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MODELS

BY EYAL NEUMAN?® AND YUFEI ZHANG"

Department of Mathematics, Imperial College London, ®eyal.neumann @imperial.ac.uk, byufei.zhang@imperial.ac.uk

We consider a class of learning problems in which an agent liquidates a
risky asset while creating both transient price impact driven by an unknown
convolution propagator and linear temporary price impact with an unknown
parameter. We characterize the trader’s performance as maximization of a
revenue-risk functional, where the trader also exploits available information
on a price predicting signal. We present a trading algorithm that alternates
between exploration and exploitation phases and achieves sublinear regrets
with high probability. For the exploration phase we propose a novel approach
for nonparametric estimation of the price impact kernel by observing only
the visible price process and derive sharp bounds on the convergence rate,
which are characterised by the singularity of the propagator. These kernel
estimation methods extend existing methods from the area of Tikhonov reg-
ularisation for inverse problems and are of independent interest. The bound
on the regret in the exploitation phase is obtained by deriving stability re-
sults for the optimizer and value function of the associated class of infinite-
dimensional stochastic control problems. As a complementary result we pro-
pose a regression-based algorithm to estimate the conditional expectation of
non-Markovian signals and derive its convergence rate.
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EXPONENTIAL INEQUALITIES AND LAWS OF THE ITERATED
LOGARITHM FOR MULTIPLE POISSON-WIENER INTEGRALS AND
POISSON U-STATISTICS

BY RADOSLAW ADAMCZAK?® AND DOMINIK KUTEKP

University of Warsaw, Institute of Mathematics, *r.adamczak @ mimuw.edu.pl, bd.kutek@mimuw.edu.pl

We prove tail and moment inequalities for multiple stochastic integrals
on the Poisson space and for Poisson U-statistics. We use them to demon-
strate the law of the iterated logarithm for these processes when the intensity
of the Poisson process tends to infinity, with normalization depending on the
degree of the multiple stochastic integral or degeneracy of the kernel defining
the U -statistic.

We apply our results to several classical functionals of Poisson point
processes, improving or complementing known concentration inequalities as
well as obtaining new laws of the iterated logarithm. Examples include sub-
graph counts and power length functionals of geometric random graphs, inter-
sections of Poisson k-flats, quadratic functionals of the Ornstein—Uhlenbeck
Lévy process and U -statistics of marked processes.
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We derive the breakdown point for solutions of semi-discrete optimal
transport problems, which characterizes the robustness of the multivariate
quantiles based on optimal transport proposed in the paper by Ghosal and
Sen (Ann. Statist. 50 (2022) 1012-1037). We do so under very mild assump-
tions: the absolutely continuous reference measure is only assumed to have a
support that is convex, whereas the target measure is a general discrete mea-
sure on a finite number, n say, of atoms. The breakdown point depends on the
target measure only through its probability weights (hence not on the loca-
tion of the atoms) and involves the geometry of the reference measure through
the concept of halfspace depth. Remarkably, depending on this geometry, the
breakdown point of the optimal transport median can be strictly smaller than
the breakdown point of the univariate median or the breakdown point of the
spatial median, namely [7/2]/n. In the context of robust location estimation,
our results provide a subtle insight on how to perform multivariate trimming
when constructing trimmed means based on optimal transport.

REFERENCES

ALVAREZ-ESTEBAN, P. C., DEL BARRIO, E., CUESTA-ALBERTOS, J. A. and MATRAN, C. (2008). Trimmed
comparison of distributions. J. Amer. Statist. Assoc. 103 697-704. MR2435470 https://doi.org/10.1198/
016214508000000274

AMBROSIO, L., SEMOLA, D. and BRUE, E. (2021). Lectures on Optimal Transport. Springer, Cham, Switzerland.

AURENHAMMER, F. (1987). Power diagrams: Properties, algorithms and applications. SIAM J. Comput. 16 78-96.
MRO0873251 https://doi.org/10.1137/0216006

AURENHAMMER, F., HOFFMANN, F. and ARONOV, B. (1998). Minkowski-type theorems and least-squares clus-
tering. Algorithmica 20 61-76. MR1483422 https://doi.org/10.1007/PL00009187

AVELLA-MEDINA, M. and GONZALEZ-SANZ, A. (2026). On the breakdown point of transport-based quantiles.
Bernoulli, to appear.

BALAJIL Y., CHELLAPPA, R. and FEI1z1, S. (2020). Robust optimal transport with applications in generative mod-
eling and domain adaptation. Adv. Neural Inf. Process. Syst. 33 12934-12944.

BANSIL, M. and KITAGAWA, J. (2022). Quantitative stability in the geometry of semi-discrete optimal transport.
Int. Math. Res. Not. IMRN 10 7354-7389. MR4418710 https://doi.org/10.1093/imrn/rnaa355

BASSETTI, F., BODINI, A. and REGAZZINI, E. (2006). On minimum Kantorovich distance estimators. Statist.
Probab. Lett. 76 1298-1302. MR2269358 https://doi.org/10.1016/j.spl.2006.02.001

BERCU, B. and BIGOT, J. (2021). Asymptotic distribution and convergence rates of stochastic algorithms for
entropic optimal transportation between probability measures. Ann. Statist. 49 968-987. MR4255115 https:/
doi.org/10.1214/20-a0s1987

BERCU, B., BIGOT, J. and THURIN, G. (2024). Regularized estimation of Monge—Kantorovich quantiles for spher-
ical data. Available at arXiv:2407.02085.

BOISSARD, E. and LE Gouic, T. (2014). On the mean speed of convergence of empirical and occupation measures
in Wasserstein distance. Ann. Inst. Henri Poincaré Probab. Stat. 50 539-563. MR3189084 https://doi.org/10.
1214/12-AIHP517

BRENIER, Y. (1991). Polar factorization and monotone rearrangement of vector-valued functions. Comm. Pure
Appl. Math. 44 375-417. MR1100809 https://doi.org/10.1002/cpa.3160440402

CHAUDHURI, P. (1996). On a geometric notion of quantiles for multivariate data. J. Amer. Statist. Assoc. 91
862-872. MR1395753 https://doi.org/10.2307/2291681

MSC2020 subject classifications. Primary 60D05, 62G35; secondary 62G30.
Key words and phrases. Breakdown point, center-outward quantiles, halfspace depth, optimal transport, ro-
bustness.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/25-AAP2285
https://www.imstat.org
mailto:Davy.Paindaveine@ulb.be
mailto:Riccardo.Passeggeri@imperial.ac.uk
https://mathscinet.ams.org/mathscinet-getitem?mr=2435470
https://doi.org/10.1198/016214508000000274
https://doi.org/10.1198/016214508000000274
https://mathscinet.ams.org/mathscinet-getitem?mr=0873251
https://doi.org/10.1137/0216006
https://mathscinet.ams.org/mathscinet-getitem?mr=1483422
https://doi.org/10.1007/PL00009187
https://mathscinet.ams.org/mathscinet-getitem?mr=4418710
https://doi.org/10.1093/imrn/rnaa355
https://mathscinet.ams.org/mathscinet-getitem?mr=2269358
https://doi.org/10.1016/j.spl.2006.02.001
https://mathscinet.ams.org/mathscinet-getitem?mr=4255115
https://doi.org/10.1214/20-aos1987
https://doi.org/10.1214/20-aos1987
https://arxiv.org/abs/2407.02085
https://mathscinet.ams.org/mathscinet-getitem?mr=3189084
https://doi.org/10.1214/12-AIHP517
https://doi.org/10.1214/12-AIHP517
https://mathscinet.ams.org/mathscinet-getitem?mr=1100809
https://doi.org/10.1002/cpa.3160440402
https://mathscinet.ams.org/mathscinet-getitem?mr=1395753
https://doi.org/10.2307/2291681
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

CHERNOZHUKOV, V., GALICHON, A., HALLIN, M. and HENRY, M. (2017). Monge—Kantorovich depth, quantiles,
ranks and signs. Ann. Statist. 45 223-256. MR3611491 https://doi.org/10.1214/16-A0S1450

DEB, N., BHATTACHARYA, B. B. and SEN, B. (2021). Pitman efficiency lower bounds for multivariate
distribution-free tests based on optimal transport. Available at arXiv:2104.01986.

DEB, N. and SEN, B. (2023). Multivariate rank-based distribution-free nonparametric testing using measure trans-
portation. J. Amer. Statist. Assoc. 118 192-207. MR4571116 https://doi.org/10.1080/01621459.2021.1923508

DEL BARRIO, E., GONZALEZ SANZ, A. and LOUBES, J.-M. (2024). Central limit theorems for semi-discrete
Wasserstein distances. Bernoulli 30 554-580. MR4665589 https://doi.org/10.3150/23-bej1608

DEL BARRIO, E. and LOUBES, J.-M. (2019). Central limit theorems for empirical transportation cost in general
dimension. Ann. Probab. 47 926-951. MR3916938 https://doi.org/10.1214/18-AOP1275

DONOHO, D. and HUBER, P. J. (1983). The notion of breakdown point. In A Festschrift for Erich L. Lehmann.
Wadsworth Statist./Probab. Ser. 157—184. Wadsworth, Belmont, CA. MR0689745

DoNoOHO, D. L. and GASKO, M. (1992). Breakdown properties of location estimates based on halfspace depth
and projected outlyingness. Ann. Statist. 20 1803-1827. MR1193313 https://doi.org/10.1214/a0s/1176348890

DONTCHEV, A. L. and ROCKAFELLAR, R. T. (2014). Implicit Functions and Solution Mappings. A View from
Variational Analysis, 2nd ed. Springer Series in Operations Research and Financial Engineering. Springer,
New York. MR3288139 https://doi.org/10.1007/978-1-4939-1037-3

DUDLEY, R. M. and KOLTCHINSKI, V. L. (1992). The spatial quantiles. Unpublished manuscript.

FANG, K. T., KOTZ, S. and NG, K. W. (1990). Symmetric Multivariate and Related Distributions. Monographs on
Statistics and Applied Probability 36. CRC Press, London. MR1071174 https://doi.org/10.1007/978-1-4899-
2937-2

GALICHON, A. (2016). Optimal Transport Methods in Economics. Princeton Univ. Press, Princeton, NIJ.
MR3586373 https://doi.org/10.1515/9781400883592

GHOSAL, P. and SEN, B. (2022a). Multivariate ranks and quantiles using optimal transport: Consistency, rates and
nonparametric testing. Ann. Statist. 50 1012-1037. MR4404927 https://doi.org/10.1214/21-a0s2136

GHOSAL, P. and SEN, B. (2022b). Supplement to “Multivariate ranks and quantiles using optimal transport: Con-
sistency, rates and nonparametric testing”. Ann. Statist. 50 1012—-1037. MR4404927 https://doi.org/10.1214/
21-20s2136

GOLDFELD, Z., KATO, K., RIoUX, G. and SADHU, R. (2024). Limit theorems for entropic optimal transport maps
and Sinkhorn divergence. Electron. J. Stat. 18 980-1041. MR4718466 https://doi.org/10.1214/24-ejs2217

GONZALEZ SANZ, A., LOUBES, J. M. and NILES-WEED, J. (2022). Weak limits of entropy regularized optimal
transport; potentials, plans and divergences. Available at arXiv:2207.07427.

GONZALEZ-SANZ, A., HALLIN, M. and SEN, B. (2026). Monotone measure-transportation maps in Hilbert
spaces, with statistical applications. Bernoulli 32 1213-1242. MR5024064 https://doi.org/10.3150/25-
BEJ1899

GONZALEZ-SANZ, A. and SHENG, S. (2024). Linearization of Monge—Ampere equations and statistical applica-
tions. Available at arXiv:2408.06534.

HALLIN, M., DEL BARRIO, E., CUESTA-ALBERTOS, J. and MATRAN, C. (2021). Distribution and quantile
functions, ranks and signs in dimension d: A measure transportation approach. Ann. Statist. 49 1139-1165.
MR4255122 https://doi.org/10.1214/20-a0s1996

HALLIN, M., HLUBINKA, D. and HUDECOVA, S. (2023). Efficient fully distribution-free center-outward rank tests
for multiple-output regression and MANOVA. J. Amer. Statist. Assoc. 118 1923-1939. MR4646617 https://doi.
org/10.1080/01621459.2021.2021921

HALLIN, M., LA VECCHIA, D. and Liu, H. (2022). Center-outward R-estimation for semiparametric VARMA
models. J. Amer. Statist. Assoc. 117 925-938. MR4436323 https://doi.org/10.1080/01621459.2020.1832501

HALLIN, M., LA VECCHIA, D. and Liu, H. (2023). Rank-based testing for semiparametric VAR models: A
measure transportation approach. Bernoulli 29 229-273. MR4497246 https://doi.org/10.3150/21-bej1456

HALLIN, M., L1u, H. and VERDEBOUT, T. (2024). Nonparametric measure-transportation-based methods for
directional data. J. R. Stat. Soc. Ser. B. Stat. Methodol. 86 1172—-1196. MR4896636 https://doi.org/10.1093/
jrsssb/gkae026

HAMPEL, F. R. (1968). Contributions to the theory of robust estimation Ph.D. thesis, Dept. Statistics, Univ. Cali-
fornia, Berkeley.

HAMPEL, FE. R. (1971). A general qualitative definition of robustness. Ann. Math. Statist. 42 1887-1896.
MRO0301858 https://doi.org/10.1214/a0ms/1177693054

HAMPEL, F. R., RONCHETTI, E. M., ROUSSEEUW, P. J. and STAHEL, W. A. (1986). Robust Statistics: The Ap-
proach Based on Influence Functions. Wiley Series in Probability and Mathematical Statistics: Probability and
Mathematical Statistics. Wiley, New York. MR0829458

HUNDRIESER, S., KLATT, M. and MUNK, A. (2024). Limit distributions and sensitivity analysis for empirical
entropic optimal transport on countable spaces. Ann. Appl. Probab. 34 1403—-1468. MR4700262 https://doi.
org/10.1214/23-aap1995


https://mathscinet.ams.org/mathscinet-getitem?mr=3611491
https://doi.org/10.1214/16-AOS1450
https://arxiv.org/abs/2104.01986
https://mathscinet.ams.org/mathscinet-getitem?mr=4571116
https://doi.org/10.1080/01621459.2021.1923508
https://mathscinet.ams.org/mathscinet-getitem?mr=4665589
https://doi.org/10.3150/23-bej1608
https://mathscinet.ams.org/mathscinet-getitem?mr=3916938
https://doi.org/10.1214/18-AOP1275
https://mathscinet.ams.org/mathscinet-getitem?mr=0689745
https://mathscinet.ams.org/mathscinet-getitem?mr=1193313
https://doi.org/10.1214/aos/1176348890
https://mathscinet.ams.org/mathscinet-getitem?mr=3288139
https://doi.org/10.1007/978-1-4939-1037-3
https://mathscinet.ams.org/mathscinet-getitem?mr=1071174
https://doi.org/10.1007/978-1-4899-2937-2
https://doi.org/10.1007/978-1-4899-2937-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3586373
https://doi.org/10.1515/9781400883592
https://mathscinet.ams.org/mathscinet-getitem?mr=4404927
https://doi.org/10.1214/21-aos2136
https://mathscinet.ams.org/mathscinet-getitem?mr=4404927
https://doi.org/10.1214/21-aos2136
https://doi.org/10.1214/21-aos2136
https://mathscinet.ams.org/mathscinet-getitem?mr=4718466
https://doi.org/10.1214/24-ejs2217
https://arxiv.org/abs/2207.07427
https://mathscinet.ams.org/mathscinet-getitem?mr=5024064
https://doi.org/10.3150/25-BEJ1899
https://doi.org/10.3150/25-BEJ1899
https://arxiv.org/abs/2408.06534
https://mathscinet.ams.org/mathscinet-getitem?mr=4255122
https://doi.org/10.1214/20-aos1996
https://mathscinet.ams.org/mathscinet-getitem?mr=4646617
https://doi.org/10.1080/01621459.2021.2021921
https://doi.org/10.1080/01621459.2021.2021921
https://mathscinet.ams.org/mathscinet-getitem?mr=4436323
https://doi.org/10.1080/01621459.2020.1832501
https://mathscinet.ams.org/mathscinet-getitem?mr=4497246
https://doi.org/10.3150/21-bej1456
https://mathscinet.ams.org/mathscinet-getitem?mr=4896636
https://doi.org/10.1093/jrsssb/qkae026
https://doi.org/10.1093/jrsssb/qkae026
https://mathscinet.ams.org/mathscinet-getitem?mr=0301858
https://doi.org/10.1214/aoms/1177693054
https://mathscinet.ams.org/mathscinet-getitem?mr=0829458
https://mathscinet.ams.org/mathscinet-getitem?mr=4700262
https://doi.org/10.1214/23-aap1995
https://doi.org/10.1214/23-aap1995

HUNDRIESER, S., KLATT, M., MUNK, A. and STAUDT, T. (2024). A unifying approach to distributional limits for
empirical optimal transport. Bernoulli 30 2846-2877. MR4779851 https://doi.org/10.3150/23-bej1697

HUNDRIESER, S., STAUDT, T. and MUNK, A. (2024). Empirical optimal transport between different measures
adapts to lower complexity. Ann. Inst. Henri Poincaré Probab. Stat. 60 824-846. MR4757509 https://doi.org/
10.1214/23-aihp1369

HUTTER, J.-C. and RIGOLLET, P. (2021). Minimax estimation of smooth optimal transport maps. Ann. Statist. 49
1166-1194. MR4255123 https://doi.org/10.1214/20-a0s1997

KALLENBERG, O. (2021). Foundations of Modern Probability. Probability Theory and Stochastic Modelling 99.
Springer, Cham. MR4226142 https://doi.org/10.1007/978-3-030-61871-1

KANTOROVITCH, L. (1942). On the translocation of masses. C. R. (Dokl.) Acad. Sci. URSS 37 199-201.
MRO0009619

KOLOUR], S., PARK, S. R., THORPE, M., SLEPCEV, D. and ROHDE, G. K. (2017). Optimal mass transport: Signal
processing and machine-learning applications. IEEE Signal Process. Mag. 34 43-59.

KOLTCHINSKII, V. I. (1997). M-estimation, convexity and quantiles. Ann. Statist. 25 435-477. MR1439309
https://doi.org/10.1214/a0s/1031833659

KONEN, D. and PAINDAVEINE, D. (2026). On the robustness of spatial quantiles. Ann. Inst. Henri Poincaré
Probab. Stat. 62 548-581. MR5036533 https://doi.org/10.1214/24-aihp1516

LE, K., NGUYEN, H., NGUYEN, Q. M., PHAM, T., BUl, H. and HO, N. (2021). On robust optimal transport:
Computational complexity and barycenter computation. Adv. Neural Inf. Process. Syst. 34.

LEVY, B. (2015). A numerical algorithm for Ly semi-discrete optimal transport in 3D. ESAIM: Math. Model.
Numer. Anal. 49 1693-1715. MR3423272 https://doi.org/10.1051/m2an/2015055

LOEPER, G. (2005). On the regularity of the polar factorization for time dependent maps. Calc. Var. Partial
Differential Equations 22 343-374. MR2118903 https://doi.org/10.1007/s00526-004-0280-y

LoPUHAA, H. P. and ROUSSEEUW, P. J. (1991). Breakdown points of affine equivariant estimators of multi-
variate location and covariance matrices. Ann. Statist. 19 229-248. MR1091847 https://doi.org/10.1214/ao0s/
1176347978

MANOLE, T., BALAKRISHNAN, S., NILES-WEED, J. and WASSERMAN, L. (2024a). Plugin estimation of smooth
optimal transport maps. Ann. Statist. 52 966-998. MR4784066 https://doi.org/10.1214/24-a0s2379

MANOLE, T., BALAKRISHNAN, S., NILES-WEED, J. and WASSERMAN, L. (2024b). Central limit theorems for
smooth optimal transport maps. Available at arXiv:2312.12407.

MANOLE, T. and NILES-WEED, J. (2024). Sharp convergence rates for empirical optimal transport with smooth
costs. Ann. Appl. Probab. 34 1108-1135. MR4700254 https://doi.org/10.1214/23-aap1986

MASSE, J.-C. (2009). Multivariate trimmed means based on the Tukey depth. J. Statist. Plann. Inference 139
366-384. MR2474012 https://doi.org/10.1016/].jspi.2008.03.038

MCcCANN, R. J. (1995). Existence and uniqueness of monotone measure-preserving maps. Duke Math. J. 80
309-323. MR1369395 https://doi.org/10.1215/S0012-7094-95-08013-2

MERIGOT, Q. (2011). A multiscale approach to optimal transport. Comput. Graph. Forum 30 1583-1592.

MONGE, G. (1781). Mémoire sur la théorie des déblais et des remblais. Hist. Acad. R. Sci. Mém. Math. Phys.
666-704.

MUKHERIJEE, D., GUHA, A., SOLOMON, J., SUN, Y. and YUROCHKIN, M. (2021). Outlier-robust optimal trans-
port. ICML.

NAGY, S., SCHUTT, C. and WERNER, E. M. (2019). Halfspace depth and floating body. Staz. Surv. 13 52-118.
MR3973130 https://doi.org/10.1214/19-ss123

NIETERT, S., CUMMINGS, R. and GOLDFELD, Z. (2022). Outlier-robust optimal transport: Duality, structure, and
statistical analysis. AISTATS 151.

ORLOVA, D. Y., ZIMMERMAN, N., MEEHAN, S., MEEHAN, C., WATERS, J., GHOSN, E. EB., FILATENKOV, A.,
KOLYAGIN, G. A., GERNEZ, Y. et al. (2016). Earth Mover’s Distance (EMD): A true metric for comparing
biomarker expression levels in cell populations. PLoS ONE 11 e0151859.

PANARETOS, V. M. and ZEMEL, Y. (2020). An Invitation to Statistics in Wasserstein Space. SpringerBriefs
in Probability and Mathematical Statistics. Springer, Cham. MR4350694 https://doi.org/10.1007/978-3-030-
38438-8

PEYRE, G. and CUTURI, M. (2019). Computational optimal transport: With applications to data science. Found.
Trends Mach. Learn. 11 355-607.

ROCKAFELLAR, R. T. (1970). Convex Analysis. Princeton Mathematical Series, No. 28. Princeton Univ. Press,
Princeton, NJ. MR0274683

RONCHETTI, E. M. (2023). Robustness aspects of optimal transport. In Research Papers in Statistical Inference
for Time Series and Related Models. Essays in Honor of Masanobu Taniguchi (Y. Liu, J. Hirukawa and Y.
Kakizawa, eds.) Springer Nature, Singapore.

ROUSSEEUW, P. J. and RUTS, 1. (1999). The depth function of a population distribution. Metrika 49 213-244.
MR1731769


https://mathscinet.ams.org/mathscinet-getitem?mr=4779851
https://doi.org/10.3150/23-bej1697
https://mathscinet.ams.org/mathscinet-getitem?mr=4757509
https://doi.org/10.1214/23-aihp1369
https://doi.org/10.1214/23-aihp1369
https://mathscinet.ams.org/mathscinet-getitem?mr=4255123
https://doi.org/10.1214/20-aos1997
https://mathscinet.ams.org/mathscinet-getitem?mr=4226142
https://doi.org/10.1007/978-3-030-61871-1
https://mathscinet.ams.org/mathscinet-getitem?mr=0009619
https://mathscinet.ams.org/mathscinet-getitem?mr=1439309
https://doi.org/10.1214/aos/1031833659
https://mathscinet.ams.org/mathscinet-getitem?mr=5036533
https://doi.org/10.1214/24-aihp1516
https://mathscinet.ams.org/mathscinet-getitem?mr=3423272
https://doi.org/10.1051/m2an/2015055
https://mathscinet.ams.org/mathscinet-getitem?mr=2118903
https://doi.org/10.1007/s00526-004-0280-y
https://mathscinet.ams.org/mathscinet-getitem?mr=1091847
https://doi.org/10.1214/aos/1176347978
https://doi.org/10.1214/aos/1176347978
https://mathscinet.ams.org/mathscinet-getitem?mr=4784066
https://doi.org/10.1214/24-aos2379
https://arxiv.org/abs/2312.12407
https://mathscinet.ams.org/mathscinet-getitem?mr=4700254
https://doi.org/10.1214/23-aap1986
https://mathscinet.ams.org/mathscinet-getitem?mr=2474012
https://doi.org/10.1016/j.jspi.2008.03.038
https://mathscinet.ams.org/mathscinet-getitem?mr=1369395
https://doi.org/10.1215/S0012-7094-95-08013-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3973130
https://doi.org/10.1214/19-ss123
https://mathscinet.ams.org/mathscinet-getitem?mr=4350694
https://doi.org/10.1007/978-3-030-38438-8
https://doi.org/10.1007/978-3-030-38438-8
https://mathscinet.ams.org/mathscinet-getitem?mr=0274683
https://mathscinet.ams.org/mathscinet-getitem?mr=1731769

ROUSSEEUW, P. J. and STRUYF, A. (2004). Characterizing angular symmetry and regression symmetry. J. Statist.
Plann. Inference 122 161-173.

