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MULTIPLY ROBUST ESTIMATION FOR CAUSAL SURVIVAL ANALYSIS
WITH TREATMENT NONCOMPLIANCE

BY CHAO CHENG"2, Bo L1u%?, Lisa WrRuck?*4, FAN L1%¢ AND FAN L1>-¢
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Comparative effectiveness research frequently addresses a time-to-event
outcome and can require unique considerations in the presence of treatment
noncompliance. Motivated by the challenges in addressing noncompliance in
the ADAPTABLE pragmatic clinical trial, we develop a multiply robust es-
timator to estimate the principal survival causal effects under the principal
ignorability and monotonicity. The multiply robust estimator is consistent,
even if one, and sometimes two, of the required models are misspecified. We
apply the multiply robust method in the ADAPTABLE trial to evaluate the
effect of low- vs. high-dose aspirin assignment on patients’ death and hospi-
talization from cardiovascular diseases. We find that, comparing to low-dose
assignment, assignment to the high-dose leads to differential effects among
always high-dose takers, compliers, and always low-dose takers. Such treat-
ment effect heterogeneity contributes to the null intention-to-treatment effect.
We further perform a formal sensitivity analysis for investigating the robust-
ness of our causal conclusions under violation of two identification assump-
tions specific to noncompliance.
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INFERRING THE EFFECT OF A RANDOMISED TREATMENT ON A
RECURRENT EVENT PROCESS UNDER DEPENDENT CENSORING
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This work is motivated by randomized clinical trial NCT03281876
(November 2017-March 2020), whose secondary aim was to evaluate the
efficacy of the NTHi-Mcat vaccine vs. placebo in preventing recurrent severe
exacerbations among patients with acute exacerbations of chronic obstructive
pulmonary disease (AECOPD). The published analysis (Vaccine 40 (2022)
5924-5932; Lancet Respir. Med. 10 (2022) 435-446) aimed to estimate the
ratio of the expected number of exacerbations one experienced by the end
of study in the vaccinated vs. the placebo arm. One, therefore, regressed the
number of exacerbations one experienced by the last point in time one is
uncensored on treatment and baseline covariates with offset the logarithm of
the observation time to account for different follow-up times. In this paper we
demonstrate that this approach is prone to selection bias due to: (i) selective
withdrawal and (ii) selective timing of the outcome measurements. We show
that inverse probability of censoring weigting (IPCW), a common approach
to adjust for dependent censoring under the assumption that censoring is non-
informative given the observed covariate history, does not suffice to restore
the unbiasedness of the treatment effect estimator under the above-mentioned
type of analysis. To address this, we propose hazard inverse probability of
censoring weighting (HIPCW). This novel weighting technique preserves the
simplicity of IPCW but extracts more efficiency by using each individual’s
last recorded outcome. We validate the proposed approach through extensive
simulations and compare with: (i) IPCW at a single time, (ii) a variant of the
existing IPCW-GEE routines (J. Amer. Statist. Assoc. 90 (1995) 106—121) and
(iii) IPCW-based estimators derived from the popular Andersen-Gill model
(J. R. Stat. Soc. Ser. B. Stat. Methodol. 66 (2004) 239-257). We illustrate the
routines through reanalysing clinical trial NCT03281876.
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A Directed Acyclic Graph (DAG) is a fundamental model for represent-
ing directional relationships among a set of random variables, with extensive
applications in biology and medicine. Yet the limited data in one single study
may affect accurate DAG reconstruction, whereas data from multiple relevant
studies can be collected. It raises the challenging question of how to integrate
multiple studies for better constructing common DAG structures. In this ar-
ticle we consider multiple linear non-Gaussian DAGs in high-dimensional
cases and propose a novel integrative learning framework. Our framework
requires only that multiple DAGs share a common structure but can have spe-
cific edge strengths and noise distributions. We also establish the asymptotic
consistency result in terms of the DAG reconstruction, which shows substan-
tial theoretical improvement of the integrative DAG learning in multiple as-
pects compared to the single DAG learning. The advantage of our proposed
method is further supported by the numerical comparison of synthetic data as
well as multisite nonsmall cell lung cancer data.
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Changes in DNA methylation patterns exhibit a high correlation with
chronological age. Epigenetic clocks, developed through statistical models
that estimate epigenetic age using the methylation levels of cytosine-guanine
dinucleotide (CpG) sites, have emerged as powerful tools for understanding
aging and age-related diseases. Despite their popularity, the generalizability
of these clocks across diverse populations remains a challenge. Some of the
widely used epigenetic clocks, such as Horvath’s clock (Genome Biol. 14
(2013) 1-20) and the PedBE clock (Proc. Natl. Acad. Sci. USA 117 (2020)
23329-23335), are shown to perform poorly in our target cohort. This loss of
prediction accuracy raises concerns about their viability in calculating biolog-
ical age in distinct demographic and ethnic groups. Technically, the feature
space of existing clocks is yielded with an obsolete technique, potentially
leading to systematic bias in the analysis of all target data generated by the
EPIC 850K array. To address both population heterogeneity and technolog-
ical advances, we adopt a transfer learning framework to calibrate existing
epigenetic clocks by borrowing shared knowledge from diverse datasets. Fur-
thermore, our transfer learning is built on kriging- and DNN-based methods
for feature adaptation, to close the gap between existing clocks and our tar-
get data. We analyze data collected from 523 blood samples from a cohort
of children and adolescents in the Early Life Exposure in Mexico to Envi-
ronmental Toxicants (ELEMENT) study and show that our proposed transfer
learning methods significantly improve prediction performance compared to
existing clocks. Performance is further enhanced by using the CpG sites pro-
filed on the higher-resolution EPIC array. More importantly, calibrated clocks
produce epigenetic age accelerations that correlate better with stages of sex-
ual maturation. Our methodology demonstrates the potential to bridge the gap
between different DNA methylation datasets and various profiling platforms,
thereby enhancing the applicability of epigenetic clocks across diverse popu-
lation groups and contributing to more accurate aging research.

REFERENCES

AANES, H., BLEKA, @., DAHLBERG, P. S., CARM, K. T., LEHTIMAKI, T., RAITAKARI, O., KAHONEN, M.,
HURME, M. and ROLSETH, V. (2023). A new blood based epigenetic age predictor for adolescents and young
adults. Sci. Rep. 13 2303.

ALMSTRUP, K., LINDHARDT JOHANSEN, M., BUSCH, A. S., HAGEN, C. P, NIELSEN, J. E., PETERSEN, J. H.
and JUUL, A. (2016). Pubertal development in healthy children is mirrored by DNA methylation patterns in
peripheral blood. Sci. Rep. 6 28657.

BELSKY, D. W.,, CASPI, A., ARSENEAULT, L., BACCARELLI, A., CORCORAN, D. L., GAo, X., HANNON, E.,
HARRINGTON, H. L., RASMUSSEN, L. J. et al. (2020). Quantification of the pace of biological aging in humans
through a blood test, the DunedinPoAm DNA methylation algorithm. eLife 9 €54870.

Key words and phrases. Transfer learning, epigenetic clocks, epigenetic age acceleration, population hetero-
geneity, platform heterogeneity.


https://imstat.org/journals-and-publications/annals-of-applied-statistics/
https://doi.org/10.1214/26-AOAS2136
https://www.imstat.org
mailto:l.luo@rutgers.edu
mailto:LShang@mdanderson.org
mailto:gaydojac@umich.edu
mailto:karenep@umich.edu
mailto:pxsong@umich.edu

BELSKY, D. W., CASPI, A., CORCORAN, D. L., SUGDEN, K., POULTON, R., ARSENEAULT, L., BACCARELLL A.,
CHAMARTI, K., GAO, X. et al. (2022). DunedinPACE, a DNA methylation biomarker of the pace of aging.
eLife 11 €73420.

CATHEY, A., WATKINS, D. J., SANCHEZ, B. N., TAMAYO-ORTIZ, M., SOLANO-GONZALEZ, M., TORRES-
OLASCOAGA, L., TELLEZ-ROJO, M. M., PETERSON, K. E. and MEEKER, J. D. (2020). Onset and tempo
of sexual maturation is differentially associated with gestational phthalate exposure between boys and girls in
a Mexico City birth cohort. Environ. Int. 136 105469.

CHEN, B. H., MARIONI, R. E., CoLICINO, E., PETERS, M. J., WARD-CAVINESS, C. K., TsAl, P-C.,
ROETKER, N. S., JUST, A. C., DEMERATH, E. W. et al. (2016). DNA methylation-based measures of bio-
logical age: Meta-analysis predicting time to death. Aging 8 1844.

CHINN, I. K., BLACKBURN, C. C., MANLEY, N. R. and SEMPOWSKI, G. D. (2012). Changes in primary lymphoid
organs with aging. In Seminars in Immunology 24 309-320. Elsevier, Amsterdam.

CORTEZ, B. N., PAN, H., HINTHORN, S., SUN, H., NERETTI, N., GLOYN, A. L. and AGUAYO-MAZZUCATO, C.
(2024). Heterogeneity of increased biological age in type 2 diabetes correlates with differential tissue DNA
methylation, biological variables, and pharmacological treatments. GeroScience 46 2441-2461.

CRESSIE, N. A. C. (2015). Statistics for Spatial Data, Revised ed. Wiley Classics Library. Wiley, New York.
Paperback edition of the 1993 edition [MR1239641]. MR3559472

DE LIMA CAMILLO, L. P, LAPIERRE, L. R. and SINGH, R. (2022). A pan-tissue DNA-methylation epigenetic
clock based on deep learning. npj Aging 8.

