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GENETIC COMPOSITION OF SUPERCRITICAL BRANCHING
POPULATIONS UNDER POWER LAW MUTATION RATES

BY VIANNEY BROUARDa

ENS de Lyon, UMPA, CNRS UMR 5669, avianney.brouard@ens-lyon.fr

We aim to understand the evolution of the genetic composition of cancer
cell populations. To achieve this, we consider an individual-based model rep-
resenting a cell population where cells divide, die and mutate along the edges
of a finite directed graph (V ,E). The process starts with only one cell of trait
0. Following typical parameter values in cancer cell populations we study the
model under power law mutation rates, in the sense that the mutation prob-
abilities are parameterized by negative powers of a scaling parameter n and
the typical sizes of the population of interest are positive powers of n. Under
a nonincreasing growth rate condition, we describe the time evolution of the
first-order asymptotics of the size of each subpopulation in the log(n) time
scale, as well as in the random time scale at which the wild-type population,
resp. the total population, reaches the size nt . In particular, such results allow
for the perfect characterization of evolutionary pathways. Without imposing
any conditions on the growth rates, we describe the time evolution of the or-
der of magnitude of each subpopulation, whose asymptotic limits are positive
nondecreasing piecewise linear continuous functions.
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PROPERTIES OF FIRST PASSAGE PERCOLATION ABOVE THE
(HYPOTHETICAL) CRITICAL DIMENSION

BY KENNETH S. ALEXANDERa

Department of Mathematics, University of Southern California, aalexandr@usc.edu

It is not known (and even physicists disagree) whether first passage per-
colation (FPP) on ℤ

d has an upper critical dimension dc, such that the fluctu-
ation exponent χ = 0 in dimensions d > dc. In part to facilitate study of this
question, we may nonetheless try to understand properties of FPP in such di-
mensions should they exist, in particular how they should differ from d < dc.
We show that at least one of three fundamental properties of FPP known or
believed to hold when χ > 0 must be false if χ = 0. A particular one of the
three is most plausible to fail, and we explore the consequences if it is in-
deed false. These consequences support the idea that when χ = 0, passage
times are “local” in the sense that the passage time from x to y is primarily
determined by the configuration near x and y. Such locality is manifested by
certain “disc-to-disc” passage times, between discs in parallel hyperplanes,
being typically much faster than the fastest mean passage time between points
in the two discs.
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Kernel Stein discrepancies (KSDs) measure the quality of a distributional
approximation and can be computed even when the target density has an in-
tractable normalizing constant. Notable applications include the diagnosis of
approximate MCMC samplers and goodness-of-fit tests for unnormalized sta-
tistical models. The present work analyzes the convergence control properties
of KSDs. We first show that standard KSDs used for weak convergence con-
trol fail to control moment convergence. To address this limitation, we next
provide sufficient conditions under which alternative diffusion KSDs con-
trol both moment and weak convergence. As an immediate consequence we
develop, for each q > 0, the first KSDs known to exactly characterize q-
Wasserstein convergence.
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In this paper, we study a disordered pinning model induced by a random
walk whose increments have a finite (2 + κ)th moment for some κ > 0. It
is known that this model is marginally relevant, and moreover, it undergoes
a phase transition in an intermediate disorder regime. We show that, in the
critical window, the point-to-point partition functions converge to a unique
limiting random measure, which we call the critical disordered pinning mea-
sure. We also obtain an analogous result for a continuous counterpart to the
pinning model, which is closely related to two other models: one is a critical
stochastic Volterra equation that gives rise to a rough volatility model, and
the other is a critical stochastic heat equation with multiplicative noise that is
white in time and delta in space.
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Consider a random uniform sample 𝒳n of n points in a compact region
A of Euclidean d-space, d ≥ 2, with a smooth or (when d = 2) polygonal
boundary. Fix k ∈ ℕ. Let Mk(𝒳n) be the threshold r at which the geometric
graph on these n vertices with distance parameter r becomes k-connected. We
show that if d = 2 then n(π/|A|)M1(𝒳n)2 − logn is asymptotically standard
Gumbel. For (d, k) ≠ (2,1), it is