SADHU, R., GOLDFELD, Z. and KATO, K. (2024). Stability and statistical inference for semidiscrete optimal
transport maps. Ann. Appl. Probab. 34 5694-5736. MR4839636 https://doi.org/10.1214/24-aap2104

SANTAMBROGIO, F. (2015). Optimal Transport for Applied Mathematicians: Calculus of Variations, PDEs,
and Modeling. Progress in Nonlinear Differential Equations and Their Applications 87. Birkhduser/Springer,
Cham. MR3409718 https://doi.org/10.1007/978-3-319-20828-2

SCHUTT, C. (1991). The convex floating body and polyhedral approximation. Israel J. Math. 73 65-77.
MR1119928 https://doi.org/10.1007/BF02773425

SEGERS, J. (2022). Graphical and uniform consistency of estimated optimal transport plans. Available at arXiv:
2208.02508.

SHI, H., DRTON, M., HALLIN, M. and HAN, E. (2025). Distribution-free tests of multivariate independence
based on center-outward quadrant, Spearman, Kendall, and van der Waerden statistics. Bernoulli 31 106—129.
MR4815978 https://doi.org/10.3150/24-bej1721

SHI, H., DRTON, M. and HAN, F. (2022). Distribution-free consistent independence tests via center-outward ranks
and signs. J. Amer. Statist. Assoc. 117 395-410. MR4399094 https://doi.org/10.1080/01621459.2020.1782223

SHI, H., HALLIN, M., DRTON, M. and HAN, F. (2022). On universally consistent and fully distribution-free rank
tests of vector independence. Ann. Statist. 50 1933-1959. MR4474478 https://doi.org/10.1214/21-a0s2151

STAUDT, T. and HUNDRIESER, S. (2025). Convergence of empirical optimal transport in unbounded settings.
Bernoulli 31 1929-1954. MR4889254 https://doi.org/10.3150/24-bej1792

TUKEY, J. W. (1975). Mathematics and the picturing of data. In Proceedings of the International Congress of
Mathematicians (Vancouver, B.C., 1974), Vol. 2 523-531. Canad. Math. Congr., Montreal, QC. MR0426989

VILLANI, C. (2008). Optimal Transport: Old and New. A Series of Comprehensive Studies in Mathematics.
Springer, Heidelberg.

WEED, J. and BACH, F. (2019). Sharp asymptotic and finite-sample rates of convergence of empirical measures
in Wasserstein distance. Bernoulli 25 2620-2648. MR4003560 https://doi.org/10.3150/18-BEJ1065

YANG, X. and WANG, T. (2024). Multiple-output composite quantile regression through an optimal transport lens.
Proc. Mach. Learn. Res. 247 5076-5122.

ZU0, Y. (2006). Multidimensional trimming based on projection depth. Ann. Statist. 34 2211-2251. MR2291498
https://doi.org/10.1214/009053606000000713

ZU0, Y. and SERFLING, R. (2000a). On the performance of some robust nonparametric location measures relative
to a general notion of multivariate symmetry. J. Statist. Plann. Inference 84 55-79. MR1747497 https://doi.
org/10.1016/S0378-3758(99)00142-1

ZU0, Y. and SERFLING, R. (2000b). General notions of statistical depth function. Ann. Statist. 28 461-482.
MR1790005 https://doi.org/10.1214/a0s/1016218226


https://mathscinet.ams.org/mathscinet-getitem?mr=4839636
https://doi.org/10.1214/24-aap2104
https://mathscinet.ams.org/mathscinet-getitem?mr=3409718
https://doi.org/10.1007/978-3-319-20828-2
https://mathscinet.ams.org/mathscinet-getitem?mr=1119928
https://doi.org/10.1007/BF02773425
https://arxiv.org/abs/2208.02508
https://arxiv.org/abs/2208.02508
https://mathscinet.ams.org/mathscinet-getitem?mr=4815978
https://doi.org/10.3150/24-bej1721
https://mathscinet.ams.org/mathscinet-getitem?mr=4399094
https://doi.org/10.1080/01621459.2020.1782223
https://mathscinet.ams.org/mathscinet-getitem?mr=4474478
https://doi.org/10.1214/21-aos2151
https://mathscinet.ams.org/mathscinet-getitem?mr=4889254
https://doi.org/10.3150/24-bej1792
https://mathscinet.ams.org/mathscinet-getitem?mr=0426989
https://mathscinet.ams.org/mathscinet-getitem?mr=4003560
https://doi.org/10.3150/18-BEJ1065
https://mathscinet.ams.org/mathscinet-getitem?mr=2291498
https://doi.org/10.1214/009053606000000713
https://mathscinet.ams.org/mathscinet-getitem?mr=1747497
https://doi.org/10.1016/S0378-3758(99)00142-1
https://doi.org/10.1016/S0378-3758(99)00142-1
https://mathscinet.ams.org/mathscinet-getitem?mr=1790005
https://doi.org/10.1214/aos/1016218226

The Annals of Applied Probability

2026, Vol. 36, No. 4, 2998-3039
https://doi.org/10.1214/26-AAP2295

© Institute of Mathematical Statistics, 2026

(1]
[2]

(31

(4]
(3]
(6]
(71

(8]

[91

[10]
[11]

[12]

[13]

[14]

FLUCTUATIONS IN RANDOM FIELD ISING MODELS

BY SEUNGHYUN LEE!"2®, NABARUN DEB%® AND SUMIT MUKHERJEE!-?

1Department of Statistics, Columbia University, sl4963 @ columbia.edu, 5m3949@ columbia.edu
2Booth School of Business, University of Chicago, “nabarun.deb @ chicagobooth.edu

This paper establishes a CLT for linear statistics of the form (q, o) with
quantitative Berry—Esseen bounds, where o is an observation from an expo-
nential family with a quadratic form as its sufficient statistic, in the “high-
temperature” regime. We apply our general result to random field Ising mod-
els with both discrete and continuous spins. To demonstrate the generality of
our techniques, we apply our results to derive both quenched and annealed
CLTs in various examples, which include Ising models on some graph en-
sembles of common interest (Erd6s—Rényi, regular, random graphons), and
the Hopfield spin glass model. Our proofs rely on a combination of Stein’s
method of exchangeable pairs and Chevet-type concentration inequalities.
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ON THE FIRST PASSAGE TIMES OF BRANCHING RANDOM
WALKS IN R4
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We study the first passage times of discrete-time branching random walks
in R? where d > 1. Here, the genealogy of the particles follows a supercriti-
cal Galton—Watson process. We provide asymptotics of the first passage times
to a ball of radius one at a distance x from the origin, conditioned upon sur-
vival. We explicitly provide the linear dominating term and the logarithmic
correction term as functions of x. The asymptotics are precise up to an order
of op(log x) for general jump distributions and up to Op(loglogx) for spher-
ically symmetric jumps. A crucial ingredient of both results is the tightness
of first passage times. We also discuss an extension of the first passage time
analysis to a modified branching random walk model that has been proven to
successfully capture shortest path statistics in polymer networks.
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This study proposes a BSDE approach to the long-term decomposition
of pricing kernels under the G-expectation framework. We establish the ex-
istence, uniqueness, and regularity of solutions to three types of quadratic
G-BSDEs: finite-horizon G-BSDEs, infinite-horizon G-BSDEs, and ergodic
G-BSDEs. Moreover, we explore the Feynman—Kac formula associated with
these three types of quadratic G-BSDEs. Using these results, a pricing ker-
nel is uniquely decomposed into four components: an exponential discount-
ing component, a transitory component, a symmetric G-martingale, and
a decreasing component that captures the volatility uncertainty of the G-
Brownian motion. Furthermore, these components are represented through
the solution to a second-order PDE. This study extends previous findings ob-
tained under a single fixed probability framework to the G-expectation con-
text.
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The stable-regenerative multiple-stable model has been shown recently
to have distinct candidate extremal index and extremal index. To understand
further this rare phenomenon, two more results are established here for the
double-stable model. The first is the convergence of point processes for the
clusters of extremes, enhancing the previous result on the weak convergence
of random sup-measures. Most interestingly, the second result reveals a new
phase transition at the mesoscopic level when computing the asymptotic ex-
ceedance probability over a block, P(maxi—1, . 4, X > bn), as n — oo.
Here, the mesoscopic level is referred to the fact that the block size d,, is
allowed to grow at the rate n® with p € (0, 1), while the threshold b, is such
that P(X| > b,) ~ 1/n. The recently discovered discrepancy between the
candidate extremal index and the extremal index is shown to be just a reflec-
tion of this phase transition that is prohibited by the anticlustering condition.
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Let X be the mild solution to a semilinear stochastic partial differen-
tial equation. In this article, we develop methodology to sample from the
infinite-dimensional diffusion bridge that arises from conditioning X on a
linear transformation L X7 of the final state X7 at some time 7' > 0. This
solves a problem that has so far not been attended to in the literature. Our
main contribution is the derivation of a path measure that is absolutely con-
tinuous with respect to the path measure of the infinite-dimensional diffusion
bridge. This lifts previously known results for stochastic ordinary differen-
tial equations to the setting of infinite-dimensional diffusions and stochastic
partial differential equations. We demonstrate our findings through numerical
experiments on stochastic reaction-diffusion equations.
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We study a generic principal-agent problem in continuous time on a fi-
nite time horizon. We introduce a framework in which the agent is allowed
to employ measure-valued controls and characterise the continuation utility
as a solution to a specific form of a backward stochastic differential equation
driven by a martingale measure. We leverage this characterisation to prove
that, under appropriate conditions, an optimal solution to the principal’s prob-
lem exists, even when constraints on the contract are imposed. In doing so,
we employ compactification techniques and, as a result, circumvent the typi-
cal challenge of showing well-posedness for a degenerate partial differential
equation with potential boundary conditions, where regularity problems often
arise.
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Geometric scale-free random graphs are popular models for networks
that exhibit heavy-tailed degree distributions, small-worldness and high clus-
tering. In these models, vertices have weights that cause the heavy-tailed de-
grees and are embedded in a metric space so that close-by groups of ver-
tices tend to cluster. The interplay between the vertex weights and positions
heavily affects the local structure of the random graph, in particular the oc-
currence of subgraph patterns, but the dependencies in these structures and
weights make them difficult to analyze. In this paper we investigate subgraph
counts using a divide et impera strategy: first counting the number of sub-
graphs in specific classes of vertices; then computing which class yields max-
imum contribution. Interestingly, the scaling behavior of induced and general
subgraphs in such geometric heavy-tailed random graphs is closely related
to the solution of a mixed-integer linear program which also shows that sub-
graphs appear predominantly on vertices with some prescribed degrees and
inter-distances. Finally, we derive precise asymptotics for trees and Hamilto-
nian subgraphs.

REFERENCES

ALON, U. (2007). Network motifs: Theory and experimental approaches. Nat. Rev. Genet. 8 450-461.

BLASsIUS, T., FRIEDRICH, T. and KROHMER, A. (2018). Cliques in hyperbolic random graphs. Algorithmica
80 2324-2344. MR3800263 https://doi.org/10.1007/s00453-017-0323-3

BLASIUS, T., KATZMANN, M. and STEGEHUIS, C. (2023). Maximal Cliques in Scale-Free Random Graphs.
https://doi.org/10.48550/ARXIV.2309.02990

BOLUSANIL S., BESANCON, M., BESTUZHEVA, K., CHMIELA, A., DIONiSIO, J., DONKIEWICZ, T., VAN
DOORNMALEN, J., EIFLER, L., GHANNAM, M. et al. (2024). The SCIP Optimization Suite 9.0.
Preprint. Available at arXiv:2402.17702.

BRINGMANN, K., KEUSCH, R. and LENGLER, J. (2019). Geometric inhomogeneous random graphs. Theo-
ret. Comput. Sci. 760 35-54. MR3913223 https://doi.org/10.1016/j.tcs.2018.08.014

CONNOR, E. F. and SIMBERLOFF, D. (1979). The assembly of species communities: Chance or competition?
Ecology 60 1132-1140.

DEPREZ, P. and WUTHRICH, M. V. (2019). Scale-free percolation in continuum space. Commun. Math. Stat.
7 269-308. MR3986777 https://doi.org/10.1007/s40304-018-0142-0

OH, E. and OH, S. (2023). Algorithms for computing maximum cliques in hyperbolic random graphs.
In 31st Annual European Symposium on Algorithms (ESA 2023) (Ggrtz, 1. L., Farach-Colton, M.,
Puglisi, S. J. and Herman, G., eds.). Leibniz International Proceedings in Informatics (LIPIcs) 274
85:1-85:15. Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl, Germany. https://doi.org/
10.4230/LIPIcs.ESA.2023.85

GRACAR, P., HEYDENREICH, M., MONCH, C. and MORTERS, P. (2022). Recurrence versus transience for
weight-dependent random connection models. Electron. J. Probab. 27 Paper No. 60, 31. MR4417198
https://doi.org/10.1214/22-ejp748

HOLLAND, P. W. and LEINHARDT, S. (1976). Local structure in social networks. Sociol. Method. 7 1-45.

HOLLAND, P. W. and LEINHARDT, S. (1977). A method for detecting structure in sociometric data. In Social
Networks (S. Leinhardt, ed.) 411-432. Academic Press, San Diego. https://doi.org/10.1016/B978-0-
12-442450-0.50028-6

MSC2020 subject classifications. Primary 05C60, 05C82; secondary 90C11, 05C80.
Key words and phrases. Subgraph count, network motifs, scale-free graphs, network geometry, mixed-integer
linear programming.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/26-AAP2301
https://www.imstat.org
https://orcid.org/0000-0003-4642-8507
https://orcid.org/0000-0003-3951-5653
https://orcid.org/0000-0002-6615-5983
mailto:riccardo.michielan@gssi.it
mailto:c.stegehuis@utwente.nl
mailto:m.walter@utwente.nl
https://mathscinet.ams.org/mathscinet-getitem?mr=3800263
https://doi.org/10.1007/s00453-017-0323-3
https://doi.org/10.48550/ARXIV.2309.02990
https://arxiv.org/abs/2402.17702
https://mathscinet.ams.org/mathscinet-getitem?mr=3913223
https://doi.org/10.1016/j.tcs.2018.08.014
https://mathscinet.ams.org/mathscinet-getitem?mr=3986777
https://doi.org/10.1007/s40304-018-0142-0
https://doi.org/10.4230/LIPIcs.ESA.2023.85
https://doi.org/10.4230/LIPIcs.ESA.2023.85
https://mathscinet.ams.org/mathscinet-getitem?mr=4417198
https://doi.org/10.1214/22-ejp748
https://doi.org/10.1016/B978-0-12-442450-0.50028-6
https://doi.org/10.1016/B978-0-12-442450-0.50028-6
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

(12]

(13]

[14]
[15]
[16]

(17]

(18]

[19]

[20]
(21]
(22]
(23]
(24]
[25]

[26]

(27]
(28]
[29]

(30]

(31]
(32]
(33]
(34]
[35]

(36]

(37]

JACOB, E. and MORTERS, P. (2015). Spatial preferential attachment networks: Power laws and clustering
coefficients. Ann. Appl. Probab. 25 632-662. MR3313751 https://doi.org/10.1214/14-AAP1006
JIANG, S., FIORE, G. A., YANG, Y., FERREIRA, J. JR, FRAZZOLI, E. and GONZALEZ, M. C. (2013). A
review of urban computing for mobile phone traces: Current methods, challenges and opportunities. In

Proceedings of the 2nd ACM SIGKDD International Workshop on Urban Computing 1-9.

JORRITSMA, J., KOMJATHY, J. and MITSCHE, D. (2025). Cluster-size decay in supercritical kernel-based
spatial random graphs. Ann. Probab. 53 1537-1597. MR4930534 https://doi.org/10.1214/24-aop1742

KASHTAN, N., ITZKOVITZ, S., MILO, R. and ALON, U. (2004). Efficient sampling algorithm for estimating
subgraph concentrations and detecting network motifs. Bioinformatics 20 1746-1758.

ITZKOVITZ, S., MILO, R., KASHTAN, N., ZIV, G. and ALON, U. (2003). Subgraphs in random networks..
Phys. Rev. E 68 026127.

KRIOUKOV, D., PAPADOPOULOS, E., KITSAK, M., VAHDAT, A. and BOGUNA, M. (2010). Hyperbolic geom-
etry of complex networks. Phys. Rev. E 82 036106, 18. MR2787998 https://doi.org/10.1103/PhysRevE.
82.036106

MA’AYAN, A., JENKINS, S. L., NEVES, S., HASSELDINE, A., GRACE, E., DUBIN-THALER, B., EUNG-
DAMRONG, N. J., WENG, G., RAM, P. T. et al. (2005). Formation of regulatory patterns during signal
propagation in a mammalian cellular network. Science 309 1078—1083.

MAHER, S., MILTENBERGER, M., PEDROSO, J. P., REHFELDT, D., SCHWARZ, R. and SERRANO, F. (2016).
PySCIPOpt: Mathematical programming in python with the SCIP optimization suite. In Mathematical
Software — ICMS 2016 301-307. Springer, Berlin. https://doi.org/10.1007/978-3-319-42432-3_37

MICHIELAN, R. and STEGEHUIS, C. (2022). Cliques in geometric inhomogeneous random graphs. J. Com-
plex Netw. 10 Paper No. cnac002, 24. MR4379079 https://doi.org/10.1093/comnet/cnac002

MILO, R., SHEN-ORR, S., ITZKOVITZ, S., KASHTAN, N., CHKLOVSKII, D. and ALON, U. (2002). Network
motifs: Simple building blocks of complex networks. Science 298 824-827.

MoLLOY, M. and REED, B. (1995). A critical point for random graphs with a given degree sequence. Ran-
dom Structures Algorithms 6 161-179. MR1370952 https://doi.org/10.1002/rsa.3240060204

NowiIcKI, K. and WIERMAN, J. C. (1988). Subgraph counts in random graphs using incomplete U -statistics
methods. Discrete Math. 72 299-310. MR0975550 https://doi.org/10.1016/0012-365X(88)90220-8

POsA, L. (1976). Hamiltonian circuits in random graphs. Discrete Math. 14 359-364. MR0389666 https://
doi.org/10.1016/0012-365X(76)90068-6

PTACEK, J., DEVGAN, G., MICHAUD, G., ZHU, H., ZHU, X., FAsOLo0, J., Guo, H., JoNA, G., BRE-
ITKREUTZ, A. et al. (2005). Global analysis of protein phosphorylation in yeast. Nature 438 679-684.

RIBEIRO, P, PAREDES, P, SILVA, M. E. P., APARICIO, D. and SILVA, F. (2021). A survey on subgraph
counting: Concepts, algorithms, and applications to network motifs and graphlets. ACM Comput. Surv.
54. https://doi.org/10.1145/3433652

RUCINSKI, A. (1985). Subgraphs of random graphs: A general approach. In Random Graphs 83 (Poznar,
1983). North-Holland Math. Stud. 118 221-229. North-Holland, Amsterdam. MR0860597

SARACCO, F.,, D1 CLEMENTE, R., GABRIELLI, A. and SQUARTINI, T. (2015). Randomizing bipartite net-
works: The case of the world trade web. Sci. Rep. 5 10595.

SARACCO, F., DI CLEMENTE, R., GABRIELLI, A. and SQUARTINI, T. (2016). Detecting early signs of the
2007-2008 crisis in the world trade. Sci. Rep. 6 30286.

SCHREIBER, F. and SCHWOBBERMEYER, H. (2005). Frequency concepts and pattern detection for the anal-
ysis of motifs in networks. In Transactions on Computational Systems Biology. Ill. Lecture Notes in
Computer Science 3737 89—104. Springer, Berlin. MR2296482 https://doi.org/10.1007/11599128_7

SERRANO, M. A., KRIOUKOV, D. and BOGUNA, M. (2008). Self-similarity of complex networks and hidden
metric spaces. Phys. Rev. Lett. 100 078701. https://doi.org/10.1103/PhysRevLett.100.078701

SHEN-ORR, S. S., MILO, R., MANGAN, S. and ALON, U. (2002). Network motifs in the transcriptional
regulation network of Escherichia coli. Nat. Genet. 31 64-68.

SONMEZ, E. and STEGEHUIS, C. (2024). On the distances within cliques in a soft random geometric graph.
J. Stat. Phys. 191 Paper No. 38, 19. MR4714891 https://doi.org/10.1007/s10955-024-03254-3

STEGEHUIS, C., HOFSTAD, R. V. D. and VAN LEEUWAARDEN, J. S. (2019). Variational principle for scale-
free network motifs. Sci. Rep. 9 6762.

VAN DER HOFSTAD, R. (2016). Random Graphs and Complex Networks 43. Cambridge Univ. Press, Cam-
bridge.

