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EXPLORATION-EXPLOITATION TRADE-OFF FOR CONTINUOUS-TIME
EPISODIC REINFORCEMENT LEARNING WITH LINEAR-CONVEX
MODELS

BY LUKASZ SZPRUCH!%2, TANUT TREETANTHIPLOET>? AND YUFEI ZHANG>¢

LSchool of Mathematics, University of Edinburgh, ®l.szpruch@ed.ac.uk
2The Alan Turing Institute, bttreetanthiploet@turing.ac. uk
3 Department of Mathematics, Imperial College London, “yufei.zhang @imperial.ac.uk

We develop a probabilistic framework for analysing model-based rein-
forcement learning in the episodic setting. We then apply it to study finite-
time horizon stochastic control problems with linear dynamics but unknown
coefficients and convex, but possibly irregular, objective function. Using
probabilistic representations, we study regularity of the associated cost func-
tions and establish precise estimates for the performance gap between ap-
plying optimal policy derived from estimated and true model parameters. We
identify conditions under which this performance gap is quadratic, improving
the linear performance gap in recent work [SIAM J. Control Optim. 61 (2023)
755-787], which matches the results obtained for stochastic linear-quadratic
problems. Next, we propose a phase-based learning algorithm for which we
show how to optimise exploration-exploitation trade-off and achieve sublin-
ear regrets in high probability and expectation. When assumptions needed
for the quadratic performance gap hold, the algorithm achieves an order
O(+/N In N) high probability regret over N episodes in the general case, and
an order O((InN)?) expected regret over N episodes, provided that opti-
mal policies for the estimated models are sufficient to explore the parameter
space. These regret bounds match the best possible results from the liter-
ature. The analysis requires novel concentration inequalities for correlated
continuous-time observations, which we derive.
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MEAN FIELD OPTIMIZATION PROBLEM REGULARIZED BY
FISHER INFORMATION
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Recently there is a rising interest in the research of mean field opti-
mization, in particular because of its role in analyzing the training of neu-
ral networks. In this paper by adding the Fisher information as the regular-
izer, we relate the regularized mean field optimization problem to a so-called
mean field Schrodinger (MFS for short) dynamics. We develop an energy-
dissipation method to show that the marginal distributions of the MFS dy-
namics converge exponentially quickly towards the unique minimizer of the
regularized optimization problem. Remarkably, the MFS dynamics is proved
to be a gradient flow on the probability measure space with respect to the
relative entropy. Finally, we propose a Monte Carlo method to sample the
marginal distributions of the MFS dynamics.
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THE MULTICOLOUR EAST MODEL

BY YANNICK COUZINIE?®

Dipartimento di Matematica e Fisica, Universita Roma Tre, *yannick.couzinie @mailbox.com

We consider the multicolour East model, a model of glass forming lig-
uids that is best described as having up to 24 rotated versions of the East
model evolving on the same 74 graph while only sharing their nonfacilitat-
ing state. The facilitation mechanisms are independent and thus there is a
novel dynamic blocking phenomenon between the facilitation for the vari-
ous rotations. We find sufficient conditions on the model geometry to have
a positive spectral gap and prove that with 24 rotated versions the model is
not ergodic. For d = 2 we find sufficient conditions on the transition rates so
that the dominating term in the spectral gap is given by the East model on
72 as the lowest transition rate tends to 0. In particular, we prove this when
intuitively the blocking mechanisms should be dominating, that is, when the
other transition rates are high. We do this by showing that the various rotated
versions cooperate to facilitate the East movement of the slowest version.
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Random developments of a path into a matrix Lie group Gy have re-
cently been used to construct signature-based kernels on path space. Two
examples include developments into GL(N;R) and U(N; C), the general
linear and unitary groups of dimension N. For the former, Muga Cirone et
al. showed that the signature kernel is obtained via a scaling limit of devel-
opments with Gaussian vector fields. The second instance was used by Lou
et al. to construct a metric between probability measures on path space. We
present a unified treatment to obtaining large N limits by leveraging the tools
of free probability theory. An important conclusion is that the limiting ker-
nels, while dependent on the choice of Lie group, are nonetheless universal
limits with respect to how the development map is randomised. For unitary
developments, the limiting kernel is given by the contraction of a signature
against the monomials of freely independent semicircular random variables.
Using the Schwinger—Dyson equations, we show that this kernel can be ob-
tained by solving a novel quadratic functional equation. We provide a con-
vergent numerical scheme for this equation, together with rates, which does
not require computation of signatures themselves.
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STATIONARY STATES FOR STABLE PROCESSES WITH
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We study a d-dimensional stochastic process X which arises from a Lévy
process Y by partial resetting, that is, the position of the process X at a Pois-
son moment equals ¢ € (0, 1) times its position right before the moment, and
it develops as Y between these two consecutive moments.

We focus on Y being a strictly «-stable process with « € (0, 2] having
a transition density: We analyze properties of the transition density p of the
process X. We establish a series representation of p. We prove its convergence
as time goes to infinity (ergodicity), and we show that the limit py (density of
the ergodic measure) can be expressed by means of the transition density of
the process Y starting from zero, which results in closed concise formulae for
its moments. We show that the process X reaches a nonequilibrium stationary
state. Furthermore, we check that p satisfies the Fokker—Planck equation, and
we confirm the harmonicity of py with respect to the adjoint generator.

The following cases are discussed in details: Brownian motion, isotropic
and d-cylindrical «-stable processes for o € (0, 2), and «-stable subordinator
for o € (0,1). We find the asymptotic behavior of p(t; x,y) as t — +00
while (¢, y) stays in a certain space-time region. For Brownian motion, we
discover a phase transition, that is, a change of the asymptotic behavior of
p(t; 0, y) with respect to py ().

REFERENCES

[1] AKAHORI, J., CONSTANTINESCU, C., IMAMURA, Y. and PHAM, H. H. (2022). An application of risk the-
ory to mortgage lending. Scand. Actuar. J. 5 447-469. MR4423735 https://doi.org/10.1080/03461238.
2021.1995781

[2] ALSMEYER, G. (2003). On the Harris recurrence of iterated random Lipschitz functions and related
convergence rate results. J. Theoret. Probab. 16 217-247. MR1956829 https://doi.org/10.1023/A:
1022290807360

[3] ARTALEJO, J. R., ECONOMOU, A. and LOPEZ-HERRERO, M. J. (2007). Evaluating growth measures in an
immigration process subject to binomial and geometric catastrophes. Math. Biosci. Eng. 4 573-594.
MR2388812 https://doi.org/10.3934/mbe.2007.4.573

[4] ASSAF, M., KAMENEV, A. and MEERSON, B. (2008). Population extinction in a time-modulated environ-
ment. Phys. Rev. E 78 041123, 13 pp. MR2529574 https://doi.org/10.1103/PhysRevE.78.041123

[5] AVRACHENKOV, K., PIUNOVSKIY, A. and ZHANG, Y. (2013). Markov processes with restart. J. Appl.
Probab. 50 960-968. MR3161367 https://doi.org/10.1239/jap/1389370093

[6] BASRAK, B., DAVIS, R. A. and MIKOSCH, T. (2002). Regular variation of GARCH processes. Stoch. Pro-
cess. Appl. 99 95-115. MR1894253 https://doi.org/10.1016/S0304-4149(01)00156-9

[7] BEHME, A. (2011). Generalized Ornstein—Uhlenbeck processes and extensions. Ph.D. thesis, Braunschweig
Universite.

[8] BELL, W.J. (1991). Searching Behaviour: The Behavioural Ecology of Finding Resources. CRC Press, Boca
Raton.

[9] BENICHOU, O., COPPEY, M., MOREAU, M., SUET, P.-H. and VOITURIEZ, R. (2005). Optimal search strate-
gies for hidden targets. Phys. Rev. Lett. 94 198101.

MSC2020 subject classifications. Primary 60G10, 60J35, 60K40, 82C05; secondary 82C31, 35K08, 60J65,
60G51, 60G52.

Key words and phrases. Asymptotic behavior, Brownian motion, ergodic measure, Fokker—Planck equation,
heat kernel, nonequilibrium stationary state, transition density.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/25-AAP2248
https://www.imstat.org
mailto:tomasz.grzywny@pwr.edu.pl
mailto:zbigniew.palmowski@pwr.edu.pl
mailto:karol.szczypkowski@pwr.edu.pl
mailto:bartosz.trojan@gmail.com
https://mathscinet.ams.org/mathscinet-getitem?mr=4423735
https://doi.org/10.1080/03461238.2021.1995781
https://doi.org/10.1080/03461238.2021.1995781
https://mathscinet.ams.org/mathscinet-getitem?mr=1956829
https://doi.org/10.1023/A:1022290807360
https://doi.org/10.1023/A:1022290807360
https://mathscinet.ams.org/mathscinet-getitem?mr=2388812
https://doi.org/10.3934/mbe.2007.4.573
https://mathscinet.ams.org/mathscinet-getitem?mr=2529574
https://doi.org/10.1103/PhysRevE.78.041123
https://mathscinet.ams.org/mathscinet-getitem?mr=3161367
https://doi.org/10.1239/jap/1389370093
https://mathscinet.ams.org/mathscinet-getitem?mr=1894253
https://doi.org/10.1016/S0304-4149(01)00156-9
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

(10]
(1]
[12]
[13]
(14]
(15]
(16]

(17]

(18]

[19]

(20]

(21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]
(30]
(31]

(32]

(33]

[34]

BENICHOU, O., LOVERDO, C., MOREAU, M. and VOITURIEZ, R. (2011). Intermittent search strategies. Rev.
Modern Phys. 83 81.

BEREZHKOVSKII, A., SZABO, A., URBAKH, R. and KOLOMEISKY, A. (2016). Dependence of the enzymatic
velocity on the substrate dissociation rate. J. Phys. Chem., B 121 3437.

