org/mathscinet-getitem?mr=3649446
https://doi.org/10.1007/s00023-017-0562-5
https://doi.org/10.1007/s00023-017-0562-5
https://mathscinet.ams.org/mathscinet-getitem?mr=4164860
https://doi.org/10.1214/20-AIHP1062
https://mathscinet.ams.org/mathscinet-getitem?mr=3878351
https://doi.org/10.1007/s10955-018-2150-6
https://mathscinet.ams.org/mathscinet-getitem?mr=3183577
https://doi.org/10.1214/ejp.v19-3054
https://mathscinet.ams.org/mathscinet-getitem?mr=3651048
https://doi.org/10.1007/s00440-016-0705-5
https://doi.org/10.1007/s00440-016-0705-5
https://mathscinet.ams.org/mathscinet-getitem?mr=3606472
https://doi.org/10.1007/s00220-016-2808-3
https://doi.org/10.1007/s00220-016-2808-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4551555
https://doi.org/10.1214/22-aap1820
https://mathscinet.ams.org/mathscinet-getitem?mr=4346677
https://doi.org/10.1214/21-ejp722
https://mathscinet.ams.org/mathscinet-getitem?mr=2316706
https://doi.org/10.1088/1751-8113/40/16/003
https://mathscinet.ams.org/mathscinet-getitem?mr=3350373
https://doi.org/10.1007/s10955-015-1228-7
https://mathscinet.ams.org/mathscinet-getitem?mr=4627320
https://doi.org/10.1007/s00220-023-04742-5
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[17] FYODOROV, Y. V. and LE DOUSSAL, P. (2014). Topology trivialization and large deviations for the minimum
in the simplest random optimization. J. Stat. Phys. 154 466–490. MR3162549 https://doi.org/10.1007/
s10955-013-0838-1

[18] KIVIMAE, P. (2021). Critical fluctuations for the spherical Sherrington–Kirkpatrick model in an external
field. arXiv preprint. Available at arXiv:1908.07512.

[19] KOSTERLITZ, J., THOULESS, D. and JONES, R. C. (1976). Spherical model of a spin-glass. Phys. Rev. Lett.
36 1217.

[20] LANDON, B. and SOSOE, P. (2020). Applications of mesoscopic CLTs in random matrix theory. Ann. Appl.
Probab. 30 2769–2795. MR4187127 https://doi.org/10.1214/20-AAP1572

[21] LANDON, B. and SOSOE, P. (2022). Fluctuations of the overlap at low temperature in the 2-spin spherical SK
model. Ann. Inst. Henri Poincaré Probab. Stat. 58 1426–1459. MR4452639 https://doi.org/10.1214/
21-aihp1205

[22] NGUYEN, V. L. and SOSOE, P. (2019). Central limit theorem near the critical temperature for the overlap in
the 2-spin spherical SK model. J. Math. Phys. 60 103302, 13. MR4016884 https://doi.org/10.1063/1.
5065525

[23] PANCHENKO, D. and TALAGRAND, M. (2007). On the overlap in the multiple spherical SK models. Ann.
Probab. 35 2321–2355. MR2353390 https://doi.org/10.1214/009117907000000015

[24] RAMÍREZ, J. A., RIDER, B. and VIRÁG, B. (2011). Beta ensembles, stochastic Airy spectrum, and a diffu-
sion. J. Amer. Math. Soc. 24 919–944. MR2813333 https://doi.org/10.1090/S0894-0347-2011-00703-0

[25] WATSON, G. N. (1995). A Treatise on the Theory of Bessel Functions. Cambridge Mathematical Library.
Cambridge Univ. Press, Cambridge. Reprint of the second (1944) edition. MR1349110

[26] WU, H. (2019). New Applications of Random Matrices in Spin Glass and Machine Learning. ProQuest LLC,
Ann Arbor, MI. Thesis (Ph.D.)–University of Michigan. MR4051545

https://mathscinet.ams.org/mathscinet-getitem?mr=3162549
https://doi.org/10.1007/s10955-013-0838-1
https://doi.org/10.1007/s10955-013-0838-1
https://arxiv.org/abs/1908.07512
https://mathscinet.ams.org/mathscinet-getitem?mr=4187127
https://doi.org/10.1214/20-AAP1572
https://mathscinet.ams.org/mathscinet-getitem?mr=4452639
https://doi.org/10.1214/21-aihp1205
https://doi.org/10.1214/21-aihp1205
https://mathscinet.ams.org/mathscinet-getitem?mr=4016884
https://doi.org/10.1063/1.5065525
https://doi.org/10.1063/1.5065525
https://mathscinet.ams.org/mathscinet-getitem?mr=2353390
https://doi.org/10.1214/009117907000000015
https://mathscinet.ams.org/mathscinet-getitem?mr=2813333
https://doi.org/10.1090/S0894-0347-2011-00703-0
https://mathscinet.ams.org/mathscinet-getitem?mr=1349110
https://mathscinet.ams.org/mathscinet-getitem?mr=4051545