n
(︁
θd/|A|)︁Mk(𝒳n)d − (2 − 2/d) logn − (4 − 2k − 2/d) log logn

that converges in distribution to a nondegenerate limit, where θd is the volume
of the unit ball. The limit is Gumbel with scale parameter 2 except when
(d, k) = (2,2) where the limit is two component extreme value distributed.
The different cases reflect the fact that boundary effects are more important in
some cases than others. We also give similar results for the largest k-nearest
neighbour link Lk(𝒳n) in the sample, and show Mk(𝒳n) = Lk(𝒳n) with high
probability. We provide estimates on rates of convergence and give similar
results for Poisson samples in A. Finally, we give similar results even for
nonuniform samples, with a less explicit sequence of centring constants.
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STOCHASTIC HEAT EQUATIONS DRIVEN BY SPACE-TIME 𝑮-WHITE
NOISE UNDER SUBLINEAR EXPECTATION
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In this paper, we study the stochastic heat equation driven by a multi-
plicative space-time G-white noise within the framework of sublinear expec-
tations. The existence and uniqueness of the mild solution are proved. By
generalizing the stochastic Fubini theorem under sublinear expectations, we
demonstrate that the mild solution also qualifies as a weak solution. Addi-
tionally, we derive moment estimates for the solutions.
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What is the analogue of Lévy processes for random surfaces? Motivated
by scaling limits of random planar maps in random geometry, we introduce
and study Lévy looptrees and Lévy maps. They are defined using excursions
of general Lévy processes with no negative jump and extend the known sta-
ble looptrees and stable maps, associated with stable processes. We com-
pute in particular their fractal dimensions in terms of the upper and lower
Blumenthal–Getoor exponents of the coding Lévy process. The case where
the Lévy process is a stable process with a drift naturally appears in the con-
text of stable-Boltzmann planar maps conditioned on having a fixed number
of vertices and edges in a near-critical regime.
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BY WOLFGANG KÖNIG1,a , QUIRIN VOGEL2,c AND ALEXANDER ZASS1,b

1Weierstrass Institute Berlin, akoenig@wias-berlin.de, bzass@wias-berlin.de
2Department of Mathematics, TU München, cquirin.vogel@aau.at

We consider the path-integral representation of the ideal Bose gas under
various boundary conditions. We show that Bose–Einstein condensation oc-
curs at the famous critical density threshold, by proving that its 1-particle-
reduced density matrix exhibits off-diagonal long-range order above that
threshold, but not below. Our proofs are based on the well-known Feynman–
Kac formula and a representation in terms of a crucial Poisson point process.
Furthermore, in the condensation regime, we derive a law of large numbers
with strong concentration for the number of particles in short loops. In con-
trast to the situation for free boundary conditions, where the entire condensate
sits in just one loop, for all other boundary conditions we obtain the limit-
ing Poisson–Dirichlet distribution for the collection of the lengths of all long
loops.

Our proofs are new and purely probabilistic (apart from a standard eigen-
value expansion), using elementary tools like Markov’s inequality, Poisson
point processes, combinatorial formulas for cardinalities of particular parti-
tion sets, and asymptotics for random walks with Pareto-distributed steps.
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The exponential asymptotics of p-multiple self-intersection local time is
extended from Brownian motion to a class of 1-d diffusion processes obeying
a stochastic differential equation

dXt = b(Xt ) dt + dBt , X0 = 0,

where Bt is Brownian motion, and the drift b is globally Lipschitz continuous
and differentiable. The exponential asymptotics of self-intersection local time
of Xt crucially depends on its symmetrizing measure π(dx) = e2ϕ(x) dx with
ϕ(x) = ∫︁ x

0 b(y) dy. If the growth rate of 𝔼e2ϕ(Bt ) is subexponential, the pre-
cise exponential asymptotics described by variation with respect to Dirichlet
form of Xt under π(dx) is derived, which generalizes the results of Chen and
Li (Probab. Theory Related Fields 128 (2004) 213–254 and Chen (Electron.
J. Probab. (2023) 28 ) (d = 1). In terms of proof techniques, the asymptotics
of the Feynman–Kac formula of Xt and the comparison inequality on prin-
ciple eigenvalue of generator play a key role. If the growth rate of 𝔼eυϕ(Bt )