VAN DER HOFSTAD, R., VAN DER HOORN, P. and MAITRA, N. (2023). Local limits of spatial inhomo-
geneous random graphs. Adv. Appl. Probab. 55 793-840. MR4624029 https://doi.org/10.1017/apr.
2022.61

VAN DER HOFSTAD, R., VAN LEEUWAARDEN, J. S. H. and STEGEHUIS, C. (2021). Optimal subgraph
structures in scale-free configuration models. Ann. Appl. Probab. 31 501-537. MR4254487 https://doi.
org/10.1214/20-aap1580


https://mathscinet.ams.org/mathscinet-getitem?mr=3313751
https://doi.org/10.1214/14-AAP1006
https://mathscinet.ams.org/mathscinet-getitem?mr=4930534
https://doi.org/10.1214/24-aop1742
https://mathscinet.ams.org/mathscinet-getitem?mr=2787998
https://doi.org/10.1103/PhysRevE.82.036106
https://doi.org/10.1103/PhysRevE.82.036106
https://doi.org/10.1007/978-3-319-42432-3_37
https://mathscinet.ams.org/mathscinet-getitem?mr=4379079
https://doi.org/10.1093/comnet/cnac002
https://mathscinet.ams.org/mathscinet-getitem?mr=1370952
https://doi.org/10.1002/rsa.3240060204
https://mathscinet.ams.org/mathscinet-getitem?mr=0975550
https://doi.org/10.1016/0012-365X(88)90220-8
https://mathscinet.ams.org/mathscinet-getitem?mr=0389666
https://doi.org/10.1016/0012-365X(76)90068-6
https://doi.org/10.1016/0012-365X(76)90068-6
https://doi.org/10.1145/3433652
https://mathscinet.ams.org/mathscinet-getitem?mr=0860597
https://mathscinet.ams.org/mathscinet-getitem?mr=2296482
https://doi.org/10.1007/11599128_7
https://doi.org/10.1103/PhysRevLett.100.078701
https://mathscinet.ams.org/mathscinet-getitem?mr=4714891
https://doi.org/10.1007/s10955-024-03254-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4624029
https://doi.org/10.1017/apr.2022.61
https://doi.org/10.1017/apr.2022.61
https://mathscinet.ams.org/mathscinet-getitem?mr=4254487
https://doi.org/10.1214/20-aap1580
https://doi.org/10.1214/20-aap1580

The Annals of Applied Probability

2026, Vol. 36, No. 4, 3295-3344
https://doi.org/10.1214/26-AAP2302

© Institute of Mathematical Statistics, 2026

ERROR ESTIMATES BETWEEN SGD WITH MOMENTUM AND
UNDERDAMPED LANGEVIN DIFFUSION

BY ARNAUD GUILLIN'2, YU WANGZP, LiHU XU?¢ AND HAORAN YANG*-d

L Laboratoire de Mathematiques Blaise Pascal, CNRS-UMR 6620, Universite Clermont-Auvergne, *arnaud.guillin@uca.fr

(1]

(2]

(3]

(4]

(5]

(6]

(7]
(8]
(9]

(10]
(1]

(12]

2School of Mathematics, Yunnan Normal University, 260004 @ynnu.edu.cn
3Department of Statistics and Probability, Michigan State University, xulihu@msu.edu
4School of Mathematical Sciences, Peking University, dhryang042()@gmail.com
5Beijing International Center for Mathematical Research (BICMR), Peking University

Stochastic gradient descent with momentum is a popular variant of
stochastic gradient descent, which has recently been reported to have a close
relationship with the underdamped Langevin diffusion. In this paper, we es-
tablish time-uniform error bounds between them in the 1-Wasserstein and
total variation distances. Leveraging Malliavin analysis and the exponential
ergodicity of the underdamped Langevin diffusion, we characterize the long-
time behavior of this algorithm, even for nonconvex objective functions.
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This article provides a case study for a recently introduced diffusion in
the space of probability measures over the reals, namely rearranged stochas-
tic heat, which solves a stochastic partial differential equation valued in the
set of symmetrised quantile functions over the unit circle. This contribution
studies probability measure-valued flows perturbed by this noise with a spe-
cial focus on gradient flows. This is done by introducing a drift to the rear-
ranged stochastic heat equation by means of a vector field from the set of
random variables over the unit circle into itself. When the flow is a gradient
flow, the vector field may coincide with the Wasserstein derivative of a mean-
field potential function. The resulting equation reads as a sort of McKean—
Vlasov stochastic differential equation with an infinite-dimensional common
noise. This article provides conditions on the drift under which solutions ex-
ist uniquely for any time horizon and converge exponentially fast towards a
unique equilibrium. When the drift derives from a potential, some metasta-
bility properties are obtained as the intensity of the noise is tuned to zero:
it is shown that under a particular scaling regime, the gradient flow lingers
near local minimisers for expected times of the same order as in the finite-
dimensional setting.
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The Elo rating system is a popular and widely adopted method for mea-
suring the relative skill levels of players or teams in various sports and com-
petitions. It assigns players numerical ratings and dynamically updates them
based on game results and a model parameter K, which determines the sen-
sitivity of rating changes. Assuming random games, this leads to a Markov
chain for the evolution of the ratings of the N players in the league. Despite its
widespread use, little is known about the long-term behavior of this process.
Aiming to fill this gap, in this article we prove that the process converges to
its unique equilibrium distribution at an exponential rate in the 2-Wasserstein
distance and almost surely. Moreover, we show important properties of the
stationary distribution, such as the finiteness of an exponential moment, full
support, and convergence to the players’ true skills as K decreases, at a rate
of /K. We also provide Monte Carlo simulations that illustrate some of these
properties and offer new insights.
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OPTIMAL RECOVERY OF CORRELATED ERDOS-RENYI GRAPHS

By HANG Du?
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For two unlabeled graphs G, G, independently sub-sampled from an
Erdés—Rényi graph G(n, p) by keeping each edge with probability s, we aim
to recover as many as possible of the corresponding vertex pairs. We establish
a connection between the recoverability of vertex pairs and the balanced load
allocation in the true intersection graph of G| and G;. Using this connec-
tion, we analyze the partial recovery regime where p = n—*toM) for some
o € (0,1] and nps2 =X = O(1). We derive upper and lower bounds for the
recoverable fraction in terms of o and the limiting load distribution ) (as
introduced in (Ann. Appl. Probab. 26 (2016) 305-327). These bounds coin-
cide asymptotically whenever a1 is not an atom of ;. Therefore, for each
fixed A, our result characterizes the asymptotic optimal recovery fraction for
all but countably many « € (0, 1].

REFERENCES

ALDOUS, D. and STEELE, J. M. (2004). The objective method: Probabilistic combinatorial optimization and
local weak convergence. In Probability on Discrete Structures 1-72. Springer, Berlin. https://doi.org/
10.1007/978-3-662-09444-0_1

ANANTHARAM, V. and SALEZ, J. (2016). The densest subgraph problem in sparse random graphs. Ann.
Appl. Probab. 26 305-327. MR3449319 https://doi.org/10.1214/14-AAP1091

BARAK, B., CHOU, C. N., LEL, Z., SCHRAMM, T. and SHENG, Y. (2019). (Nearly) efficient algorithms for the
graph matching problem on correlated random graphs. In Advances in Neural Information Processing
Systems (NIPS) 32. Curran Associates, Red Hook.

BARAK, B., HOPKINS, S., KELNER, J., KOTHARI, P. K., MOITRA, A. and POTECHIN, A. (2019). A nearly
tight sum-of-squares lower bound for the planted clique problem. SIAM J. Comput. 48 687-735.
MR3945259 https://doi.org/10.1137/17M 1138236

BERG, A., BERG, T. and MALIK, J. (2005). Shape matching and object recognition using low distortion
correspondences. In IEEE Computer Society Conference on Computer Vision and Pattern Recognition
(CVPR) 1 26-33.

BRESLER, G. and HUANG, B. (2022). The algorithmic phase transition of random k-SAT for low degree
polynomials. In 2021 IEEE 62nd Annual Symposium on Foundations of Computer Science—FOCS
2021 298-309. IEEE Computer Soc., Los Alamitos, CA. MR4399691

CHEN, G., DING, J., GONG, S. and LI, Z. (2026). A computational transition for detecting correlated stochas-
tic block models by low-degree polynomials. Ann. Statist. 54 226-251. MR5039617 https://doi.org/10.
1214/25-A0S2565

CHIN, B. and SLY, A. (2020). Optimal recovery of block models with ¢ communities. Preprint. Available at
arXiv:2010.10672.

COUR, T., SRINIVASAN, P. and SHI, J. (2006). Balanced graph matching. In Advances in Neural Information
Processing Systems (NIPS) (B. Scholkopf, J. Platt and T. Hoffman, eds.) 19. MIT Press, Cambridge.

CULLINA, D. and KiYAVASH, N. (2016). Improved achievability and converse bounds for Erdés—Rényi
graph matching. In SIGMETRICS’16: Proceedings of the 2016 ACM SIGMETRICS International Con-
ference on Measurement and Modeling of Computer Science 63-72.

CULLINA, D. and KiYAVASH, N. (2017). Exact alignment recovery for correlated Erd6s—Rényi graphs.
preprint. Available at arXiv:1711.06783.

CULLINA, D., KIYAVASH, N., MITTAL, P. and POOR, H. V. (2020). Partial recovery of Erd6s—Rényi graph
alignment via k-core alignment. In SIGMETRICS 20 99-100. Assoc. Comput. Mach., New York.

MSC2020 subject classifications. Primary 05C80; secondary 68Q87.
Key words and phrases. Erd6s—Rényi random graph, correlated networks, optimal recovery.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/26-AAP2307
https://www.imstat.org
https://orcid.org/0009-0001-3716-7627
mailto:hangdu@mit.edu
https://doi.org/10.1007/978-3-662-09444-0_1
https://doi.org/10.1007/978-3-662-09444-0_1
https://mathscinet.ams.org/mathscinet-getitem?mr=3449319
https://doi.org/10.1214/14-AAP1091
https://mathscinet.ams.org/mathscinet-getitem?mr=3945259
https://doi.org/10.1137/17M1138236
https://mathscinet.ams.org/mathscinet-getitem?mr=4399691
https://mathscinet.ams.org/mathscinet-getitem?mr=5039617
https://doi.org/10.1214/25-AOS2565
https://doi.org/10.1214/25-AOS2565
https://arxiv.org/abs/2010.10672
https://arxiv.org/abs/1711.06783
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

[13]

[14]
[15]

[16]

(17]
(18]

[19]

[20]

(21]

(22]
(23]
[24]
[25]

[26]

(27]
(28]
[29]
(30]

(31]

(32]

(33]

[34]

(35]

DAL O. E., CULLINA, D., KIYAVASH, N. and GROSSGLAUSER, M. (2019). Analysis of a canonical labeling
algorithm for the alignment of correlated Erd6s—Rényi graphs. Proc. ACM Meas. Anal. Comput. Syst.
3.

DING, J. and Du, H. (2023). Matching recovery threshold for correlated random graphs. Ann. Statist. 51
1718-1743. MR4658574 https://doi.org/10.1214/23-a0s2305

DING, J. and Du, H. (2023). Detection threshold for correlated Erd6s—Rényi graphs via densest subgraph.
IEEE Trans. Inf. Theory 69 5289-5298. MR4624732 https://doi.org/10.1109/tit.2023.3265009

DING, J., Du, H. and GONG, S. (2024). A polynomial-time approximation scheme for the maximal overlap
of two independent Erd6s—Rényi graphs. Random Structures Algorithms 65 220-257. MR4760772
https://doi.org/10.1002/rsa.21212

DING, J., DU, H. and LI, Z. (2025). Low-degree hardness of detection for correlated Erds—Rényi graphs.
Ann. Statist. 53 1833-1856. MR4985251 https://doi.org/10.1214/25-A0S2517

DING, J., FEL, Y. and WANG, Y. (2025). Efficiently matching random inhomogeneous graphs via degree
profiles. Ann. Statist. 53 1808—1832. MR4959812 https://doi.org/10.1214/25-A0S2545

DING, J. and L1, Z. (2025). A polynomial time iterative algorithm for matching Gaussian matrices with
non-vanishing correlation. Found. Comput. Math. 25 1287-1344. MR4951528 https://doi.org/10.1007/
$10208-024-09662-x

DING, J., MA, Z., WU, Y. and XU, J. (2021). Efficient random graph matching via degree profiles. Probab.
Theory Related Fields 179 29-115. MR4221654 https://doi.org/10.1007/s00440-020-00997-4

FAN, Z., MAoO, C., WU, Y. and XU, J. (2023). Spectral graph matching and regularized quadratic relaxations
I Algorithm and Gaussian analysis. Found. Comput. Math. 23 1511-1565. MR4649430 https://doi.org/
10.1007/s10208-022-09570-y

FEIZL, S., QUON, G., MEDARD, M., KELLIS, M. and JADBABAIE, A. (2016). Spectral alignment of networks.
Preprint. Available at arXiv:1602.04181.

GANASSALL L., LELARGE, M. and MASSOULIE, L. (2021). Impossibility of partial recovery in the graph
alignment problem. Proc. Mach. Learn. Res. 124 1-23.
GANASSALI, L., LELARGE, M. and MASSOULIE, L. (2024). Correlation detection in trees for planted graph
alignment. Ann. Appl. Probab. 34 2799-2843. MR4757492 https://doi.org/10.1214/23-aap2020
GANASSALI L., MASSOULIE, L. and SEMERIJIAN, G. (2024). Statistical limits of correlation detection in
trees. Ann. Appl. Probab. 34 3701-3734. MR4783028 https://doi.org/10.1214/23-aap2048

HAGHIGHI, A., NG, A. and MANNING, C. (2005). Robust textual inference via graph matching. In Proceed-
ings of Human Language Technology Conference and Conference on Empirical Methods in Natural
Language Processing 387-394.

HAJEK, B. (1990). Performance of global load balancing by local adjustment. IEEE Trans. Inf. Theory 36
1398-1414. MR1080823 https://doi.org/10.1109/18.59935

HAJEK, B. (1996). Balanced loads in infinite networks. Ann. Appl. Probab. 6 48—75. MR1389831 https://
doi.org/10.1214/a0ap/1034968065

HALL, G. and MASSOULIE, L. (2023). Partial recovery in the graph alignment problem. Oper. Res. 71
259-272. MR4585566

HOPKINS, S. (2018). Statistical Inference and the Sum of Squares Method. ProQuest LLC, Ann Arbor, MI.
Thesis (Ph.D.)-Cornell University. MR3864930

HOPKINS, S. B., KOTHARI, P. K., POTECHIN, A., RAGHAVENDRA, P.,, SCHRAMM, T. and STEURER, D.
(2017). The power of sum-of-squares for detecting hidden structures. In 58th Annual IEEE Symposium
on Foundations of Computer Science—FOCS 2017 720-731. IEEE Computer Soc., Los Alamitos, CA.
MR3734275 https://doi.org/10.1109/FOCS.2017.72

HOPKINS, S. B. and STEURER, D. (2017). Efficient Bayesian estimation from few samples: Community de-
tection and related problems. In 58th Annual IEEE Symposium on Foundations of Computer Science—
FOCS 2017 379-390. IEEE Computer Soc., Los Alamitos, CA. MR3734245 https://doi.org/10.1109/
FOCS.2017.42

HUANG, D., SONG, X. and YANG, P. (2025). Information-theoretic thresholds for the alignments of par-
tially correlated graphs. IEEE Trans. Inf. Theory 71 9674-9697. MR4999707 https://doi.org/10.1109/
tit.2025.3619813

LELARGE, M. and MIOLANE, L. (2019). Fundamental limits of symmetric low-rank matrix estimation.
Probab. Theory Related Fields 173 859-929. MR3936148 https://doi.org/10.1007/s00440-018-0845-x

L1, Z. (2025). Algorithmic contiguity from low-degree conjecture and applications in correlated random
graphs. In Approximation, Randomization, and Combinatorial Optimization. Algorithms and Tech-
niques. LIPIcs. Leibniz Int. Proc. Inform. 353 Art. No. 30, 18. Schloss Dagstuhl. Leibniz-Zent. Inform.,
Wadern. MR4967588 https://doi.org/10.4230/lipics.approx/random.2025.30


https://mathscinet.ams.org/mathscinet-getitem?mr=4658574
https://doi.org/10.1214/23-aos2305
https://mathscinet.ams.org/mathscinet-getitem?mr=4624732
https://doi.org/10.1109/tit.2023.3265009
https://mathscinet.ams.org/mathscinet-getitem?mr=4760772
https://doi.org/10.1002/rsa.21212
https://mathscinet.ams.org/mathscinet-getitem?mr=4985251
https://doi.org/10.1214/25-AOS2517
https://mathscinet.ams.org/mathscinet-getitem?mr=4959812
https://doi.org/10.1214/25-AOS2545
https://mathscinet.ams.org/mathscinet-getitem?mr=4951528
https://doi.org/10.1007/s10208-024-09662-x
https://doi.org/10.1007/s10208-024-09662-x
https://mathscinet.ams.org/mathscinet-getitem?mr=4221654
https://doi.org/10.1007/s00440-020-00997-4
https://mathscinet.ams.org/mathscinet-getitem?mr=4649430
https://doi.org/10.1007/s10208-022-09570-y
https://doi.org/10.1007/s10208-022-09570-y
https://arxiv.org/abs/1602.04181
https://mathscinet.ams.org/mathscinet-getitem?mr=4757492
https://doi.org/10.1214/23-aap2020
https://mathscinet.ams.org/mathscinet-getitem?mr=4783028
https://doi.org/10.1214/23-aap2048
https://mathscinet.ams.org/mathscinet-getitem?mr=1080823
https://doi.org/10.1109/18.59935
https://mathscinet.ams.org/mathscinet-getitem?mr=1389831
https://doi.org/10.1214/aoap/1034968065
https://doi.org/10.1214/aoap/1034968065
https://mathscinet.ams.org/mathscinet-getitem?mr=4585566
https://mathscinet.ams.org/mathscinet-getitem?mr=3864930
https://mathscinet.ams.org/mathscinet-getitem?mr=3734275
https://doi.org/10.1109/FOCS.2017.72
https://mathscinet.ams.org/mathscinet-getitem?mr=3734245
https://doi.org/10.1109/FOCS.2017.42
https://doi.org/10.1109/FOCS.2017.42
https://mathscinet.ams.org/mathscinet-getitem?mr=4999707
https://doi.org/10.1109/tit.2025.3619813
https://doi.org/10.1109/tit.2025.3619813
https://mathscinet.ams.org/mathscinet-getitem?mr=3936148
https://doi.org/10.1007/s00440-018-0845-x
https://mathscinet.ams.org/mathscinet-getitem?mr=4967588
https://doi.org/10.4230/lipics.approx/random.2025.30

(36]

(371

(38]
(39]

[40]

[41]
(42]
[43]

[44]

[45]
[46]
[47]

(48]

[49]
(501

[51]

Mao, C., RUDELSON, M. and TIKHOMIROV, K. (2023). Exact matching of random graphs with constant
correlation. Probab. Theory Related Fields 186 327-389. MR4586222 https://doi.org/10.1007/s00440-
022-01184-3

Mao, C., WU, Y., XU, J. and YU, S. H. (2023). Random graph matching at Otter’s threshold via counting
chandeliers. In STOC23—Proceedings of the 55th Annual ACM Symposium on Theory of Computing
1345-1356. ACM, New York. MR4617472 https://doi.org/10.1145/3564246.3585156

Mao, C., WU, Y., XU, J. and YU, S. H. (2024). Testing network correlation efficiently via counting trees.
Ann. Statist. 52 2483-2505. MR4841674 https://doi.org/10.1214/23-A0S2261

MONTANARI, A. and VENKATARAMANAN, R. (2021). Estimation of low-rank matrices via approximate
message passing. Ann. Statist. 49 321-345. MR4206680 https://doi.org/10.1214/20-A0S1958

MOSSEL, E., NEEMAN, J. and SLY, A. (2016). Belief propagation, robust reconstruction and optimal re-
covery of block models. Ann. Appl. Probab. 26 2211-2256. MR3543895 https://doi.org/10.1214/15-
AAPI1145

MOSSEL, E. and XU, J. (2020). Seeded graph matching via large neighborhood statistics. Random Structures
Algorithms 57 570-611. MR4144076 https://doi.org/10.1002/rsa.20934

NARAYANAN, A. and SHMATIKOV, V. (2008). Robust de-anonymization of large sparse datasets. In IEEE
Symposium on Security and Privacy (ISSP) 111-125.

NARAYANAN, A. and SHMATIKOV, V. (2009). De-anonymizing social networks. In /IEEE Symposium on
Security and Privacy (ISSP) 173-187.

PEDARSANI, P. and GROSSGLAUSER, M. (2011). On the privacy of anonymized networks. In Proceed-
ings of the 17th ACM SIGKDD International Conference on Knowledge Discovery and Data Mining
1235-1243. Assoc. Comput. Mach., New York, NY, USA.

RACz, M. and SRIDHAR, A. (2023). Matching correlated inhomogeneous random graphs using the k-core
estimator. Preprint. Available at arXiv:2302.05407.

SHIRANI, F.,, GARG, S. and ERKIP, E. (2017). Seeded graph matching: Efficient algorithms and theoretical
guarantees. In 2017 51st Asilomar Conference on Signals, Systems, and Computers 253-257.

SINGH, R., XU, J. and BERGER, B. (2008). Global alignment of multiple protein interaction networks with
application to functional orthology detection. Proc. Natl. Acad. Sci. USA 105 12763-12768.

VOGELSTEIN, J. T., CONROY, J. M., LYZINSKI, V., PODRAZIK, L. J., KRATZER, S. G., HARLEY, E. T.,
FISHKIND, D. E., VOGELSTEIN, R. J. and PRIEBE, C. E. (2015). Fast approximate quadratic program-
ming for graph matching. PLoS ONE 10 1-17.

WANG, H., WU, Y., XU, J. and YOLOU, I. (2022). Random graph matching in geometric models: The case of
complete graphs. In Proceedings of Thirty Fifth Conference on Learning Theory 3441-3488. PLMR.

Wu, Y., XU, J. and YU, S. H. (2022). Settling the sharp reconstruction thresholds of random graph matching.
IEEE Trans. Inf. Theory 68 5391-5417. MR4476403 https://doi.org/10.1109/tit.2022.3169005

WU, Y., XU, J. and YU, S. H. (2023). Testing correlation of unlabeled random graphs. Ann. Appl. Probab.
33 2519-2558. MR4612649 https://doi.org/10.1214/22-aap1786


https://mathscinet.ams.org/mathscinet-getitem?mr=4586222
https://doi.org/10.1007/s00440-022-01184-3
https://doi.org/10.1007/s00440-022-01184-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4617472
https://doi.org/10.1145/3564246.3585156
https://mathscinet.ams.org/mathscinet-getitem?mr=4841674
https://doi.org/10.1214/23-AOS2261
https://mathscinet.ams.org/mathscinet-getitem?mr=4206680
https://doi.org/10.1214/20-AOS1958
https://mathscinet.ams.org/mathscinet-getitem?mr=3543895
https://doi.org/10.1214/15-AAP1145
https://doi.org/10.1214/15-AAP1145
https://mathscinet.ams.org/mathscinet-getitem?mr=4144076
https://doi.org/10.1002/rsa.20934
https://arxiv.org/abs/2302.05407
https://mathscinet.ams.org/mathscinet-getitem?mr=4476403
https://doi.org/10.1109/tit.2022.3169005
https://mathscinet.ams.org/mathscinet-getitem?mr=4612649
https://doi.org/10.1214/22-aap1786

The Annals of Applied Probability

2026, Vol. 36, No. 4, 3457-3485
https://doi.org/10.1214/26-AAP2308

© Institute of Mathematical Statistics, 2026

(1]
(2]
(3]
(4]
(5]
(6]

(71

(8]

(9]

(10]

(1]
(12]

(13]

SYNCHRONIZATION BY NOISE FOR TRAVELING PULSES

BY CHRISTIAN KUEHN!2® AND JORIS VAN WINDENZ?

1Department of Mathematics, Technical University of Munich, ckuehn@ma.tum.de
2Delft Institute of Applied Mathematics, Delft University of Technology, by, vanWinden @tudelft.nl

We consider synchronization by noise for stochastic partial differential
equations which support traveling pulse solutions, such as the FitzHugh—
Nagumo equation. We show that any two pulse-like solutions which start
from different positions but are forced by the same realization of a multi-
plicative noise, converge to each other in probability on a time scale o2«
t L exp(o ~2), where o is the noise amplitude. The noise is assumed to be
Gaussian, white in time, colored and periodic in space, and nondegenerate
only in the lowest Fourier mode. The proof uses the method of phase reduc-
tion, which allows one to describe the dynamics of the stochastic pulse only
in terms of its position. The position is shown to synchronize building upon
existing results, and the validity of the phase reduction allows us to transfer
the synchronization back to the full solution.
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The critical variational setting was recently introduced and shown to be
applicable to many important SPDEs not covered by the classical variational
setting. In this paper, we extend the critical variational setting in several ways.
We introduce a flexibility in the range space for the nonlinear drift term, due
to which certain borderline cases can now also be included. An example of
this is the Allen—Cahn equation in dimension two in the weak setting. In
addition to this, we allow the drift to be singular in time, which is something
that naturally arises in the study of the skeleton equation for large deviation
principles for SPDEs. Last but not least, we present the theory in the case of
Lévy noise for which the critical setting was not available yet.

REFERENCES

AGRESTI, A., HIEBER, M., HUSSEIN, A. and SAAL, M. (2024). The stochastic primitive equations
with transport noise and turbulent pressure. Stoch. Partial Differ. Equ. Anal. Comput. 12 53-133.
MR4709539 https://doi.org/10.1007/s40072-022-00277-3

AGRESTI, A. and VERAAR, M. (2022). Nonlinear parabolic stochastic evolution equations in critical spaces
part I. Stochastic maximal regularity and local existence. Nonlinearity 35 4100—4210. MR4459102
https://doi.org/10.1088/1361-6544/abd613

AGRESTI, A. and VERAAR, M. (2022). Nonlinear parabolic stochastic evolution equations in critical spaces
part II: Blow-up criteria and instantaneous regularization. J. Evol. Equ. 22 Paper No. 56. MR4437443
https://doi.org/10.1007/s00028-022-00786-7

AGRESTI, A. and VERAAR, M. (2024). The critical variational setting for stochastic evolution equa-
tions. Probab. Theory Related Fields 188 957-1015. MR4716343 https://doi.org/10.1007/s00440-023-
01249-x

AGRESTI, A. and VERAAR, M. (2024). Stochastic Navier—Stokes equations for turbulent flows in criti-
cal spaces. Comm. Math. Phys. 405 Paper No. 43. MR4703457 https://doi.org/10.1007/s00220-023-
04867-7

AGRESTI, A. and VERAAR, M. (2025). Nonlinear SPDEs and maximal regularity: An extended survey.
NoDEA Nonlinear Differential Equations Appl. 32 Paper No. 123. MR4952170 https://doi.org/10.
1007/s00030-025-01090-2

BARRERA, G. and TOLLE, J. M. Ergodicity for locally monotone stochastic evolution equations with Lévy
noise. Available at arXiv:2412.01381.