BILLINGSLEY, P. (1995). Probability and Measure, 3rd ed. Wiley Series in Probability and Mathematical
Statistics. Wiley, New York. MR1324786

BLUMENTHAL, R. M. and GETOOR, R. K. (1960). Some theorems on stable processes. Trans. Amer. Math.
Soc. 95 263-273. MR0119247 https://doi.org/10.2307/1993291

BOGDAN, K., STOS, A. and SZTONYK, P. (2003). Harnack inequality for stable processes on d-sets. Studia
Math. 158 163-198. MR2013738 https://doi.org/10.4064/sm158-2-5

BoORrROVKOV, A. A. and Foss, S. G. (1992). Stochastically recursive sequences and their generalizations.
Siberian Adv. Math. 2 16-81. MR1157423

BoOROVKOV, K. and VERE-JONES, D. (2000). Explicit formulae for stationary distributions of stress release
processes. J. Appl. Probab. 37 315-321. MR1780992 https://doi.org/10.1017/s0021900200015539

BOTTCHER, B., SCHILLING, R. and WANG, J. (2013). Lévy Matters. IlI. Lévy-Type Processes: Construc-
tion, Approximation and Sample Path Properties. Lecture Notes in Math. 2099. Springer, Cham.
MR3156646 https://doi.org/10.1007/978-3-319-02684-8

BoxMA, O., PERRY, D., STADJE, W. and ZACKS, S. (2006). A Markovian growth-collapse model. Adv.
Appl. Probab. 38 221-243. MR2213972 https://doi.org/10.1239/aap/1143936148

BRILLIANTOV, N. V. and POSCHEL, T. (2004). Kinetic Theory of Granular Gases. Oxford Graduate
Texts. Oxford Univ. Press, Oxford. MR2101911 https://doi.org/10.1093/acprof:0s0/9780198530381.
001.0001

CALABRESE, S., PORPORATO, A., LAIO, F., D’ODORICO, P. and RIDOLFI, L. (2017). Age distribution
dynamics with stochastic jumps in mortality. Proc. A 473 20170451, 15 pp. MR3741842 https://doi.
org/10.1098/rspa.2017.0451

CLARK, J. S. (1989). Ecological disturbance as a renewal process: Theory and application to fire history.
Oikos 56 17.

COFRE, R., VIDELA, L. and ROSAS, F. (2019). An introduction to the non-equilibrium steady states of
maximum entropy spike trains. Entropy 21 Paper No. 884, 28 pp. MR4016421 https://doi.org/10.3390/
€21090884

DAHLENBURG, M., CHECHKIN, A. V., SCHUMER, R. and METZLER, R. (2021). Stochastic resetting by a
random amplitude. Phys. Rev. E 103 Paper No. 052123, 22 pp. MR4277661 https://doi.org/10.1103/
physreve.103.052123

DERRIDA, B. (2007). Non-equilibrium steady states: Fluctuations and large deviations of the density and
of the current. J. Stat. Mech. Theory Exp. 2007 P07023, 45 pp. MR2335699 https://doi.org/10.1088/
1742-5468/2007/07/p07023

D1 BELLO, C., CHECHKIN, A. V., HARTMANN, A. K., PALMOWSKI, Z. and METZLER, R. (2023). Time-
dependent probability density function for partial resetting dynamics. New J. Phys. 25 Paper No.
082002, 15 pp. MR4642350 https://doi.org/10.1088/1367-2630/aced 1d

DOETSCH, G. (1974). Introduction to the Theory and Application of the Laplace Transformation. Springer,
New York. MR0344810

DumMaAs, V., GUILLEMIN, F. and ROBERT, P. (2002). A Markovian analysis of additive-increase
multiplicative-decrease algorithms. Adv. Appl. Probab. 34 85-111. MR1895332 https://doi.org/10.
1239/aap/1019160951

ELIAZAR, I. and KLAFTER, J. (2004). A growth-collapse model: Lévy inflow, geometric crashes, and gener-
alized Ornstein—Uhlenbeck dynamics. Phys. A 334 1-21. MR2044928 https://doi.org/10.1016/j.physa.
2003.11.007

EULE, S. and METZGER, J. (2016). Non-equilibrium steady states of stochastic processes with intermittent
resetting. New J. Phys. 18 033006.

EVANS, M. R. and MAJUMDAR, S. N. (2011). Diffusion with stochastic resetting. Phys. Rev. Lett. 106
160601.

EVANS, M. R. and MAJUMDAR, S. N. (2014). Diffusion with resetting in arbitrary spatial dimension. J.
Phys. A 47 285001, 19 pp. MR3225982 https://doi.org/10.1088/1751-8113/47/28/285001

EVANS, M. R., MAJUMDAR, S. N. and MALLICK, K. (2013). Optimal diffusive search: Nonequilibrium
resetting versus equilibrium dynamics. J. Phys. A 46 185001, 13 pp. MR3055665 https://doi.org/10.
1088/1751-8113/46/18/185001

EVANS, M. R., MAJUMDAR, S. N. and SCHEHR, G. (2020). Stochastic resetting and applications. J. Phys. A
53 193001, 67 pp. MR4093464 https://doi.org/10.1088/1751-8121/ab7cfe

FLOREANI, S. and CASANOVA, A. G. (2023). Non-equilibrium steady state of the symmetric exclusion
process with reservoirs. Preprint. Available at arXiv:2307.02481.


https://mathscinet.ams.org/mathscinet-getitem?mr=1324786
https://mathscinet.ams.org/mathscinet-getitem?mr=0119247
https://doi.org/10.2307/1993291
https://mathscinet.ams.org/mathscinet-getitem?mr=2013738
https://doi.org/10.4064/sm158-2-5
https://mathscinet.ams.org/mathscinet-getitem?mr=1157423
https://mathscinet.ams.org/mathscinet-getitem?mr=1780992
https://doi.org/10.1017/s0021900200015539
https://mathscinet.ams.org/mathscinet-getitem?mr=3156646
https://doi.org/10.1007/978-3-319-02684-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2213972
https://doi.org/10.1239/aap/1143936148
https://mathscinet.ams.org/mathscinet-getitem?mr=2101911
https://doi.org/10.1093/acprof:oso/9780198530381.001.0001
https://doi.org/10.1093/acprof:oso/9780198530381.001.0001
https://mathscinet.ams.org/mathscinet-getitem?mr=3741842
https://doi.org/10.1098/rspa.2017.0451
https://doi.org/10.1098/rspa.2017.0451
https://mathscinet.ams.org/mathscinet-getitem?mr=4016421
https://doi.org/10.3390/e21090884
https://doi.org/10.3390/e21090884
https://mathscinet.ams.org/mathscinet-getitem?mr=4277661
https://doi.org/10.1103/physreve.103.052123
https://doi.org/10.1103/physreve.103.052123
https://mathscinet.ams.org/mathscinet-getitem?mr=2335699
https://doi.org/10.1088/1742-5468/2007/07/p07023
https://doi.org/10.1088/1742-5468/2007/07/p07023
https://mathscinet.ams.org/mathscinet-getitem?mr=4642350
https://doi.org/10.1088/1367-2630/aced1d
https://mathscinet.ams.org/mathscinet-getitem?mr=0344810
https://mathscinet.ams.org/mathscinet-getitem?mr=1895332
https://doi.org/10.1239/aap/1019160951
https://doi.org/10.1239/aap/1019160951
https://mathscinet.ams.org/mathscinet-getitem?mr=2044928
https://doi.org/10.1016/j.physa.2003.11.007
https://doi.org/10.1016/j.physa.2003.11.007
https://mathscinet.ams.org/mathscinet-getitem?mr=3225982
https://doi.org/10.1088/1751-8113/47/28/285001
https://mathscinet.ams.org/mathscinet-getitem?mr=3055665
https://doi.org/10.1088/1751-8113/46/18/185001
https://doi.org/10.1088/1751-8113/46/18/185001
https://mathscinet.ams.org/mathscinet-getitem?mr=4093464
https://doi.org/10.1088/1751-8121/ab7cfe
https://arxiv.org/abs/2307.02481

(35]
[36]
[37]
(38]
[39]
[40]
[41]
[42]
[43]

[44]
[45]

[46]

[47]

(48]

[49]
[50]

[51]

[52]

(53]

[54]

[55]
[56]

[57]

(58]

[59]
[60]
[61]

[62]

GERBER, L. R. and HILBORN, R. (2001). Catastrophic events and recovery from low densities in populations
of otariids: Implications for risk of extinction. Mammal Rev. 31 131.

GORENFLO, R., KILBAS, A. A., MAINARDI, F. and ROGOSIN, S. (2020). Mittag-Leffler Functions, Related
Topics and Applications. Springer Monographs in Mathematics. Springer, Berlin. MR4179587 https://
doi.org/10.1007/978-3-662-61550-8

GRIER, D. G. and ROICHMAN, Y. (2006). Holographic optical trapping. App!. Opt. 45 880-887.

GRINCEVICIUS, A. R. (1975). Random difference equations and renewal theory for products of random
matrices. Lith. Math. J. 15 580-589.

GRUNWALD, D. and SINGER, R. H. (2010). In vivo imaging of labelled endogenous B-actin mRNA during
nucleocytoplasmic transport. Nature 467 604.