(for some υ ∈ (1,2]) is exponential, only the finiteness of exponential asymp-
totics can be obtained, and even the exponential asymptotic result is abnormal
in some special cases. In addition, the variational results between Ornstein–
Uhlenbeck process and Brownian motion are compared.
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We consider systems of damped wave equations with a state-dependent
damping coefficient and perturbed by a Gaussian multiplicative noise.
Initially, we investigate their well-posedness, under quite general condi-
tions on the friction. Subsequently, we study the validity of the so-called
Smoluchowski–Kramers diffusion approximation. We show that, under more
stringent conditions on the friction, in the small-mass limit the solution of
the system of stochastic damped wave equations converge to the solution of
a system of stochastic quasi-linear parabolic equations. In this convergence,
an additional drift emerges as a result of the interaction between the noise
and the state-dependent friction. The identification of this limit is achieved
by using a suitable generalization of the classical method of perturbed test
functions, tailored to the current infinite dimensional setting.
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CONDITIONING THE LOGISTIC CONTINUOUS-STATE BRANCHING
PROCESS ON NON-EXTINCTION VIA ITS TOTAL PROGENY
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The problem of conditioning a continuous-state branching process with
quadratic competition (logistic CB process) on nonextinction is investigated.
We first establish that nonextinction is equivalent to the total progeny of the
population being infinite. The conditioning we propose is then designed by
requiring the total progeny to exceed arbitrarily large exponential random
variables. This is related to a Doob’s h-transform with an explicit excessive
function h. The h-transformed process, that is, the conditioned process, is
shown to have a finite lifetime almost surely (it is either killed or it explodes
continuously). When starting from positive values, the conditioned process
is furthermore characterized, up to its lifetime, as the solution to a certain
stochastic equation with jumps. The latter superposes the dynamics of the
initial logistic CB process with an additional density-dependent immigra-
tion term. Last, it is established that the conditioned process can be start-
ing from zero. Key tools employed are a representation of the logistic CB
process through a time-changed generalized Ornstein–Uhlenbeck process, as
well as Laplace and Siegmund duality relationships with auxiliary diffusion
processes.

REFERENCES

[1] ALKEMPER, R. and HUTZENTHALER, M. (2007). Graphical representation of some duality relations in
stochastic population models. Electron. Commun. Probab. 12 206–220. MR2320823 https://doi.org/
10.1214/ECP.v12-1283

[2] BERESTYCKI, J., FITTIPALDI, M. C. and FONTBONA, J. (2018). Ray-Knight representation of flows of
branching processes with competition by pruning of Lévy trees. Probab. Theory Related Fields 172
725–788. MR3877546 https://doi.org/10.1007/s00440-017-0819-4

[3] BINGHAM, N. H. (1976). Continuous branching processes and spectral positivity. Stochastic Process. Appl.
4 217–242. MR0410961 https://doi.org/10.1016/0304-4149(76)90011-9

[4] BINGHAM, N. H., GOLDIE, C. M. and TEUGELS, J. L. (1987). Regular Variation. Encyclopedia of Math-
ematics and Its Applications 27. Cambridge Univ. Press, Cambridge. MR0898871 https://doi.org/10.
1017/CBO9780511721434

[5] BORODIN, A. N. and SALMINEN, P. (2002). Handbook of Brownian Motion—Facts and Formulae, 2nd ed.
Probability and Its Applications. Birkhäuser, Basel. MR1912205 https://doi.org/10.1007/978-3-0348-
8163-0

[6] BÖTTCHER, B., SCHILLING, R. and WANG, J. (2013). Lévy Matters. III: Lévy-Type Processes: Construc-
tion, Approximation and Sample Path Properties. Lecture Notes in Math. 2099. Springer, Cham.
MR3156646 https://doi.org/10.1007/978-3-319-02684-8

[7] CHAUMONT, L. and DONEY, R. A. (2005). On Lévy processes conditioned to stay positive. Electron. J.
Probab. 10 948–961. MR2164035 https://doi.org/10.1214/EJP.v10-261

[8] CHEN, Y.-T. and DELMAS, J.-F. (2012). Smaller population size at the MRCA time for stationary branching
processes. Ann. Probab. 40 2034–2068. MR3025710 https://doi.org/10.1214/11-AOP668

[9] CHUNG, K. L. and WALSH, J. B. (2005). Markov Processes, Brownian Motion, and Time Symmetry, 2nd ed.
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]
249. Springer, New York. MR2152573 https://doi.org/10.1007/0-387-28696-9

MSC2020 subject classifications. Primary 60J80, 92D25; secondary 60J50, 60G44.
Key words and phrases. Continuous-state branching process, competition, logistic growth, nonextinction, total

progeny, conditioning, Doob’s h-transform, strict local martingale, explosion, Laplace duality, Siegmund duality.