BENSOUSSAN, A. and TEMAM, R. (1973). Equations stochastiques du type Navier—Stokes. J. Funct. Anal.
13 195-222. MR0348841 https://doi.org/10.1016/0022-1236(73)90045-1

BERGH, J. and LOFSTROM, J. (1976). Interpolation Spaces. An Introduction. Grundlehren der Mathematis-
chen Wissenschaften, No. 223. Springer, Berlin. MR0482275

BRZEZNIAK, Z., L1U, W. and ZHU, J. (2014). Strong solutions for SPDE with locally monotone coefficients
driven by Lévy noise. Nonlinear Anal. Real World Appl. 17 283-310. MR3158475 https://doi.org/10.
1016/j.nonrwa.2013.12.005

BUDHIRAIJA, A. and DUPUIS, P. (2000). A variational representation for positive functionals of infinite
dimensional Brownian motion. Probab. Math. Statist. 20 39-61. MR1785237

MSC2020 subject classifications. Primary 60H15; secondary 35A01, 35B65, 35K59, 35K90, 35Q30, 35R60,
47HOS, 47J35, 60G57, 60J76.

Key words and phrases. Stochastic evolution equations, variational methods, stochastic partial differential
equations, Lévy processes, quasi- and semi-linear equations, coercivity, critical nonlinearities.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/26-AAP2309
mailto:sebastian.bechtel@universite-paris-saclay.fr
mailto:F.Germ@tudelft.nl
mailto:M.C.Veraar@tudelft.nl
https://mathscinet.ams.org/mathscinet-getitem?mr=4709539
https://doi.org/10.1007/s40072-022-00277-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4459102
https://doi.org/10.1088/1361-6544/abd613
https://mathscinet.ams.org/mathscinet-getitem?mr=4437443
https://doi.org/10.1007/s00028-022-00786-7
https://mathscinet.ams.org/mathscinet-getitem?mr=4716343
https://doi.org/10.1007/s00440-023-01249-x
https://doi.org/10.1007/s00440-023-01249-x
https://mathscinet.ams.org/mathscinet-getitem?mr=4703457
https://doi.org/10.1007/s00220-023-04867-7
https://doi.org/10.1007/s00220-023-04867-7
https://mathscinet.ams.org/mathscinet-getitem?mr=4952170
https://doi.org/10.1007/s00030-025-01090-2
https://doi.org/10.1007/s00030-025-01090-2
https://arxiv.org/abs/2412.01381
https://mathscinet.ams.org/mathscinet-getitem?mr=0348841
https://doi.org/10.1016/0022-1236(73)90045-1
https://mathscinet.ams.org/mathscinet-getitem?mr=0482275
https://mathscinet.ams.org/mathscinet-getitem?mr=3158475
https://doi.org/10.1016/j.nonrwa.2013.12.005
https://doi.org/10.1016/j.nonrwa.2013.12.005
https://mathscinet.ams.org/mathscinet-getitem?mr=1785237
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

(12]

(13]

(14]

(15]
[16]
(17]
(18]
(19]
(20]
[21]

(22]

(23]

[24]

[25]
[26]
(27]

(28]

[29]

[30]
(31]
(32]
(33]
[34]
[35]

(36]

CHUESHOV, L. and MILLET, A. (2010). Stochastic 2D hydrodynamical type systems: Well posedness and
large deviations. Appl. Math. Optim. 61 379—420. MR2609596 https://doi.org/10.1007/s00245-009-
9091-z

CYR, J.,, NGUYEN, P, TANG, S. and TEMAM, R. (2020). Review of local and global existence results for
stochastic PDEs with Lévy noise. Discrete Contin. Dyn. Syst. 40 5639-5710. MR4128321 https://doi.
0rg/10.3934/dcds.202024 1

DA PRATO, G. and ZABCZYK, J. (2014). Stochastic Equations in Infinite Dimensions, 2nd ed. Encyclopedia
of Mathematics and Its Applications 152. Cambridge Univ. Press, Cambridge. MR3236753 https://doi.
org/10.1017/CB0O9781107295513

GAO, P. (2017). The stochastic Swift—-Hohenberg equation. Nonlinearity 30 3516-3559. MR3694265 https://
doi.org/10.1088/1361-6544/aa7¢99

GEISS, S. (2024). Sharp convex generalizations of stochastic Gronwall inequalities. J. Differ. Equ. 392
74-127. MR4708585 https://doi.org/10.1016/j.jde.2024.02.018

GYONGY, I. and KRYLOV, N. (2025). Once again on evolution equations with monotone operators in Hilbert
spaces and applications. Stoch. Partial Differ. Equ. Anal. Comput. 1-52.

GYONGY, L. and KRYLOV, N. V. (1980). On stochastic equations with respect to semimartingales. 1. Stochas-
tics 4 1-21. MR0587426 https://doi.org/10.1080/03610918008833154

GYONGY, I. and WU, S. (2021). On It6 formulas for jump processes. Queueing Syst. 98 247-273.
MR4303983 https://doi.org/10.1007/s11134-021-09709-8

HE, S. W., WANG, J. G. and YAN, J. A. (1992). Semimartingale Theory and Stochastic Calculus. Kexue
Chubanshe (Science Press), Beijing. MR1219534

HORNUNG, L. (2019). Quasilinear parabolic stochastic evolution equations via maximal L” -regularity. Po-
tential Anal. 50 279-326. MR3905531 https://doi.org/10.1007/s11118-018-9683-9

HYTONEN, T., VAN NEERVEN, J., VERAAR, M. and WEIS, L. (2016). Analysis in Banach Spaces. Vol.
1. Martingales and Littlewood—Paley Theory. Ergebnisse der Mathematik und Ihrer Grenzgebiete. 3.
Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd
Series. A Series of Modern Surveys in Mathematics] 63. Springer, Cham. MR3617205

IKEDA, N. and WATANABE, S. (1981). Stochastic Differential Equations and Diffusion Processes. North-
Holland Mathematical Library 24. North-Holland, Amsterdam. MR0637061

JACOD, J. and SHIRYAEV, A. N. (2003). Limit Theorems for Stochastic Processes, 2nd ed. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 288. Springer,
Berlin. MR1943877 https://doi.org/10.1007/978-3-662-05265-5

KALLENBERG, O. and SZTENCEL, R. (1991). Some dimension-free features of vector-valued martingales.
Probab. Theory Related Fields 88 215-247. MR1096481 https://doi.org/10.1007/BF01212560

KARATZAS, I. and SHREVE, S. E. (1991). Brownian Motion and Stochastic Calculus, 2nd ed. Graduate Texts
in Mathematics 113. Springer, New York. MR1121940 https://doi.org/10.1007/978-1-4612-0949-2

KRYLOV, N. V. (2013). A relatively short proof of It6’s formula for SPDEs and its applications. Stoch. Partial
Differ. Equ. Anal. Comput. 1 152-174. MR3327504 https://doi.org/10.1007/s40072-013-0003-5

KRryYLOV, N. V. and Rozovskil, B. L. (1979). Stochastic evolution equations. In Current Problems in
Mathematics, Vol. 14 (Russian). Itogi Nauki i Tekhniki 71-147, 256. Akad. Nauk SSSR, Moscow.
MRO0570795

KUMAR, A. and MOHAN, M. T. (2024). Well-posedness of a class of stochastic partial differential equa-
tions with fully monotone coefficients perturbed by Lévy noise. Anal. Math. Phys. 14 Paper No. 44.
MR4732962 https://doi.org/10.1007/s13324-024-00898-y

LIONS, J.-L. (1969). Quelques Méthodes de Résolution des Problémes aux Limites Non Linéaires. Dunod,
Paris. MR0259693

L1u, W. and ROCKNER, M. (2015). Stochastic Partial Differential Equations: An Introduction. Universitext.
Springer, Cham. MR3410409 https://doi.org/10.1007/978-3-319-22354-4

MARINELLI, C. and ROCKNER, M. (2016). On the maximal inequalities of Burkholder, Davis and Gundy.
Expo. Math. 34 1-26. MR3463679 https://doi.org/10.1016/j.exmath.2015.01.002

METIVIER, M. and PISTONE, G. (1976). Sur une équation d’évolution stochastique. Bull. Soc. Math. France
104 65-85. MR0420854

MEYER, P. A. (1976). Un cours sur les intégrales stochastiques. In Séminaire de Probabilités, X. Lecture
Notes in Math., Vol. 511 245-400. Springer, Berlin. MR0501332

PARDOUX, E. (1975). Equations aux dérivées partielles stochastiques nonlinéaires monotones: étude de
solutions fortes de type 1t6. PhD thesis, Université Paris—Orsay.

PORTAL, P. and VERAAR, M. (2019). Stochastic maximal regularity for rough time-dependent problems.
Stoch. Partial Differ. Equ. Anal. Comput.7 541-597. MR4022283 https://doi.org/10.1007/s40072-019-
00134-w


https://mathscinet.ams.org/mathscinet-getitem?mr=2609596
https://doi.org/10.1007/s00245-009-9091-z
https://doi.org/10.1007/s00245-009-9091-z
https://mathscinet.ams.org/mathscinet-getitem?mr=4128321
https://doi.org/10.3934/dcds.2020241
https://doi.org/10.3934/dcds.2020241
https://mathscinet.ams.org/mathscinet-getitem?mr=3236753
https://doi.org/10.1017/CBO9781107295513
https://doi.org/10.1017/CBO9781107295513
https://mathscinet.ams.org/mathscinet-getitem?mr=3694265
https://doi.org/10.1088/1361-6544/aa7e99
https://doi.org/10.1088/1361-6544/aa7e99
https://mathscinet.ams.org/mathscinet-getitem?mr=4708585
https://doi.org/10.1016/j.jde.2024.02.018
https://mathscinet.ams.org/mathscinet-getitem?mr=0587426
https://doi.org/10.1080/03610918008833154
https://mathscinet.ams.org/mathscinet-getitem?mr=4303983
https://doi.org/10.1007/s11134-021-09709-8
https://mathscinet.ams.org/mathscinet-getitem?mr=1219534
https://mathscinet.ams.org/mathscinet-getitem?mr=3905531
https://doi.org/10.1007/s11118-018-9683-9
https://mathscinet.ams.org/mathscinet-getitem?mr=3617205
https://mathscinet.ams.org/mathscinet-getitem?mr=0637061
https://mathscinet.ams.org/mathscinet-getitem?mr=1943877
https://doi.org/10.1007/978-3-662-05265-5
https://mathscinet.ams.org/mathscinet-getitem?mr=1096481
https://doi.org/10.1007/BF01212560
https://mathscinet.ams.org/mathscinet-getitem?mr=1121940
https://doi.org/10.1007/978-1-4612-0949-2
https://mathscinet.ams.org/mathscinet-getitem?mr=3327504
https://doi.org/10.1007/s40072-013-0003-5
https://mathscinet.ams.org/mathscinet-getitem?mr=0570795
https://mathscinet.ams.org/mathscinet-getitem?mr=4732962
https://doi.org/10.1007/s13324-024-00898-y
https://mathscinet.ams.org/mathscinet-getitem?mr=0259693
https://mathscinet.ams.org/mathscinet-getitem?mr=3410409
https://doi.org/10.1007/978-3-319-22354-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3463679
https://doi.org/10.1016/j.exmath.2015.01.002
https://mathscinet.ams.org/mathscinet-getitem?mr=0420854
https://mathscinet.ams.org/mathscinet-getitem?mr=0501332
https://mathscinet.ams.org/mathscinet-getitem?mr=4022283
https://doi.org/10.1007/s40072-019-00134-w
https://doi.org/10.1007/s40072-019-00134-w

(37]

(38]

(39]

[40]

(41]

(42]

[43]

[44]

ROCKNER, M., SHANG, S. and ZHANG, T. (2024). Well-posedness of stochastic partial differential equations
with fully local monotone coefficients. Math. Ann. 390 3419-3469. MR4803456 https://doi.org/10.
1007/s00208-024-02836-6

TAYLOR, M. E. (2011). Partial Differential Equations 1. Basic Theory, 2nd ed. Applied Mathematical Sci-
ences 115. Springer, New York. MR2744150 https://doi.org/10.1007/978-1-4419-7055-8

TAYLOR, M. E. (2011). Partial Differential Equations II. Qualitative Studies of Linear Equations, 2nd ed.
Applied Mathematical Sciences 116. Springer, New York. MR2743652 https://doi.org/10.1007/978-1-
4419-7052-7

THEEWIS, E. and VERAAR, M. (2026). Large deviations for stochastic evolution equations in the critical
variational setting. Stoch. Process. Appl. 196 Paper No. 104898. MR5034243 https://doi.org/10.1016/
j-spa.2026.104898

Wu, W, Cul, S. and DUAN, J. (2018). Global well-posedness of the stochastic generalized Kuramoto—
Sivashinsky equation with multiplicative noise. Acta Math. Appl. Sin. Engl. Ser. 34 566-584.
MR3842077 https://doi.org/10.1007/s10255-018-0769-3

YAROSLAVTSEYV, L. (2019). Martingales and stochastic calculus in Banach spaces. Ph.D. thesis, TU Delft.

ZHANG, L. H. (1993). Decay of solutions of the multidimensional generalized Kuramoto—Sivashinsky sys-
tem. IMA J. Appl. Math. 50 29-42. MR1206842 https://doi.org/10.1093/imamat/50.1.29

ZHU, J. (2010). A study of SPDEs w.r.t. compensated Poisson random measures and related topics. Ph.D.
thesis, Univ. York.


https://mathscinet.ams.org/mathscinet-getitem?mr=4803456
https://doi.org/10.1007/s00208-024-02836-6
https://doi.org/10.1007/s00208-024-02836-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2744150
https://doi.org/10.1007/978-1-4419-7055-8
https://mathscinet.ams.org/mathscinet-getitem?mr=2743652
https://doi.org/10.1007/978-1-4419-7052-7
https://doi.org/10.1007/978-1-4419-7052-7
https://mathscinet.ams.org/mathscinet-getitem?mr=5034243
https://doi.org/10.1016/j.spa.2026.104898
https://doi.org/10.1016/j.spa.2026.104898
https://mathscinet.ams.org/mathscinet-getitem?mr=3842077
https://doi.org/10.1007/s10255-018-0769-3
https://mathscinet.ams.org/mathscinet-getitem?mr=1206842
https://doi.org/10.1093/imamat/50.1.29

The Annals of Applied Probability

2026, Vol. 36, No. 4, 3546-3565
https://doi.org/10.1214/26-AAP2310

© Institute of Mathematical Statistics, 2026

(1]

(2]
(3]
(4]
[5]
(6]
(71
(8]
91

[10]

THE GAPEEV-SHIRYAEV CONJECTURE
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The Gapeev—Shiryaev conjecture (originating in Stochastics 83 (2011)
519-535 and Adv. Appl. Probab. 45 (2013) 164—-185) can be broadly stated
as follows: Monotonicity of the signal-to-noise ratio implies monotonicity of
the optimal stopping boundaries. The conjecture was originally formulated
both within (i) sequential testing problems for diffusion processes (where
one needs to decide which of the two drifts is being indirectly observed) and
(i) quickest detection problems for diffusion processes (where one needs to
detect when the initial drift changes to a new drift). In this paper we present
proofs of the Gapeev—Shiryaev conjecture both in (i) the sequential testing
setting (under Lipschitz/Holder coefficients of the underlying SDEs) and (ii)
the quickest detection setting (under analytic coefficients of the underlying
SDEs). The method of proof in the sequential testing setting relies upon a
stochastic time change and pathwise comparison arguments. Both arguments
break down in the quickest detection setting and get replaced by arguments
arising from a stochastic maximum principle for hypoelliptic equations (sat-
isfying Hormander’s condition) that is of independent interest. Verification
of the Gapeev—Shiryaev conjecture establishes the fact that sequential test-
ing and quickest detection problems with monotone signal-to-noise ratios are
amenable to known methods of solution.
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In this work, we investigate the compactness and the long time behavior
of killed Feynman—Kac semigroups of various processes arising from statisti-
cal physics with very general singular Schrodinger potentials. The processes
we consider cover a large class of processes used in statistical physics, with
strong links with quantum mechanics and (local or not) Schrodinger operators
(including, e.g., fractional Laplacians). For instance we consider solutions to
elliptic differential equations, Lévy processes, the kinetic Langevin process
with locally Lipschitz gradient fields, and systems of interacting Lévy parti-
cles. Our analysis relies on a Perron—Frobenius type theorem derived in (J.
Eur. Math. Soc. (JEMS) 26 (2024) 3047-3090) for Feller kernels and on the
tools introduced in (Probab. Theory Related Fields 128 (2004) 255-321) to
compute bounds on the essential spectral radius of a bounded nonnegative
kernel.

REFERENCES

[1] ASCIONE, G. and LORINCZI, J. (2024). Bulk behaviour of ground states for relativistic Schrodinger oper-
ators with compactly supported potentials. Ann. Henri Poincaré 25 2941-2994. MR4746082 https://
doi.org/10.1007/s00023-023-01377-z

[2] BALDI, P. (1981). Géodésiques et diffusions en temps petit. Astérisque. Probability Seminar, University of
Paris VII, Paris 84.

[3] BANSAYE, V., CLOEZ, B., GABRIEL, P. and MARGUET, A. (2022). A non-conservative Harris ergodic the-
orem. J. Lond. Math. Soc. (2) 106 2459-2510. MR4498558 https://doi.org/10.1112/jlms.12639

[4] BOGACHEYV, V. 1. (2007). Measure Theory. Vol. I, I1. Springer, Berlin. MR2267655 https://doi.org/10.1007/
978-3-540-34514-5

[5] BOGDAN, K., Byczkowskl, T., KULCzYCKI, T., RYZNAR, M., SONG, R. and VONDRACEK, Z. (2009).
Potential Analysis of Stable Processes and Its Extensions. Lecture Notes in Math. 1980. Springer,
Berlin. Edited by Piotr Graczyk and Andrzej Stos. MR2569321 https://doi.org/10.1007/978-3-642-
02141-1

[6] CAMRUD, E., HERZOG, D. P, STOLTZ, G. and GORDINA, M. (2021). Weighted L2-contractivity of
Langevin dynamics with singular potentials. Nonlinearity 35 998-1035. MR4373993 https://doi.org/
10.1088/1361-6544/ac4152

[7] CARMONA, R., MASTERS, W. C. and SIMON, B. (1990). Relativistic Schrodinger operators: Asymptotic
behavior of the eigenfunctions. J. Funct. Anal. 91 117-142. MR1054115 https://doi.org/10.1016/0022-
1236(90)90049-Q

[8] CATTIAUX, P., COLLET, P., LAMBERT, A., MARTINEZ, S., MELEARD, S. and SAN MARTIN, J. (2009).
Quasi-stationary distributions and diffusion models in population dynamics. Ann. Probab. 37
1926-1969. MR2561437 https://doi.org/10.1214/09-A0P451

[9] CHAMPAGNAT, N. and VILLEMONAIS, D. (2021). Convergence of the Fleming—Viot process toward the
minimal quasi-stationary distribution. ALEA Lat. Amer. J. Probab. Math. Stat. 18 1-15. MR4198866
https://doi.org/10.30757/alea.v18-01

[10] CHAMPAGNAT, N. and VILLEMONAIS, D. (2021). Lyapunov criteria for uniform convergence of conditional
distributions of absorbed Markov processes. Stoch. Process. Appl. 135 51-74. MR4222402 https://doi.
org/10.1016/j.spa.2020.12.005

MSC2020 subject classifications. Primary 47D08, 60G51, 37A30; secondary 37A60, 60J60.
Key words and phrases. Feynman—Kac, singular potentials, Schrodinger, quasi-stationary distributions, Brow-
nian particle, Lévy processes, kinetic Langevin.


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/26-AAP2312
https://www.imstat.org
mailto:arnaud.guillin@uca.fr
mailto:boris.nectoux@uca.fr
mailto:Li-Ming.Wu@uca.fr
mailto:diluMath@hotmail.com
https://mathscinet.ams.org/mathscinet-getitem?mr=4746082
https://doi.org/10.1007/s00023-023-01377-z
https://doi.org/10.1007/s00023-023-01377-z
https://mathscinet.ams.org/mathscinet-getitem?mr=4498558
https://doi.org/10.1112/jlms.12639
https://mathscinet.ams.org/mathscinet-getitem?mr=2267655
https://doi.org/10.1007/978-3-540-34514-5
https://doi.org/10.1007/978-3-540-34514-5
https://mathscinet.ams.org/mathscinet-getitem?mr=2569321
https://doi.org/10.1007/978-3-642-02141-1
https://doi.org/10.1007/978-3-642-02141-1
https://mathscinet.ams.org/mathscinet-getitem?mr=4373993
https://doi.org/10.1088/1361-6544/ac4152
https://doi.org/10.1088/1361-6544/ac4152
https://mathscinet.ams.org/mathscinet-getitem?mr=1054115
https://doi.org/10.1016/0022-1236(90)90049-Q
https://doi.org/10.1016/0022-1236(90)90049-Q
https://mathscinet.ams.org/mathscinet-getitem?mr=2561437
https://doi.org/10.1214/09-AOP451
https://mathscinet.ams.org/mathscinet-getitem?mr=4198866
https://doi.org/10.30757/alea.v18-01
https://mathscinet.ams.org/mathscinet-getitem?mr=4222402
https://doi.org/10.1016/j.spa.2020.12.005
https://doi.org/10.1016/j.spa.2020.12.005
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

(11]

[12]

[13]

(14]
(15]

(16]

(17]

(18]

(19]

(20]

(21]
(22]

(23]

[24]

(25]

[26]

(27]

(28]

(29]

(30]
(31]

(32]

(33]

CHAMPAGNAT, N. and VILLEMONAIS, D. (2023). General criteria for the study of quasi-stationarity. Elec-
tron. J. Probab. 28 Paper No. 22, 84. MR4546021 https://doi.org/10.1214/22-ejp880

CHEN, X. and WANG, J. (2015). Intrinsic contractivity properties of Feynman—Kac semigroups for symmet-
ric jump processes with infinite range jumps. Front. Math. China 10 753-776. MR3352886 https://doi.
org/10.1007/s11464-015-0477-8

CHEN, X. and WANG, J. (2016). Intrinsic ultracontractivity of Feynman—Kac semigroups for symmetric
jump processes. J. Funct. Anal. 270 4152-4195. MR3484966 https://doi.org/10.1016/j.jfa.2016.03.
011

CHEN, Z.-Q., KiM, P. and SONG, R. (2011). Heat kernel estimates for A + AY/2ip L1 open sets. J. Lond.
Math. Soc. (2) 84 58-80. MR2819690 https://doi.org/10.1112/jlms/jdq102

CHEN, Z.-Q. and SONG, R. (2000). Intrinsic ultracontractivity, conditional lifetimes and conditional gauge
for symmetric stable processes on rough domains. Illinois J. Math. 44 138-160. MR1731385

CHOPIN, N., DEL MORAL, P. and RUBENTHALER, S. (2011). Stability of Feynman—Kac formulae with
path-dependent potentials. Stoch. Process. Appl. 121 38-60. MR2739005 https://doi.org/10.1016/].
spa.2010.08.012

CHUNG, K. L. and ZHAO, Z. X. (1995). From Brownian Motion to Schrodinger’s Equation. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 312. Springer,
Berlin. MR1329992 https://doi.org/10.1007/978-3-642-57856-4

COLLET, P, MARTINEZ, S. and SAN MARTIN, J. (2013). Quasi-Stationary Distributions: Markov Chains,
Diffusions and Dynamical Systems. Probability and Its Applications (New York). Springer, Heidelberg.
MR2986807 https://doi.org/10.1007/978-3-642-33131-2

COLLET, P, MELEARD, S. and SAN MARTIN, J. (2024). Branching diffusion processes and spectral proper-
ties of Feynman-Kac semigroup. Preprint. Available at arXiv:2404.09568.