GRZYWNY, T. and SZczYPKOWSKI, K. (2019). Heat kernels of non-symmetric Lévy-type operators. J. Dif-
fer. Equ. 267 6004—-6064. MR3996792 https://doi.org/10.1016/j.jde.2019.06.013

GRzYWNY, T. and SZcZYPKOWSKI, K. (2020). Lévy processes: Concentration function and heat kernel
bounds. Bernoulli 26 3191-3223. MR4140542 https://doi.org/10.3150/20-BEJ1220

GUILLEMIN, F., ROBERT, P. and ZWART, B. (2004). AIMD algorithms and exponential functionals. Ann.
Appl. Probab. 14 90-117. MR2023017 https://doi.org/10.1214/a0ap/1075828048

GUPTA, S. and JAYANNAVAR, A. M. (2022). Stochastic resetting: A (very) brief review. Front. Phys. 10
789097.

HARDIN, D. (1984). Skewed stable variables and processes. Technical report, North Carolina Univ.

HARTMAN, P. and WINTNER, A. (1942). On the infinitesimal generators of integral convolutions. Amer.
J. Math. 64 273-298. MR0006635 https://doi.org/10.2307/2371683

ISERLES, A. (1993). On the generalized pantograph functional-differential equation. European J. Appl.
Math. 4 1-38. MR1208418 https://doi.org/10.1017/S0956792500000966

KELLA, O., PERRY, D. and STADJE, W. (2003). A stochastic clearing model with a Brownian and a com-
pound Poisson component. Probab. Engrg. Inform. Sci. 17 1-22. MR1959382 https://doi.org/10.1017/
S5026996480317101X

KNOPOVA, V. and SCHILLING, R. L. (2013). A note on the existence of transition probability densities of
Lévy processes. Forum Math. 25 125-149. MR3010850 https://doi.org/10.1515/form.2011.108

Kou, S. (2002). A jump-diffusion model for option pricing. Manag. Sci. 48 1086.

KuUsoLITSCH, N. (2010). Why the theorem of Scheffé should be rather called a theorem of Riesz. Period.
Math. Hungar. 61 225-229. MR2728440 https://doi.org/10.1007/s10998-010-3225-6

LOPKER, A. and STADJE, W. (2011). Hitting times and the running maximum of Markovian growth-collapse
processes. J. Appl. Probab. 48 295-312. MR2840300 https://doi.org/10.1239/jap/1308662628

MAJUMDAR, S. N., SABHAPANDIT, S. and SCHEHR, G. (2015). Dynamical transition in the temporal relax-
ation of stochastic processes under resetting. Phys. Rev. E 91 052131, 8 pp. MR3476293 https://doi.
org/10.1103/PhysRevE.91.052131

MALAKAR, K., JEMSEENA, V., KUNDU, A., VIJAY KUMAR, K., SABHAPANDIT, S., MAJUMDAR, S. N.,
REDNER, S. and DHAR, A. (2018). Steady state, relaxation and first-passage properties of a run-and-
tumble particle in one-dimension. J. Stat. Mech. Theory Exp. 2018 043215, 26 pp. MR3801967 https://
doi.org/10.1088/1742-5468/aab84f

Mau, X. Y., FENG, X. and PORPORATO, A. (2014). Multiplicative jump processes and applications to leach-
ing of salt and contaminants in the soil. Phys. Rev. E 90 1.

MENDOZA, E. G. (2010). Sudden stops, financial crises, and leverage. Amer. Econ. Rev. 100 1941.

MERTON, R. C. (1976). Option pricing when underlying stock returns are discontinuous. J. Financ. Econ. 3
125.

MEYN, S. P. and TWEEDIE, R. L. (1993). Markov Chains and Stochastic Stability. Communications
and Control Engineering Series. Springer, London. MR1287609 https://doi.org/10.1007/978-1-4471-
3267-7

MIKOSCH, T. and SAMORODNITSKY, G. (2000). The supremum of a negative drift random walk with de-
pendent heavy-tailed steps. Ann. Appl. Probab. 10 1025-1064. MR1789987 https://doi.org/10.1214/
aoap/1019487517

MUKHERIJEE, B., SENGUPTA, K. and MAJUMDAR, S. N. (2018). Quantum dynamics with stochastic reset.
Phys. Rev. B 98 104309.

ODORICO, P. D., LAIO, E, RIDOLFI, L., ODORICO, P. D., LAIO, F. and RIDOLFI, L. (2006). A probabilistic
analysis of fire-induced tree-grass coexistence in savannas. Amer. Nat. 167 78.

OTT, T.J. and KEMPERMAN, J. H. B. (2008). Transient behavior of processes in the TCP paradigm. Probab.
Engrg. Inform. Sci. 22 431-471. MR2426601 https://doi.org/10.1017/S0269964808000259

OTT, T. J., KEMPERMAN, J. H. B. and MATHIS, M. (1996). The stationary behavior of ideal TCP congestion
avoidance. Available at http://www.teunisott.com/Papers/TCP_Paradigm/TCPwindow.pdf.


https://mathscinet.ams.org/mathscinet-getitem?mr=4179587
https://doi.org/10.1007/978-3-662-61550-8
https://doi.org/10.1007/978-3-662-61550-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3996792
https://doi.org/10.1016/j.jde.2019.06.013
https://mathscinet.ams.org/mathscinet-getitem?mr=4140542
https://doi.org/10.3150/20-BEJ1220
https://mathscinet.ams.org/mathscinet-getitem?mr=2023017
https://doi.org/10.1214/aoap/1075828048
https://mathscinet.ams.org/mathscinet-getitem?mr=0006635
https://doi.org/10.2307/2371683
https://mathscinet.ams.org/mathscinet-getitem?mr=1208418
https://doi.org/10.1017/S0956792500000966
https://mathscinet.ams.org/mathscinet-getitem?mr=1959382
https://doi.org/10.1017/S026996480317101X
https://doi.org/10.1017/S026996480317101X
https://mathscinet.ams.org/mathscinet-getitem?mr=3010850
https://doi.org/10.1515/form.2011.108
https://mathscinet.ams.org/mathscinet-getitem?mr=2728440
https://doi.org/10.1007/s10998-010-3225-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2840300
https://doi.org/10.1239/jap/1308662628
https://mathscinet.ams.org/mathscinet-getitem?mr=3476293
https://doi.org/10.1103/PhysRevE.91.052131
https://doi.org/10.1103/PhysRevE.91.052131
https://mathscinet.ams.org/mathscinet-getitem?mr=3801967
https://doi.org/10.1088/1742-5468/aab84f
https://doi.org/10.1088/1742-5468/aab84f
https://mathscinet.ams.org/mathscinet-getitem?mr=1287609
https://doi.org/10.1007/978-1-4471-3267-7
https://doi.org/10.1007/978-1-4471-3267-7
https://mathscinet.ams.org/mathscinet-getitem?mr=1789987
https://doi.org/10.1214/aoap/1019487517
https://doi.org/10.1214/aoap/1019487517
https://mathscinet.ams.org/mathscinet-getitem?mr=2426601
https://doi.org/10.1017/S0269964808000259
http://www.teunisott.com/Papers/TCP_Paradigm/TCPwindow.pdf

[63]
[64]

[65]
[66]
[67]
(68]
[69]
[70]
[71]
[72]
(73]
[74]
[75]
[76]

(771

(78]
(791
(80]

[81]

(82]
[83]

[84]

PAL, A. (2015). Diffusion in a potential landscape with stochastic resetting. Phys. Rev. E 91 012113.

PLATA, C. A., GUPTA, D. and AZAELE, S. (2020). Asymmetric stochastic resetting: Modeling catastrophic
events. Phys. Rev. E 102 052116, 9 pp. MR4189343

REUVENI, S., URBAKH, M. and KLAFTER, J. (2014). Role of substrate unbinding in Michaelis—Menten
enzymatic reactions. Proc. Natl. Acad. Sci. USA 111 4391.

ROBIN, T., HADANY, L. and URBAKH, M. (2019). Random search with resetting as a strategy for optimal
pollination. Phys. Rev. E 99 052119.

ROBIN, T., REUVENI, S. and URBAKH, M. (2018). Single-molecule theory of enzymatic inhibition. Nat.
Commun. 9 779.

ROLDAN, E., LISICA, A., SANCHEZ-TALTAVULL, D. and GRILL, S. W. (2016). Stochastic resetting in back-
track recovery by RNA polymerases. Phys. Rev. E 93 062411.

SATO, K. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies in Advanced
Mathematics 68. Cambridge Univ. Press, Cambridge. MR1739520

FucHs, J., GOLDT, S. and SEIFERT, U. (2016). Stochastic thermodynamics of resetting. Europhys. Lett. 113
60009.

SHANBHAG, D. N. and SREEHARI, M. (1977). On certain self-decomposable distributions. Z. Wahrsch.
Verw. Gebiete 38 217-222. MR0436267 https://doi.org/10.1007/BF00537265

SORNETTE, D. (2017). Why Stock Markets Crash: Critical Events in Complex Financial Systems. Princeton
Univ. Press, Princeton.

SUWEIS, S., PORPORATO, A., RINALDO, A. and MARITAN, A. (2011). Prescription-induced jump distribu-
tions in multiplicative Poisson processes. Phys. Rev. E 83 1.

SUWEIS, S., RINALDO, A., VAN DER ZEE, S. E., DALY, E., MARITAN, A. and PORPORATO, A. (2010).
Stochastic modeling of soil salinity. Geophys. Res. Lett. 37 1.

TAL-FRIEDMAN, O., PAL, A., SEKHON, A., REUVENI, S. and ROICHMAN, Y. (2020). Experimental realiza-
tion of diffusion with stochastic resetting. J. Phys. Chem. Lett. 11 7350-7355.