https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/25-AAP2216
https://www.imstat.org
mailto:foucart@math.univ-paris13.fr
mailto:rivero@cimat.mx
mailto:anita.winter@uni-due.de
https://mathscinet.ams.org/mathscinet-getitem?mr=2320823
https://doi.org/10.1214/ECP.v12-1283
https://doi.org/10.1214/ECP.v12-1283
https://mathscinet.ams.org/mathscinet-getitem?mr=3877546
https://doi.org/10.1007/s00440-017-0819-4
https://mathscinet.ams.org/mathscinet-getitem?mr=0410961
https://doi.org/10.1016/0304-4149(76)90011-9
https://mathscinet.ams.org/mathscinet-getitem?mr=0898871
https://doi.org/10.1017/CBO9780511721434
https://doi.org/10.1017/CBO9780511721434
https://mathscinet.ams.org/mathscinet-getitem?mr=1912205
https://doi.org/10.1007/978-3-0348-8163-0
https://doi.org/10.1007/978-3-0348-8163-0
https://mathscinet.ams.org/mathscinet-getitem?mr=3156646
https://doi.org/10.1007/978-3-319-02684-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2164035
https://doi.org/10.1214/EJP.v10-261
https://mathscinet.ams.org/mathscinet-getitem?mr=3025710
https://doi.org/10.1214/11-AOP668
https://mathscinet.ams.org/mathscinet-getitem?mr=2152573
https://doi.org/10.1007/0-387-28696-9
https://mathscinet.ams.org/mathscinet/msc/msc2020.html


[10] DAWSON, D. A. and LI, Z. (2012). Stochastic equations, flows and measure-valued processes. Ann. Probab.
40 813–857. MR2952093 https://doi.org/10.1214/10-AOP629

[11] DUHALDE, X., FOUCART, C. and MA, C. (2014). On the hitting times of continuous-state branching pro-
cesses with immigration. Stochastic Process. Appl. 124 4182–4201. MR3264444 https://doi.org/10.
1016/j.spa.2014.07.019

[12] DUQUESNE, T. (2009). Continuum random trees and branching processes with immigration. Stochastic Pro-
cess. Appl. 119 99–129. MR2485021 https://doi.org/10.1016/j.spa.2006.04.016

[13] ETHIER, S. N. and KURTZ, T. G. (2005). Markov Processes: Characterization and Convergence. Wiley
Series in Probability and Statistics. Wiley, New York.

[14] EVANS, S. N. and HENING, A. (2019). Markov processes conditioned on their location at large exponential
times. Stochastic Process. Appl. 129 1622–1658. MR3944779 https://doi.org/10.1016/j.spa.2018.05.
013

[15] FÖLLMER, H. (1972). The exit measure of a supermartingale. Z. Wahrsch. Verw. Gebiete 21 154–166.
MR0309184 https://doi.org/10.1007/BF00532472

[16] FOUCART, C. (2019). Continuous-state branching processes with competition: Duality and reflection at in-
finity. Electron. J. Probab. 24 33. MR3940763 https://doi.org/10.1214/19-EJP299

[17] FOUCART, C. (2025). Local explosions and extinction in continuous-state branching processes with logistic
competition. Available at arXiv:2111.06147. To appear in Potential Anal.

[18] FOUCART, C., LI, P.-S. and ZHOU, X. (2020). On the entrance at infinity of Feller processes with no negative
jumps. Statist. Probab. Lett. 165 108859. MR4118938 https://doi.org/10.1016/j.spl.2020.108859

[19] FOUCART, C. and VIDMAR, M. (2024). Continuous-state branching processes with collisions: First passage
times and duality. Stochastic Process. Appl. 167 104230. MR4657305 https://doi.org/10.1016/j.spa.
2023.104230

[20] GREVEN, A., STURM, A., WINTER, A. and ZÄHLE, I. (2015). Multi-type spatial branching models for local
self-regulation I: Construction and an exponential duality.

[21] HUTZENTHALER, M. and WAKOLBINGER, A. (2007). Ergodic behavior of locally regulated branching pop-
ulations. Ann. Appl. Probab. 17 474–501. MR2308333 https://doi.org/10.1214/105051606000000745

[22] ITÔ, K. and WATANABE, S. (1965). Transformation of Markov processes by multiplicative functionals. Ann.
Inst. Fourier (Grenoble) 15 13–30. MR0184282

[23] JACOD, J. and SHIRYAEV, A. N. (1987). Limit Theorems for Stochastic Processes. Grundlehren der Mathe-
matischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 288. Springer, Berlin.
MR0959133 https://doi.org/10.1007/978-3-662-02514-7

[24] KARLIN, S. and TAYLOR, H. M. (1981). A Second Course in Stochastic Processes. Academic Press, New
York. MR0611513