CYCON, H. L., FROESE, R. G., KIRSCH, W. and SIMON, B. (1987). Schridinger Operators with Application
to Quantum Mechanics and Global Geometry, Study ed. Texts and Monographs in Physics. Springer,
Berlin. MR0883643

DAUBECHIES, I. and LIEB, E. H. (1983). One-electron relativistic molecules with Coulomb interaction.
Comm. Math. Phys. 90 497-510. MR0719430

DaAvis, M. H. A. (1993). Markov Models and Optimization. Monographs on Statistics and Applied Proba-
bility 49. CRC Press, London. MR1283589 https://doi.org/10.1007/978-1-4899-4483-2

DEL MORAL, P. (2004). Feynman—Kac Formulae: Genealogical and Interacting Particle Systems with Ap-
plications. Probability and Its Applications (New York). Springer, New York. MR2044973 https://doi.
org/10.1007/978-1-4684-9393-1

DEL MORAL, P., HORTON, E. and JASRA, A. (2023). On the stability of positive semigroups. Ann. Appl.
Probab. 33 4424-4490. MR4674056 https://doi.org/10.1214/22-aap1923

DEL MORAL, P. and JASRA, A. (2018). A sharp first order analysis of Feynman—Kac particle models, Part I:
Propagation of chaos. Stoch. Process. Appl. 128 332-353. MR3729541 https://doi.org/10.1016/j.spa.
2017.04.007

DEL MORAL, P. and MicLo, L. (2000). Branching and interacting particle systems approximations
of Feynman—Kac formulae with applications to non-linear filtering. In Séminaire de Probabilités,
XXXIV. Lecture Notes in Math. 1729 1-145. Springer, Berlin. MR1768060 https://doi.org/10.1007/
BFb0103798

DEL MORAL, P. and MICLO, L. (2002). On the stability of nonlinear Feynman—Kac semigroups. Ann. Fac.
Sci. Toulouse Math. (6) 11 135-175. MR1988460

DEL MORAL, P. and MicLO, L. (2003). Particle approximations of Lyapunov exponents connected to
Schrodinger operators and Feynman—Kac semigroups. ESAIM Probab. Stat. 7 171-208. MR1956078
https://doi.org/10.1051/ps:2003001

DEL MORAL, P. and VILLEMONAIS, D. (2018). Exponential mixing properties for time inhomogeneous
diffusion processes with killing. Bernoulli 24 1010-1032. MR3706785 https://doi.org/10.3150/16-
BEJ845

D1 GESU, G., LELIEVRE, T., LE PEUTREC, D. and NECTOUX, B. (2017). Jump Markov models and transi-
tion state theory: The quasi-stationary distribution approach. Faraday Discuss. 195 469-495.

D1 GESU, G., LELIEVRE, T., LE PEUTREC, D. and NECTOUX, B. (2019). Sharp asymptotics of the first exit
point density. Ann. PDE S Paper No. 5, 174. MR3975562 https://doi.org/10.1007/s40818-019-0059-2

D1 GESU, G., LELIEVRE, T., LE PEUTREC, D. and NECTOUX, B. (2020). The exit from a metastable state:
Concentration of the exit point distribution on the low energy saddle points, part 1. J. Math. Pures
Appl. (9) 138 242-306. MR4098769 https://doi.org/10.1016/j.matpur.2019.06.003

FERRE, G., ROUSSET, M. and STOLTZ, G. (2021). More on the long time stability of Feynman—Kac semi-
groups. Stoch. Partial Differ. Equ. Anal. Comput. 9 630-673. MR4297235 https://doi.org/10.1007/
s40072-020-00178-3


https://mathscinet.ams.org/mathscinet-getitem?mr=4546021
https://doi.org/10.1214/22-ejp880
https://mathscinet.ams.org/mathscinet-getitem?mr=3352886
https://doi.org/10.1007/s11464-015-0477-8
https://doi.org/10.1007/s11464-015-0477-8
https://mathscinet.ams.org/mathscinet-getitem?mr=3484966
https://doi.org/10.1016/j.jfa.2016.03.011
https://doi.org/10.1016/j.jfa.2016.03.011
https://mathscinet.ams.org/mathscinet-getitem?mr=2819690
https://doi.org/10.1112/jlms/jdq102
https://mathscinet.ams.org/mathscinet-getitem?mr=1731385
https://mathscinet.ams.org/mathscinet-getitem?mr=2739005
https://doi.org/10.1016/j.spa.2010.08.012
https://doi.org/10.1016/j.spa.2010.08.012
https://mathscinet.ams.org/mathscinet-getitem?mr=1329992
https://doi.org/10.1007/978-3-642-57856-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2986807
https://doi.org/10.1007/978-3-642-33131-2
https://arxiv.org/abs/2404.09568
https://mathscinet.ams.org/mathscinet-getitem?mr=0883643
https://mathscinet.ams.org/mathscinet-getitem?mr=0719430
https://mathscinet.ams.org/mathscinet-getitem?mr=1283589
https://doi.org/10.1007/978-1-4899-4483-2
https://mathscinet.ams.org/mathscinet-getitem?mr=2044973
https://doi.org/10.1007/978-1-4684-9393-1
https://doi.org/10.1007/978-1-4684-9393-1
https://mathscinet.ams.org/mathscinet-getitem?mr=4674056
https://doi.org/10.1214/22-aap1923
https://mathscinet.ams.org/mathscinet-getitem?mr=3729541
https://doi.org/10.1016/j.spa.2017.04.007
https://doi.org/10.1016/j.spa.2017.04.007
https://mathscinet.ams.org/mathscinet-getitem?mr=1768060
https://doi.org/10.1007/BFb0103798
https://doi.org/10.1007/BFb0103798
https://mathscinet.ams.org/mathscinet-getitem?mr=1988460
https://mathscinet.ams.org/mathscinet-getitem?mr=1956078
https://doi.org/10.1051/ps:2003001
https://mathscinet.ams.org/mathscinet-getitem?mr=3706785
https://doi.org/10.3150/16-BEJ845
https://doi.org/10.3150/16-BEJ845
https://mathscinet.ams.org/mathscinet-getitem?mr=3975562
https://doi.org/10.1007/s40818-019-0059-2
https://mathscinet.ams.org/mathscinet-getitem?mr=4098769
https://doi.org/10.1016/j.matpur.2019.06.003
https://mathscinet.ams.org/mathscinet-getitem?mr=4297235
https://doi.org/10.1007/s40072-020-00178-3
https://doi.org/10.1007/s40072-020-00178-3

(34]
(35]
[36]

(37]

(38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]
[46]

[47]

(48]

(49]

[50]

[51]

[52]
(53]

[54]

[55]

[56]

FRIEDMAN, A. (1975). Stochastic Differential Equations and Applications. Vol. 1. Probability and Mathe-
matical Statistics 28. Academic Press, New York. MR0494490

FRIEDMAN, A. (1976). Stochastic Differential Equations and Applications. Vol. 2. Probability and Mathe-
matical Statistics 28. Academic Press, New York. MR0494491

GUILLIN, A., LU, D., NECTOUX, B. and WU, L. (2024). Generalized Langevin and Nosé—Hoover processes
absorbed at the boundary of a metastable domain. Preprint. Available at arXiv:2403.17471.

GUILLIN, A., NECTOUX, B. and WU, L. (2023). Quasi-stationary distribution for Hamiltonian dynamics
with singular potentials. Probab. Theory Related Fields 185 921-959. MR4556285 https://doi.org/10.
1007/s00440-022-01154-9

GUILLIN, A., NECTOUX, B. and WU, L. (2024). Quasi-stationary distribution for strongly Feller Markov
processes by Lyapunov functions and applications to hypoelliptic Hamiltonian systems. J. Eur. Math.
Soc. (JEMS) 26 3047-3090. MR4756950 https://doi.org/10.4171/jems/1418

GUILLIN, A., NECTOUX, B. and Wu, L. (2024). Large deviations of the empirical measures of a strong-
Feller Markov process inside a subset and quasi-ergodic distribution. Preprint. Available at arXiv:
2411.17216.

GUNEYSU, B. (2011). On the Feynman-Kac formula for Schrédinger semigroups on vector bundles. PhD
thesis, Universitéts-und Landesbibliothek Bonn.

HERAU, F. and NIER, FE. (2004). Isotropic hypoellipticity and trend to equilibrium for the Fokker—Planck
equation with a high-degree potential. Arch. Ration. Mech. Anal. 171 151-218. MR2034753 https://
doi.org/10.1007/s00205-003-0276-3

HERZOG, D. P. and MATTINGLY, J. C. (2019). Ergodicity and Lyapunov functions for Langevin dynamics
with singular potentials. Comm. Pure Appl. Math. 72 2231-2255. MR3998640 https://doi.org/10.1002/
cpa.21862

KALETA, K. and KuLczYyCKI, T. (2010). Intrinsic ultracontractivity for Schrodinger operators based on
fractional Laplacians. Potential Anal. 33 313-339. MR2726901 https://doi.org/10.1007/s11118-010-
9170-4

KALETA, K. and LORINCZI, J. (2015). Pointwise eigenfunction estimates and intrinsic ultracontractivity-
type properties of Feynman—Kac semigroups for a class of Lévy processes. Ann. Probab. 43
1350-1398. MR3342665 https://doi.org/10.1214/13-A0P897

KALETA, K. and SCHILLING, R. L. (2024). Quasi-ergodicity of compact strong Feller semigroups on L2.J.
Inst. Math. Jussieu 24 541-584. MR4861752 https://doi.org/10.1017/S1474748024000410

KaTo, T. (1995). Perturbation Theory for Linear Operators. Classics in Mathematics. Springer, Berlin.
Reprint of the 1980 edition. MR1335452

KESTEN, H. (1969). Hitting Probabilities of Single Points for Processes with Stationary Independent In-
crements. Memoirs of the American Mathematical Society 93. Amer. Math. Soc., Providence, RI.
MRO0272059

KONTOYIANNIS, I. and MEYN, S. P. (2005). Large deviations asymptotics and the spectral theory of multi-
plicatively regular Markov processes. Electron. J. Probab. 10 no. 3, 61-123. MR2120240 https://doi.
org/10.1214/EJP.v10-231

KuLczycki, T. and STUDEJA, B. (2006). Intrinsic ultracontractivity of the Feynman—Kac semigroup for
relativistic stable processes. Trans. Amer. Math. Soc. 358 5025-5057. MR2231884 https://doi.org/10.
1090/50002-9947-06-03931-6

LE GALL, J.-F. (2016). Brownian Motion, Martingales, and Stochastic Calculus, French ed. Graduate Texts
in Mathematics 274. Springer, Cham. MR3497465 https://doi.org/10.1007/978-3-319-31089-3

LELIEVRE, T., LE PEUTREC, D. and NECTOUX, B. (2025). Eyring—Kramers exit rates for the overdamped
Langevin dynamics: The case with saddle points on the boundary. J. Ec. Polytech. Math. 12 881-982.
MR4919056 https://doi.org/10.5802/jep.303

LELIEVRE, T. and STOLTZ, G. (2016). Partial differential equations and stochastic methods in molecular
dynamics. Acta Numer. 25 681-880. MR3509213 https://doi.org/10.1017/S0962492916000039

LU, Y. and MATTINGLY, J. C. (2020). Geometric ergodicity of Langevin dynamics with Coulomb interac-
tions. Nonlinearity 33 675-699. MR4048775 https://doi.org/10.1088/1361-6544/ab514a

MATTINGLY, J. C., STUART, A. M. and HIGHAM, D. J. (2002). Ergodicity for SDEs and approximations:
Locally Lipschitz vector fields and degenerate noise. Stoch. Process. Appl. 101 185-232. MR1931266
https://doi.org/10.1016/S0304-4149(02)00150-3

MELEARD, S. and VILLEMONAIS, D. (2012). Quasi-stationary distributions and population processes.
Probab. Surv. 9 340-410. MR2994898 https://doi.org/10.1214/11-PS191

MORTERS, P. and PERES, Y. (2010). Brownian Motion. Cambridge Series in Statistical and Probabilistic
Mathematics 30. Cambridge Univ. Press, Cambridge. With an appendix by Oded Schramm and Wen-
delin Werner. MR2604525 https://doi.org/10.1017/CBO9780511750489


https://mathscinet.ams.org/mathscinet-getitem?mr=0494490
https://mathscinet.ams.org/mathscinet-getitem?mr=0494491
https://arxiv.org/abs/2403.17471
https://mathscinet.ams.org/mathscinet-getitem?mr=4556285
https://doi.org/10.1007/s00440-022-01154-9
https://doi.org/10.1007/s00440-022-01154-9
https://mathscinet.ams.org/mathscinet-getitem?mr=4756950
https://doi.org/10.4171/jems/1418
https://arxiv.org/abs/2411.17216
https://arxiv.org/abs/2411.17216
https://mathscinet.ams.org/mathscinet-getitem?mr=2034753
https://doi.org/10.1007/s00205-003-0276-3
https://doi.org/10.1007/s00205-003-0276-3
https://mathscinet.ams.org/mathscinet-getitem?mr=3998640
https://doi.org/10.1002/cpa.21862
https://doi.org/10.1002/cpa.21862
https://mathscinet.ams.org/mathscinet-getitem?mr=2726901
https://doi.org/10.1007/s11118-010-9170-4
https://doi.org/10.1007/s11118-010-9170-4
https://mathscinet.ams.org/mathscinet-getitem?mr=3342665
https://doi.org/10.1214/13-AOP897
https://mathscinet.ams.org/mathscinet-getitem?mr=4861752
https://doi.org/10.1017/S1474748024000410
https://mathscinet.ams.org/mathscinet-getitem?mr=1335452
https://mathscinet.ams.org/mathscinet-getitem?mr=0272059
https://mathscinet.ams.org/mathscinet-getitem?mr=2120240
https://doi.org/10.1214/EJP.v10-231
https://doi.org/10.1214/EJP.v10-231
https://mathscinet.ams.org/mathscinet-getitem?mr=2231884
https://doi.org/10.1090/S0002-9947-06-03931-6
https://doi.org/10.1090/S0002-9947-06-03931-6
https://mathscinet.ams.org/mathscinet-getitem?mr=3497465
https://doi.org/10.1007/978-3-319-31089-3
https://mathscinet.ams.org/mathscinet-getitem?mr=4919056
https://doi.org/10.5802/jep.303
https://mathscinet.ams.org/mathscinet-getitem?mr=3509213
https://doi.org/10.1017/S0962492916000039
https://mathscinet.ams.org/mathscinet-getitem?mr=4048775
https://doi.org/10.1088/1361-6544/ab514a
https://mathscinet.ams.org/mathscinet-getitem?mr=1931266
https://doi.org/10.1016/S0304-4149(02)00150-3
https://mathscinet.ams.org/mathscinet-getitem?mr=2994898
https://doi.org/10.1214/11-PS191
https://mathscinet.ams.org/mathscinet-getitem?mr=2604525
https://doi.org/10.1017/CBO9780511750489

(571
(58]

[59]

[60]

[61]
[62]
[63]

[64]

[65]
[66]
[67]
[68]
[69]

[70]

(71]

[72]

(73]

(74]

NAGASAWA, M. (1993). Schrodinger Equations and Diffusion Theory. Monographs in Mathematics 86.
Birkhéuser, Basel. MR1227100 https://doi.org/10.1007/978-3-0348-8568-3

NAGASAWA, M. (2000). Stochastic Processes in Quantum Physics. Monographs in Mathematics 94.
Birkhéuser, Basel. MR1739699 https://doi.org/10.1007/978-3-0348-8383-2

NUMMELIN, E. (2009). General Irreducible Markov Chains and Nonnegative Operators. Cambridge
Tracts in Mathematics 83. Cambridge Univ. Press, Cambridge. MR0776608 https://doi.org/10.1017/
CBO09780511526237

POLLOCK, M., FEARNHEAD, P., JOHANSEN, A. M. and ROBERTS, G. O. (2020). Quasi-stationary Monte
Carlo and the ScaLE algorithm. J. R. Stat. Soc. Ser. B. Stat. Methodol. 82 1167-1221. With discussions
followed by a rejoinder by the authors. MR4176340

REvUz, D. (1975). Markov Chains. North-Holland, Amsterdam. MR0415773

REVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd ed. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 293. Springer,
Berlin. MR1725357 https://doi.org/10.1007/978-3-662-06400-9

ROUSSET, M. (2006). On the control of an interacting particle estimation of Schrédinger ground states.
SIAM J. Math. Anal. 38 824-844. MR2262944 https://doi.org/10.1137/050640667

SCHILLING, R. L. (2016). An introduction to Lévy and Feller processes. In From Lévy-Type Processes
to Parabolic SPDEs (D. Khoshnevisan and R. Schilling, eds.). Adv. Courses Math. CRM Barcelona
1-126. Birkhzuser, Cham. MR3587472

SCHILLING, R. L. (2017). Measures, Integrals and Martingales, 2nd ed. Cambridge Univ. Press, Cambridge.
MR3644418

SIKIC¢, H., SONG, R. and VONDRACEK, Z. (2006). Potential theory of geometric stable processes. Probab.
Theory Related Fields 135 547-575. MR2240700 https://doi.org/10.1007/s00440-005-0470-3

SIMON, B. (1971). Quantum Mechanics for Hamiltonians Defined as Quadratic Forms. Princeton Series in
Physics. Princeton Univ. Press, Princeton, NJ. MR0455975

SOHL, J. (2010). Polar sets for anisotropic Gaussian random fields. Statist. Probab. Lett. 80 840-847.
MR2608824 https://doi.org/10.1016/j.sp1.2010.01.018

TALAY, D. (2002). Stochastic Hamiltonian systems: Exponential convergence to the invariant measure, and
discretization by the implicit Euler scheme. Markov Process. Related Fields 8 163—198. MR1924934

WANG, A. Q., KOLB, M., ROBERTS, G. O. and STEINSALTZ, D. (2019). Theoretical properties of quasi-
stationary Monte Carlo methods. Ann. Appl. Probab. 29 434—-457. MR3910008 https://doi.org/10.1214/
18-AAP1422

Wu, L. (1999). Uniqueness of Nelson’s diffusions. Probab. Theory Related Fields 114 549-585.
MR 1709280 https://doi.org/10.1007/s004400050234

WU, L. (2001). Large and moderate deviations and exponential convergence for stochastic damping Hamilto-
nian systems. Stoch. Process. Appl. 91 205-238. MR 1807683 https://doi.org/10.1016/S0304-4149(00)
00061-2

WU, L. (2004). Essential spectral radius for Markov semigroups. 1. Discrete time case. Probab. Theory
Related Fields 128 255-321. MR2031227 https://doi.org/10.1007/s00440-003-0304-0

YOSIDA, K. (1980). Funct. Anal., 6th ed. Grundlehren der Mathematischen Wissenschaften 123. Springer,
Berlin. MR0617913


https://mathscinet.ams.org/mathscinet-getitem?mr=1227100
https://doi.org/10.1007/978-3-0348-8568-3
https://mathscinet.ams.org/mathscinet-getitem?mr=1739699
https://doi.org/10.1007/978-3-0348-8383-2
https://mathscinet.ams.org/mathscinet-getitem?mr=0776608
https://doi.org/10.1017/CBO9780511526237
https://doi.org/10.1017/CBO9780511526237
https://mathscinet.ams.org/mathscinet-getitem?mr=4176340
https://mathscinet.ams.org/mathscinet-getitem?mr=0415773
https://mathscinet.ams.org/mathscinet-getitem?mr=1725357
https://doi.org/10.1007/978-3-662-06400-9
https://mathscinet.ams.org/mathscinet-getitem?mr=2262944
https://doi.org/10.1137/050640667
https://mathscinet.ams.org/mathscinet-getitem?mr=3587472
https://mathscinet.ams.org/mathscinet-getitem?mr=3644418
https://mathscinet.ams.org/mathscinet-getitem?mr=2240700
https://doi.org/10.1007/s00440-005-0470-3
https://mathscinet.ams.org/mathscinet-getitem?mr=0455975
https://mathscinet.ams.org/mathscinet-getitem?mr=2608824
https://doi.org/10.1016/j.spl.2010.01.018
https://mathscinet.ams.org/mathscinet-getitem?mr=1924934
https://mathscinet.ams.org/mathscinet-getitem?mr=3910008
https://doi.org/10.1214/18-AAP1422
https://doi.org/10.1214/18-AAP1422
https://mathscinet.ams.org/mathscinet-getitem?mr=1709280
https://doi.org/10.1007/s004400050234
https://mathscinet.ams.org/mathscinet-getitem?mr=1807683
https://doi.org/10.1016/S0304-4149(00)00061-2
https://doi.org/10.1016/S0304-4149(00)00061-2
https://mathscinet.ams.org/mathscinet-getitem?mr=2031227
https://doi.org/10.1007/s00440-003-0304-0
https://mathscinet.ams.org/mathscinet-getitem?mr=0617913

The Annals of Applied Probability

2026, Vol. 36, No. 4, 3601-3634
https://doi.org/10.1214/26-AAP2314

© Institute of Mathematical Statistics, 2026
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Hermite processes are paradigmatic examples of stochastic processes
which can belong to any Wiener chaos of an arbitrary order; the well-known
fractional Brownian motion belonging to the Gaussian first order Wiener
chaos and the Rosenblatt process belonging to the non-Gaussian second order
Wiener chaos are two particular cases of them. Except for these two partic-
ular cases no simulation method for sample paths of Hermite processes is
available so far. The goal of our article is to introduce a new method which
potentially allows to simulate sample paths of any Hermite process and even
those of any generalized Hermite process.

Our starting point is the representation for the latter process as random
wavelet-type series, obtained in our very recent paper (Constr. Approx. 61
(2025) 535-601). We construct from it a “concrete” sequence of piecewise
linear continuous random functions which almost surely approximate sam-
ple paths of this process for the uniform norm on any compact interval, and
we provide an almost sure estimate of the approximation error. Then, for the
Rosenblatt process and more importantly for the third order Hermite process
as well as its generalized version, we propose algorithms allowing to im-
plement this sequence and we illustrate them by several simulations. Python
routines implementing these synthesis procedures are available upon request.

1. Introduction and motivation. For many years, there has been growing interest in
modelling many real-life situations using fractional stochastic processes. Among other things,
these families of parametrized processes offer a natural framework for simulating phenomena
with short- or long-range dependence properties, as well as self-similarity. We refer, for ex-
ample, to the monographs [20, 22] for a comprehensive view on both properties. A standard
strategy consists in using the famous fractional Brownian motion [29]. This process has been
for instance used for simulations in astronomy [37], biology [21], climatology [25], image
processing [30], internet traffic modelling [35] and physics [31]. The fractional Brownian
motion of Hurst parameter H € (0, 1) on a probability space (2, F,P) is known to be the
unique centred Gaussian process {B,H }+>0 with covariance function given, for all, s, # > 0, by

(1) E[B/' B = %(m”’ + |52 — |t — 521,

To numerically simulate a fractional Brownian motion, one can use a wavelet-based syn-
thesis, which relies on its wavelet-type random series representation due to Meyer, Sellan and
Taqqu [32]. We refer to the papers [2, 15] for details and practical features about the imple-
mentation of such an algorithm. Note that, in this Gaussian case, exact simulation methods
are available, meaning that the data are drawn exactly from the distribution defined by the
process, without incurring approximation errors. We refer, for instance, to the book [41] for
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an overview of various simulation methods, including the Cholesky decomposition. For de-
tailed studies and extensions of the now widely used circulant matrix method, we refer to
[14, 18, 27, 54] and the references therein. The core idea behind this approach is that a Gaus-
sian process is uniquely characterized by its mean and covariance functions. However, this
fundamental property does not hold in the non-Gaussian setting considered in the present
paper. Indeed, in many situations, the Gaussianity of the fractional Brownian motion is a too
strong assumption to model a phenomenon of interest. Such a case arises, for instance, in
mathematical finance [24, 47], hydrology [48] or internet traffic modelling [52]. To drop the
Gaussian assumption, one can use the affiliation of fractional Brownian motion in the family
of Hermite processes.

Ford > 1 and H € (1/2, 1), the Hermite process of order d and Hurst parameter H is
defined, at any time ¢ € R, by the multiple Wiener integral

HQH—1) 1
2) d'ﬂ(l —d H 7= 2H)d /Rd(/o l_[(s—xg)Jr 2d5)dB(x1)-~dB(xd),

where {B(x)},er is a usual Brownian motion, 8 denotes the classical Euler’s Beta function'
and we use the convention that, for all (x, @) € R?,

o x* ifx >0,
X, =
g

0  otherwise.

Observe that the symbol f]{%d in (2) denotes integration over R? with diagonals {x; = xy},
¢ # ¢/, excluded. It is the paradigmatic example of a stochastic process in the Wiener chaos
of order d. When d = 1, it reduces to the fractional Brownian motion, which is the only
Gaussian process in this family. The Hermite process of any order is H-self-similar, has
stationary increments, exhibits long-range dependence and has the same covariance function
(1) as the fractional Brownian motion. In particular, its sample paths are almost surely, on
each compact interval and for every § € (0, H), Holder continuous functions of order §.