DUNCAN, L., SHEN, H., GELAYE, B., MEIJSEN, J., RESSLER, K., FELDMAN, M., PETERSON, R. and
DOMINGUE, B. (2019). Analysis of polygenic risk score usage and performance in diverse human popula-
tions. Nat. Commun. 10 3328.

ECKHARDT, F., LEWIN, J., CORTESE, R., RAKYAN, V. K., ATTWOOD, J., BURGER, M., BURTON, J., CoX, T. V,,
DAVIES, R. et al. (2006). DNA methylation profiling of human chromosomes 6, 20 and 22. Nat. Genet. 38
1378-1385.

EHLINGER, J. V., GOODRICH, J. M., DOLINOY, D. C., WATKINS, D. J., CANTORAL, A., MERCADO-GARCIA, A.,
TELLEZ-ROJO, M. M. and PETERSON, K. E. (2023). Associations between blood leukocyte DNA methylation
and sustained attention in mid-to-late childhood. Epigenomics 15 965-981.

FAN, J. and Lv, J. (2008). Sure independence screening for ultrahigh dimensional feature space. J. R. Stat. Soc.
Ser. B. Stat. Methodol. 70 849-911. MR2530322 https://doi.org/10.1111/j.1467-9868.2008.00674.x

FauL, J. D.,, Kim, J. K., LEVINE, M. E., THYAGARAJAN, B., WEIR, D. R. and CRIMMINS, E. M. (2023).
Epigenetic-based age acceleration in a representative sample of older Americans: Associations with aging-
related morbidity and mortality. Proc. Natl. Acad. Sci. USA 120. e2215840120.

FC LOPES, A. (2020). Mitochondrial metabolism and DNA methylation: A review of the interaction between two
genomes. Clin. Epigenet. 12 182.

FORTIN, J.-P.,, TRICHE, T. J. JR and HANSEN, K. D. (2017). Preprocessing, normalization and integration of the
[lumina HumanMethylationEPIC array with minfi. Bioinformatics 33 558-560.

GALKIN, F., MAMOSHINA, P., KOCHETOV, K., SIDORENKO, D. and ZHAVORONKOV, A. (2021). DeepMAge: A
methylation aging clock developed with deep learning. Aging Dis. 12 1252.

Gu, T., HAN, Y. and DUAN, R. (2025). Robust angle-based transfer learning in high dimensions. J. R. Stat. Soc.
Ser. B. Stat. Methodol. 87 723-745. MR4941743 https://doi.org/10.1093/jrsssb/qkael11

HALABICKY, O., TELLEZ-R0OJO, M., GOODRICH, J., DOLINOY, D., MERCADO-GARCIA, A., HU, H. and PETER-
SON, K. (2024). Prenatal and childhood lead exposure is prospectively associated with biological markers of
aging in adolescence. Sci. Total Environ. 913 169757.

HANNUM, G., GUINNEY, J., ZHAO, L., ZHANG, L., HUGHES, G., SADDA, S., KLOTZLE, B., BIBIKOVA, M.,
FAN, J.-B. et al. (2013). Genome-wide methylation profiles reveal quantitative views of human aging rates.
Mol. Cell 49 359-367.

HORVATH, S. (2013). DNA methylation age of human tissues and cell types. Genome Biol. 14 1-20.

HORVATH, S., OSHIMA, J., MARTIN, G. M., LU, A. T., QUACH, A., COHEN, H., FELTON, S., MATSUYAMA, M.,
Lowe, D. et al. (2018). Epigenetic clock for skin and blood cells applied to Hutchinson Gilford Progeria
Syndrome and ex vivo studies. Aging 10 1758.

JAIN, P, BINDER, A. M., CHEN, B., PARADA, H., GALLO, L. C., ALCARAZ, J., HORVATH, S., BHATTI, P,
WHITSEL, E. A. et al. (2022). Analysis of epigenetic age acceleration and healthy longevity among older US
women. JAMA Netw. Open 5 2223285-e2223285.

JANSEN, E. C., DOLINOY, D., PETERSON, K. E., O’BRIEN, L. M., CHERVIN, R. D., CANTORAL, A., TELLEZ-
RoJO, M. M., SOLANO-GONZALEZ, M. and GOODRICH, J. (2021). Adolescent sleep timing and dietary pat-
terns in relation to DNA methylation of core circadian genes: A pilot study of Mexican youth. Epigenetics 16
894-907.

JOSEPH, V. R. (2022). Optimal ratio for data splitting. Stat. Anal. Data Min. 15 531-538. MR4461844 https://doi.
org/10.1002/sam.11583


https://mathscinet.ams.org/mathscinet-getitem?mr=3559472
https://mathscinet.ams.org/mathscinet-getitem?mr=2530322
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://mathscinet.ams.org/mathscinet-getitem?mr=4941743
https://doi.org/10.1093/jrsssb/qkae111
https://mathscinet.ams.org/mathscinet-getitem?mr=4461844
https://doi.org/10.1002/sam.11583
https://doi.org/10.1002/sam.11583

Kiv, C., HARRALL, K. K., GLUECK, D. H., HOCKETT, C. and DABELEA, D. (2024). Epigenetic age acceleration
is associated with speed of pubertal growth but not age of pubertal onset. Sci. Rep. 14 2981.

KRAFT, S. A., CHO, M. K., GILLESPIE, K., HALLEY, M., VARSAVA, N., ORMOND, K. E., LUFT, H. S., WIL-
FOND, B. S. and LEE, S. S.-J. (2018). Beyond consent: Building trusting relationships with diverse populations
in precision medicine research. Amer. J. Bioeth. 18 3-20.

LANDRY, L. G., ALI, N., WILLIAMS, D. R., REHM, H. L. and BONHAM, V. L. (2018). Lack of diversity in genomic
databases is a barrier to translating precision medicine research into practice. Health Aff. 37 780-785.

LEVINE, M. E., LU, A. T., QUACH, A., CHEN, B. H., ASSIMES, T. L., BANDINELLI, S., Hou, L., BAC-
CARELLI, A. A., STEWART, J. D. et al. (2018). An epigenetic biomarker of aging for lifespan and healthspan.
Aging 10 573.

LEVY,J.]J., TITUS, A.J., PETERSEN, C. L., CHEN, Y., SALAS, L. A. and CHRISTENSEN, B. C. (2020). MethyINet:
An automated and modular deep learning approach for DNA methylation analysis. BMC Bioinform. 21 1-15.

LL S, CAL T. T. and L1, H. (2022). Transfer learning for high-dimensional linear regression: Prediction, estima-
tion and minimax optimality. J. R. Stat. Soc. Ser. B. Stat. Methodol. 84 149-173. MR4400393

L1, Z., SHEN, Y. and NING, J. (2023). Accommodating time-varying heterogeneity in risk estimation under the
Cox model: A transfer learning approach. J. Amer. Statist. Assoc. 118 2276-2287. MR4681582 https://doi.org/
10.1080/01621459.2023.2210336

Lu, A. T, FEL,Z., HAGHANI, A., ROBECK, T.R., ZOLLER, J., L1, C., LOWE, R., YAN, Q., ZHANG, J. et al. (2023).
Universal DNA methylation age across mammalian tissues. Nat. Aging 3 1144—1166.

Lu, A. T., QUACH, A., WILSON, J. G., REINER, A. P, Avlv, A., RAJ, K., HOU, L., BACCARELLI, A. A, LL Y.
et al. (2019). DNA methylation-based estimator of telomere length. Aging 11 5895.

MARIONI, R. E., SHAH, S., MCRAE, A. FE,, CHEN, B. H., CoLICINO, E., HARRIS, S. E., GIBSON, J., HEN-
DERS, A. K., REDMOND, P. et al. (2015). DNA methylation age of blood predicts all-cause mortality in later
life. Genome Biol. 16 1-12.

MATHERON, G. (1963). Principles of geostatistics. Econ. Geol. 58 1246-1266.

MCEWEN, L. M., O’DONNELL, K. J., MCGILL, M. G., EDGAR, R. D., JONES, M. J., MACISAAC, J. L,
LiN, D. T. S., RAMADORI, K., MORIN, A. et al. (2020). The PedBE clock accurately estimates DNA methyla-
tion age in pediatric buccal cells. Proc. Natl. Acad. Sci. USA 117 23329-23335.

MUNAFO, M. R., TILLING, K., TAYLOR, A. E., EVANS, D. M. and DAVEY SMITH, G. (2018). Collider scope:
When selection bias can substantially influence observed associations. Int. J. Epidemiol. 47 226-235.

NWANAIJI-ENWEREM, J. C., VAN DER LAAN, L., KOGUT, K., ESKENAZI, B., HOLLAND, N., DEARDORFF, J.
and CARDENAS, A. (2021). Maternal adverse childhood experiences before pregnancy are associated with
epigenetic aging changes in their children. Aging 13 25653.

PERNG, W., TAMAYO-ORTIZ, M., TANG, L., SANCHEZ, B. N., CANTORAL, A., MEEKER, J. D., DOLINOY, D. C.,
ROBERTS, E. F., MARTINEZ-MIER, E. A. et al. (2019). Early Life Exposure in Mexico to ENvironmental
Toxicants (ELEMENT) project. BMJ Open 9 e030427.

PIDSLEY, R., ZOTENKO, E., PETERS, T. J.,, LAWRENCE, M. G., RISBRIDGER, G. P,, MOLLOY, P., VAN DJIK, S.,
MUHLHAUSLER, B., STIRZAKER, C. et al. (2016). Critical evaluation of the Illumina MethylationEPIC Bead-
Chip microarray for whole-genome DNA methylation profiling. Genome Biol. 17 1-17.