TAL-FRIEDMAN, O., ROICHMAN, Y. and REUVENI, S. (2022). Diffusion with partial resetting. Phys. Rev. E
106 Paper No. 054116, 13 pp. MR4525953 https://doi.org/10.1103/physreve.106.054116

VAN DER HOFSTAD, R., KAPODISTRIA, S., PALMOWSKI, Z. and SHNEER, S. (2023). Unified approach for
solving exit problems for additive-increase and multiplicative-decrease processes. J. Appl. Probab. 60
85-105. MR4546112 https://doi.org/10.1017/jpr.2022.27

VAN LEEUWAARDEN, J. S. H., LOPKER, A. H. and OTT, T. J. (2009). TCP and iso-stationary transforma-
tions. Queueing Syst. 63 459-475. MR2576022 https://doi.org/10.1007/s11134-009-9145-6

VAN LEEUWAARDEN, J. S. H., LOPKER, A. H. and OTT, T. J. (2009). TCP and iso-stationary transforma-
tions. Queueing Syst. 63 459-475. MR2576022 https://doi.org/10.1007/s11134-009-9145-6

WHITEHOUSE, J., EVANS, M. R. and MAJUMDAR, S. N. (2013). Effect of partial absorption on diffusion
with resetting. Phys. Rev. E 87 022118.

WISNIEWOLSKI, M. (2024). On the probabilistic representations of solutions of pantograph equations and
triangle coefficients. J. Differ. Equ. 379 600-625. MR4661159 https://doi.org/10.1016/j.jde.2023.10.
041

Wu, Y. and ZHU, W. Q. (2008). Stochastic analysis of a pulse-type prey-predator model. Phys. Rev. E 77
041911, 9 pp. MR2495461 https://doi.org/10.1103/PhysRevE.77.041911

ZHENG, X. G. (1991). Ergodic theorems for stress release processes. Stoch. Process. Appl. 37 239-258.
MR1102872 https://doi.org/10.1016/0304-4149(91)90045-E

ZOLOTAREV, V. M. (1986). One-Dimensional Stable Distributions. Translations of Mathematical Mono-
graphs 65. Amer. Math. Soc., Providence, RI. MR0854867 https://doi.org/10.1090/mmono/065


https://mathscinet.ams.org/mathscinet-getitem?mr=4189343
https://mathscinet.ams.org/mathscinet-getitem?mr=1739520
https://mathscinet.ams.org/mathscinet-getitem?mr=0436267
https://doi.org/10.1007/BF00537265
https://mathscinet.ams.org/mathscinet-getitem?mr=4525953
https://doi.org/10.1103/physreve.106.054116
https://mathscinet.ams.org/mathscinet-getitem?mr=4546112
https://doi.org/10.1017/jpr.2022.27
https://mathscinet.ams.org/mathscinet-getitem?mr=2576022
https://doi.org/10.1007/s11134-009-9145-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2576022
https://doi.org/10.1007/s11134-009-9145-6
https://mathscinet.ams.org/mathscinet-getitem?mr=4661159
https://doi.org/10.1016/j.jde.2023.10.041
https://doi.org/10.1016/j.jde.2023.10.041
https://mathscinet.ams.org/mathscinet-getitem?mr=2495461
https://doi.org/10.1103/PhysRevE.77.041911
https://mathscinet.ams.org/mathscinet-getitem?mr=1102872
https://doi.org/10.1016/0304-4149(91)90045-E
https://mathscinet.ams.org/mathscinet-getitem?mr=0854867
https://doi.org/10.1090/mmono/065

The Annals of Applied Probability

2026, Vol. 36, No. 2, 1178-1227
https://doi.org/10.1214/25-AAP2253

© Institute of Mathematical Statistics, 2026

ASYMPTOTICS FOR FIRST-PASSAGE PERCOLATION ON LOGARITHMIC

(1]

(2]
(3]

(4]

(3]
(6]

(71

(8]

(91

SUBGRAPHS OF 72

BY MICHAEL DAMRON!? AND WAI-KIT LAMZ%?

LSchool of Mathematics, Georgia Institute of Technology, *mdamron@michaeldamron.org

2Department of Mathematics, National Taiwan University, bvwaikitlam @ntu.edu.tw

For a > 0 and b > 0, let G, ; be the subgraph of 72 induced by the
vertices between the first coordinate axis and the graph of the function
f = fap(u) = alog(l + u) + blog(l + log(1 + u)), u > 0. It is known
that for a > 0, the critical value for Bernoulli percolation on Gy = G p
is strictly between 1/2 and 1, and that if b > 2a then the percolation phase
transition is discontinuous. We study first-passage percolation (FPP) on G,
with i.i.d. edge-weights () satisfying p = P(r, =0) € [1/2, 1) and the “gap
condition” P(t, < §) = p for some é > 0. We find the rate of growth of the
expected passage time in G ¢ from the origin to the line x = n, and show that,
while when p = 1/2 it is of order n/(alogn), when p > 1/2 it can be of
order (a) n¢! /(logn)“2, (b) (logn)3, (c) loglogn, or (d) constant, depending
on the relationship between a, b, and p. For more general functions f, we
prove a central limit theorem for the passage time and show that its variance
grows at the same rate as the mean. As a consequence of our methods, we
improve the percolation transition result by showing that the phase transition
on G j is discontinuous if and only if b > a, and improve “sponge crossing
dimensions” asymptotics from the 1980s on subcritical percolation crossing
probabilities for tall thin rectangles.
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This work studies the instability of stochastic scalar reaction diffusion
equations, driven by a multiplicative noise that is white in time and smooth
in space, near to zero, which is assumed to be a fixed point for the equa-
tion. We prove that if the Lyapunov exponent at zero is positive, then the flow
of nonzero solutions admits uniform bounds on small negative moments. The
proof builds on ideas from stochastic homogenisation. We require suitable
corrector estimates for the solution to a Poisson problem involving an infinite-
dimensional projective process, together with a linearisation step that hinges
on quantitative parametrix-like arguments. Overall, we are able to construct
an appropriate Lyapunov functional for the nonlinear dynamics and address
some problems left open in the literature.
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THE METRIC REMOVABILITY OF INTERFACES IN THE
DIRECTED LANDSCAPE

BY MANAN BHATIA?

Department of Mathematics, Massachusetts Institute of Technology, *mananb@mit.edu

The directed landscape is a prominent model of random geometry which
is believed to be the universal scaling limit of all planar random geometries
in the Kardar—Parisi—Zhang universality class. It comes equipped with a few
different natural simple curves associated to it, such as geodesics and inter-
faces. Given such a curve, one might wonder whether the geometry of this
curve determines the entire landscape, or if in fact, there is nontrivial extra
information actually present “on” the curve. In this paper, we show that the
former is true for an interface in the directed landscape, while the latter is
true for a geodesic instead. Further, as is used in the proof of the first asser-
tion above, we precisely identify the correct Hausdorff dimension of the set
of times where any geodesic intersects an interface—we show that this set
a.s. has dimension zero.
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CONSTRUCTION IN ZERO-SUM DYNKIN GAMES FOR DIFFUSIONS

BY SOREN CHRISTENSEN!? AND KRISTOFFER LINDENSJ(%P

1Department of Mathematics, Kiel University, ®christensen@math.uni-kiel.de

2Department of Mathematics, Stockholm University, bkristoﬁ'er.lindensjo@math.su.se

One of the most classical games for stochastic processes is the zero-sum
Dynkin (stopping) game. We present a complete equilibrium solution to a
general formulation of this game with an underlying one-dimensional dif-
fusion. A key result is the construction of a characterizable global e-Nash
equilibrium in Markovian randomized stopping times for every € > 0. This is
achieved by leveraging the well-known equilibrium structure under a restric-
tive ordering condition on the payoff functions, leading to a novel approach
based on an appropriate notion of randomization that allows for solving the
general game without any ordering condition. Additionally, we provide con-
ditions for the existence of pure and randomized Nash equilibria (with € = 0).
Our results enable explicit identification of equilibrium stopping times and
their corresponding values in many cases, illustrated by several examples.
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This paper addresses a generalized filtering framework in which the sig-
nal process X and observation process Y are both driven by correlated Brow-
nian motions, and the coefficients of their governing stochastic differential
equations depend jointly on (X, Y), with the exception of the diffusion co-
efficient of the observation process, which does not depend upon the signal.
Unlike many prior works, the observation equation may have a degenerate
(noninvertible or even zero) diffusion coefficient. In this framework, we de-
rive filtering equations and prove of equivalence between the uniqueness of
the nonlinear Kushner—Stratonovich equation and the linear Zakai equation.
Finally we give a novel proof of uniqueness for the Zakai equation using
a backward stochastic partial differential equation (BSPDE), overcoming the
limitations of classical duality arguments. This approach successfully handles
the randomness and anticipation introduced by the observation-dependent co-
efficients, which are not tractable under traditional deterministic PDE meth-
ods.
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We build and study a recursive algorithm based on the occupation mea-
sure of an Euler scheme with decreasing step for the numerical approximation
of the quasistationary distribution (QSD) of an elliptic diffusion in a bounded
domain. We prove the almost sure convergence of the procedure for a family
of redistributions and show that we can also recover the approximation of the
rate of survival and the convergence in distribution of the algorithm. This last
point follows from some new bounds on the weak error related to diffusion
dynamics with renewal.

REFERENCES

[1] ALDOUS, D., FLANNERY, B. and PALACIOS, J.-L. (1988). Two applications of urn processes: The fringe
analysis of search trees and the simulation of quasi-stationary distributions of Markov chains. Probab.
Engrg. Inform. Sci. 2 293-307.