The Hermite process of order 2 is also known as the Rosenblatt process. In [1], the au-
thors propose two practical methods for simulating its sample paths. They are based on its
random wavelet-type series representation introduced in [38]. For the first method, the au-
thors obtain a uniform convergence result [1], eq 2.5. Whereas for the second method, they
formulate a conjecture concerning the uniform convergence on any compact set of their rep-
resentation [1], eq 2.10. Also we mention that in [49] the authors propose an algorithm based
on a Donsker-type theorem to numerically approximate the Rosenblatt process by perturbed
random walks. Nevertheless, the rate of convergence of this approximation procedure is not
provided by them.

In [38], the author raises the question of whether the wavelet-type expansion he obtains
for the Rosenblatt process can be extended to any Hermite process. This problem remained
open up to our very recent work [5]. In the latter paper, we even consider a larger fam-
ily of processes which contains the Hermite ones (see Definition 2.1 below). We provide a
wavelet-type expansion for any process in this family which, among other things, offers the
advantage to clearly separate the low and high frequency parts of the process. Moreover, we
obtain an explicit estimate for the rate of convergence of the low frequency part towards its
corresponding process.

Despite the growing interest for Hermite processes in the literature, up to now, there is no
method to numerically simulate sample paths of such a process, as soon as the order d > 3; the

orall x,y >0, B(x,y) = Ja 11 — )Y Lar.
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latter fact is mentioned on page 43 of the very recent book [50]. The aim of the current paper is
to make a breakthrough in this area in order to overcome the serious drawback due to the lack
of simulation methods. Our starting point is the representation of any arbitrary generalized
Hermite process as random wavelet-type series, obtained in our very recent paper [5]. The
main lines of the latter article can somehow be divided into two distinct parts, following the
classical scheme of wavelet-based approximation methods:

e First, we derived an expression for the low-frequency component of the process in terms
of a random series based on Gaussian FARIMA processes and well localized fractional
scaling functions. Then we ensured that this random series converges almost surely and
uniformly on compact intervals. That is, Theorem 2.8 and Section 3 in [5].

e Second, we decomposed the corresponding high-frequency component into several
wavelet-based random series, from which we managed to estimate the rate of convergence
of the low-frequency part towards the target process. That is, Theorem 2.12 and Section 4
in [5].

In particular, in [5], we do not seek to truncate and simplify anymore the random series rep-
resenting the low-frequency component for approximation purposes. This stands in sharp
contrast to the current paper. Indeed, the results from [5], which are summarized in Theo-
rem 2.7 here below, still cannot be directly exploited for the numerical simulation of Hermite
processes. In fact, since the “low-frequency” component (see (15) in Theorem 2.7 below)
is an infinite sum of functions weighted by sums of products of FARIMAs, its numerical
implementation would require the simulation of infinitely many FARIMAs and rather com-
plicated functions—which is, of course, not feasible in practice. A main goal of the current
paper is to appropriately truncate and modify this random series “low-frequency”, so that
one obtains from it a “concrete” piecewise linear continuous random function which almost
surely approximates sample paths of the corresponding (generalized) Hermite process for
the uniform norm on any compact interval. Moreover, our approach has the advantage of
providing an explicit estimate for the rate of convergence. It is worth highlighting that this
estimate matches the one we previously obtained in [5] for the rate of convergence of the
low-frequency component towards the corresponding (generalized) Hermite process. From
this perspective, our strategy does not entail any loss of accuracy. In the last section of the
current paper, for the Rosenblatt process and more importantly for the third order Hermite
process, as well as its generalized version, we propose algorithms allowing to implement this
sequence of “approximation processes” and we illustrate them by several simulations.

We believe that our work could be of potential interest for applications for which (gen-
eralized) Hermite processes are underlying models. Among other things, it can be used to
test numerical efficiency of various statistical estimators for the Hurst parameter of Hermite
processes, based, for instance, on quadratic variations [6, 11, 51], (approached) maximum
(log-)likelihood [8, 17, 42, 53], log-periodogram [34] or wavelet variations [9, 13, 28].

The rest of the paper is organized as follows. In Section 2, we first precisely define the class
of generalized Hermite processes as well as their wavelet-type random series representation.
Then we state our two main results which are issued from the latter representation. Section 3
is devoted to their proofs which are, on one hand, to a certain extent, inspired by some ideas
from [5] and, on another hand, contain significant novelties with respect to [5] as, for instance
Lemmata 3.4 and 3.6. In Section 4, we provide algorithms allowing to numerically simulate
the Rosenblatt process and more importantly the Hermite process of order 3, as well as the
generalized Hermite process of order 3. Then we test these algorithms through several sim-
ulations. Finally, Section 5 is devoted to numerical experiments devoted to the validation of
our procedure.
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2. Background and statement of the main results. The family of processes we are in-
terested in, called generalized Hermite processes, was introduced in [7]. These processes are
self-similar and have stationary increments. They include Rosenblatt and any other Hermite
process [40], Chapter 4.

DEFINITION 2.1. The generalized Hermite process of any arbitrary order d > 2, denoted
by {Xl(ld) (t)}rer. , depends on a vector-valued Hurst parameter h := (41, ..., hg) whose co-
ordinates satisfy

d 1
3) hi,....hge(1/2,1) and > hg>d—~.
b b b ZZI 2
This process belongs to the non-Gaussian dth Wiener chaos, since it is defined, for each
t € R, through the multiple Wiener integral:

d -7
4) 5"0= [ K@ s dBG) - dB).
where the deterministic kernel function Kl(ld) is given, for every (,x1,...,xq) € Ry x R?,
by
@) 1 ! ﬁ he—3/2
&) Kyt x1,...,xq) = f (s —xo)+ ds.
[{_i The—1/2) Jo ;5

REMARK 2.2. As mentioned in [7], Theorem 3.5., the process {Xl(fl) (t)}1er, has station-
ary increments and is self-similar with self-similarity index H € (1/2, 1) given by

d
(6) H:= (Zhe>—d+1.
=1

One can derive from these two nice properties that, for any indices s, € Ry and exponent
p >0,

(7) E[| X\ () — X\ (s)|"] = It — s|"PE[| X\ (1)|"].

Moreover, one knows from the hypercontractivity property for multiple Wiener integrals (see,
e.g., [36], Theorem 2.7.2) that, for all p > 0, one has E[|X\” (1)|”] < cc. Thus, it follows

from (7) and Kolmogorov continuity theorem that there exists a modification of {X l(ld) (O}ier,
and 2y, an event of probability 1, such that, on 21, sample paths of this modification are
locally (i.e., on each compact interval) y-Holder continuous functions, for any y € (0, H).
All along this paper, we identify {Xl(]d) (t)}rer, with this modification. Thus, one can write
that, for each fixed T > O and y € (0, H), there is a positive finite random variable C7 ,, such
that, almost surely, for every s, ¢ € [0, T'], the following inequality holds:

d d
®) X7 (0) - X\ (9)| < Croyls — 117
REMARK 2.3. Observe that when all the coordinates Ay, ..., hy of the vector-valued

parameter h are equal to 1 + HT*I, then the process {Xl(ld)(t)}teR . reduces to the usual
Hermite process of Hurst parameter H and order d, up to a renormalisation. The constant

\/ IR IH <12_f2_%)_2 3 used in (2) is chosen such that the process at time 1 has unit variance. On
Pa—m T

the other side, the constant used in (5) is more practicable for computation in

1
[T{_; T(he—1/2)
the general context of Definition 2.1.
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In order to state and motivate the main results of the present article, first we need to re-
call some notation and fundamental results from our previous paper [5]. The two real-valued
functions ¢ and  are respectively a univariate scaling function and a mother wavelet as-
sociated with a Meyer orthonormal wavelet basis of LZ(R). Recall that ¢ and i belong to
the Schwartz class S(R) of infinitely differentiable functions whose derivatives of any order
rapidly decay at infinity. Moreover, the Fourier transforms ¢ and ¥ are infinitely differen-
tiable compactly supported functions satisfying

¢C[ 4 4x ] d WC[ 8 871:|\< 27 27r>
su ——,—| and su - - — .
PP 33 PP 33 3° 3

The wavelet-type expansion of generalized Hermite process relies on the fractional primi-
tives 1y, of the mother wavelet ¢ defined in Definition 2.4 below. We refer to the book [43]

for a detailed presentation of the notions of fractional primitive and fractional derivative and
related topic, also we refer to [32], Section 4.

DEFINITION 2.4. For all h € [1/2, 4+00) (resp. h € (—00, 1/2)), the fractional primitive
of ¥ of order h — 1/2 (resp. the fractional derivative of i of order 1/2 — h) is the function
Y, € S(R) defined through its Fourier transform by:

¥ (0) :=0and, forall & 0 ¥, (§) := (&) /> "y (&).

Note that, since the compactly supported Fourier transform ¥ vanishes in a neighbour-
hood of 0, fractional primitives and derivatives of a univariate Meyer mother wavelet i be-
long to the Schwartz class S(R). At the opposite, since #(0) = 1 0, fractional primitives
and derivatives of a univariate Meyer scaling function ¢ fail to be smooth well-localized
functions. In order to overcome this serious difficulty, a clever idea of [32] was to “replace”

fractional primitive or derivative of ¢ by the so-called fractional scaling function CD('S), which
belongs to S(R) and which was defined in [32] as follows:

DEFINITION 2.5. The fractional scaling function of order § € (—oo, +00) of a univariate

Meyer scaling function ¢ is the function CID(S) € S(R) defined through its Fourier transform
by:

- 1 —e i
V(&) = (%) $&) VE£0and 3D (0) = 1.

Notice that, similar to ¢, the function @A’S) has a compact support satisfying
4 4w

O ~
9 supp @, — |
) pp [ 33 }
One can check, by using elementary properties of the Fourier transform on the space S(R)

(see, e.g., the seminal book [45]), that CD(AS) and v, are well-defined functions belonging to
S(R), which means that they are infinitely differentiable functions satisfying, for all m € Ny

and L > 0,
)} < +00.

Another fundamental ingredient of the wavelet-type expansion of generalized Hermite
process is the so-called Gaussian FARIMA (autoregressive fractionally integrated moving
average) sequence defined as follows.

dm

(10) sup{(3 + le)L( T

xeR

o (x )‘ ‘—Wx)
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DEFINITION 2.6. Generally speaking, if {Xj}xez is a time series, we consider the back-
shift operator B defined, for each k € Z, as BX; = Xy_1. Then, for any é € (—1/2,1/2),
given a sequence (Zi)xez of i.i.d. centred Gaussian random variables, the Gaussian FARIMA
(0, 8, 0) sequence (Z,EB))kGZ is defined, for each k € Z, as

5 +00 +00
2 =0 =B Zi= Y v Z= Y v Ziy,
p=0 p=0
where we have set

T )
)/0(5) =1 and, for all p e N, y;” = (p+9) .
C(p+DIG+1)

In the context of generalized Hermite process, we extended this definition to cover the case
of chaotic random variables. Namely, we consider, for all J € Z, the sequence of dth Wiener
chaos random variables

<M],k = ZJ% /Rd(p(ijl —kl)...(p(Zde —kd) dB(xl)...dB(xd))kGZd

and set, for all h satisfying (3),

d
h —
a = (T s

peNd V=1

Also, we remarked that if we consider, for J € Z, the Gaussian FARIMA (0, §, 0) sequence
(Z%) ¢ez, associated to the sequence of the i.i.d. standard Gaussian random variables

(gajﬁ’k - 21/2/R¢(2Jx - k)dB(x)) :

keZ

then we get, the more explicit expression [5], Proposition 2.7, for all k € Z¢,

ld/2] m d—m
(h) (he, —1/2) (hz/r—l/Z) (hlé/—l/Z)
(12) o= 20" X T1EZy, "z, 1 11 2o,
m=0 pepldr=1 ' s=m+1 *
where P,Sfl) is the finite set of all partitions of {1, ..., d} with m (nonordered) pairs and d —2m

singletons and the indices ¢, £,. and ¢{ are such that

P= ({0 8o o ) € e A

Finally, for all j, k € Z¢, we set

d
(13) Vik:=Q Wik

=1

where ¥/, i, (-) := 2Je/244 (271 . —ky), and we consider the chaotic random variable

(14) Ejk ‘= /Rd Vik(x1,...,xg0)dB(x1)...dB(xg).

Theorem 2.8 and Theorem 2.12 of [5] can then be summarized together as follows.
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THEOREM 2.7. The random series

[ d
(15) Xl(ll’l")l (t) — 2—](1’ll+"'+hd—d) Z 051’112'/(‘) 1_[ (I)Xll_l/z) (2JS _ kﬁ) dS,
kezd =1

is almost surely, for each fixed J € N, uniformly convergent in t on every compact interval I C
R.. Moreover, for any such 1, there exists an almost surely finite random variable (depending
on I) for which one has, almost surely, for all J € N,

d d
125" = X4 100

. . r 4 .
(16) = H Z 2]1(1—h1)+"-+Jd(1—hd)8j’kf l_[ Yn, (27ts — k¢) ds
0
=1

(.kez?)?
maxgef1,4] je=J

1,00
(17) < Cj%z—](h1+---+hd—d+l/2)‘

In view of Theorem 2.7, we call {Xl(f} (t)}ter, the approximation process at scale J.
Unfortunately, it has not yet a form which is well adapted to numerical simulations. In order
to overcome this difficulty we need to replace it by the stochastic process {Sl(:lj () }ery
called the simulation process at scale J, which will be defined in the sequel. We aim at
doing so without altering the estimate of the rate of convergence given in the second part of
Theorem 2.7. On this purpose, we recall the following definition of some important sets.

DEFINITION 2.8 ([5], Definition 4.3). Let a be a fixed real number satisfying 1/2 <a <
1. For all (j, k) € Z4 x Z, let us denote by B ; the compact interval

(18) Bjy=[k27/ — 2779 k277 4 27/9].

For all j € N and for all # € Ry, we consider the three disjoint subsets of Z:
(19) Dj(t):={keZ: Bj; <[0,1]},

(20) D?(t) = {keZ\D}(t):Bj,kﬂ[O, 11# o},

(1) D3(t):={keZ:Bj;N[0,1]=2}.

These three sets, depending on ¢ and a, form a partition of Z:
3
_ £
7= H Dj(1).

The set (D!(#))? is the Cartesian product of the set D 11 (t) d-times with itself. In [5], we
somehow remarked that the estimate of the rate of convergence in (17) is mainly determined
by the terms of the series in (16) whose indices k belong to some (Djl. ()4 sets, with j=J

and ¢ € I. Therefore, the idea behind the definition of Sl(f’l} (1), with J e Nand r > 0, is to use
an appropriate enlargement of the “diagonal set” of (DIJ ()4,

DEFINITION 2.9. Let ¢ be a fixed positive real number. For all / € N and for all t € R,
we consider the three subsets

(22) T} = ke (Dym)": max ke~ kel <27},
0 €[[1,d]]
(23) J3(t) := {k € Z : In such that k, € D3(1)},

(24) J3 (1) := {k € Z : 3n such that k, € D3 (1)}.
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The simulation process {Sl(ld} (t)}rer, 1s then defined as follows.

DEFINITION 2.10. For all J € N, the simulation process at scale J of the generalized
Hermite process {Xl(ld) (t)}1er, 1s the process {Sl(:l} (1)}rer. defined, for all € R, by

d
d — — h he—1/2
(25) S}(L‘),(l,) =2 J(hi++hg—d+1) Z O.;’lg/ 1_[ (D(AK / )(S —k@)ds.
keJ} (1) t=1

REMARK 2.11. From consecutive uses of the Parseval-Plancherel identity and the inclu-
sion (9), one can rewrite the integrals appearing in the right-hand side of (25) as integrals of
compactly supported functions, see equation (33) below. This fact is particularly interesting
for numerical computations.

The first main result of the present paper is that the sequence of simulation processes
({Sl(f} (1)}rer,)seN converges, almost surely and uniformly ¢ belonging to any compact sub-

set of R, to the generalized Hermite process {X l(ld) (t)}ter, with the same estimate of the
rate of convergence as the one established for the approximation process in Theorem 2.7.

THEOREM 2.12.  For any compact interval 1 C R, there exists an almost surely finite
random variable C (depending on 1) for which one has, almost surely, for each J € N,

d
HI ~ 5 C‘Ifz—](h1+"'+hd—d+l/2).

(26) |x" - 5

In order to state precisely the second main result of the present article, first we need to
analyse carefully the definition of the set D}(t) in (19). To this end, for each fixed J ¢ N
and t € R, we denote by m, the integer part of the real number 27t — 27/(1=%) that is,
my, =27t —270=D] Thus, in view of (19), it turns out that

%} if r €[0,2'779),

Dj(m; 27" +2779) ifre2'77 00).

(27) Dl = {

Then, we can derive from (27) that the process {Sl(ld} ()};cr+ 1s a piecewise constant random
function, that is a random walk. More precisely, if Z; stands for the set

Z;:=NN[2/079 to0),

one has

(d)
28 S (1) = 1w () f -
(28) h,s (*) Y sm )”;(11,)1() orevery r € Ry

mGIJ

where, for all m € 7, the random variable
(29) smg 1= S\ (m2~7 2747

and the deterministic bounded interval )L;f,) J = m2=7 4274 (m+ 1277 +2797).

In virtue of Theorem 2.12, when J is large enough, the random walk in (28) can be used for
numerically simulating the generalized Hermite process {Xl(ld) (t)}rer, - Nevertheless, from
Remark 2.2, we know that sample paths of the latter process are almost surely continu-
ous functions. Thus, one could prefer to simulate them through a numerically computable
stochastic process having continuous sample paths. This can be simply done by taking a
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linear interpolation between the random points (m2=7 4274/, Sm.7), m € L;. Namely, we
consider the process {El(ld} (t)}ser, defined, forallz € R, by

~ S ,]
S\ = N :(Oa) ltll 2o @
(30) 0.7
+ 3 @ Gmars —sm)(t — (m27 +27)) + 5,0) 1o, (O,
mGIJ

with mg :=minZy, A§") := [0,mo2~/ +27%) and .\¢) ;| =mo2~/ +27%/.

The following theorem shows that the sequence of simulation processes
({Sl(ld} (t)}rer,)JeN converges to {Xl(ld)(t)}te]g +» almost surely and uniformly in ¢ belong-
ing to any compact interval of R.. Moreover, the estimate it provides for the almost uniform

rate of convergence is the same as the one in Theorem 2.12.

THEOREM 2.13.  For any compact interval 1 C R, there exists an almost surely finite
random variable C’ (depending on I) for which one has, almost surely, for each J € N,

~ d
[XE = 5D, oo = C'a B2 tittha=d1/D),

REMARK 2.14. Before diving into the proofs of Theorems 2.12 and 2.13, let us empha-
size that the estimate of the rate of convergence obtained in each one of them is identical to
that previously established in Theorem 2.7. This, in some sense, means that we do not lose

approximation quality when moving from the approximation process {X 1(1d)1 (t)}er, to one

or the other of the simulation processes {Sl(f} (t)}ser, and {§l(ld; (t)}:eRr, - Moreover, based on
preliminary results, we believe that the estimate of the rate of convergence obtained in Theo-
rems 2.7, 2.12 and 2.13 is (quasi)-optimal as soon as the order generalized Hermite process
d > 2. Investigating this question will be the object of a forthcoming work.

3. Proofs of the main results.

3.1. Proof of Theorem 2.12. Our strategy to prove Theorem 2.12 consists in writing, for

all J € N, the approximation error X }(ld) — Sl(ld} as the sum of random variables, indexed by the

sets (D § o, T ]1 (1), jjz (t) and J J3 (#) and to bound the sup-norm of these random variables
in a suitable way. On this purpose, let us first remark that [5], Proposition 2.7, as well as [23],
Lemma 2.2.17, allow to affirm the existence of C* a positive finite random variable and Q*
an event of probability 1, such that, on Q*, forall / e Nandk € 74, one has

d
G1) o™ < * [T log(3 + 11 + Ike).
=1

LEMMA 3.1. Let T > 2 be a fixed real number. There exists a positive almost surely finite
random variable C such that, for all J € N, on Q*, the positive random variable

t d
[To% 22 s — ke)ds

2. o= (+-thg—d Z h
g, = Sup l (hy 1—d) |O';7])
=1

t€l0,T] kej}(l‘)

is bounded from above by CJ% (log(3 + J))%2_J(hl+'”+hd+“_d).
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PROOF. Let L > 1 be a fixed real number, for all ¢ € [0, T'], using the definition (23), the
inequality (31) and the fast decay property (10), we have, on %,

; d
) nttha=d) 7 |o}“l§|/ [To0 "2 27 —ke)ds
keJ7 (1) 0

=1
<C, sup (2 J(hy+-Ahg—d) Z Z/ \/log(3+J+|kz|) ds),

nel[l,d]] ky €D2(l) kgeZ (3 + |ZJS - kEDL

where C is a positive finite random variable, not dependmg on ¢ or J. We proceed as in the
proof of [5], Lemma 4.5, to get, on Q*,

d—1
|g%| §C22—J(h1+...+hd+a—d) /1+J10g(3+J+2JT)T

< 032~/ ntthata=d) 151603 4 )T

where C, and C3 are positive finite random variables, not depending on J. [

LEMMA 3.2. Let T >2and L>2"'1—a)"' + 1 be two fixed real numbers. There
exists a positive almost surely finite random variable C such that, for all J € N, on Q*, the
positive random variable

g3 ‘= sup {2—J(h1+---+hd—d) Z |0§f111|
PrROOF. Forall ¢t € [0, T], using the definition (24), the inequality (31) and the fast decay

t d
[To% 22 s — ki) ds
t€l0,T] kej;’(t)
property (10), we have, on %,

(=1

is bounded from above by CJ# (log(3 + J))‘12;12_1(’”+"'+hd+(L_1)(1_a)_d).