REYNOLDS, L. M., TAYLOR, J. R., DING, J., LOHMAN, K., JOHNSON, C., SISCOVICK, D., BURKE, G., POST, W.,
SHEA, S. et al. (2014). Age-related variations in the methylome associated with gene expression in human
monocytes and T cells. Nat. Commun. 5 5366.

SHIREBY, G. L., DAVIES, J. P, FRANCIS, P. T., BURRAGE, J., WALKER, E. M., NEILSON, G. W., DAHIR, A.,
THOMAS, A.J.,LOVE, S. et al. (2020). Recalibrating the epigenetic clock: Implications for assessing biological
age in the human cortex. Brain 143 3763-3775.

TAYLOR, A. E., JONES, H. J., SALLIS, H., EUESDEN, J., STERGIAKOULI, E., DAVIES, N. M., ZAMMIT, S.,
LAWLOR, D. A., MUNAFO, M. R. et al. (2018). Exploring the association of genetic factors with participation
in the Avon Longitudinal Study of Parents and Children. Int. J. Epidemiol. 47 1207-1216.

TESCHENDORFF, A. E. and HORVATH, S. (2025). Epigenetic ageing clocks: Statistical methods and emerging
computational challenges. Nat. Rev. Genet. 1-19.

TIAN, Y. and FENG, Y. (2023). Transfer learning under high-dimensional generalized linear models. J. Amer.
Statist. Assoc. 118 2684-2697. MR4681613 https://doi.org/10.1080/01621459.2022.2071278

TIAN, Y.E., CROPLEY, V., MAIER, A. B., LAUTENSCHLAGER, N. T., BREAKSPEAR, M. and ZALESKY, A. (2023).
Heterogeneous aging across multiple organ systems and prediction of chronic disease and mortality. Nat. Med.
29 1221-1231.

TYRRELL, J., ZHENG, J., BEAUMONT, R., HINTON, K., RICHARDSON, T. G., WoOD, A. R., DAVEY SMITH, G.,
FRAYLING, T. M. and TILLING, K. (2021). Genetic predictors of participation in optional components of UK
Biobank. Nat. Commun. 12 886.

UNNIKRISHNAN, A., FREEMAN, W. M., JACKSON, J., WREN, J. D., PORTER, H. and RICHARDSON, A. (2019).
The role of DNA methylation in epigenetics of aging. Pharmacol. Ther. 195 172-185.


https://mathscinet.ams.org/mathscinet-getitem?mr=4400393
https://mathscinet.ams.org/mathscinet-getitem?mr=4681582
https://doi.org/10.1080/01621459.2023.2210336
https://doi.org/10.1080/01621459.2023.2210336
https://mathscinet.ams.org/mathscinet-getitem?mr=4681613
https://doi.org/10.1080/01621459.2022.2071278

WATKINS, S. H., TESTA, C., CHEN, J. T., DE VIvO, L, SIMPKIN, A. J., TILLING, K., DIEZ ROUX, A. V., DAVEY
SMITH, G., WATERMAN, P. D. et al. (2023). Epigenetic clocks and research implications of the lack of data on
whom they have been developed: A review of reported and missing sociodemographic characteristics. Environ.
Epigenet. 9. dvad005.

WEST, K. M., BLACKSHER, E. and BURKE, W. (2017). Genomics, health disparities, and missed opportunities
for the nation’s research agenda. JAMA 317 1831-1832.

Wu, X., CHEN, W,, LIN, F., HUANG, Q., ZHONG, J., GAO, H., SONG, Y. and LIANG, H. (2019). DNA methylation
profile is a quantitative measure of biological aging in children. Aging 11 10031-10051. https://doi.org/10.
18632/aging.102399

XU, Z., LANGIE, S. A., DE BOEVER, P,, TAYLOR, J. A. and NI1U, L. (2017). RELIC: A novel dye-bias correction
method for [llumina Methylation BeadChip. BMC Genomics 18 1-7.

ZHANG, Z. (2018). Improved Adam optimizer for deep neural networks. In 2018 IEEE/ACM 26th International
Symposium on Quality of Service (IWQoS) 1-2. https://doi.org/10.1109/IWQ0S.2018.8624183

Zou, H. and HASTIE, T. (2005). Regularization and variable selection via the elastic net. J. R. Stat. Soc. Ser. B.
Stat. Methodol. 67 301-320. MR2137327 https://doi.org/10.1111/j.1467-9868.2005.00503.x


https://doi.org/10.18632/aging.102399
https://doi.org/10.18632/aging.102399
https://doi.org/10.1109/IWQoS.2018.8624183
https://mathscinet.ams.org/mathscinet-getitem?mr=2137327
https://doi.org/10.1111/j.1467-9868.2005.00503.x

The Annals of Applied Statistics

2026, Vol. 20, No. 1, 90-109
https://doi.org/10.1214/26-A0AS2145

© Institute of Mathematical Statistics, 2026

MODEL-FREE INFERENCE FOR CHARACTERIZING PROTEIN
MUTATIONS THROUGH A COEVOLUTIONARY LENS

BY FAN F. YANG!"2, ZHAO REN!"P, WEN ZHOU?¢, KEJUE J1A*4 AND
ROBERT JERNIGAN®¢€

]Department of Statistics, University of Pittsburgh, *ffyl @pitt.edu, bzren @pitt.edu
2Department of Biostatistics, School of Global Public Health, New York University, “wz3030@nyu.edu
3Department of Molecular, Cellular and Developmental Biology, Yale University, dkejue.jia@yale.edu
4Department of Biochemistry, Biophysics and Molecular Biology, lowa State University, ®jernigan @ iastate.edu