[2] BARTLETT, M. S. (1960). Stochastic Population Models in Ecology and Epidemiology. Methuen’s Mono-
graphs on Applied Probability and Statistics. Methuen & Co., Ltd., London; Wiley, New York.
MRO118550

[3] BENAiIM, M., CHAMPAGNAT, N. and VILLEMONAIS, D. (2021). Stochastic approximation of quasi-
stationary distributions for diffusion processes in a bounded domain. Ann. Inst. Henri Poincaré Probab.
Stat. 57 726-739. MR4260481 https://doi.org/10.1214/20-aihp1093

[4] BENAIM, M., CLOEZ, B. and PANLOUP, F. (2018). Stochastic approximation of quasi-stationary distributions
on compact spaces and applications. Ann. Appl. Probab. 28 2370-2416. MR3843832 https://doi.org/
10.1214/17-AAP1360

[5] BURDZY, K., HOLYST, R. and MARCH, P. (2000). A Fleming—Viot particle representation of the Dirichlet
Laplacian. Comm. Math. Phys. 214 679-703. MR1800866 https://doi.org/10.1007/s002200000294

[6] CHAMPAGNAT, N., COULIBALY-PASQUIER, K. A. and VILLEMONAIS, D. (2018). Criteria for exponen-
tial convergence to quasi-stationary distributions and applications to multi-dimensional diffusions. In
Séminaire de Probabilités XLIX. Lecture Notes in Math. 2215 165-182. Springer, Cham. MR3837104

[7]1 COLLET, P., MARTINEZ, S. and SAN MARTIN, J. (2013). Quasi-Stationary Distributions: Markov Chains,
Diffusions and Dynamical Systems. Probability and Its Applications (New York). Springer, Heidelberg.
MR2986807 https://doi.org/10.1007/978-3-642-33131-2

[8] DARROCH, J. N. and SENETA, E. (1965). On quasi-stationary distributions in absorbing discrete-time finite
Markov chains. J. Appl. Probab. 2 88-100. MR0179842 https://doi.org/10.2307/3211876

[9] D1 GEsSU, G., LELIEVRE, T., LE PEUTREC, D. and NECTOUX, B. (2016). Jump Markov models and transi-
tion state theory: The quasi-stationary distribution approach. Faraday Discuss. 195 469-495.

[10] DUDLEY, R. M. (2002). Real Analysis and Probability. Cambridge Studies in Advanced Mathematics 74.
Cambridge Univ. Press, Cambridge. MR1932358 https://doi.org/10.1017/CBO9780511755347

[11] FERRARI, P. A., KESTEN, H., MARTINEZ, S. and Picco, P. (1995). Existence of quasi-stationary distribu-
tions. A renewal dynamical approach. Ann. Probab. 23 501-521. MR1334159

[12] GILBARG, D. and TRUDINGER, N. S. (2001). Elliptic Partial Differential Equations of Second Order, 1998
ed. Classics in Mathematics. Springer, Berlin. MR1814364

[13] GRIGORESCU, I. and KANG, M. (2004). Hydrodynamic limit for a Fleming-Viot type system. Stoch. Pro-
cess. Appl. 110 111-143. MR2052139 https://doi.org/10.1016/j.spa.2003.10.010

MSC2020 subject classifications. Primary 60J60, 60B10, 65C99; secondary 60J70.
Key words and phrases. Quasistationary distribution, Euler scheme, reflected Brownian motion, asymptotic
pseudotrajectory, diffusion with redistribution on a bounded domain.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/25-AAP2259
https://www.imstat.org
mailto:fabien.panloup@univ-angers.fr
mailto:julien.reygner@enpc.fr
https://mathscinet.ams.org/mathscinet-getitem?mr=0118550
https://mathscinet.ams.org/mathscinet-getitem?mr=4260481
https://doi.org/10.1214/20-aihp1093
https://mathscinet.ams.org/mathscinet-getitem?mr=3843832
https://doi.org/10.1214/17-AAP1360
https://doi.org/10.1214/17-AAP1360
https://mathscinet.ams.org/mathscinet-getitem?mr=1800866
https://doi.org/10.1007/s002200000294
https://mathscinet.ams.org/mathscinet-getitem?mr=3837104
https://mathscinet.ams.org/mathscinet-getitem?mr=2986807
https://doi.org/10.1007/978-3-642-33131-2
https://mathscinet.ams.org/mathscinet-getitem?mr=0179842
https://doi.org/10.2307/3211876
https://mathscinet.ams.org/mathscinet-getitem?mr=1932358
https://doi.org/10.1017/CBO9780511755347
https://mathscinet.ams.org/mathscinet-getitem?mr=1334159
https://mathscinet.ams.org/mathscinet-getitem?mr=1814364
https://mathscinet.ams.org/mathscinet-getitem?mr=2052139
https://doi.org/10.1016/j.spa.2003.10.010
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

(14]
[15]

[16]

(7]
(18]

[19]

(20]

(21]

(22]

(23]

(24]

[25]

GROISMAN, P. and JONCKHEERE, M. (2013). Simulation of quasi-stationary distributions on countable
spaces. Markov Process. Related Fields 19 521-542. MR3156964

LAMBERTON, D. and PAGES, G. (2002). Recursive computation of the invariant distribution of a diffusion.
Bernoulli 8 367-405. MR1913112 https://doi.org/10.1142/S0219493703000838

LELIEVRE, T., PILLAUD-VIVIEN, L. and REYGNER, J. (2018). Central limit theorem for stationary Fleming-
Viot particle systems in finite spaces. ALEA Lat. Amer. J. Probab. Math. Stat. 15 1163-1182.
MR3860819 https://doi.org/10.30757/alea.v15-43

LEMAIRE, V. and MENOZZI, S. (2010). On some non asymptotic bounds for the Euler scheme. Electron.
J. Probab. 15 no. 53, 1645-1681. MR2735377 https://doi.org/10.1214/ejp.v15-814

MELEARD, S. and VILLEMONAIS, D. (2012). Quasi-stationary distributions and population processes.
Probab. Surv. 9 340-410. MR2994898 https://doi.org/10.1214/11-PS191

PANLOUP, F. and REYGNER, J. (2026). Supplement to “Asymptotically unbiased approximation of the
QSD of diffusion processes with a decreasing time step Euler scheme.” https://doi.org/10.1214/25-
AAP2259SUPP

POLLOCK, M., FEARNHEAD, P, JOHANSEN, A. M. and ROBERTS, G. O. (2020). Quasi-stationary Monte
Carlo and the ScalE algorithm. J. R. Stat. Soc. Ser. B. Stat. Methodol. 82 1167-1221. MR4176340

REVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd ed. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 293. Springer,
Berlin. MR1725357 https://doi.org/10.1007/978-3-662-06400-9

SCHILLING, R. L. and PARTZSCH, L. (2014). Brownian Motion: An Introduction to Stochastic Pro-
cesses, 2nd ed. De Gruyter Graduate. de Gruyter, Berlin. MR3234570 https://doi.org/10.1515/
9783110307306

VILLANI, C. (2009). Optimal Transport: Old and New. Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences] 338. Springer, Berlin. MR2459454 https://doi.
org/10.1007/978-3-540-71050-9

VILLEMONAIS, D. (2014). General approximation method for the distribution of Markov processes con-
ditioned not to be killed. ESAIM Probab. Stat. 18 441-467. MR3333998 https://doi.org/10.1051/ps/
2013045

WANG, A. Q., ROBERTS, G. O. and STEINSALTZ, D. (2020). An approximation scheme for quasi-stationary
distributions of killed diffusions. Stoch. Process. Appl. 130 3193-3219. MR4080743 https://doi.org/
10.1016/j.spa.2019.09.010


https://mathscinet.ams.org/mathscinet-getitem?mr=3156964
https://mathscinet.ams.org/mathscinet-getitem?mr=1913112
https://doi.org/10.1142/S0219493703000838
https://mathscinet.ams.org/mathscinet-getitem?mr=3860819
https://doi.org/10.30757/alea.v15-43
https://mathscinet.ams.org/mathscinet-getitem?mr=2735377
https://doi.org/10.1214/ejp.v15-814
https://mathscinet.ams.org/mathscinet-getitem?mr=2994898
https://doi.org/10.1214/11-PS191
https://doi.org/10.1214/25-AAP2259SUPP
https://doi.org/10.1214/25-AAP2259SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=4176340
https://mathscinet.ams.org/mathscinet-getitem?mr=1725357
https://doi.org/10.1007/978-3-662-06400-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3234570
https://doi.org/10.1515/9783110307306
https://doi.org/10.1515/9783110307306
https://mathscinet.ams.org/mathscinet-getitem?mr=2459454
https://doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1007/978-3-540-71050-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3333998
https://doi.org/10.1051/ps/2013045
https://doi.org/10.1051/ps/2013045
https://mathscinet.ams.org/mathscinet-getitem?mr=4080743
https://doi.org/10.1016/j.spa.2019.09.010
https://doi.org/10.1016/j.spa.2019.09.010

The Annals of Applied Probability

2026, Vol. 36, No. 2, 14161443
https://doi.org/10.1214/25-AAP2260

© Institute of Mathematical Statistics, 2026

ASYMPTOTIC EXPANSION OF THE HARD-TO-SOFT EDGE TRANSITION

BY LUMING YAO!# AND LUN ZHANG?2P

Unstitute for Advanced Study, Shenzhen University, lumingyao @ szu.edu.cn

28chool of Mathematical Sciences, Center for Applied Mathematics and Shanghai Key Laboratory for Contemporary Applied
Mathematics, Fudan University, blunzhang@fudan.edu.cn

By showing that the symmetrically transformed Bessel kernel admits a
full asymptotic expansion for large parameter, we establish a hard-to-soft
edge transition expansion. This resolves a conjecture recently proposed by
Bornemann.
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We introduce the notion of common conditional expectation to inves-
tigate Birkhoff’s ergodic theorem and subadditive ergodic theorem for in-
variant upper probabilities. If, in addition, the upper probability is ergodic,
we construct an invariant probability to characterize the limit of the ergodic
mean. Moreover, this skeleton probability is the unique ergodic probability in
the core of the upper probability, that is equal to all probabilities in the core
on all invariant sets. We have the following applications of these two theo-
rems:

e provide a strong law of large numbers for ergodic stationary sequence on
upper probability spaces;

e prove the multiplicative ergodic theorem on upper probability spaces;

e establish a criterion for the ergodicity of upper probabilities in terms of
independence.