[25] KAWAZU, K. and WATANABE, S. (1971). Branching processes with immigration and related limit theorems.
Teor. Veroyatn. Primen. 16 34–51. MR0290475

[26] KUNITA, H. (1969). Absolute continuity of Markov processes and generators. Nagoya Math. J. 36 1–26.
MR0250387

[27] KURTZ, T. G. (2011). Equivalence of stochastic equations and martingale problems. In Stochastic Analysis
2010 113–130. Springer, Heidelberg. MR2789081 https://doi.org/10.1007/978-3-642-15358-7_6

[28] KYPRIANOU, A. E. (2014). Fluctuations of Lévy Processes with Applications, 2nd ed. Universitext. Springer,
Heidelberg. Introductory lectures. MR3155252 https://doi.org/10.1007/978-3-642-37632-0
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We consider first passage percolation on the Erdős–Rényi graph with n

vertices in which each pair of distinct vertices is connected independently by
an edge with probability λ/n for some λ > 1. The edges of the graph are
given nonnegative i.i.d. weights with a nondegenerate distribution such that
the probability of zero is not too large. We consider the paths with small total
weight between two distinct typical vertices and analyse the joint behaviour
of the numbers of edges on such paths, the so-called hopcounts, and the total
weights of these paths. For n → ∞, we show that, after a suitable transfor-
mation, the pairs of hopcounts and total weights of these paths converge in
distribution to a Cox process, that is, a Poisson process with a random inten-
sity measure. The random intensity measure is controlled by two independent
random variables, whose distribution is the solution of a distributional fixed
point equation and is related to branching processes. For nonarithmetic and
arithmetic edge-weight distributions we observe different behaviour. In par-
ticular, we derive the limiting distribution for the minimal total weight and the
corresponding hopcount(s). Our results generalise earlier work of Bhamidi,
van der Hofstad and Hooghiemstra, who assume that edge weights have an
absolutely continuous distribution. The main tool we employ is the method
of moments.
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In this article, we explore the spectral properties of general random ker-
nel matrices [K(Ui,Uj )]1≤i≠j≤n from a Lipschitz kernel K with n indepen-
dent random variables U1,U2, . . . ,Un distributed uniformly over [0,1]. In
particular, we identify a dichotomy in the extreme eigenvalue of the kernel
matrix, where, if the kernel K is degenerate, the largest eigenvalue of the ker-
nel matrix (after proper normalization) converges weakly to a weighted sum
of independent chi-squared random variables. In contrast, for nondegenerate
kernels, it converges to a normal distribution extending and reinforcing ear-
lier results from (Bernoulli 6 (2000) 113–167). Further, we apply this result
to show a dichotomy in the asymptotic behavior of extreme eigenvalues of
Graphon-based random graphs, which are pivotal in modeling complex net-
works and analyzing large-scale graph behavior. These graphs are generated
using a kernel W , termed as graphon, by connecting vertices i and j with
probability W(Ui,Uj ). Our results show that for a Lipschitz graphon W , if
the degree function is constant, the fluctuation of the largest eigenvalue (after
proper normalization) converges to the weighted sum of independent chi-
squared random variables and an independent Gaussian variable. Otherwise,
it converges to a normal distribution.
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An interesting question in the field of martingale optimal transport, is to
determine the martingale with prescribed initial and terminal marginals which
is most correlated to Brownian motion. Under a necessary and sufficient ir-
reducibility condition, the answer to this question is given by a Bass martin-
gale. At an intuitive level, the latter can be imagined as an order-preserving
and martingale-preserving space transformation of an underlying Brownian
motion starting with an initial law α which is tuned to ensure the marginal
constraints.