Multiple sequence alignment (MSA) data play a crucial role in the study
of protein mutations, with contact prediction being a notable application. Ex-
isting methods are often model-based or algorithmic and typically do not in-
corporate statistical inference to quantify the uncertainty of the prediction
outcomes. To address this, we propose a novel framework that transforms the
task of contact prediction into a statistical testing problem. Our approach is
motivated by the partial correlation for continuous random variables. With
one-hot encoding of MSA data, we are able to construct a partial correla-
tion graph for multivariate categorical variables. In this framework, two con-
nected nodes in the graph indicate that the corresponding positions on the
protein form a contact. A new spectrum-based test statistic is introduced to
test whether two positions are partially correlated. Moreover, the new frame-
work enables the identification of amino acid combinations that contribute to
the correlation within the identified contacts, an important but largely unex-
plored aspect of protein mutations. Numerical experiments demonstrate that
our proposed method is valid in terms of controlling Type I errors and power-
ful in general. Real data applications on various protein families further vali-
date the practical utility of our approach in coevolution and mutation analysis.
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This study introduces a novel Markov-switching spatial autoregressive
(MS-SAR) model to analyse dynamic cross-price interdependencies within
the three-digit subcomponents of the Consumer Price Index (CPI) for 15
European Union countries. By allowing the spatial weight matrix and net-
work strength to evolve over time, our model captures the complex, time-
varying nature of economic interdependencies that traditional models often
overlook. Our results reveal marked cross-country differences in the propa-
gation of price shocks across different categories, providing valuable insights
into the transmission of macroeconomic shocks, such as the recent energy
price shock, to inflation dynamics.
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The conditional variance, skewness, and kurtosis play a central role in
time series analysis. To learn the three conditional moments (CMs), the News
Impact Curve (NIC) has been widely used. Since these CMs are unobserved,
their NICs are typically assumed to have certain parametric forms and then
learned within a parametric model, which accounts for the dynamics of all
three CMs. However, this inevitably brings two issues: the risk of model mis-
specification and the instability of model estimation, where the latter issue
results from a necessary nonlinear constraint (on the conditional skewness
and kurtosis) that requires a complex restriction on the admission region of
model parameters. To avoid the above two issues, we propose a novel method
to estimate the three CMs via the so-called quantiled CMs (QCMs). Under
certain high-level condition, we show the consistency of the QCMs. In an
application to three major exchange rates, we give a data-driven method to
propose the nonparametric NICs for the three CMs, based on the QCMs. Our
obtained nonparametric NICs indicate that the existing parametric NICs for
conditional skewness and kurtosis may miscapture the impact of large shocks
(in absolute value).
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High-dimensional measurements are often correlated, which motivates
their approximation by factor models. This holds also true when features are
engineered via low-dimensional interactions or kernel tricks. This often re-
sults in overparametrization and requires a fast dimensionality reduction. We
propose a simple technique to enhance the performance of supervised learn-
ing algorithms by augmenting features with factors extracted from design
matrices and their transformations. This is implemented by using the factors
and idiosyncratic residuals which significantly weaken the correlations be-
tween input variables and hence increase the interpretability of learning algo-
rithms and numerical stability. Extensive experiments on various algorithms
and real-world data in diverse fields are carried out, among which we put spe-
cial emphasis on the stock return prediction problem with Chinese financial
news data due to the increasing interest in NLP problems in financial studies.
We verify the capability of the proposed feature augmentation approach to
boost overall prediction performance with the same algorithm. The approach
bridges a gap in research that has been overlooked in previous studies, which
focus either on collecting additional data or constructing more powerful al-
gorithms, whereas our method lies in between these two directions using a
simple PCA augmentation.
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We propose a Multilevel Dynamic Factor Model (ML-DFM) to capture
the common global and region-specific stochastic trends in monthly cen-
tre and log-range temperatures observed at 68 locations across the Iberian
Peninsula from January 1930 to December 2020. The specification of com-
mon trends is based on the analysis of temperatures at each location using
unobserved component models, which decompose temperatures into trend,
seasonal, and transitory components. First, we show that the centre and log-
range temperatures evolve independently. Second, we remove the seasonal
component before analysing common trends. Third, we find that centre tem-
perature trends are well approximated by a smooth, integrated random walk
with a time-varying slope. In contrast, a stochastic level better captures the
dynamics of the log-range. The ML-DFM is estimated using an EM algo-
rithm extended here to accommodate nonstationary factors. We show that,
although the commonality in centre-temperature trends is considerable, the
regional components remain relevant, particularly at the log-range.
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Particulate matter with aerodynamic diameters smaller than 2.5 pum
(PM; 5) exhibits substantial spatial variation across China, characterized by
heterogeneous patterns at the national scale and relative homogeneity within
smaller regions. Analyzing these patterns is particularly challenging due to
strong spatial similarity among neighboring sites and the presence of out-
liers in the data. To address these challenges, we propose a robust functional
spatial clustering framework built upon the concept of angular depth, which
provides a robust centrality measure for functional data with desirable the-
oretical properties in infinite-dimensional spaces. Leveraging angular depth,
our method effectively accommodates outliers and incorporates spatial infor-
mation to produce stable and interpretable clustering results. Applying the
proposed framework to a national PM; 5 dataset, we identify 10 distinct re-
gions with well-defined boundaries and internally coherent pollution patterns.
The resulting clusters offer valuable insights for policymakers, providing a
scientific basis for designing targeted emission-control strategies and foster-
ing regional cooperation in air quality management.
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Motivated by the study of pollution trends in the city of Bergen, we intro-
duce a flexible statistical framework for modeling multivariate air pollution
data via a nonhomogeneous hidden semi-Markov vector autoregression. The
hidden process captures unobserved environmental conditions, while the vec-
tor autoregressive structure accounts for temporal autocorrelation and cross-
pollutant dependencies. The model further allows time-varying environmen-
tal conditions to influence both the average levels of pollutant concentrations
and the duration of different transient states. Parameters are estimated via
maximum likelihood using a tailored expectation-maximization (EM) algo-
rithm, integrated with state-specific £; regularization to control overfitting
and automatically select relevant temporal lags. The proposal is tested on sim-
ulated data under different scenarios and then applied to daily concentrations
of nitrogens and particulate matter recorded in an urban area. Environmen-
tal risk is assessed by a Shapley value-based decomposition that attributes
marginal risk contributions. This approach offers a comprehensive framework
for multivariate environmental risk modeling, enabling better identification of
high-pollution episodes and informing policy interventions.
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While federated learning is a popular framework for distributed learning
in the machine learning community that allows a global model to be trained
across decentralized devices without data exchanging, it is vulnerable to
Byzantine attacks where some involved devices are manipulated to poison the
model training. Defending federated learning from various Byzantine attacks
has been an active research topic in machine learning in recent years. This
paper proposes a novel defense strategy called MANDERA, which achieves
effective defense via precise detection of the manipulated devices based on a
statistical analysis of a ranking matrix obtained from the messages reported
by decentralized devices. Compared to existing defense strategies, MAN-
DERA enjoys a higher defense efficiency against a wide range of Byzantine
attacks and a clear theoretical guarantee. The effectiveness and robustness of
MANDERA are further confirmed by a collection of real data analyses.
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Data harmonization is the process of developing an equivalence between
two measurements of a common domain. Our problem is motivated by de-
mentia research in which multiple neuropsychological tests have been used
in practice to measure the same underlying cognitive ability, such as memory
or attention. We connect this statistical problem to mixing distribution esti-
mation common in empirical Bayes approaches. We introduce and study a
nonparametric latent trait model, develop a method that enforces the unique-
ness of the regularized maximum likelihood estimator, show how a nonpara-
metric EM algorithm will converge weakly to its maximizer, and illustrate
its superior computational efficiency to off-the-shelf solvers. Furthermore,
we develop methods for model selection and assessing the goodness-of-fit
for the measurement model, an area neglected in most mixing distribution
estimation problems. We develop methods for score conversion with uncer-
tainty quantification in order to draw inferences on a whole population with
multiple score scales. We apply our method to the National Alzheimer’s Co-
ordination Center Uniform Dataset and show that we can use our method to
convert between score measurements and account for the measurement error.
We show that this method outperforms standard techniques commonly used
in dementia research.
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Throughout an organism’s life, numerous complex and interdependent
biological systems undergo transitions driven by biophysical processes.
These processes reflect the underlying biological state and serve as mea-
surable indicators of the organism’s condition. A central objective in modern
biology and neuroscience is to infer these latent, unobserved states and to re-
construct the trajectories these systems follow over time. However, in many
experimental settings, we are limited to discrete snapshots—observations
captured at different time points across different individuals—which com-
plicates the task of recovering the continuous underlying trajectory. This
challenge is particularly relevant in the study of Alzheimer’s disease (AD)
progression, where we can measure the aggregation of pathological proteins
in postmortem brain samples, but the true course of disease remains hidden.