; d
[To% 22 s — ki) ds
=1

—J(h1+-+hg—d (h)
—Jh 1—d) Z |0jk
keJ} (1)

¢, swp (2 Jhit-tha=d) Z/ \/log(3+J+|kz|) ds),

nel[1,d]] kn eD3(z)kz€Z (3 + |2Js - kﬁDL

where C is a positive finite random variable, not depending on ¢ or J. We proceed as in the
proof of [5], Lemma 4.4, to get, on Q*,

|g3| <Cy(1+J) 10g(3 +J+ 2JT)%2_J(h1+'~~+hd+(L—1)(1—a)—d)

S C3J# 10g(3 + J)%2—](1’!1+"'+hd+(L—l)(1—a)—d)’

where C, and C3 are positive finite random variables, not depending on J. [

LEMMA 3.3. Let T > 2 and L > 2 be two fixed real numbers. There exists a positive
almost surely finite random variable C such that, for all J € N, on Q*, the positive random
variable

g] 2—J(h1+“~+hd—d) (h) }

Ji= sup

]‘[cp(’” Y2205 — ke)ds
te(0,T]

R\[0.1] ;|

ke(D1 <t>>d

is bounded from above by CJ 22~/ @L=D (A=) th++hg—d+1),
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PrROOF. For all ¢ € [0, T'], using the inequality (31), the fast decay property (10), the
inequality |k| < 27T, for all k € D} (t), the inequality 2T > J, [5], Lemma B.2, and the
definition (19), we have, on Q*,

o= (hi+++hg—d) (h) / V2205 k) d
2. ol [ ]_[ ( ¢)ds

\0.1] 5

ke(D} (1)

d

< €2~ it d)/ < ) x/log(3+J+|ke|))ds

\0.1] B+ 1275 —keDE

keeD} (1)

d / J+1
< ¢y~ nttha— d)f ( 3 logto +2 T))a’s

\O.1] B+ 1275 —keDE

kee D (1)
J(h ha—d) d 1
< CyJ 32 hittha= / ( )ds
R\ p 1\, §()(3+|2JS—kEI)L

< CpJ 207 Unttha=d) (11 () 4 [2(p)),

where C; and C; are positive finite random variables, not depending on ¢ or J, and we have

set
1
vo=["1( T, aemio)
=1 "k, <2/ -2/ (1~a) (3+2Js_k€)L
and
o= T T g e
T 2 ATl )9S
O f=1 “gy>2701-0) B+ky—275)L

In order to bound / } (t), we use the change of variable y = 27 (s — t) and the fact that the
function y > (2 4 y)~ % is decreasing on R . By this way we obtain that

I;(0)=2" ./ H( Z (3+y+;Jt—kz)L>dy

=1 “k,<2J/t—2J0~a)

+0o0 d dZ
<2~ d
/ </0 (2+y+2“1—“)+z)L> Y

— 2—] +oo (L — 1)_d d
- / 2+ y + 27 (=a))dT-D) y

=27/ (L - )AL - 1)~ 1) 242/ 1-0)7@EDD,

We bound I;(t) in the same way and get the conclusion. [J]

To complete the proof Theorem 2.12, it only remains to bound the random variable

d
(32) 2—J(/’l1+"'+hd—d+l) Z O.;fllz 1_[ @Xlé_l/z)(s . k[)dS.
ke(DL)N\T} (1) t=1

To this end, we use the following key lemma.
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LEMMA 3.4. Forallk € Z¢, one has

d
/ [T 0% (s — k) ds = fd i —kDE it —k2ms | i ka—k)na
R

(33)
x F(&,n3,....,na)dédn3---dng,

where F is the function in the Schwartz class S(RY™Y) defined as follows: for all
& m3,...ma) €RIT,

F(Ea n3, ..., nd) = (27‘[)_(d_1)q>zll—l/2)(§)

———— d ————
hr—1/2 hp—1/2
x @327V (e — (i3 -+ n0) [TOR P (o).
(=3

Moreover, since F € S(RY™Y), one can derive from (33) that, for each fixed L > 0, there
exists a deterministic constant ¢y, > 0 for which the following is true: for all k € Z4,

d
(he=1/2) 1
(34) V [] A (s —kpyds|<cr [] TERTRaA

0=1,04£2

PrROOF. It follows from the change of variable s = x + kj that

/Hq)(he 1/2) g k)ds_/ oM (x £ ky — ky)
R

(=1

d
x @2 ) [T oW "2 (x + ko — ko) dx.
=3

Then, using the Parseval-Plancherel identity and using d — 2 times the equality? Ef =
Qm)~lfxg, forall f, g e S(R), we get

/cb(h‘ YD (x kg — k)@ )HCD(h" YD (x + ky — ko) dx
=3

— (27-[)_] %léei(kZ_kl)gq)Xll_l/z)(%-) (q)XlZ_l/z) 1—[?:3 @Xll_l/z)(_ + kQ _ k@)) (S) dg_-

=(2n)—<d—1>/Rewkz—kl)sq)%l—l/z)(g)

o (cDXlz—l/z)*ei(kz—lq)(-)q)XB_]/z)*...*ei(kz—kd)(')CI)de_l/Z))(é)d‘i:

— o ol ka—k1)§ itks—ka)ns _ei(kd_kz)ﬂdF(g’ M3y .esna)dEdns - -dng,

ZNotice that throughout the article we use the convention that h=F (h) the Fourier transform of an arbitrary
function & € S(R) is defined as
h(t) = F(h)(t) :== /R e "n(y)dy forallreR.
Thus, F -1 (h), the inverse Fourier transform of 4 is defined as

F - nys) = (2n)_1f e"2h(z)dz foralls e R.
R
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which proves that the equality (33) holds. Let us now show that the inequality (34) is satisfied.
Since F belongs to S (Rd_l), its Fourier transform F, defined, for all (x,...,x4_1) € R,
as

also belongs to the space S(R?~!). Therefore, for each fixed L > 0, there exists a determin-
istic constant ¢;, > 0 such that

(35) sup U+ 1) (U + kg )| Fxr, o xan)| < cr.

(X150, Xg—1)ERI]

Thus, it turns out that the inequality (34) is a straightforward consequence of the equality
(33) and the inequality (35). O

REMARK 3.5. The equality (33) can somehow be viewed as a useful extension of the
well-known Parseval-Plancherel identity in which more than two functions are involved. In
particular, it could have been used in Section 4.3 of our preceding paper [5] to get a more
direct proof of Lemma 4.9 in the same spirit as [4], Lemma 2.21.

Lemma 3.4 is a main ingredient of the proof of the following lemma which allows to bound
the random variable in (32).

LEMMA 3.6. Let T > 2 and L > max{(2e)~', 1} be two fixed real numbers. There exists
a positive almost surely finite random variable C such that, for all J € N, on Q*, the positive
random variable

g] = sup {2J(h1+"'+hdd+1) Z |O_(h)
El0.7] ke(D}(0)\T} (1)
PROOF. Lettre[0,T] and k € (D} ()4 \ j} (t) be arbitrary and fixed. There is no re-
striction to assume that the coordinates ki, ..., k; of k are labeled so that |k; — ky| > 2¢d
Thus, using the inequality (34), we get

‘/ [TV 2 (s — k) ds

d
[To% 2 (s — ko) ds
=1

is bounded from above by CJ%Z*J(hlJ“"'Jrhd’d“L).

2 eJL 1

<cr —_ .
oy (L4 1ke — kaDE

Then, combining the latter inequality with (31) and the inequality |k| < 2/ T, which holds for
all k € D} (1), we obtain

d
l_[ CIDX”_I/Z)(S —ky)ds
=1

y—J (hi+++ha—d+1) Z |J(h)

ke(D )N\ T) @)

SC12—J(h1+"'+hd—d+1)(log(3+J+2JT))%2—8JL

1 d—2
x #(D} @) sup(Z —)

reR\= (14 [k — x])L

d
S CZJ5271(111+"'+hd*d+8l‘),
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where #(D} (t)) denotes the cardinality of D} () which is less than 21T, and C; and C»
are positive finite random variable not dependingon # or J. [J

We are now in position to complete the proof of Theorem 2.12. Actually, it is a direct
consequence of the Lemmata in this section and Theorem 2.7.

END OF THE PROOF OF THEOREM 2.12. Without loss of generality, one can assume that
the compact interval [ in the statement of the theorem is of the form / = [0, T'] for some fixed
real number 7" > 2. Then, one can derive from the triangle inequality that, for all J € N,

d d d d d d
1X0” = Sk 1100 < 1%0” = X3 | o + X015 = S5

“1,00 1,00

<X = X1, o + G5 +GF+ G5 + G

Then combining the latter inequality with Theorem 2.7 and Lemmata 3.1, 3.2, 3.3 and 3.6,
one obtains Theorem 2.12. [

3.2. Proof of Theorem 2.13. 'We have now enough materials to complete the prove The-
orem 2.13.

END OF THE PROOF OF THEOREM 2.13. For the sake of simpleness in notation, let us
assume / = [0, T'], for some T > 2. In the sequel J € N is arbitrary and fixed. The set of
positive integers Z;(T') is defined as

(36) Iy(T) :=Nn[2/U=® 277 —2/U=D) =1, n[0,2/ T —271-9].
One can derive from the triangle inequality that

d) 3@
S( — <max{ ) , max |s -5 ]
” h,J h,J”I,oo = | mo,]| meIJ(T)l m+1,J m,J|

(37)
<2 X" = S, oo + max{Ay, By},
where
Ay =X me2~ +27) — x{0)]
and

By = max |X(m+127 +27%) = xP(m2~ +274)).
meZy(T)

Let y be an arbitrary fixed positive real number such that y < H and y >ay > H — % It
follows from the inequality (8) that one has almost surely, for all m € Z;(T),

X3 (m+ D277 +2747) = 10 (m2~ + 27| < €\ 277

Then, combining the latter inequality with the fact that y > H — % =hi+---+hg—d+1/2,
one obtains that

(38) By < Cp,J 22~ (hittha=d+1/2)

On another hand, since mg2~/ +274/ e I =[0, T] and 2709 < mg <2709 4 1, one
can derive from the inequality (8) that, almost surely,

X3 (o2~ +27) — X (0)] < €, Imo2~! +2797|

<3YCr, 2777,
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Then, using the inequality ay > H — %, one gets that

(39) Ay <3V Cpy g7t Gittha=dt1/2)
Finally, it follows from the triangle inequality, (37), (38) and (39) that
(d) (d) (d) (d) d _ (d)
1X0" = Shs 00 < 1Xn = Shsllroe 1507 = Sl 100

<3|x\ - S(d) U, o0 +4Cr g 42T trbtha=d41/2)

Then combining the latter inequality with (26) one obtains the theorem. [

REMARK 3.7. Before ending the present section, let us provide a synthetic summary of
our simulation method of trajectories (sample paths) of a generalized Hermite process with
arbitrary order and Hurst parameter. We mention in passing that the sample paths of frac-
tional Brownian motions, Rosenblatt processes, Hermite and generalized Hermite processes
of order 3, which are displayed in Figures 1 to 7 of Section 4, have been obtained through
this method.

The method depends on the following four parameters:

e the upper bound 7" > 0 of the interval [0, T] on which the simulation of a trajectory is
performed;

e the level of approximation J € N (see Theorems 2.12 and 2.13);

e a € (1/2,1) which determines the time set

(m27) 4279 2w e T;(T) U {max Z;(T) + 1}}

on which data are simulated, recall that the finite set of positive integers Z;(7T') is defined
in (36), in the sequel one sets

mo:=minZ;(T) =minZ; = (21(1_")'\ and my:=maxZ;(T)=[2'T — 2J(1_”)J;

e ¢ > 0 which governs, for any given ¢t € R, the “thickness” of the set J ]1 (t) defined in
(22).

We refer to Section 5.2 for a discussion on the role and the impact of these four parameters
T, J, a and ¢ on the quality of the simulations.

For a given J € N large enough so that the set Z;(T") = {mo, ..., m1} is nonempty, the
method firstly consists to build the finite data set

(40) {sm,J:me{m05~"9m1,m1+1}}5
whose size (i.e., cardinality) is about 27T, since
@1 my+2—mo=|2/T -2/0"9] 42 _[2/0=D] g [270=0 1 2/ — 2700 4 1],

Let us emphasize that for building this data set, we make use of an iterative procedure, since
we know from (25) and (29) that

he—1/2
(42) Smo.J =D J(h1+++hg—d+1) ;ll{)mo}d/ 1_[@( e~ /)( mo)ds
and, for all m € Z; (recall that {my, ...,m,m| + 1} C Z;, see (36)),

d
_ — h he—1/2
@3)  Swrtg — smg =270 thamd 5 a;,zf [T0% s — ko) ds,
keJ} m]
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where the finite set J Jl [m] is defined as
Tml =T m +1)277 279\ 7} (m2~7 +274)

= {k € {max{mo,m —|2°/|}....,m}" : 3n such that k, = m}.
The method secondly consists to linearly interpolate the m| + 3 — mg points whore coor-
y y p p
dinates are:
(0,0); (mo2™ +27 sy, s)s -3 (ma27 +27 sy g)s (Gma + D277 427 s 410).

By this way, we obtain a simulated continuous trajectory of a generalized Hermite process
with arbitrary order and Hurst parameter on the interval [0, (m| + D277 + 274/ which
contains the interval [0, T'].

Finally, the graph of the simulated trajectory is restricted to the interval [0, T'].

4. Examples. We use the process defined in (30) to numerically simulate the Rosenblatt
process and the Hermite process of order 3. We refer to [40], Chapter 4, for more information
on these processes. The significant parts of the algorithm we used to obtain these simulations
are described in pseudo-code. Note that the practical implementation was carried out using a
Python routine, which we make available to any interested reader.

4.1. Simulation of the Rosenblatt process. The Rosenblatt process of Hurst parameter
H € (1/2,1) is the process introduced in (2) with d =2 and h= (1 + HT_I, 1+ HT_I). To

generate the random variables (a;hlz) JeN.kezd » One can use the more explicit equation, derived
from (12), ’

a+82 1+ 20 & COPNED)
(44) GJ,kl,kz P= Zj,zkl Zj,zkz - E[ZJ,21<1 ZJ,zkz]’
H
where (Z (er)) ¢eN 18 the Gaussian FARIMA (0, %, 0) sequence associated to the sequence of
Gaussian random variables (2% fr® (27 x —k) d B(x))kez. Note that we have [5], Remark 3.5,

for all J € N and k € Z2,
g —H
25in(—)‘ dg.
2

(45) E[Z(%)Z(g)] = L o i&(ky—ky)
J.k1 < J k) — 27 Jo e

On the other side, for all k € Z2, we get from the Definition 2.5 of the fractional scaling

function and equation (33)
2 4 : H
(4 3 iE(ka—ky) sin(§/2) -~ 2

46 / D (s —k ds:/ ] dE.
(46) el e kods= | ) 19O de

Note that the two expressions (44) and (46) are symmetric with respect to k| and k3. Thus,
in that case, one can rewrite the recursive formula (43) as

Sm+1,J — Sm,J

H H A . 2 H
=2 (2 Bl [ (T ) e s
-3

§/2
m—1
_ & & & 4
+2x2771 Z (ZJ,szJ,Zk _]E[ZJ,ZmZJ,zk )

k=max{mgy,m—|2¢7 ]}
4n : H
X/_3 eié(m—k)(w) ‘$(§)|2dé§.

- /2
Therefore, if T > 0 is fixed and if:
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1. integralvector is a vector of size |2¢/| + 1 such that, for all 0 < k < [2¢/],
integralvector[k] is the value of

4n

L . ef%‘k(—smg(fz/z))H@@)Fds;

2. IJ is a vector containing Z;(T) with IJ[0] = my
H

3. farima contains a simulation of the random variables (Z(JE))geIJ(T);

4. sigmad(farima, ky, ko, %) is computing (44) using the simulation farima and the
formula (45).

5. forallm € I;(T), epaissi(m) is a vector of size min{ 1267, m — mg} + 1 such that,
for all 0 <i < min{|2%/ |, m —mo}, epaissi(m)[il=m —i

the sequence (sy,J)mez,; (1) 18 simulated via

ROSENBLATT(J)

1 result{0]=sigmad(farima,IJ[0],I1J[0], %) X integralvector|[0]

2 for index=1 to length(IJ)

3 element=epaissi(IJ[index])

4 part=sigmad(farima,element[0],element[0], %) X integralvector[0]

5 for i=1 to length(element)

6 part=part+2 x sigmad(farima,element[0],element[i], %) X integralvectorli]
7 result[index]=result[index-1]+part.

Indeed, it suffices to multiply the obtained vector result by 277/# to get a simulation of
(Sm,J)meZ; (T)-

The Figure 1 below shows four simulated sample paths of Rosenblatt processes of respec-
tive Hurst parameters 0.6; 0.7; 0.8 and 0.9 on the interval [0, 1]. They are obtained using our
algorithm with parameters J =20, a = 0.99 and ¢ = 1073 and T = 1. Note that, following

H
the suggestion of one of the reviewers, the FARIMA sequence (Z(Jﬁz)) ¢ez,(T) 1s simulated
using a circulant matrix embedding method [14, 16, 18, 19, 54].

4.2. Simulation of the Hermite process of order 3. The Hermite process of order 3 and
Hurst parameter H € (1/2, 1) is the process (2) withd =3 and h= (1 + HT_I, 1+ HT_l, 14+

0.0 4

-0.5 4

-1.0 4

-1.5 1

-2.04

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 1. Sample paths of the Rosenblatt process of Hurst parameter 0.6 (blue), 0.7 (orange), 0.8 (green) and 0.9
(red).
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%). To generate the random variables (a}f’ﬁ) JeN.kezd » one can use the more explicit equa-
tion, derived from (12),
(1+” S e )
9.k, kz ks
(2H+l) (2H6+l) (2H6+l) (2H6+l) (2H6+1) (2H6+1)
“7 =Z Ziky Zrws —EIZS Zyss 12045
(2H+l) (2H+l) (2H+l) (2H+1) (2H+1) (2H+1)

—B[Zy Zpws 12005 —ElZysy Zow 1Z0a0

2H+1
where (Zg’ Ef’ ))(GN is the Gaussian FARIMA (O, ZHT“, 0) sequence associated to the se-

quence of Gaussian random variables (2§ quﬁ(ZJ x —k)dB(x))kez. In this case, we have
[5], Remark 3.5, for all J € N and k1, kp € Z,

2H+1

2sin(%)‘_Td§.

Also, from the Definition 2.5 of the fractional scaling function and equation (33), we get, for
allk € 73,

(MLEL) (21 L2 ok
(48) B[Z) Zpis =5 /0 it k)

(2H+1)

f]‘[@ (s — k) ds

— iE(ky—ky) jintks—k2) BB e )
(49) —ff[_%%,]ze 2Rk G(6) (& — mpOn)

§ (sm@/m sin(( —n)/2) sin(n/ 2)) de dn.

§&/2  E-m/2  n/2

Using again the symmetry of the expressions (47) and (49), we rewrite the recursive for-
mula (43) in this context:

Sm4+1,J — Sm,J

(2H+1) 2H+1 (2H+l)

=22 LS PN

sin(&/2) sin(€ — 1)/2) sin(n/2)\ 6"
- dt¢d
X//[ i 4M¢<s>¢<s n)¢(n)( e ) . n}

el (L) o (2H1) (ML) o (2L
+3x277H > [((Zj,m6 )°Z;,°  —E(Zy,, )12,
k=max{mqy,m—[2¢’ |}

(2H+1) (2H+1) (ZH-H)

_ZE[ J.m ZJ,k6 ]Zj,mT )

x M)
//[—%”,%”12

sin(&/2) sin((§ — n)/2) sin(n/2)># 2t dn]
£2  (E-m/2 2
= [ (2l o (2l (2 oo (2l

+3x 2~ /H Z ((Z],k6 ) Zj,m6 _E[(Zj,k6 ) ]ZJ,m6

k=max{mqy,m—|2¢’ |}

X B(E n>¢?(n>(
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)

(2Hé+l) (2Hé+l) (2H6+1)

—2E[Z)" Zyw 1Zyk

x MR ()
2H+1
6

sin(£/2) sin((& — 1)/2) sin(y/ 2>)_ de dn}
§2  E-m/2 02

m—1 k—1
[ (3£

X D& — n><$(n)(

(3£

ZJ,k

(2£L

ZJ,Z

+6x27/H Z Z (Zj,m

k=max{mqy,m—|2¢’ |} t=max{mgy,m—|2¢’ |}

(2H6+l)

_E[ZJ,m

(2H6+1 )

ZJ,k

(2LEL)
]ZJ,E
(2ALL)
12;,°

(2H6+1) (2H6+1)

ZJ,Z ]Zl,m

(2H6+l)

_E[ZJ,m

(2H6+1 )

ZJ,Z

(2H6+1)

—-E[Z;;

) / / QiEm—K) in(k—0)
e

R R . 2 si Vs o)y 2t
< B©3E o (T R IIE) T e an],

Therefore, if T > 0 is fixed and if:

1. integralmatrix is a matrix of dimension LZSJJ + 1 such that, for all 0 <k, £ <
|26/, integralmatrix[k,] is the value of

sin(£/2) sin((¢ — )/2) sin(n/ 2>)% d& dn
£2  E-m/2 /2

2. IJis a vector containing Zj(T) with IJ[0] = my

[ o e d@dE i (
T 303

2H+1
3. farima contains a simulation of the random variables (Z(J’ 66 )eeT;(T)s

4. sigmad(farima,ky, ko, k3, 2H6+1) is computing (47) using the simulation farima

and the formula (48).
5. forall m € I;(T), epaissi(m) is a vector of size min{|2¢/ |, m — mg} + 1 such that,
for all 0 <i <min{|2¢/ |, m —mo}, epaissi(m)[il=m —i

the sequence (s, /)mez, (1) is simulated via

HERMITE3(J)

1 result{0]=sigmaJ(farima,IJ[0],I13(0],1J[0],2%+) x integralmatrix[0,0]
2 for index=1 to length(IJ)
3 element=epaissi(IJ[index])
pan=sigmaJ(farima,element[O],element[O],element[O],#) X integralmatrix[0,0]
for i=1 to length(element)
part=part+3 x sigmad(farima,element[0],element[0],element[i], ) x integralmatrix[0,i]
part=part+3 x sigmaJ(farima,element[O],element[i],element[i],%) X integralmatrix[0,i]
for j=i+1 to length(element)
part=part+6 x sigmaJ(farima,elemem[O],element[i],element[]'],%) X integralmatrix[i,j-i]
result[index]=result[index-1]+part.

2H+1
6

[=INoRNe N e NIV I N

—_

Indeed, it suffices to multiply the obtained vector result by 27/ to get a simulation of
(Sm,J)meZ; (T)-

The Figure 2 below shows four simulated sample paths of Hermite processes of order 3
and respective Hurst parameter 0.6; 0.7; 0.8 and 0.9 on the interval [0, 1]. They are obtained
using our algorithm again with parameters J = 20, a =0.99 and ¢ = 1073 and 7 = 1. The
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FI1G. 2. Sample paths of the Hermite process of order 3 of Hurst parameter 0.6 (blue), 0.7 (orange), 0.8 (green)
and 0.9 (red).

2H+1

FARIMA sequence (Z 156 )eez,(T) 18 once again computed via a circulant matrix embed-
ding method.

Of course, our algorithm can also be used to simulate sample paths of the fractional Brow-
nian motion with Hurst parameter H € (1/2, 1). In this context, the integrals appearing both

in the definitions of {Sl(l‘,i} (*)}rer, and {§l(f} (t)}:er, are all equal to 1. Thus, the approxima-

. C . : H-1
tion scheme, consisting in summing terms of the Gaussian FARIMA sequence (Z 5 ¢ 2)) teN,

according to the sets (J Jl m2~7) + 27 per , 1s particularly elementary to implement. In
the Figures 3, 4, 5 and 6 below, we compare simulated sample paths of the fractional Brow-
nian, the Rosenblatt process and the Hermite process of order 3, with Hurst parameter 0.6;
0.7; 0.8 and 0.9. All simulations are once again obtained using our algorithm with parameters
J=20,a=0.99 and e = 1077,

REMARK 4.1. To get the simulations in Figures 3, 4, 5, 6, we use the standard normal-
isation of Hermite processes (see Remark 2.3 above) which is more appropriate to compare
the sample paths.

1.00

0.75 4

0.50 4

0.25 4

0.00 4

-0.25 1

-0.50 4

-0.75 4

-1.00 4

0.0 0.2 0.4 0.6 0.8 1.0

FIG.3. Sample paths of the fractional Brownian Motion (blue), the Rosenblatt process (orange) and the Hermite
process of order 3 (green) with Hurst parameter 0.6.
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0.0 0.2 0.4 0.6 0.8 1.0

FI1G. 4. Sample paths of the fractional Brownian Motion (blue), the Rosenblatt process (orange) and the Hermite
process of order 3 (green) with Hurst parameter 0.7.

0.75 4

0.50 A

0.25 4
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—0.25 A

—0.50 A

—0.75 1
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0.0 0.2 0.4 0.6 0.8 1.0

FI1G.5. Sample paths of the fractional Brownian Motion (blue), the Rosenblatt process (orange) and the Hermite
process of order 3 (green) with Hurst parameter 0.8.

0.2 1

0.0

-0.2 1

-0.4 4

-0.6 1

-0.8 1

-1.0

-1.2 1

FIG. 6. Sample paths of the fractional Brownian Motion (blue), the Rosenblatt process (orange) and the Hermite
process of order 3 (green) with Hurst parameter 0.9.
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4.3. Simulation of the generalized Hermite process of order 3. Our approach can also be
used to numerically simulate generalized Hermite processes. We consider here the case of a
process of order d = 3 and arbitrary h = (A1, h2, h3) satisfying conditions (3). To generate

the random variables (O’;h]Z) JeN.kezd » We use the more explicit equation, derived from (12),

(h1,h2,h3)
of,kll,kzz,k;
_ 7(h1=1/2) 5 (h2—1/2) (h3—1/2) (h1=1/2) (h2—1/2)7 ,(h3—1/2)
(50) - ZJ,k] Z],kz ZJ,k3 - ]E[Zj,kl Z]~k2 ]Zjka
(h1=1/2) 5 (h3—1/2)7 5 (h2—1/2) (h2=1/2) (h3—1/2)7,(h1—1/2)
- E[Zl,kl ZJ,k3 ]Zj,kg - E[Zl,kz ZJ,k3 ]Zl,kl ’

where, for any ¢ € {1, 2,3}, (Z(Jljﬁ_l/z))geN is the Gaussian FARIMA (0, iy — 1/2,0) se-

quence associated to the sequence of Gaussian random variables (2% qub(ZJ x — k) x
dB(x))rez. In this case, we use again [5], Remark 3.5, to compute, for all J e N, £,m €
{1,2,3} and k¢, ky, € Z,

(he=1/2) 5 (hm=1/2)
]E[Z]Jfl Zj,km ]

(5D 1 o _ _
= /0 ol ke—km)é (| _ p=i8) =1/ (1 _ i) =(m=1/2) g

Also, from the Definition 2.5 of the fractional scaling function and equation (33), we get, for
allk € 73,

3
f [T oW (s — ko) ds
Ro=1

— / f ¢iE(a—kitha=hn) yintks—ko+h3—ho) 5z
[=5.5P

> o sin(E/2)\ =12
X¢(E—n)¢(n)( o )
sin((& — )/2)\ 7271/ rsin(n/2)\ " ~1/2
T s N —_— d& dn.
X< E—-m/2 ) ( n/2 ) §d

Now, the expressions (50) and (52) are not symmetric, which means that we have to com-
pute much more quantities in our algorithm. Indeed, if 7 > 0 is fixed and if:

1. integralmatrix is a matrix of dimension 2 x |2¢” | + 1 such that, for all —|2°/ | <
k, < LZSJJ, integralmatrix[k, /] is the value of

// Qi) in(E+ha=h2) B £ B s By (Si“@/z))(m_l/z)
[_4771’ 4T7T]2 ‘5/2

- _ (h2=1/2) /g (h3—1/2)
» <sm((§ n)/2)) 2 (sm(n/Z)) dt di.