Furthermore, we introduce and study weak mixing for capacity preserving
systems. Using the skeleton idea, we also provide several characterizations of
weak mixing for invariant upper probabilities.

Finally, we provide examples of ergodic and weakly mixing capacity pre-
serving systems. As applications, we obtain new results in the classical er-
godic theory, for example, in characterizing dynamical properties on prob-
ability preserving systems, such as weak mixing, periodicity. Moreover, we
use our results in the nonlinear theory to deduce the asymptotic indepen-
dence, Birkhoft’s type ergodic theorem, subadditive ergodic theorem, and
multiplicative ergodic theorem for noninvariant probabilities.
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We consider random walks conditioned to stay positive. When the mean
of increments is zero and variance is finite it is known that their distribution
converges to the Rayleigh law. In the present paper we derive a Berry—Esseen
type estimate and show that if the third absolute moment is finite then the rate
of convergence is of order n1/2
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In this paper we will introduce a class of forward-backward stochastic
differential equations on tensor fields of Riemannian manifolds, which are
related to semilinear parabolic partial differential equations on tensor fields.
Moreover, we will use these forward-backward stochastic differential equa-
tions to give a stochastic representation of incompressible Navier—Stokes
equations on Riemannian manifolds, where some extra conditions used in
(Potential Anal. 48 (2018) 181-206) are not required.
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In this paper, we establish the ergodic and mixing properties of stochas-
tic 2D Navier—Stokes equations driven by a highly degenerate multiplicative
Gaussian noise. The noise can appear in as few as four directions, and its
intensity depends on the solution. The case of additive Gaussian noise was
previously treated by Hairer and Mattingly (Ann. of Math. (2) 164 (2006)
993-1032). To derive the ergodic and mixing properties in the present set-
ting, we employ Malliavin calculus to establish the asymptotically strong
Feller property. The primary challenge lies in proving the “invertibility” of
the Malliavin matrix, which differs fundamentally from the additive case.
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Restricted Boltzmann machines are a class of undirected graphical mod-
els that play a key role in deep learning and unsupervised learning. In this
study, we prove a phase transition phenomenon in the mixing time of the
Gibbs sampler for a one-parameter restricted Boltzmann machine. Specifi-
cally, the mixing time varies logarithmically, polynomially, and exponentially
with the number of vertices depending on whether the parameter c is above,
equal to, or below a critical value ¢, ~ —5.87. A key insight from our analysis
is the link between the Gibbs sampler and a dynamic system, which we use
to quantify the former based on the behavior of the latter. To study the criti-
cal case ¢ = c«, we develop a new isoperimetric inequality for the sampler’s
stationary distribution by showing that the distribution is nearly log-concave.
Conditions for rapid and torpid convergence of a class of generic binomial
chain are also provided.
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We introduce a novel topology, called Kernel Mean Embedding Topol-
ogy, for stochastic kernels, in a weak and strong form. This topology, defined
on the spaces of Bochner integrable functions from a signal space to a space
of probability measures endowed with a Hilbert space structure, allows for
a versatile formulation. This construction allows one to obtain both a strong
and weak formulation. (i) For its weak formulation, we highlight the utility
on relaxed policy spaces, and investigate connections with the Young nar-
row topology and Borkar (or w*)-topology, and establish equivalence proper-
ties. We report that, while both the w*-topology and kernel mean embedding
topology are relatively compact, they are not closed. Conversely, while the
Young narrow topology is closed, it lacks relative compactness. (ii) We show
that the strong form provides an appropriate formulation for placing topolo-
gies on spaces of models characterized by stochastic kernels with explicit
robustness and learning theoretic implications on optimal stochastic control
under discounted or average cost criteria. (iii) We thus show that this topol-
ogy possesses several properties making it ideal to study optimality and ap-
proximations (under the weak formulation) and robustness (under the strong
formulation) for many applications.
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We consider the one-dimensional stochastic differential equation
t
Xp=sx0+ Lo+ [ u(Xds, 120,
0

where p is a finite measure of Kato class Ky with n € (0, o — 1] and (L¢);>0
is a symmetric a-stable process with o € (1, 2). We derive weak and strong
well-posedness for this equation when n <« — 1 and n < « — 1, respectively
and show that the condition n < o — 1 is sharp for weak existence. We fur-
thermore reformulate the equation in terms of the local time of the solution
(X1):>0 and prove its well-posedness. To this end, we also derive a Tanaka-
type formula for a symmetric, a-stable processes with « € (1, 2) that is per-
turbed by an adapted, right-continuous process of finite variation.

REFERENCES

ADAMS, D. R. and HEDBERG, L. L. (1996). Function Spaces and Potential Theory. Grundlehren der Math-
ematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 314. Springer, Berlin.
MR1411441 https://doi.org/10.1007/978-3-662-03282-4

AINSWORTH, M. and GLUSA, C. (2018). Towards an efficient finite element method for the integral frac-
tional Laplacian on polygonal domains. In Contemporary Computational Mathematics—a Celebration
of the 80th Birthday of lan Sloan, Vol. 1,2 17-57. Springer, Cham. MR3822227

ALBEVERIO, S. and MA, Z. M. (1992). Additive functionals, nowhere Radon and Kato class smooth mea-
sures associated with Dirichlet forms. Osaka J. Math. 29 247-265. MR1173989

ANTUNOVIC, T., BURDZY, K., PERES, Y. and RUSCHER, J. (2011). Isolated zeros for Brownian motion
with variable drift. Electron. J. Probab. 16 no. 65, 1793-1814. MR2842087 https://doi.org/10.1214/
EJP.v16-927

APPLEBAUM, D. (2009). Lévy Processes and Stochastic Calculus, 2nd ed. Cambridge Studies in Ad-
vanced Mathematics 116. Cambridge Univ. Press, Cambridge. MR2512800 https://doi.org/10.1017/
CB09780511809781

ATHREYA, S., BUTKOVSKY, O. and MYTNIK, L. (2020). Strong existence and uniqueness for stable stochas-
tic differential equations with distributional drift. Ann. Probab. 48 178-210. MR4079434 https://doi.
org/10.1214/19-A0P1358

AUGELLO, G., VALENTI, D. and SPAGNOLO, B. (2010). Non-Gaussian noise effects in the dynamics of a
short overdamped Josephson junction. Eur. Phys. J. B 78 225-234.

BAHOURI, H., CHEMIN, J.-Y. and DANCHIN, R. (2011). Fourier Analysis and Nonlinear Partial Differential
Equations. Grundlehren der Mathematischen Wissenschaften [ Fundamental Principles of Mathemati-
cal Sciences] 343. Springer, Heidelberg. MR2768550 https://doi.org/10.1007/978-3-642-16830-7

BAss, R. F. and CHEN, Z.-Q. (2001). Stochastic differential equations for Dirichlet processes. Probab. The-
ory Related Fields 121 422-446. MR1867429 https://doi.org/10.1007/s004400100151

BAss, R. E and CHEN, Z.-Q. (2003). Brownian motion with singular drift. Ann. Probab. 31 791-817.
MR 1964949 https://doi.org/10.1214/a0p/1048516536

Bass, R. F. and CHEN, Z.-Q. (2005). One-dimensional stochastic differential equations with singular and
degenerate coefficients. Sankhya 67 19—45. MR2203887

BERTOIN, J. (1996). Lévy Processes. Cambridge Tracts in Mathematics 121. Cambridge Univ. Press, Cam-
bridge. MR1406564

MSC2020 subject classifications. Primary 60H10, 60G52; secondary 60J55.
Key words and phrases. Stochastic differential equations, strong solution, regularization by noise, stable pro-
cess, local time.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/25-AAP2267
https://www.imstat.org
https://orcid.org/0009-0001-4699-3103
mailto:leonid@ie.technion.ac.il
mailto:wjohanna@campus.technion.ac.il
https://mathscinet.ams.org/mathscinet-getitem?mr=1411441
https://doi.org/10.1007/978-3-662-03282-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3822227
https://mathscinet.ams.org/mathscinet-getitem?mr=1173989
https://mathscinet.ams.org/mathscinet-getitem?mr=2842087
https://doi.org/10.1214/EJP.v16-927
https://doi.org/10.1214/EJP.v16-927
https://mathscinet.ams.org/mathscinet-getitem?mr=2512800
https://doi.org/10.1017/CBO9780511809781
https://doi.org/10.1017/CBO9780511809781
https://mathscinet.ams.org/mathscinet-getitem?mr=4079434
https://doi.org/10.1214/19-AOP1358
https://doi.org/10.1214/19-AOP1358
https://mathscinet.ams.org/mathscinet-getitem?mr=2768550
https://doi.org/10.1007/978-3-642-16830-7
https://mathscinet.ams.org/mathscinet-getitem?mr=1867429
https://doi.org/10.1007/s004400100151
https://mathscinet.ams.org/mathscinet-getitem?mr=1964949
https://doi.org/10.1214/aop/1048516536
https://mathscinet.ams.org/mathscinet-getitem?mr=2203887
https://mathscinet.ams.org/mathscinet-getitem?mr=1406564
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

(13]

(14]
[15]
[16]
(17]
(18]
(19]

[20]

[21]
(22]
(23]
(24]
[25]

[26]

[27]

(28]

[29]

(30]
(31]

(32]
[33]
(34]
(35]
(36]
(371

(38]

[39]

BLEL, S. and ENGELBERT, H.-J. (2013). One-dimensional stochastic differential equations with generalized
and singular drift. Stoch. Process. Appl. 123 4337-4372. MR3096356 https://doi.org/10.1016/j.spa.
2013.06.014