This paper proposes a biophysically motivated Bayesian framework (B-
BIND: Biophysical Bayesian Inference for Neurodegenerative Dynamics),
where the disease state is modeled and inferred from observed AD patho-
logical proteins. Inspired by biophysical models, we describe pathological
burden as an exponential process. The progression of AD is modeled by a la-
tent variable, termed pseudotime, creating a pseudotemporal order of donors
based on their pathological burden. We study the theoretical properties of the
model using linearization to reveal convergence and identifiability proper-
ties. We provide Markov chain Monte Carlo estimation algorithms, illustrat-
ing the effectiveness of our approach with multiple simulation studies across
various data conditions. Applying this methodology to data from the Seat-
tle Alzheimer’s Disease Brain Cell Atlas, we infer pseudotime of donors to
then refine the model, focusing on the most informative pathologies. This
framework lays the groundwork for continuous pseudotime modeling in the
analysis of neurodegenerative diseases.
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Joint models have proven to be an effective approach for uncovering
potentially hidden connections between various types of outcomes, mainly
continuous, time-to-event, and binary. Typically, longitudinal continuous out-
comes are characterized by linear mixed-effects models, survival outcomes
are described by proportional hazards models, and the link between outcomes
are captured by shared random effects. Other modeling variations include
generalized linear mixed-effects models for longitudinal data and logistic re-
gression when a binary outcome is present, rather than time until an event
of interest. However, in a clinical research setting, one might be interested
in modeling the physician’s chosen treatment based on the patient’s medical
history to identify prognostic factors. In this situation there are often multiple
treatment options, requiring the use of a multiclass classification approach.
Inspired by this context, we develop a Bayesian joint model for longitudi-
nal and categorical data. In particular, our motivation comes from a multiple
myeloma study in which biomarkers display nonlinear trajectories that are
well captured through biexponential submodels, where patient-level infor-
mation is shared with the categorical submodel. We also present a variable
importance strategy to rank prognostic factors. We apply our proposal and
a competing model to the multiple myeloma data, compare the variable im-
portance and inferential results for both models, and illustrate patient-level
interpretations using our joint model.
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Accurate estimation and forecasts for neonatal mortality rates (NMRs)
in low- and middle-income countries is an urgent problem. Much of child
mortality is preventable, and understanding temporal trends is of great in-
terest when evaluating past performance and planning future policy or pro-
gramming. In countries without robust vital registration, we rely on mod-
eled estimates based on survey data to understand trends. A toolkit of com-
pelling temporal models exists, but these methods have not been compre-
hensively evaluated for their application for the estimation of the NMR in
low- and middle-income countries using household survey data. Using De-
mographic and Health Surveys (DHS) and Multiple Indicator Cluster Sur-
veys (MICS) data from 41 countries in sub-Saharan Africa, we estimate and
forecast the national-level NMR for 1970-2030 separately with random walk,
auto-regressive, penalized spline, natural spline, and logit-linear latent tem-
poral models. We examine the statistical behavior of these temporal models
with both an out-of-sample analysis using the DHS and MICS data and a sim-
ulation study. We find that the second-order random walk and the penalized
spline have the least bias, and short-term forecasts from the penalized spline
tend to have narrower intervals with better out-of-sample performance. From
the analysis of the NMR in sub-Saharan Africa, we estimate that six or fewer
of the 41 countries included are on track to achieve the Sustainable Develop-
ment Goals target of 12 neonatal deaths per 1000 live births by 2030.
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In survival analysis, accurate identification of latent classes is essential to
effectively account for potential hidden population heterogeneity. In response
to this challenge, we introduce the latent class discrete survival (LaCDS)
model. LaCDS employs a finite-mixture model structure within the context of
the discrete failure time model and implements the expectation-maximization
algorithm for efficient optimization. Through extensive simulation studies,
we evaluate the performance of LaCDS in comparison to other methods. Our
results demonstrate LaCDS’s superior ability to identify population hetero-
geneities, both in terms of baseline hazards and coefficients. Additionally, it
is robust under both discrete and continuous simulation mechanisms. We ap-
ply LaCDS and other methods to identify subgroups among kidney transplant
patients within the Organ Procurement and Transplantation Network (OPTN)
study. Our findings underscore the superior accuracy of LaCDS in subgroup-
ing homogeneous patients compared to existing methods.
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Human disease network (HDN) analysis, which jointly considers a large
number of diseases and focuses on their interconnections, is getting increas-
ingly popular and can shed important insight not possessed by individual-
disease-based analysis. Multiple network analysis techniques have been de-
veloped for HDNs, although new developments are still strongly needed. In
this article we adopt latent space modeling, which has proven powerful in
other network analysis contexts and offers unique, insightful interpretations,
but has been limitedly applied in HDN analysis. Different from some other
types of network analysis and some other HDN analyses (such as gene-centric
ones), in this article we pay unique attention to modeling temporal variations.
For this purpose, a penalization approach is developed, which can identify
time regions with constant network structures (that correspond to ignorable
changes) as well as those with smooth variations. The statistical and com-
putational properties are rigorously established. With Medicare data—one
of the most powerful medical claims databases—we analyze the admission
records of 133 million hospital inpatient treatments from January 2008 to
December 2019. Sensible findings are made on disease interconnections and
clustering structures. Additionally, the temporal variations, which have not
been revealed in the literature, are found to be interpretable. The analysis can
provide a new way for connecting and grouping diseases and assist in under-
standing and planning medical resources.
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Kidney exchange programs have substantially increased transplantation
rates but also raise critical concerns about fairness in organ allocation. We
propose a novel framework leveraging Data Envelopment Analysis (DEA) to
evaluate multiple dimensions of fairness—Priority, Access, and Outcome—
within a unified model. This approach captures complexities often missed
in single-metric analyses. Using data from the United Network for Organ
Sharing, we separately quantify fairness across these dimensions: Priority
Fairness through waitlist durations, Access Fairness via the Living Kidney
Donor Profile Index (LKDPI) scores, and Outcome Fairness based on graft
lifespan. We then apply our conditional DEA model with covariate adjust-
ment to demonstrate significant disparities in kidney allocation efficiency
across ethnic groups. To quantify uncertainty, we employ conformal predic-
tion within a novel reference frontier mapping (RFM) framework, yielding
group-conditional prediction intervals with finite-sample coverage guaran-
tees. Our findings show notable differences in efficiency distributions be-
tween ethnic groups. Our study provides a rigorous framework for evaluating
fairness in complex resource allocation systems with resource scarcity and
mutual compatibility constraints.
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A rich literature exists on constructing nonparametric estimators with
optimal asymptotic properties. In addition to asymptotic guarantees, it is of-
ten of interest to design estimators with desirable finite-sample properties,
such as reduced mean-squared error of a large set of parameters. We pro-
vide examples drawn from causal inference where this may be the case, such
as estimating a large number of group-specific treatment effects. We show
how finite-sample properties of nonparametric estimators, particularly their
variance, can be improved by careful application of penalization. Given a
target parameter of interest, we derive a novel penalized parameter defined
as the solution to an optimization problem that balances fidelity to the orig-
inal parameter against a penalty term. By deriving the nonparametric effi-
ciency bound for the penalized parameter, we are able to propose simple
data-adaptive choices for the L and L7 tuning parameters designed to min-
imize finite-sample mean-squared error while preserving optimal asymptotic
properties. The L and L, penalization amounts to an adjustment that can
be performed as a postprocessing step applied to any asymptotically normal
and efficient estimator. We show in extensive simulations that this adjustment
yields estimators with lower MSE than the unpenalized estimators. Finally,
we apply our approach to estimate provider quality measures of kidney dial-
ysis providers within a causal inference framework.
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This paper is motivated by a pediatric mental health care (PMHC) pro-
gram, which extracted the records of mental health-related emergency depart-
ment (MHED) visits from population-based administrative databases during
2011-2017. Only information on the subjects with MHED visit experiences is
available within a subject-specific time window. We focus on one of the pro-
gram objectives: understanding how the visit occurrence is associated with
the subject’s past as well as their demographic and geographic exposures in
the entire population. The available collection of the MHED records is framed
as zero-truncated recurrent event data. We introduce an innovative stratified
Cox regression model for the event process. The model is intensity-based but
requires only a summary of the event history. We propose a new procedure for
estimating the model parameters using the zero-truncated data integrated with
some relevant population census information. We establish the consistency
and asymptotic normality of the proposed estimator and examine its finite
sample performance via extensive simulation in contrast with the maximum
likelihood estimation based on the zero-truncated data only. The MHED data
from the PMHC program are employed to illustrate the proposed approach
throughout the paper.
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Current diagnosis and prognosis for Parkinson’s disease (PD) face
formidable challenges due to the heterogeneous nature of the disease course,
including that: (i) the impairment severity varies hugely between patients,
(ii) whether a symptom occur independently or co-occurs with related symp-
toms differs significantly, and (iii) repeated symptom measurements exhibit
substantial temporal dependence. To tackle these challenges, we propose a
novel blockwise mixed membership model (BM?) to systematically unveil
between-patient, between-symptom, and between-time clinical heterogeneity
within PD. The key idea behind BM3 is to partition multivariate longitudi-
nal measurements into distinct blocks, enabling measurements within each
block to share a common latent membership while allowing latent mem-
berships to vary across blocks. Consequently, the heterogeneous PD-related
measurements across time are divided into clinically homogeneous blocks
consisting of correlated symptoms and consecutive time. From the analysis
of Parkinson’s Progression Markers Initiative data (n = 1531), we discover
three typical disease profiles (stages), four symptom groups (i.e., autonomic
function, tremor, left-side and right-side motor function), and two periods,
advancing the comprehension of PD heterogeneity. Moreover, we identify
several clinically meaningful PD subtypes by summarizing the blockwise
latent memberships, paving the way for developing more precise and tar-
geted therapies to benefit patients. Our findings are validated using external
variables, successfully reproduced in validation datasets, and compared with
existing methods. Theoretical results of model identifiability further ensure
the reliability and reproducibility of latent structure discovery in PD.
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Continuous glucose monitoring (CGM) is a minimally invasive technol-
ogy that measures blood glucose every few minutes for weeks or months at
a time. CGM data are often collected in the free-living environment and is
strongly related to sleep, physical activity, and meal intake. As the timing
of these activities varies substantially within- and between-individuals, it is
difficult to model CGM trajectories as a function of time of day. Therefore,
in practice, CGM trajectories are often reduced to one or two scalar sum-
maries of the thousands of measurements collected for a study participant. To
alleviate the potential loss of information, the cumulative distribution func-
tion (cdf) of the CGM time series was proposed as an alternative. Here we
address the problem of conducting inference on cdfs in clinical trials with
long follow-up and frequent measurements. Our approach provides three ma-
jor innovations: (1) modeling the entire cdf and preserving its monotonicity,
(2) accounting for the cdfs correlation (because they are measured on the
same individual), continuity (results are robust to the choice of the probabil-
ity grid), and differential error (e.g., medians have lower variability than 0.99
quantiles), and (3) preserving the familywise error when the observed data
are longitudinal samples of cdfs. We focus on modeling data collected by
The Juvenile Diabetes Research Foundation Continuous Glucose Monitoring
Group in a large clinical trial that collected CGM data every few minutes for
26 weeks. Our basic observation unit is the distribution of CGM observations
in a four—week interval. The resulting data structure is multilevel (because
each individual has multiple months of data) and distributional (because the
data for each four-week interval is represented as a cdf). The scientific goals
are to: (1) identify and quantify the effects of factors that affect glycaemic
control in type 1 diabetes patients (T1D) and (2) identify and characterize the
patients who respond to treatment.

REFERENCES

AIJIAN, R., SLATTERY, D. and WRIGHT, E. (2019). Continuous glucose monitoring: A brief review for primary
care practitioners. Adv. Ther. 36 579-596. https://doi.org/10.1007/s12325-019-0870-x

AJIAN, R. A. (2017). How can we realize the clinical benefits of continuous glucose monitoring? Diabetes Tech-
nol. Ther. 19 S27-S36. https://doi.org/10.1089/dia.2017.0021

BAILEY, T., BODE, B. W., CHRISTIANSEN, M. P., KLAFF, L. J. and ALVA, S. (2015). The performance and
usability of a factory-calibrated flash glucose monitoring system. Diabetes Technol. Ther. 17 787-794. https://
doi.org/10.1089/dia.2014.0378

BATTELINO, T., ALEXANDER, C. M., AMIEL, S. A., ARREAZA-RUBIN, G., BECK, R. W., BERGENSTAL, R. M.,
BUCKINGHAM, B. A., CARROLL, J., CERIELLO, A. et al. (2022). Continuous glucose monitoring and metrics
for clinical trials: An international consensus statement. Lancet Diabetes Endocrinol.

BECK, R. W., BERGENSTAL, R. M., RIDDLESWORTH, T. D., KOLLMAN, C., Li, Z., BROWN, A. S. and
CLOSE, K. L. (2018). Validation of time in range as an outcome measure for diabetes clinical trials. Diabetes
Care 42 400—-405. https://doi.org/10.2337/dc18-1444

Key words and phrases. Digital health, distributional data analysis, continuous glucose monitoring data, clini-
cal trials.


https://imstat.org/journals-and-publications/annals-of-applied-statistics/
https://doi.org/10.1214/26-AOAS2139
https://www.imstat.org
mailto:Marcos.Matabuena@mbzuai.ac.ae
mailto:ccraini1@jhu.edu
https://doi.org/10.1007/s12325-019-0870-x
https://doi.org/10.1089/dia.2017.0021
https://doi.org/10.1089/dia.2014.0378
https://doi.org/10.1089/dia.2014.0378
https://doi.org/10.2337/dc18-1444

BECK, R. W,, CALHOUN, P. and KOLLMAN, C. (2012). Use of continuous glucose monitoring as an outcome
measure in clinical trials. Diabetes Technol. Ther. 14 877-882. https://doi.org/10.1089/dia.2012.0079

BEN-YAcCOV, O., GODNEVA, A., REIN, M., SHILO, S., KOLOBKOV, D., KOREN, N., COHEN DOLEV, N., TRAVIN-
SKY SHMUL, T., WOLF, B. C. et al. (2021). Personalized postprandial glucose response—targeting diet versus
Mediterranean diet for glycemic control in prediabetes. Diabetes Care 44 1980-1991.

BRITO, P. and D1AS, S. (2022). Analysis of Distributional Data. CRC Press, Boca Raton.