In this article we study how to determine the aforementioned initial con-
dition α. This is done by a careful study of what we dub the Bass functional.
In our main result we show the equivalence between the existence of min-
imizers of the Bass functional and the existence of a Bass martingale with
prescribed marginals. This complements the convex duality approach in a
companion paper by the present authors together with M. Beiglböck, with
a purely variational perspective. We also establish an infinitesimal version
of this result, and furthermore prove the displacement convexity of the Bass
functional along certain generalized geodesics in the 2-Wasserstein space.
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We consider discrete-time branching random walks with a radially sym-
metric distribution. Independently of each other individuals generate off-
spring whose relative locations are given by a copy of a radially symmet-
ric point process ℒ. The number of particles at time t form a supercritical
Galton–Watson process. We investigate the maximal distance to the origin of
such branching random walks. Conditioned on survival, we show that, under
some assumptions on ℒ, it grows in the same way as for branching Brownian
motion or a broad class of one-dimensional branching random walks: the first
term is linear in time and the second logarithmic. The constants in front of
these terms are explicit and depend only on the mean measure of ℒ and di-
mension. Our main tool in the proof is a ballot theorem with moving barrier
which may be of independent interest.
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DEVIATION MATRIX IN DENUMERABLE MARKOV PROCESSES:
CHARACTERISATION, RANK-ONE PERTURBATION AND RESTART
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We study the deviation matrix of denumerable state space, multi-chain
Markov processes in continuous time. The deviation matrix is a measure of
the cumulative deviation from the limiting probabilities and it plays an im-
portant role in many application domains. First, we provide several equivalent
necessary and sufficient conditions for the existence of the deviation matrix.
Next, we study a relation between the deviation matrix and rank-one pertur-
bations of Markov processes. Based on a rank-one perturbation, we derive a
versatile formula for the deviation matrix and apply this formula to Markov
processes with restart. On the way, we needed to establish several new prop-
erties of rank-one perturbed Markov processes. We feel that those properties
can be useful in their own right.
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CONTROL OF MCKEAN–VLASOV SDES WITH CONTAGION THROUGH
KILLING AT A STATE-DEPENDENT INTENSITY
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We consider a novel McKean–Vlasov control problem with contagion
through killing of particles and common noise. Each particle is killed at an
exponential rate according to an intensity process that increases whenever the
particle is located in a specific region. The removal of a particle pushes others
towards the removal region, which can trigger cascades that see particles ex-
iting the system in rapid succession. We study the control of such a system by
a central agent who intends to preserve particles at minimal cost. Our theoret-
ical contribution is twofold. First, we rigorously justify the McKean–Vlasov
control problem as the limit of a corresponding sequences of controlled fi-
nite particle systems. Our proof is based on a controlled martingale problem
and tightness arguments. Second, we connect our framework with models in
which particles are killed once they hit the boundary of the removal region.
We show that these models appear in the limit as the exponential rate tends to
infinity. As a corollary, we obtain new existence results for McKean–Vlasov
SDEs with singular interaction through hitting times which extend those in
the established literature. We conclude the paper with numerical investiga-
tions of our model applied to government control of systemic risk in financial
systems.
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NONASYMPTOTIC BOUNDS FOR FORWARD PROCESSES IN DENOISING
DIFFUSIONS: ORNSTEIN–UHLENBECK IS HARD TO BEAT

BY MIHA BREŠAR1,a AND ALEKSANDAR MIJATOVIĆ1,b

1Department of Statistics, University of Warwick, amiha.bresar.2@warwick.ac.uk, ba.mijatovic@warwick.ac.uk

Denoising diffusion probabilistic models (DDPMs) represent a recent ad-
vance in generative modelling that has delivered state-of-the-art results across
many domains of applications. Despite their success, a rigorous theoretical
understanding of the error within DDPMs, particularly the nonasymptotic
bounds required for the comparison of their efficiency, remain scarce. Making
minimal assumptions on the initial data distribution, allowing, for example,
the manifold hypothesis, this paper presents explicit nonasymptotic bounds
on the forward diffusion error in total variation (TV), expressed as a function
of the terminal time T .

We parametrise multi-modal data distributions in terms of the distance R

to their furthest modes and consider forward diffusions with additive and mul-
tiplicative noise. Our analysis rigorously proves that, under mild assumptions,
the canonical choice of the Ornstein–Uhlenbeck (OU) process cannot be sig-
nificantly improved in terms of reducing the terminal time T as a function of
R and error tolerance ε > 0. Motivated by data distributions arising in gener-
ative modelling, we also establish a cut-off like phenomenon (as R → ∞) for
the convergence to its invariant measure in TV of an OU process, initialized
at a multi-modal distribution with maximal mode distance R.
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In (Ann. Appl. Probab. 26 (2016) 507–548), formulas were obtained for
moments of the height function of the asymmetric simple exclusion process
at one spatial point, starting from half-periodic initial data. As an applica-
tion, a formula for a certain generating function of this random variable was
provided. The derivation in (Ann. Appl. Probab. 26 (2016) 507–548) of this
generating function has a mistake, which has been corrected, in a certain pa-
rameter regime, in a recent paper (Ann. Appl. Probab. 34 (2024) 1136–1176)
by Dimitrov and Murthy.
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