BLEL, S. and ENGELBERT, H.-J. (2014). One-dimensional stochastic differential equations with generalized
drift. Theory Probab. Appl. 58 345-357. MR3403001 https://doi.org/10.1137/S0040585X97986655

BLUMENTHAL, R. M. and GETOOR, R. K. (1968). Markov Processes and Potential Theory. Pure and Ap-
plied Mathematics 29. Academic Press, New York. MR0264757

BOGDAN, K. and JAKUBOWSKI, T. (2007). Estimates of heat kernel of fractional Laplacian perturbed by
gradient operators. Comm. Math. Phys. 271 179-198. MR2283957 https://doi.org/10.1007/s00220-
006-0178-y

BOYLAN, E. S. (1964). Local times for a class of Markoff processes. Illinois J. Math. 8 19-39. MR0158434

BRrROX, T. (1986). A one-dimensional diffusion process in a Wiener medium. Ann. Probab. 14 1206-1218.
MRO0866343

CHARBONNEAU, P., KURCHAN, J., PARISI, G., URBANI, P. and ZAMPONI, F. (2014). Fractal free energy
landscapes in structural glasses. Nat. Commun. 5. https://doi.org/10.1038/ncomms4725

CHAUDRU DE RAYNAL, P. and MEN0ZZI, S. (2022). On multidimensional stable-driven stochastic differ-
ential equations with Besov drift. Electron. J. Probab. 27 Paper No. 163, 52. MR4525442 https://doi.
org/10.1214/22-ejp864

CHEN, Z.-Q., KiM, P. and SONG, R. (2012). Dirichlet heat kernel estimates for fractional Laplacian with
gradient perturbation. Ann. Probab. 40 2483-2538. MR3050510 https://doi.org/10.1214/11-AOP682

CHEN, Z.-Q. and WANG, L. (2016). Uniqueness of stable processes with drift. Proc. Amer. Math. Soc. 144
2661-2675. MR3477084 https://doi.org/10.1090/proc/12909

DEL CASTILLO-NEGRETE, D., GONCHAR, V. Y. and CHECHKIN, A. (2008). Fluctuation-driven directed
transport in the presence of Lévy flights. Phys. A, Stat. Mech. Appl. 387 6693-6704.

DITLEVSEN, P. D. (1999). Observation of a-stable noise induced millennial climate changes from an ice-
core record. Geophys. Res. Lett. 26 1441-1444.

DYBIEC, B. and GUDOWSKA-NOWAK, E. (2009). Lévy stable noise-induced transitions: Stochastic reso-
nance, resonant activation and dynamic hysteresis. J. Stat. Mech. Theory Exp. 2009 P05004.

ENGELBERT, H.-J. and KURENOK, V. P. (2019). The Tanaka formula for symmetric stable processes
with index «, 0 < o < 2. Theory Probab. Appl. 64 264-289. MR3943123 https://doi.org/10.1137/
S0040585X97T989489

ENGELBERT, H. J. and SCHMIDT, W. (1985). On one-dimensional stochastic differential equations with
generalized drift. In Stochastic Differential Systems (Marseille-Luminy, 1984). Lect. Notes Control Inf.
Sci. 69 143-155. Springer, Berlin. MR0798317 https://doi.org/10.1007/BFb0005069

ETORE, P. and MARTINEZ, M. (2018). Time inhomogeneous stochastic differential equations involving
the local time of the unknown process, and associated parabolic operators. Stoch. Process. Appl. 128
2642-2687. MR3811700 https://doi.org/10.1016/j.spa.2017.09.018

FRAUENFELDER, H., SLIGAR, S. G. and WOLYNES, P. G. (1991). The energy landscapes and motions of
proteins. Science 254 1598-1603.

GROH, J. (1986). On Brownian motion with irregular drift. Illinois J. Math. 30 417-428. MR0850340

GYONGY, L. and MARTINEZ, T. (2001). On stochastic differential equations with locally unbounded drift.
Czechoslovak Math. J. 51 763-783. MR1864041 https://doi.org/10.1023/A:1013764929351

Hu, Y., LE, K. and MYTNIK, L. (2017). Stochastic differential equation for Brox diffusion. Stoch. Process.
Appl. 127 2281-2315. MR3652414 https://doi.org/10.1016/j.spa.2016.10.010

KiM, P. and SONG, R. (2006). Two-sided estimates on the density of Brownian motion with singular drift.
Illinois J. Math. 50 635-688. MR2247841

KiMm, P. and SONG, R. (2014). Stable process with singular drift. Stoch. Process. Appl. 124 2479-2516.
MR3192504 https://doi.org/10.1016/j.spa.2014.03.006

KNoPOVA, V. and KULIK, A. (2017). Intrinsic compound kernel estimates for the transition probability
density of Lévy-type processes and their applications. Probab. Math. Statist. 37 53—100. MR3652202
https://doi.org/10.19195/0208-4147.37.1.3

KREMP, H. and PERKOWSKI, N. (2022). Multidimensional SDE with distributional drift and Lévy noise.
Bernoulli 28 1757-1783. MR4411510 https://doi.org/10.3150/21-bej1394

KREMP, H. K. (2022). Topics in Particle Systems and Singular SDEs, Dissertation. Free Univ., Berlin.

KRYLOV, N. V. and ROCKNER, M. (2005). Strong solutions of stochastic equations with singular time depen-
dent drift. Probab. Theory Related Fields 131 154-196. MR2117951 https://doi.org/10.1007/s00440-
004-0361-z

KuRrTz, T. G. (2011). Equivalence of stochastic equations and martingale problems. In Stochastic Analysis
2010 113-130. Springer, Heidelberg. MR2789081 https://doi.org/10.1007/978-3-642-15358-7_6


https://mathscinet.ams.org/mathscinet-getitem?mr=3096356
https://doi.org/10.1016/j.spa.2013.06.014
https://doi.org/10.1016/j.spa.2013.06.014
https://mathscinet.ams.org/mathscinet-getitem?mr=3403001
https://doi.org/10.1137/S0040585X97986655
https://mathscinet.ams.org/mathscinet-getitem?mr=0264757
https://mathscinet.ams.org/mathscinet-getitem?mr=2283957
https://doi.org/10.1007/s00220-006-0178-y
https://doi.org/10.1007/s00220-006-0178-y
https://mathscinet.ams.org/mathscinet-getitem?mr=0158434
https://mathscinet.ams.org/mathscinet-getitem?mr=0866343
https://doi.org/10.1038/ncomms4725
https://mathscinet.ams.org/mathscinet-getitem?mr=4525442
https://doi.org/10.1214/22-ejp864
https://doi.org/10.1214/22-ejp864
https://mathscinet.ams.org/mathscinet-getitem?mr=3050510
https://doi.org/10.1214/11-AOP682
https://mathscinet.ams.org/mathscinet-getitem?mr=3477084
https://doi.org/10.1090/proc/12909
https://mathscinet.ams.org/mathscinet-getitem?mr=3943123
https://doi.org/10.1137/S0040585X97T989489
https://doi.org/10.1137/S0040585X97T989489
https://mathscinet.ams.org/mathscinet-getitem?mr=0798317
https://doi.org/10.1007/BFb0005069
https://mathscinet.ams.org/mathscinet-getitem?mr=3811700
https://doi.org/10.1016/j.spa.2017.09.018
https://mathscinet.ams.org/mathscinet-getitem?mr=0850340
https://mathscinet.ams.org/mathscinet-getitem?mr=1864041
https://doi.org/10.1023/A:1013764929351
https://mathscinet.ams.org/mathscinet-getitem?mr=3652414
https://doi.org/10.1016/j.spa.2016.10.010
https://mathscinet.ams.org/mathscinet-getitem?mr=2247841
https://mathscinet.ams.org/mathscinet-getitem?mr=3192504
https://doi.org/10.1016/j.spa.2014.03.006
https://mathscinet.ams.org/mathscinet-getitem?mr=3652202
https://doi.org/10.19195/0208-4147.37.1.3
https://mathscinet.ams.org/mathscinet-getitem?mr=4411510
https://doi.org/10.3150/21-bej1394
https://mathscinet.ams.org/mathscinet-getitem?mr=2117951
https://doi.org/10.1007/s00440-004-0361-z
https://doi.org/10.1007/s00440-004-0361-z
https://mathscinet.ams.org/mathscinet-getitem?mr=2789081
https://doi.org/10.1007/978-3-642-15358-7_6

(40]
[41]

[42]

[43]
[44]
[45]
[46]

[47]

(48]

[49]

[50]

[51]

[52]
[53]
[54]
[55]
[56]
[57]
(58]

[59]

[60]

[61]

KuURrTZ, T. G. (2014). Weak and strong solutions of general stochastic models. Electron. Commun. Probab.
19 no. 58, 16. MR3254737 https://doi.org/10.1214/ECP.v19-2833

KYPRIANOU, A. E. (2014). Fluctuations of Lévy Processes with Applications: Introductory Lectures, 2nd
ed. Universitext. Springer, Heidelberg. MR3155252 https://doi.org/10.1007/978-3-642-37632-0

LE GALL, J.-F. (1984). One-dimensional stochastic differential equations involving the local times of the
unknown process. In Stochastic Analysis and Applications (Swansea, 1983). Lecture Notes in Math.
1095 51-82. Springer, Berlin. MR0777514 https://doi.org/10.1007/BFb0099122

LL Y., XU, Y. and KURTHS, J. (2017). Roughness-enhanced transport in a tilted ratchet driven by Lévy noise.
Phys. Rev. E 96 052121.