BURGE, M. R., MITCHELL, S., SAWYER, A. and SCHADE, D. S. (2008). Continuous glucose monitoring: The
future of diabetes management. Diabetes Spectr. 21 112—-119. https://doi.org/10.2337/diaspect.21.2.112

CRAINICEANU, C. M., GOLDSMITH, J., LEROUX, A. and CUTI, E. (2024). Functional Data Analysis with R. CRC
Press, Boca Raton.

CRAINICEANU, C. M., STAICU, A.-M., RAY, S. and PUNJABI, N. (2012). Bootstrap-based inference on the differ-
ence in the means of two correlated functional processes. Stat. Med. 31 3223-3240. MR2993623 https://doi.
org/10.1002/sim.5439

Cur, E., LEROUX, A., SMIRNOVA, E. and CRAINICEANU, C. M. (2022). Fast univariate inference for longitudinal
functional models. J. Comput. Graph. Statist. 31 219-230. MR4387222 https://doi.org/10.1080/10618600.
2021.1950006

CurL, E., L1, R., CRAINICEANU, C. M. and X1AO, L. (2023a). Fast multilevel functional principal component anal-
ysis. J. Comput. Graph. Statist. 32 366-377. MR4592916 https://doi.org/10.1080/10618600.2022.2115500

Cul, E. H., GOLDFINE, A., QUINLAN, M., JAMES, D. and SVERDLOV, O. (2023b). Investigating the value of
glucodensity analysis of continuous glucose monitoring data in type 1 diabetes: An exploratory analysis. Front.
Clin. Diabetes Healthc. 4 1244613.

GAYNANOVA, L., PUNJABI, N. and CRAINICEANU, C. (2022). Modeling continuous glucose monitoring (CGM)
data during sleep. Biostatistics 23 223-239. MR4366045 https://doi.org/10.1093/biostatistics/kxaa023

GERTHEISS, J., GOLDSMITH, J., CRAINICEANU, C. and GREVEN, S. (2013). Longitudinal scalar-on-functions re-
gression with application to tractography data. Biostatistics 14 447—461. https://doi.org/10.1093/biostatistics/
kxs051

GHOSAL, A., MATABUENA, M., MEIRING, W. and PETERSEN, A. (2023a). Predicting distributional profiles of
physical activity in the NHANES database using a Partially Linear Single-Index Fréchet Regression model.
arXiv preprint. Available at arXiv:2302.07692.

GHOSAL, R., GHOSH, S., URBANEK, J., SCHRACK, J. A. and ZIPUNNIKOV, V. (2023b). Shape-constrained es-
timation in functional regression with Bernstein polynomials. Comput. Statist. Data Anal. 178 Paper No.
107614, 20. MR4483316 https://doi.org/10.1016/j.csda.2022.107614

GHOSAL, R. and MATABUENA, M. (2023). Multivariate scalar on multidimensional distribution regression. arXiv
preprint. Available at arXiv:2310.10494.

GHOSAL, R., VARMA, V. R, VOLFSON, D., HILLEL, 1., URBANEK, J., HAUSDORFF, J. M., WATTS, A. and
ZIPUNNIKOV, V. (2021a). Distributional data analysis via quantile functions and its application to modelling
digital biomarkers of gait in Alzheimer’s Disease.

GHOSAL, R., VARMA, V. R., VOLFSON, D., URBANEK, J., HAUSDORFF, J. M., WATTS, A. and ZIPUNNIKOV, V.
(2021b). Scalar on time-by-distribution regression and its application for modelling associations between
daily-living physical activity and cognitive functions in Alzheimer’s Disease.

GOLDSMITH, J., CRAINICEANU, C. M., CAFFO, B. and REICH, D. (2012). Longitudinal penalized functional
regression for cognitive outcomes on neuronal tract measurements. J. R. Stat. Soc., Ser. C, Appl. Stat. 61
453-469. MR2914521 https://doi.org/10.1111/j.1467-9876.2011.01031.x

GREVEN, S., CRAINICEANU, C., CAFFO, B. and REICH, D. (2010). Longitudinal functional principal component
analysis. Electron. J. Stat. 4 1022-1054. MR2727452 https://doi.org/10.1214/10-EJS575

JEONG, S., MORRIS, J. and YANG, H. (2024). Warsserstein Tests for Equality of Several Groups for Distributional
Data. https://doi.org/10.21203/rs.3.rs-4536450/v1

KOFFMAN, L., CRAINICEANU, C. and LEROUX, A. (2024). Walking fingerprinting. J. R. Stat. Soc., Ser. C, Appl.
Stat. 73 1221-1241. MR4896621 https://doi.org/10.1093/jrsssc/qlac033

LESHEM, A., SEGAL, E. and ELINAV, E. (2020). The gut microbiome and individual-specific responses to diet.
mSystems 5 e00665-20.

L1AoO, Y., THOMPSON, C., PETERSON, S., MANDROLA, J. and BEG, M. S. (2019). The future of wearable tech-
nologies and remote monitoring in health care. Amer. Soc. Clin. Oncol. Educ. Book 39 115-121.

MARTENS, T. W., BERGENSTAL, R. M., PEARSON, T., CARLSON, A. L., SCHEINER, G., CARLOS, C., L1AO, B,,
SYRING, K. and PoOLLOM, R. D. (2021). Making sense of glucose metrics in diabetes: Linkage between post-
prandial glucose (PPG), time in range (TIR) & hemoglobin A1C (A1C). Postgrad. Med. 133 253-264.

MATABUENA, M., FELIX, P., DITZHAUS, M., VIDAL, J. and GUDE, F. (2023a). Hypothesis testing for matched
pairs with missing data by maximum mean discrepancy: An application to continuous glucose monitoring.
Amer. Statist. 77 357-369. MR4661582 https://doi.org/10.1080/00031305.2023.2200512


https://doi.org/10.1089/dia.2012.0079
https://doi.org/10.2337/diaspect.21.2.112
https://mathscinet.ams.org/mathscinet-getitem?mr=2993623
https://doi.org/10.1002/sim.5439
https://doi.org/10.1002/sim.5439
https://mathscinet.ams.org/mathscinet-getitem?mr=4387222
https://doi.org/10.1080/10618600.2021.1950006
https://doi.org/10.1080/10618600.2021.1950006
https://mathscinet.ams.org/mathscinet-getitem?mr=4592916
https://doi.org/10.1080/10618600.2022.2115500
https://mathscinet.ams.org/mathscinet-getitem?mr=4366045
https://doi.org/10.1093/biostatistics/kxaa023
https://doi.org/10.1093/biostatistics/kxs051
https://doi.org/10.1093/biostatistics/kxs051
https://arxiv.org/abs/2302.07692
https://mathscinet.ams.org/mathscinet-getitem?mr=4483316
https://doi.org/10.1016/j.csda.2022.107614
https://arxiv.org/abs/2310.10494
https://mathscinet.ams.org/mathscinet-getitem?mr=2914521
https://doi.org/10.1111/j.1467-9876.2011.01031.x
https://mathscinet.ams.org/mathscinet-getitem?mr=2727452
https://doi.org/10.1214/10-EJS575
https://doi.org/10.21203/rs.3.rs-4536450/v1
https://mathscinet.ams.org/mathscinet-getitem?mr=4896621
https://doi.org/10.1093/jrsssc/qlae033
https://mathscinet.ams.org/mathscinet-getitem?mr=4661582
https://doi.org/10.1080/00031305.2023.2200512

MATABUENA, M., FELIX, P., GARCIA-MEIXIDE, C. and GUDE, F. (2022a). Kernel machine learning methods to
handle missing responses with complex predictors. Application in modelling five-year glucose changes using
distributional representations. Comput. Methods Programs Biomed. 221 106905.

MATABUENA, M., FELIX, P., HAMMOURI, Z. A. A., MOTA, J. and DEL P0Z0 CRUZ, B. (2022b). Physical ac-
tivity phenotypes and mortality in older adults: A novel distributional data analysis of accelerometry in the
NHANES. Aging Clin. Exp. Res. https://doi.org/10.1007/s40520-022-02260-3

MATABUENA, M., GHOSAL, R., AGUILAR, J. E., KESHET, A., WAGNER, R., FERNANDEZ MERINO, C.,
SANCHEZ CASTRO, J., ZIPUNNIKOV, V., ONNELA, J.-P. et al. (2025). Glucodensity functional profiles outper-
form traditional continuous glucose monitoring metrics. Sci. Rep. 15 33662. https://doi.org/10.1038/s41598-
025-18119-2

MATABUENA, M., KARAS, M., RIAZATI, S., CAPLAN, N. and HAYES, P. R. (2023b). Estimating knee movement
patterns of recreational runners across training sessions using multilevel functional regression models. Amer.
Statist. 77 169-181. MR4579291 https://doi.org/10.1080/00031305.2022.2105950

MATABUENA, M. and PETERSEN, A. (2023). Distributional data analysis of accelerometer data from the
NHANES database using nonparametric survey regression models. J. R. Stat. Soc., Ser. C, Appl. Stat. T2
294-313. MR4719277 https://doi.org/10.1093/jrsssc/qlad007

MATABUENA, M., PETERSEN, A., VIDAL, J. C. and GUDE, F. (2021). Glucodensities: A new representation of
glucose profiles using distributional data analysis. Stat. Methods Med. Res. 30 1445-1464. MR4269959 https:/
doi.org/10.1177/0962280221998064

MATABUENA, M., SARTINI, J. and GUDE, F. (2024). Multilevel functional data analysis modeling of human
glucose response to meal intake.