(&—mn)/2 n/2
2. IJ is a vector containing Zj(T) with IJ[0] = my

3. for any ¢ € {1,2,3}, fr¢ contains a simulation of the random variables

he—1/2
(ng,, / ))mEIJ(T);

4. sigmad(fi, f2, f3, k1, k2, k3, h) is computing (50) using the three simulations fi, fa,
f3 and the formula (51).

5. forall m € I;(T), epaissi(m) is a vector of size min{|2¢” |, m — mo} + 1 such that,
forall0 <i < min{|_2”],m —mg}, epaissi(m)[il=m —i
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FI1G. 7. Sample path of the generalized Hermite of order 3 with index h = (0.8, 0.85,0.9).

the sequence (s, 7 )mez, (1) 18 simulated via

GENHERMITE3(J)
1 result[0]l=sigmad(fi,f2,f3,13[0],13[0],I1J[0],h) x integralmatrix[0,0]
2 for index=1 to length(IJ)
3 element=epaissi(IJ[index])
4 part=sigmad(fi,f2,f3.element[0],element[0],element[0],h) x integralmatrix[0,0]
5 for i=1 to length(element)
6 part=part+ sigmad( fi, f2, f3.element[0],element[0],element[i],h) x integralmatrix[0,-i]
7 part=part+ sigmad( fi, f2,f3.element[0],element[i],element[0],h) X integralmatrix[-i,i]
8 part=part+ sigmad( fi, f2,f3.element[i],element[0],element[0],h) X integralmatrix[i,0]

9 part=part+ sigmad( fi, f2,f3.element[0],element[i],element[i],h) x integralmatrix[-i,0]

10 part=part+ sigmad( fi, f2,f3.element[i],element[0],element[i],h) X integralmatrix[i,-i]

11 part=part+ sigmad( fi, f2, f3.element[i],element[i],element[0],h) x integralmatrix[0,i]

12 for j=1 to length(element)

13 ifj #1i

14 part=part+ sigmad( fi, f2,f3.clement[0],element[i],element[j],h) X integralmatrix[-i,j-i]
15 part=part+ sigmad( fi, f2,f3.element[0],element[j],element[i],h) x integralmatrix[-j,j-i]
16 part=part+ sigmad( f1,f2,f3.element[i],element[0],element[j],h) x integralmatrix[i,-j]
17 part=part+ sigmad( fi,f2,f3.clement[j],element[0],element[i],h) X integralmatrix[j,-i]
18 part=part+ sigmad( fi, f2,f3.clement[i],element[j],element[0],h) x integralmatrix[i-j,j]
19 part=part+ sigmaJd( fi, f2,f3.element[j],element[i],element[0],h) x integralmatrix(j-ii]
20 result[index]=result[index-1]+part.

Due to the numerous additional computations, this algorithm clearly needed more time
to produce a simulation than its counterpart for the usual Hermite process of order 3. For
this reason, the sample path displayed in Figure 7 above is obtained with J = 15 (instead of
J =20 in the previous figures). The other parameters are 71 = 0.8; hp = 0.85 and h3 = 0.9,
a=0.75and e = 1073,

5. Some numerical experiments.
5.1. Validation of the trajectories. To numerically validate our simulations, we propose

to estimate their Hurst parameter using three well-established methods:

e the local Whittle estimators (LW) [26, 33, 42]
e log-variogram estimations (LV) [3, 10, 12]
e quadratic-variation estimators (QV). [6]
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TABLE 1
LW estimations of the Hurst parameter

0.6 0.7 0.8 0.9

FBM m 0.600 0.699 0.799 0.899
0.004 0.004 0.004 0.004

RP m 0.656 0.725 0.801 0.878
0.008 0.011 0.014 0.012

=)

)

HP m 0.656 0.717 0.790 0.901
s 0.017 0.017 0.012 0.010

Tables 1 to 3 below presented the Hurst parameter estimations obtained for the fractional
Brownian motion (FBM), Rosenblatt process (RP) and Hermite process of order 3 (HP) sim-
ulated with prescribed Hurst parameter 0.6, 0.7, 0.8 and 0.9. In each case, we simulated 100
trajectories with J =17, a =0.99 and ¢ = 1073 and T = 1. The notation m and s stand
respectively for the mean of the estimations and their standard deviation. Figure 8 displays
the 1,200 trajectories obtained from this numerical experiment.

These numerical experiments seem to support the idea that the simulated trajectories ex-
hibit a reasonably good Hurst index. This was already apparent from Figures 1 to 6 above:
the larger H is, the smoother the trajectories become.

REMARK 5.1. In this analysis, we have chosen to work with the modified quadratic
variation estimator defined in [6], so that the asymptotic performance of the estimator
does not depend on the exact value of the Hurst parameter H or on the order d of the
process. Indeed, it is known that the classical Hurst index estimator based on quadratic
variations, although strongly consistent, is not asymptotically Gaussian as soon as d > 2,
and even at order d = 1 provided that H > % [11, 51]. The estimator recently introduced
in [6] has the advantage of overcoming this issue and is therefore asymptotically normal
in all cases. Note, however, that given an observation of a process {X k 10 <k <2M)

on a dyadic grid, this modified estimator is obtalned by considering only the increments
N J/
{XmN,s]+1 — Xm/vﬂ 2 e NN 1, min{[2"" ],
TN
ensure that the intervals associated to these increments are sufficiently far apart to define ran-
dom variables which possess independence properties. In other words, the modified estimator
uses only part of the information available in {X & k : 0 < k <2V}, which naturally slows its

[ZNﬁ }1}, for some 0 < y < B < 1, so as to

rate of convergence to H, see [6], Theorem 3. In this work, for comparative purposes, we

TABLE 2
LV estimations of the Hurst parameter

0.6 0.7 0.8 0.9

FBM m 0.594 0.692 0.787 0.886
0.010 0.013 0.013 0.015

=)

RP m 0.638 0.702 0.779 0.850
s 0.018 0.023 0.029 0.029
HP m 0.636 0.703 0.792 0.915

s 0.017 0.016 0.013 0.015
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TABLE 3
QV estimations of the Hurst parameter

0.6 0.7 0.8 0.9

FBM m 0.605 0.705 0.806 0.904
0.006 0.005 0.006 0.007

RP m 0.585 0.693 0.796 0.896
s 0.013 0.013 0.015 0.012
HP m 0.586 0.691 0.802 0.896

0.031 0.026 0.016 0.006

[

considered it more appropriate to guarantee the same asymptotic properties of the estimator
regardless of the values of d and H, even at the cost of slightly slowing its convergence.

REMARK 5.2. In the paper [28], numerical experiments are carried out to test the perfor-
mance of a wavelet-based estimator for the Hust parameter of a Hermite process. Therein, as
well as in the initial version of the current article, trajectories of this process were simulated
through FARIMASs generated by a wavelet synthesis similar to that presented in [1, 39]. Yet,
a referee on the initial version of our paper suggested us to use a circulant matrix embedding
algorithm to generate them, since it offers the advantage to be an exact method. This sensible
suggestion has been followed in the present revised version of the paper. Indeed, it allows to
greatly improve the results of the numerical experiments. For instance, a comparison of the
estimations in Table 4 with the ones presented in [28] clearly confirms this fact.

Another fundamental aspect of the Hermite processes is their non-Gaussianity as soon
as d > 2. Recall that our trajectories on [0, 1] are obtained by simulating data at the times
m2~7 +27% 'm e T;(1), fora given J € N (see Remark 3.7). In the sequel, D stands for

400 simulation(s) of the Fractional Brownian Motion
400 simulation(s) of the Rosenblatt process
400 simulation(s) of the Hermite process of order 3
on [0,1], the Hurst parameter are from 0.60 to 0.90
parameters for simulation(s) are J: 17 a: 0.990 eps: 0.00100

-1

0.0 0.2 04 0.6 0.8 10

FI1G. 8. The 1,200 trajectories generated to obtain the estimations presented in Tables 1 to 4.
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TABLE 4
WV estimations of the Hurst parameter

0.6 0.7 0.8 0.9

FBM m 0.620 0.713 0.807 0.903
0.177 0.156 0.168 0.169

=)

RP m 0.630 0.713 0.759 0.886
0.187 0.205 0.230 0.244

)

HP m 0.623 0.695 0.794 0.883
s 0.266 0.219 0.207 0.218

the set Z;(1) \ {mo}. Forany J e N, d > 1, H € (1/2,1) and m € Dy, the random variable
X (;,{)m’ ;7 1s defined as

X =22 (x P m2 +27) = X ((m — D27 +27)),

where {X g) (t)};>0 denotes the Hermite process of order d and Hurst parameter H. The
empirical cumulative distribution function F g{ )J is defined, for all x € R, as

_ 1
(.
Fuas@ = 4p mgj Lixid <xp

where #D denotes the cardinality of D . On another hand, the cumulative distribution func-
tion F I({d ) is defined, for every x € R, as

FOx):=PxP 1) <x).

The following proposition is the theoretical foundation behind our empirical approach to test
the Gaussianity of the simulated processes.

PROPOSITION 5.3.  For each fixed integer d > 1 and H € (1/2, 1), the sequence of func-
tions (F ,(;{ )J) JeN converges, almost surely and uniformly in x € R, to the function F ,(f ),

PrROOF. We know from [44], Theorem 8.3.1, that the stationary Hermite noise
(X g) (m)—X %) (m — 1))pen is ergodic. Thus, one can derive from the self-similarity prop-
erty of the process {X g) (t)};>0 the stationarity of its increments that

: 7(d) _ @ _
for all x € R P(JETOO F o) =Ff (x)) —1.
Then, since Q is a countable set, one gets that
P(VxeQ, lim F@ x)=FPx)=1.
(reQ. lim Fl 00 =F; ()

Next, we use the facts that QQ is dense in R and x F ;;1 )J (x) is almost surely nondecreasing
to obtain that

(53) P(vx R, lim Filyn=Ff'm)=1.

Next, notice that since the random variable X g)(l) can be expressed as a nonzero multiple
Wiener-It6 integral, we know from the Shigekawa theorem [46] that its distribution is abso-

lutely continuous with respect to the Lebesgue measure on R. The latter fact entails that F ,E,d )
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FI1G. 9. Qg-plot comparing the empirical quantiles of the set (54) in the case of the fractional Brownian motion
(d = 1) to the quantiles of the cumulative distribution function of a N'(0, 1) Gaussian random variable.

is a continuous function on R. Moreover, since

=(d) =(d)
F F
im { "'V oy=0 and 1im | Tl =1,
X——00 F(d) x— 400 F(d)
H H

the conclusion follows from Dini’s theorem applied on the compact R U {00} to the se-
quence of almost surely nondecreasing functions (F g{ )J) JeN which, according to (53), almost

surely simply converges to the continuous function ,(;l). U

. . . —~(d
Based on our simulation procedure, we approximate F ;I)J (x) by
1
Y L
(29 (s, g —sm—1,7)=x}

#D‘] meD J
and we test the Gaussianity of the process by comparing this function to the cumulative
distribution function ® of a A/(0, 1) Gaussian random variable. Figures 9 to 11 present the

15 4

=
o
L

Sample Quantiles
w
L

-4 -3 -2 -1 0 1 2 3 4
Theoretical Quantiles

FIG. 10. Qg-plot comparing the empirical quantiles of the set (54) in the case of the Rosenblatt process (d = 2)
to the quantiles of the cumulative distribution function of a N'(0, 1) Gaussian random variable.
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FI1G. 11.  Qg-plot comparing the empirical quantiles of the set (54) in the case of the Hermite process of order 3
(d = 3) to the quantiles of the cumulative distribution function of a N (0, 1) Gaussian random variable.

qq-plot obtained by comparing the empirical quantiles of the set

(54) {277 (5m.s = sm—1.)} e,

to the quantiles of ®. They clearly show that the latter set is normally distributed when d =1,
while it is not the case when d = 2 or d = 3. Interestingly, we also note that this approach
seems to distinguish the Rosenblatt process from the Hermite process of order 3. This feature
could be explored to develop a statistical method allowing to determne the order of a given
Hermite process.

5.2. Roles of the parameters. The trajectories we simulate depend on the parameters J €
N, e > 0anda € (1/2, 1). Undeniably, the most important parameter is J, since it alone truly
governs the quality of the approximation provided by Theorems 2.12 and 2.13 as well as the
size (41) of the data set (40) we simulate. According to (41), forany T > 0, #7;(T) ~ 27T,
thus it is clear that the complexity algorithm is exponential in J. Experimentally, we manage
to produce a few simulations within a reasonable time up to the rather high level J = 20.
However, if we wish to generate numerous simulations for statistical estimations, as we did
above, we lower this threshold to J = 17. Nevertheless, Tables 5 and 6 below show that the
Hurst parameter estimations are already quite satisfactory, especially for the QV estimator, at
the reduced level J = 12.

The parameters a and ¢ do not play an explicit role in the convergence rate stated in
Theorems 2.12 and 2.13. Nevertheless, the proofs of the latter two theorems as well as that of

TABLE 5
LW estimations of the Hurst parameter for simulations at resolution J =12

0.6 0.7 0.8 0.9

FBM m 0.59 0.693 0.796 0.896
0.016 0.016 0.016 0.019

=)

RP m 0.625 0.733 0.806 0.874
0.032 0.035 0.034 0.042

©“

HP m 0.635 0.736 0.822 0.925
s 0.040 0.030 0.032 0.038
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TABLE 6
QV estimations of the Hurst parameter for simulations at resolution J =12

0.6 0.7 0.8 0.9

FBM m 0.606 0.707 0.811 0.908
0.017 0.017 0.021 0.018

RP m 0.586 0.696 0.797 0.880
s 0.037 0.029 0.027 0.022
HP m 0.592 0.700 0.795 0.894

0.045 0.033 0.021 0.010

[

Theorem 2.7 (see the proofs of Lemmata 3.1, 3.2, 3.3 and 3.6), which provide the theoretical
validation of our method, explicitly depend on these parameters.

The parameter a determines the first and last time at which the process is simulated, see
Remark 3.7. One may think that it could affect the quality of the approximation given by

{S](f} }ter, OF {§l(f}},eR .- Indeed, the trajectory of this process is set to zero on [0, mo2~7].
Thus, for instance, variations on [0, m¢2~7] are vanishing, which could be a bad feature for
estimators based on variations over an interval [0, T']. However, comparing Table 7 (a = 0.51)
with Tables 3 (a = 0.99), we see that the value of a does not have a significant impact on the
estimations of H. As the value of a does not affect the computational cost of the algorithm,
we do not see any “advantageous” value to choose in practice. Maybe, taking a close to 1 is
better to reduce edge effects in other applications.

The parameter ¢ > 0 has a real impact on the computational cost of the algorithm. Indeed,
for any ¢ > 0, #.7; (1) ~ 27/ (1+¢(@=D) One might expect that working with larger values of &
improves the quality of the approximation, as it effectively adds more detail to the sums in
(25). However, this is difficult to assess numerically. For instance, € = 1 leads to considerable
computation times as early as d = 2, making it impossible to generate a sufficiently large
sample within a reasonable time frame. With J = 17 and & = 10~!, we have

Loy . 1 d, — ks
T(t) = {ke(DJ(t)) , pmax ke k@|53}

whereas for any n > 2 and ¢ = 107",
1 1 d
t)y:=1ke (D;(@®))" : ke — k| <1%.
Jj0={ke(Dj0)": max |k —kel<1]

We then simply compare the results above with estimates obtained from simulations using
e =10~". Comparing Tables 8 and 9 with Tables 1 and 3 show that there is no real advan-
tage in working with ¢ = 10™!: the computation time is higher, for simulations of similar

TABLE 7
QV estimations of the Hurst parameter for simulation with a = 0.51

0.6 0.7 0.8 0.9

FBM m 0.606 0.707 0.807 0.905
0.006 0.005 0.005 0.006

RP m 0.587 0.691 0.799 0.897
s 0.012 0.014 0.014 0.011
HP m 0.588 0.691 0.796 0.897

0.026 0.023 0.019 0.007

[
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TABLE 8
LW estimations of the Hurst parameter for simulations with € = 107!

0.6 0.7 0.8 0.9

FBM m 0.600 0.699 0.798 0.898
0.004 0.004 0.003 0.003

©

RP m 0.656 0.724 0.801 0.878
s 0.008 0.011 0.013 0.013
HP m 0.658 0.716 0.793 0.901

s 0.016 0.016 0.014 0.016

TABLE 9
QV estimations of the Hurst parameter for simulations with ¢ = 1071

0.6 0.7 0.8 0.9

FBM m 0.606 0.711 0.813 0.919
0.018 0.021 0.021 0.016

©“

RP m 0.557 0.687 0.804 0.909
s 0.033 0.030 0.028 0.021
HP m 0.556 0.685 0.805 0.900

s 0.042 0.037 0.020 0.012

TABLE 10
LW estimations of the Hurst parameter with Vladas Pipiras’s synthesis

0.6 0.7 0.8 0.9

RP1 m 0.632 0.709 0.796 0.885
0.009 0.015 0.021 0.025

RP2 m 0.617 0.711 0.800 0.891
s 0.025 0.014 0.021 0.023

[

TABLE 11
LV estimations of the Hurst parameter with Vladas Pipiras’s synthesis

0.6 0.7 0.8 0.9

RP1 m 0.616 0.689 0.772 0.861
0.021 0.027 0.037 0.043

RP2 m 0.615 0.694 0.781 0.869
s 0.049 0.029 0.037 0.036

©

TABLE 12
QV estimations of the Hurst parameter with Vladas Pipiras’s synthesis

0.6 0.7 0.8 0.9

RP1 m 0.607 0.710 0.809 0.903
0.026 0.024 0.022 0.019

RP2 m 0.610 0.705 0.809 0.905
s 0.023 0.025 0.020 0.024

©“
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performance. If technological improvements in the near future make it possible to consider
simulations at much higher resolutions J, it would be interesting to reassess the actual impact
of . In particular, can ¢ be chosen as a function of J to obtain more refined simulations with
reduced computational time? It is also possible that our theoretical results could be improved
to eliminate the dependence on the parameter &. Section 5 of Paper [38] seems to suggest that
this is possible for the Rosenblatt process. Further investigation is, however, necessary in the
case of a general Hermite process.

To obtain the results in Section 3 ensuring the theoretical validity of our approach, we
explicitly needed to exploit the parameters a € (1/2, 1) and ¢ > 0 to bound certain parts of
the random series (15) and (16). However, it is true that the exact values of a € (1/2, 1) and
& > ( ultimately do not contribute to the rate of convergence in Theorems 2.12 and 2.13 and
do not seem to affect the practical quality of the simulations either. It is therefore conceivable
that our approach for proving some intermediate results is not yet fully optimal, and that we
could eventually allow ourselves to take, for example, ¢ = 0 and a = 1. Nevertheless, we
have not managed to dispense with these parameters and therefore still prefer to use them
in our procedure to guarantee its theoretical validity. Future investigations may allow us to
further improve our results.

5.3. Comparisons with other methods. Vladas Pipiras kindly shared with us his two
wavelet-based synthesis of the Rosenblatt process [1, 38]. Tables 10 to 12 presented some
Hurst parameter estimations of trajectories with prescribed Hurst parameter 0.6, 0.7, 0.8 and
0.9 realised with Vladas Pipiras’s first synthesis method (RP1) and second synthesis method
(RP2). In each cases, we simulated 100 trajectories on [0, 1] with resolution J = 17 (which
means that data are simulated at time ¢ = 2% with0 <k <2/ ). It shows that the three methods
have similar performance in terms of Hurst index estimation, with perhaps a slight advantage
for our approach. Nevertheless, we emphasize that Vladas Pipiras’s methods require the nu-
merical computation of fewer quantities (his approach is comparable to taking ¢ = 0 in ours)
and therefore has a significantly lower computational cost.

In the case of fractional Brownian motion, since exact simulation methods are available,
they are certainly more suitable in practice. On the other hand, we emphasize once again that
our approach is unique for Hermite processes of order strictly greater than 2.
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FROM HYPER ROUGHNESS TO JUMPS AS H — —1/2
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We investigate the weak limit of the hyper-rough square-root process as
the Hurst index H goes to —1/2. This limit corresponds to the fractional ker-
nel 17-1/2 losing integrability at zero. We establish the joint convergence of
the couple (X, M), where X is the hyper-rough process and M the associated
martingale, to a fully correlated inverse Gaussian Lévy jump process. This
unveils the existence of a continuum between hyper-rough continuous mod-
els and jump processes, as a function of the Hurst index. Since we prove a
convergence of continuous to discontinuous processes, the usual Skorokhod
J1 topology is not suitable for our problem. Instead, we obtain the weak con-
vergence in the Skorokhod M7 topology for X and in the non-Skorokhod §
topology for M.
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THE SUPERCRITICAL EXPONENTIAL RANDOM GRAPH MODEL
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Folklore belief holds that metastable wells in low-temperature statistical
mechanics models exhibit high-temperature behavior. We make this rigorous
in the exponential random graph model (ERGM) through the lens of con-
centration of measure. We make use of the supercritical (low-temperature)
metastable mixing which was recently proven by Bresler, Nagaraj, and
Nichani, and obtain a novel concentration inequality for Lipschitz observ-
ables of the ERGM in a large metastable well, answering a question posed
by those authors. To achieve this, we prove a new connectivity property for
metastable mixing in the ERGM and introduce a new general result yield-
ing concentration inequalities, which extends a result of Chatterjee. We also
use a result of Barbour, Brightwell, and Luczak to cover all cases of interest.
Our work extends a result of Ganguly and Nam from the subcritical (high-
temperature) regime to metastable wells, and we also extend applications of
this concentration, namely a central limit theorem for small subcollections of
edges and a bound on the Wasserstein distance between the ERGM and the
Erd6s—Rényi random graph. Finally, to supplement the mathematical content
of the article, we present a simulation study of metastable wells in the super-
critical ERGM.
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We study the sensitivity of the eigenvectors of random matrices, showing
that even small perturbations make the eigenvectors almost orthogonal. More
precisely, we consider two deformed Wigner matrices W + Dy, W 4+ D, and
show that their bulk eigenvectors become asymptotically orthogonal as soon
as Tr(Dy — D)2 > 1, or their respective energies are separated on a scale
much bigger than the local eigenvalue spacing. Furthermore, we show that
quadratic forms of eigenvectors of W + Dy, W 4+ D, with any determinis-
tic matrix A € CV*V in a specific subspace of codimension one are of size
N~1/2_ This proves a generalization of the eigenstate thermalization hypoth-
esis to eigenvectors belonging to two different spectral families.
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Excursion sets of Poisson shot noise processes are a prominent class of
random sets. We consider a specific class of Poisson shot noise processes
whose excursion sets within compact convex observation windows are almost
surely polyconvex. This class contains, for example, the Boolean model. In
this paper, we analyse the behaviour of geometric functionals such as the
intrinsic volumes of these excursion sets for growing observation windows.
In particular, we study the asymptotics of the expectation and the variance,
derive a lower variance bound and show qualitative and quantitative central
limit theorems.
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