The Annals of Applied Probability
2025, Vol. 35, No. 5, 3620–3652
https://doi.org/10.1214/25-AAP2204
© Institute of Mathematical Statistics, 2025

THE HORTON–STRAHLER NUMBER OF GALTON–WATSON TREES WITH
POSSIBLY INFINITE VARIANCE
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The Horton–Strahler number, also known as the register function, pro-
vides a tool for quantifying the branching complexity of a rooted tree. We
consider the Horton–Strahler number of critical Galton–Watson trees con-
ditioned to have size n and whose offspring distribution is in the domain
of attraction of an α-stable law with α ∈ [1,2]. We give tail estimates and
when α ≠ 1, we prove that it grows as 1

α logα/(α−1) n in probability. This
extends the result of Brandenberger, Devroye and Reddad dealing with the
finite variance case for which α = 2. We also characterize the cases where
α = 1, namely the spectrally positive Cauchy regime, which exhibits more
complex behaviors. Our proofs are new and probabilistic; they relate the
Horton–Strahler number with other shape parameters such as the height or
largest degree.
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FINITE DIMENSIONAL PROJECTIONS OF HJB EQUATIONS IN THE
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This paper continues the study of controlled interacting particle systems
with common noise started in (SIAM J. Math. Anal. 53 (2021) 1320–1356)
and (SIAM J. Control Optim. 61 (2023) 820–851). First, we extend the fol-
lowing results of the previously mentioned works to the case of multiplicative
noise: (i) We generalize the convergence of the value functions un corre-
sponding to control problems of n particles to the value function V corre-
sponding to an appropriately defined infinite dimensional control problem;
(ii) we prove, under certain additional assumptions, C1,1 regularity of V in
the spatial variable. The second main contribution of the present work is the
proof that if DV is continuous (which, in particular, includes the previously
proven case of C1,1 regularity in the spatial variable), the value function V

projects precisely onto the value functions un. Using this projection property,
we show that optimal controls of the finite dimensional problem correspond
to optimal controls of the infinite dimensional problem and vice versa. In the
case of a linear state equation, we are able to prove that V projects precisely
onto the value functions un under relaxed assumptions on the coefficients
of the cost functional by using approximation techniques in the Wasserstein
space, thus covering cases where V may not be differentiable.
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[33] DE FEO, F., ŚWIĘCH, A. and WESSELS, L. (2025). Stochastic optimal control in Hilbert spaces: C1,1 regu-
larity of the value function and optimal synthesis via viscosity solutions. Electron. J. Probab. 30 Paper
No. 36, 39. MR4870298 https://doi.org/10.1214/25-ejp1294

[34] DJETE, M. F. (2022). Extended mean field control problem: A propagation of chaos result. Electron. J.
Probab. 27 Paper No. 20, 53. MR4379197 https://doi.org/10.1214/21-ejp726

[35] DJETE, M. F., POSSAMAÏ, D. and TAN, X. (2022). McKean–Vlasov optimal control: Limit theory and equiv-
alence between different formulations. Math. Oper. Res. 47 2891–2930. MR4515488 https://doi.org/
10.1287/moor.2021.1232
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In this paper, we study invariant Poisson processes of lines (i.e, bi-infinite
geodesics) and roads (i.e, lines with speed limits) in the 3-regular tree. More
precisely, there exists a unique (up to multiplicative constant) locally finite
Borel measure on the space of lines that is invariant under graph automor-
phisms, and we consider two Poissonian ways of playing with this invariant
measure. First, following Benjamini, Jonasson, Schramm and Tykesson, we
consider an invariant Poisson process of lines, and show that there is a critical
value of the intensity below which a.s. the vacant set of the process percolates,
and above which all its connected components are finite. Then, we consider
an invariant Poisson process of roads, and show that there is a critical value
of the parameter governing the speed limits of the roads below which a.s. one
can drive to infinity in finite time using the road network generated by the
process, and above which this is impossible.
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