NORGAARD, K., RANJAN, A. G., LAUGESEN, C., TIDEMAND, K. G., GREEN, A., SELMER, C., SVENSSON, J.,
ANDERSEN, H. U., VISTISEN, D. et al. (2023). Glucose monitoring metrics in individuals with type 1 diabetes
using different treatment modalities: A real-world observational study. Diabetes Care dc231137. https://doi.
org/10.2337/dc23-1137

PETERSEN, A., LIU, X. and DIVANI, A. A. (2021). Wasserstein F'-tests and confidence bands for the Fréchet
regression of density response curves. Ann. Statist. 49 590-611. MR4206692 https://doi.org/10.1214/20-
AOS1971

REISS, P. T., HUANG, L. and MENNES, M. (2010). Fast function-on-scalar regression with penalized basis expan-
sions. Int. J. Biostat. 6 Art. 28, 30. MR2683940 https://doi.org/10.2202/1557-4679.1246

RODBARD, D. (2016). Continuous glucose monitoring: A review of successes, challenges, and opportunities.
Diabetes Technol. Ther. 18 S2-3-S2-13. https://doi.org/10.1089/dia.2015.0417

RODBARD, D. (2017). Continuous glucose monitoring: A review of recent studies demonstrating improved
glycemic outcomes. Diabetes Technol. Ther. 19 S-25-S-37. https://doi.org/10.1089/dia.2017.0035

SCHEIPL, F,, STAICU, A.-M. and GREVEN, S. (2015). Functional additive mixed models. J. Comput. Graph.
Statist. 24 477-501. MR3357391 https://doi.org/10.1080/10618600.2014.901914

SCHNELL, O., BARNARD, K., BERGENSTAL, R., BosI, E., GARG, S., GUERC], B., HAAK, T., HIRSCH, L. B,
J1, L. et al. (2017). Role of continuous glucose monitoring in clinical trials: Recommendations on reporting.
Diabetes Technol. Ther. 19 391-399. https://doi.org/10.1089/dia.2017.0054

SERGAZINOV, R., LEROUX, A., CUIL E., CRAINICEANU, C., AURORA, R. N., PUNJABI, N. M. and GAY-
NANOVA, 1. (2022). A case study of glucose levels during sleep using fast function on scalar regression in-
ference. arXiv preprint. Available at arXiv:2205.08439.

SERGAZINOV, R., LEROUX, A., CUIL E., CRAINICEANU, C., AURORA, R. N., PUNJABI, N. M. and GAY-
NANOVA, L. (2023). A case study of glucose levels during sleep using multilevel fast function on scalar re-
gression inference. Biometrics 79 3873-3882. MR4680766 https://doi.org/10.1111/biom.13878

SHOU, H., ZIPUNNIKOV, V., CRAINICEANU, C. M. and GREVEN, S. (2015). Structured functional principal com-
ponent analysis. Biometrics 71 247-257. MR3335369 https://doi.org/10.1111/biom.12236

StAICU, A.-M., CRAINICEANU, C. M. and CARROLL, R. J. (2010). Fast methods for spatially correlated multi-
level functional data. Biostatistics 11 177-194. https://doi.org/10.1093/biostatistics/kxp058

StAaICU, A.-M.,, ISLAM, M. N, DUMITRU, R. and VAN HEUGTEN, E. (2020). Longitudinal dynamic functional
regression. J. R. Stat. Soc., Ser. C, Appl. Stat. 69 25-46. MR4052797 https://doi.org/10.1111/rssc.12376

TAMBORLANE, W. V., BECK, R. W., BODE, B. W. et al. (2008). Continuous glucose monitoring and intensive
treatment of type 1 diabetes. N. Engl. J. Med. 359 1464-1476.

TANG, B., ZHAO, Y., VENKATARAMAN, A., TSAPKINI, K., LINDQUIST, M. A., PEKAR, J. and CAFFO, B. (2020).
Differences in functional connectivity distribution after transcranial direct-current stimulation: A connectivity
density point of view. bioRxiv.

THE JUVENILE DIABETES RESEARCH FOUNDATION CONTINUOUS GLUCOSE MONITORING STUDY GROUP
(2009). The effect of continuous glucose monitoring in well-controlled type 1 diabetes. Diabetes Care 32
1378-1383.


https://doi.org/10.1007/s40520-022-02260-3
https://doi.org/10.1038/s41598-025-18119-2
https://doi.org/10.1038/s41598-025-18119-2
https://mathscinet.ams.org/mathscinet-getitem?mr=4579291
https://doi.org/10.1080/00031305.2022.2105950
https://mathscinet.ams.org/mathscinet-getitem?mr=4719277
https://doi.org/10.1093/jrsssc/qlad007
https://mathscinet.ams.org/mathscinet-getitem?mr=4269959
https://doi.org/10.1177/0962280221998064
https://doi.org/10.1177/0962280221998064
https://doi.org/10.2337/dc23-1137
https://doi.org/10.2337/dc23-1137
https://mathscinet.ams.org/mathscinet-getitem?mr=4206692
https://doi.org/10.1214/20-AOS1971
https://doi.org/10.1214/20-AOS1971
https://mathscinet.ams.org/mathscinet-getitem?mr=2683940
https://doi.org/10.2202/1557-4679.1246
https://doi.org/10.1089/dia.2015.0417
https://doi.org/10.1089/dia.2017.0035
https://mathscinet.ams.org/mathscinet-getitem?mr=3357391
https://doi.org/10.1080/10618600.2014.901914
https://doi.org/10.1089/dia.2017.0054
https://arxiv.org/abs/2205.08439
https://mathscinet.ams.org/mathscinet-getitem?mr=4680766
https://doi.org/10.1111/biom.13878
https://mathscinet.ams.org/mathscinet-getitem?mr=3335369
https://doi.org/10.1111/biom.12236
https://doi.org/10.1093/biostatistics/kxp058
https://mathscinet.ams.org/mathscinet-getitem?mr=4052797
https://doi.org/10.1111/rssc.12376

WooD, A., O'NEAL, D., FURLER, J. and EKINCI, E. I. (2018). Continuous glucose monitoring: A review of the
evidence, opportunities for future use and ongoing challenges. Intern. Med. J. 48 499-508. https://doi.org/10.
1111/imj.13770

YANG, H., BALADANDAYUTHAPANI, V., RAO, A. U. K. and MORRIS, J. S. (2020). Quantile function on scalar
regression analysis for distributional data. J. Amer. Statist. Assoc. 115 90-106. MR4078447 https://doi.org/10.
1080/01621459.2019.1609969

Y00, J. H. and K1M, J. H. (2020). Time in range from continuous glucose monitoring: A novel metric for glycemic
control. Diabetes Metab. J. 44 828-839.

ZIPUNNIKOV, V., GREVEN, S., SHOU, H., CAFFO, B. S., REICH, D. S. and CRAINICEANU, C. M. (2014). Longitu-
dinal high-dimensional principal components analysis with application to diffusion tensor imaging of multiple
sclerosis. Ann. Appl. Stat. 8 2175-2202. MR3292493 https://doi.org/10.1214/14-A0AS748


https://doi.org/10.1111/imj.13770
https://doi.org/10.1111/imj.13770
https://mathscinet.ams.org/mathscinet-getitem?mr=4078447
https://doi.org/10.1080/01621459.2019.1609969
https://doi.org/10.1080/01621459.2019.1609969
https://mathscinet.ams.org/mathscinet-getitem?mr=3292493
https://doi.org/10.1214/14-AOAS748

The Annals of Applied Statistics

2026, Vol. 20, No. 1, 496-510
https://doi.org/10.1214/26-A0AS2144

© Institute of Mathematical Statistics, 2026

REGRESSION ANALYSIS OF CASE K INTERVAL-CENSORED FAILURE
TIME DATA WITH RANDOM CHANGE POINT AND INFORMATIVE
CENSORING

BY MINGYUE DU, YICHEN LOU%? AND JIANGUO SUN?-¢

LSchool of Mathematics, Jilin University, ®mingydu@jlu.edu.cn
2School of Physical and Mathematical Sciences, Nanyang Technological University, blouyichen] 9@outlook.com

3Department of Statistics and Data Science, Southern University of Science and Technology, € suncolumbia@ 163.com