MYTNIK, L. and WEINBERGER, J. (2026). Supplement to “Strong existence and uniqueness for singular
SDEs driven by stable processes.” https://doi.org/10.1214/25-AAP2267SUPP

PRIOLA, E. (2012). Pathwise uniqueness for singular SDEs driven by stable processes. Osaka J. Math. 49
421-447. MR2945756

PROTTER, P. E. (2004). Stochastic Integration and Differential Equations, 2nd ed. Stochastic Modelling and
Applied Probability 21. Springer, Berlin. MR2020294

SALMINEN, P. and YOR, M. (2007). Tanaka formula for symmetric Lévy processes. In Séminaire de Prob-
abilités XL. Lecture Notes in Math. 1899 265-285. Springer, Berlin. MR2409011 https://doi.org/10.
1007/978-3-540-71189-6_14

SHEN, X., ZHANG, H., XU, Y. and MENG, S. (2015). Observation of alpha-stable noise in the laser gyroscope
data. IEEE Sens. J. 16 1998-2003.

SOURYAL, M. R., LARRSON, E. G., PERIC, B. M. and Voicic, B. R. (2005). Soft-decision metrics for
coded orthogonal signaling in symmetric alpha-stable noise. In Proceedings. (ICASSP '05). IEEE In-
ternational Conference on Acoustics, Speech, and Signal Processing, 2005 3 1ii/697-iii/700. https://
doi.org/10.1109/ICASSP.2005.1415805

STEIN, E. M. (1970). Singular Integrals and Differentiability Properties of Functions. Princeton Mathemat-
ical Series 30. Princeton Univ. Press, Princeton, NJ. MR0290095

STROOCK, D. W. and YOR, M. (1981). Some remarkable martingales. In Seminar on Probability, XV (Uniyv.
Strasbourg, Strasbourg, 1979/1980) (French). Lecture Notes in Math. 850 590-603. Springer, Berlin.
MR0622590

TANAKA, H., TSUCHIYA, M. and WATANABE, S. (1974). Perturbation of drift-type for Lévy processes. J.
Math. Kyoto Univ. 14 73-92. MR0368146 https://doi.org/10.1215/kjm/1250523280

TRIEBEL, H. (1988). Characterizations of Besov—Hardy—Sobolev spaces: A unified approach. J. Approx.
Theory 52 162-203. MR0929302 https://doi.org/10.1016/0021-9045(88)90055-X

TRIEBEL, H. (2010). Theory of Function Spaces. Modern Birkhduser Classics. Birkhduser, Basel. Reprint of
1983 edition [MR0730762]. Also published in 1983 by Birkhduser Verlag [MR0781540]. MR3024598

TSUKADA, H. (2018). A potential theoretic approach to Tanaka formula for asymmetric Lévy processes. In
Séminaire de Probabilités XLIX. Lecture Notes in Math. 2215 521-542. Springer, Cham. MR3838874

TSUKADA, H. (2019). Tanaka formula for strictly stable processes. Probab. Math. Statist. 39 39-60.
MR3964382 https://doi.org/10.19195/0208-4147.39.1.3

VERETENNIKOV, A. Y. (1981). On strong solutions and explicit formulas for solutions of stochastic integral
equations. Math. USSR, Sb. 39 387—403. https://doi.org/10.1070/SM1981v039n03ABEH001522

WoyczyNskI, W. A. (2001). Lévy processes in the physical sciences. In Lévy Processes 241-266.
Birkhauser, Boston, MA. MR 1833700

XIONG, J., ZHENG, J. and ZHOU, X. (2019). Unique strong solutions of Lévy processes driven stochastic
differential equations with discontinuous coefficients. Stochastics 91 592-612. MR3939347 https://
doi.org/10.1080/17442508.2019.1567729

ZHANG, X. and ZHAO, G. (2018). Singular Brownian diffusion processes. Commun. Math. Stat. 6 533-581.
MR3877717 https://doi.org/10.1007/s40304-018-0164-7

ZVONKIN, A. K. (1975). A transformation of the phase space of a diffusion process that will remove the
drift. Mat. Sb. (N.S.) 22 129-149. MR0336813


https://mathscinet.ams.org/mathscinet-getitem?mr=3254737
https://doi.org/10.1214/ECP.v19-2833
https://mathscinet.ams.org/mathscinet-getitem?mr=3155252
https://doi.org/10.1007/978-3-642-37632-0
https://mathscinet.ams.org/mathscinet-getitem?mr=0777514
https://doi.org/10.1007/BFb0099122
https://doi.org/10.1214/25-AAP2267SUPP
https://mathscinet.ams.org/mathscinet-getitem?mr=2945756
https://mathscinet.ams.org/mathscinet-getitem?mr=2020294
https://mathscinet.ams.org/mathscinet-getitem?mr=2409011
https://doi.org/10.1007/978-3-540-71189-6_14
https://doi.org/10.1007/978-3-540-71189-6_14
https://doi.org/10.1109/ICASSP.2005.1415805
https://doi.org/10.1109/ICASSP.2005.1415805
https://mathscinet.ams.org/mathscinet-getitem?mr=0290095
https://mathscinet.ams.org/mathscinet-getitem?mr=0622590
https://mathscinet.ams.org/mathscinet-getitem?mr=0368146
https://doi.org/10.1215/kjm/1250523280
https://mathscinet.ams.org/mathscinet-getitem?mr=0929302
https://doi.org/10.1016/0021-9045(88)90055-X
https://mathscinet.ams.org/mathscinet-getitem?mr=3024598
https://mathscinet.ams.org/mathscinet-getitem?mr=3838874
https://mathscinet.ams.org/mathscinet-getitem?mr=3964382
https://doi.org/10.19195/0208-4147.39.1.3
https://doi.org/10.1070/SM1981v039n03ABEH001522
https://mathscinet.ams.org/mathscinet-getitem?mr=1833700
https://mathscinet.ams.org/mathscinet-getitem?mr=3939347
https://doi.org/10.1080/17442508.2019.1567729
https://doi.org/10.1080/17442508.2019.1567729
https://mathscinet.ams.org/mathscinet-getitem?mr=3877717
https://doi.org/10.1007/s40304-018-0164-7
https://mathscinet.ams.org/mathscinet-getitem?mr=0336813

The Annals of Applied Probability

2026, Vol. 36, No. 2, 1737-1768
https://doi.org/10.1214/25-AAP2268

© Institute of Mathematical Statistics, 2026

(1]

(2]

(3]
(4]
(5]
(6]
(71
(8]

(9]

(10]

(1]
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We show the existence of a phase transition between a localisation and a
nonlocalisation regime for a branching random walk with a catalyst at the
origin. More precisely, we consider a continuous-time branching random
walk that jumps at rate one, with simple random walk jumps on 74, and
that branches (with binary branching) at rate A > 0 everywhere, except at
the origin, where it branches at rate A9 > A. We show that, if Ag is large
enough, then the occupation measure of the branching random walk localises
(i.e., when normalised by the total number of particles, it converges almost
surely without spatial renormalisation), whereas, if Ag is close enough to A,
then the occupation measure delocalises, in the sense that the proportion of
particles in any finite given set converges almost surely to zero. The case
A = 0 (when branching only occurs at the origin) has been extensively stud-
ied in the literature and a transition between localisation and nonlocalisation
was also exhibited in this case. Interestingly, the transition that we observe,
conjecture, and partially prove in this paper occurs at the same threshold as
in the case A = 0. One of the strengths of our result is that, in the localisation
regime, we are able to prove convergence of the occupation measure, while
existing results in the case A = 0 give convergence of moments instead.
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We prove the existence of a Markov-perfect equilibrium in randomized
stopping times for a model of the war of attrition in which the underlying state
variable follows a homogenous linear diffusion. We first prove that the space
of Markovian randomized stopping times can be topologized as a compact
absolute retract. This in turn enables us to use a powerful fixed-point theorem
by Eilenberg and Montgomery (Amer. J. Math. 68 (1946) 214-222) to prove
our existence theorem. We illustrate our results with an example of a war
of attrition that admits a mixed-strategy Markov-perfect equilibrium but no
pure-strategy Markov-perfect equilibrium.
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EXPANSION OF A FUNCTION OF SAMPLE MEANS WITH APPLICATIONS
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A large class of statistics can be formulated as smooth functions of
sample means of random vectors. In this paper, we propose a general par-
tial Cramér’s condition (GPCC) and apply it to establish the validity of the
Edgeworth expansion for the distribution function of these functions of sam-
ple means. Additionally, we apply the proposed theorems to several specific
statistics. In particular, by verifying the GPCC, we demonstrate for the first
time the validity of the formal Edgeworth expansion of Pearson’s correla-
tion coefficient between random variables with absolutely continuous and
discrete components. Furthermore, we conduct a series of simulation stud-
ies that show the Edgeworth expansion has higher accuracy.
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We study the second-order asymptotics around the superdiffusive strong
law (Ann. Inst. Henri Poincaré Probab. Stat. 59 (2023) 1813-1843) of a mul-
tidimensional driftless diffusion with oblique reflection from the boundary
in a generalised parabolic domain. In the unbounded direction we prove the
limit is Gaussian with the usual diffusive scaling, while in the appropriately
scaled cross-sectional slice we establish convergence to the invariant law of
a reflecting diffusion in a unit ball. Using the separation of time scales, we
also show asymptotic independence between these two components. The pa-
rameters of the limit laws are explicit in the growth rate of the boundary and
the asymptotic diffusion matrix and reflection vector field. A phase transition
occurs when the domain becomes too narrow, in which case we prove that the
central limit theorem for the unbounded component fails.
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In this paper, we consider a general partially observed diffusion model
with periodic coefficients and with nondegenerate diffusion component. The
coefficients of such a model depend on an unknown (static and deterministic)
parameter which needs to be estimated based on the observed component of
the diffusion process. We show that, given enough regularity of the diffusion
coefficients, a maximum likelihood estimator of the unknown parameter con-
verges to the true parameter value as the sample size grows to infinity.
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