This paper discusses regression analysis of interval-censored failure time
data, which often occur in many areas and for which a great deal of literature
has been established. In addition, many authors have investigated the analysis
of failure time data with either change points or informative censoring, and
as interval censoring, both can also separately occur in many situations such
as clinical medicine and precision medicine. However, it does not seem to
exist an established approach that can deal with the situation where all of the
three issues occur together. To address this, we propose a sieve maximum
likelihood estimation approach for regression analysis of case K interval-
censored data in the presence of both a random change point and informative
censoring. For the implementation of the proposed method, an EM algorithm
is developed and also the asymptotic properties of the resulting estimators
of regression parameters are established. Furthermore, a simulation study is
conducted to assess the finite sample performance of the proposed method
and suggests that it works well for practical situations. The method is applied
to a set of breast cancer data that motivated this study.
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Neuroimaging data allows researchers to model the relationship between
multivariate patterns of brain activity and outcomes related to mental states
and behaviors. However, the existence of outlying participants can poten-
tially undermine the generalizability of these models and jeopardize the va-
lidity of downstream statistical analysis. To date, the ability to detect and ac-
count for participants unduly influencing various model selection approaches
have been sorely lacking. Motivated by a task-based functional magnetic res-
onance imaging (fMRI) study of thermal pain, we propose and establish the
asymptotic distribution for a diagnostic measure applicable to a number of
different model selectors. A high-dimensional clustering procedure is further
combined with this measure to detect multiple influential observations. In a
series of simulations, our proposed method demonstrates clear advantages
over existing methods in terms of improved detection performance, leading
to enhanced predictive and variable selection outcomes. Application of our
method to data from the thermal pain study illustrates the influence of out-
lying participants, in particular with regards to differences in activation be-
tween low and intense pain conditions. This allows for the selection of an
interpretable model with high prediction power after removal of the detected
observations. Though inspired by the fMRI-based thermal pain study, our
methods are broadly applicable to other high-dimensional data types.
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In neuroimaging studies, it becomes increasingly important to study as-
sociations between different imaging modalities using image-on-image re-
gression (IIR), which faces challenges in interpretation, statistical inference
and prediction. Our motivating problem is how to predict task-evoked fMRI
activity using resting-state fMRI data in the Human Connectome Project
(HCP). The main difficulty lies in effectively combining different types of
imaging predictors with varying resolutions and spatial domains in IIR. To
address these issues, we develop Bayesian Image-on-image Regression via
Deep Kernel Learning Gaussian Processes (BIRD-GP) and develop efficient
posterior computation methods through Stein variational gradient descent.
We demonstrate the advantages of BIRD-GP over state-of-the-art IIR meth-
ods using extensive simulations where we synthesize data based on MNIST,
Fashion MNIST and fMRI data from HCP. For HCP data analysis using
BIRD-GP, we combine the voxelwise fALFF maps and regionwise connec-
tivity matrices to predict fMRI contrast maps for language and social recogni-
tion tasks. We show that fALFF is less predictive than the connectivity matrix
for both tasks. Additionally, we identify features from the resting-state fMRI
data that are important for task fMRI prediction.
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The corpus callosum, the largest white matter structure in the brain, plays
a critical role in interhemispheric communication. Variations in its morphol-
ogy are associated with various neurological and psychological conditions,
making it a key focus in neurogenetics. Age is known to influence the struc-
ture and morphology of the corpus callosum significantly, complicating the
identification of specific genetic factors that contribute to its shape and size.
We propose a conditional strong independence screening method to address
these challenges for ultrahigh-dimensional predictors and non-Euclidean re-
sponses, incorporating prior knowledge such as age through a novel concept
of conditional metric dependence, which quantifies nonlinear conditional de-
pendencies among random objects in metric spaces without relying on prede-
fined models. We apply this framework to identify genetic factors associated
with the morphology of the corpus callosum. Simulation results demonstrate
the efficacy of this method across various non-Euclidean data types, high-
lighting its potential to drive genetic discovery in neuroscience.
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Magnetic Resonance Fingerprinting (MRF) is an emerging technology
with the potential to revolutionize radiology and medical diagnostics. In com-
parison to traditional magnetic resonance imaging (MRI), MRF enables the
rapid, simultaneous, noninvasive acquisition and reconstruction of multiple
tissue parameters, paving the way for novel diagnostic techniques. In the
original matching approach, reconstruction is based on the search for the
best matches between in vivo acquired signals and a dictionary of high-
dimensional simulated signals (fingerprints) with known tissue properties. A
critical and limiting challenge is that the size of the simulated dictionary in-
creases exponentially with the number of parameters, leading to an extremely
costly matching. In this work we propose to address this scalability issue by
considering probabilistic mixtures of high-dimensional elliptical distributions
to learn more efficient dictionary representations. Mixture components are
modelled as flexible elliptical shapes in low-dimensional subspaces. They are
exploited to cluster similar signals and reduce their dimension locally cluster-
wise limiting information loss. To estimate such a mixture model, we provide
a new incremental algorithm capable of handling large numbers of signals,
allowing us to go far beyond the hardware limitations encountered by stan-
dard implementations. We demonstrate, on simulated and real data, that our
method effectively manages large volumes of MRF data with maintained ac-
curacy. It offers a more efficient solution for accurate tissue characterization
and significantly reduces the computational burden, making the clinical ap-
plication of MRF more practical and accessible.
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In recent years, longitudinal, multisite imaging studies have emerged as
key tools for investigating brain function. These studies follow a large num-
ber of participants for an extended period, offering exciting opportunities to
uncover brain functional network changes over time as a function of clinical
and demographic covariates. However, these studies also introduce many sta-
tistical challenges such as site-effects and accounting for the heterogeneous
nature of network differences between subjects. Robust statistical methods
are highly needed to address these issues, but to date, there has been little
methods development addressing these problems in the context of data-driven
brain network estimation. This work addresses this gap in the literature, in-
troducing a general Bayesian framework, REMBRAINDT, incorporating site-
and subject-effects into the network decomposition, while also enabling co-
variate effect estimation and efficient information pooling across brain loca-
tions. We use our procedure to conduct a novel analysis of neurodevelopment
among adolescents in the longitudinal, multisite ABCD study. We find ex-
tensive evidence of increasing functional integration with age in networks
associated with higher order cognitive processes. Our study is one of the first
to examine neurodevelopment using blind source separation in the longitudi-
nal ABCD study data, and the findings enrich earlier cross-sectional results
on neurodevelopment.
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Interval-censoring frequently occurs in studies of chronic diseases where
disease status is inferred from intermittently collected biomarkers. Although
many methods have been developed to analyze such data, they typically as-
sume perfect disease diagnosis, which often does not hold in practice due
to the inherent imperfect clinical diagnosis of cognitive functions or mea-
surement errors of biomarkers such as cerebrospinal fluid. In this work we
introduce a semiparametric modeling framework using the Cox proportional
hazards model to address interval-censored data in the presence of inaccu-
rate disease diagnosis. Our model incorporates sensitivity and specificity of
the diagnosis to account for uncertainty in whether the interval truly con-
tains the disease onset. Furthermore, the framework accommodates scenarios
involving a terminal event and when diagnosis is accurate, such as through
postmortem analysis. We propose a nonparametric maximum likelihood esti-
mation method for inference and develop an efficient EM algorithm to ensure
computational feasibility. The regression coefficient estimators are shown to
be asymptotically normal, achieving semiparametric efficiency bounds. We
further validate our approach through extensive simulation studies and an ap-
plication assessing Alzheimer’s disease (AD) risk. We find that amyloid-beta
is significantly associated with AD, but Tau is predictive of both AD and mor-
tality.
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Disease progression prediction based on patients’ evolving health infor-
mation is challenging when true disease states are unknown due to diagnostic
capabilities or high costs. For example, the absence of gold-standard neu-
rological diagnoses hinders distinguishing Alzheimer’s disease (AD) from
related conditions such as AD-related dementias (ADRDs), including Lewy
body dementia (LBD). Combining temporally dependent surrogate labels and
health markers may improve disease prediction. However, existing literature
models informative surrogate labels and observed variables that reflect the
underlying states using purely generative approaches, often posing unrealis-
tic assumptions on the outcomes and suffering from misspecification thereof.
We propose integrating the conventional hidden Markov model as a genera-
tive model with a time-varying discriminative classification model to simul-
taneously handle potentially misspecified surrogate labels and incorporate
important markers of disease progression. We develop an adaptive forward-
backward algorithm with subjective labels for estimation and utilize the mod-
ified posterior and Viterbi algorithms to predict the progression of future
states or new patients based on objective markers only. Importantly, the adap-
tation eliminates the need to model the marginal distribution of longitudinal
markers, a requirement in traditional algorithms. Asymptotic properties are
established, and significant improvements in finite samples are demonstrated
via simulation studies. Analysis of the neuropathological dataset of the Na-
tional Alzheimer’s Coordinating Center (NACC) shows much improved ac-
curacy in distinguishing LBD from AD.
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The Interstellar Boundary Explorer (IBEX) satellite collects data on en-
ergetic neutral atoms (ENAs) that provide insight into the heliosphere, the
region surrounding our solar system and separating it from interstellar space.
IBEX collects information on these particles and on extraneous “background”
particles. While IBEX records how and when the different particles are ob-
served, it does not distinguish between heliospheric ENA particles and inci-
dental background particles. To address this issue, all IBEX data has histori-
cally been manually labeled as “good” ENA data, or “bad” background data.
This manual culling process is incredibly time-intensive and contingent on
subjective, manually-induced decision thresholds. In this paper, we develop
a three-stage automated culling process, called LOTUS, that uses random
forests to expedite and standardize the labeling process. In Stage 1, LOTUS
uses random forests to obtain probabilities of observing true ENA particles
on a per-observation basis. In Stage 2, LOTUS aggregates these probabilities
to obtain predictions within small windows of time. In Stage 3, LOTUS re-
fines these predictions. We compare the labels generated by LOTUS to those
manually generated by the subject matter expert. We use various metrics to
demonstrate that LOTUS is a useful automated process for supplementing
and standardizing the manual culling process.
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Industrial applications often exhibit multiple in-control patterns due to
varying operating conditions, which makes a single functional linear model
(FLM) inadequate to capture the complexity of the true relationship between
a functional quality characteristic and covariates, which gives rise to the mul-
timode profile monitoring problem. This issue is clearly illustrated in the re-
sistance spot welding (RSW) process in the automotive industry, where dif-
ferent operating conditions lead to multiple in-control states. In these states,
factors such as electrode tip wear and dressing can influence the functional
quality characteristic differently, resulting in distinct FLMs across subpopula-
tions. To address this problem, this article introduces the functional mixture
regression control chart (FMRCC) to monitor functional quality character-
istics with multiple in-control patterns and covariate information, modeled
using a mixture of FLMs. A monitoring strategy based on the likelihood ratio
test is proposed to monitor any deviation from the estimated in-control het-
erogeneous population. An extensive Monte Carlo simulation study is per-
formed to compare the FMRCC with competing monitoring schemes that
have already appeared in the literature, and a case study in the monitoring of
an RSW process in the automotive industry, which motivated this research,
illustrates its practical applicability.
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NEURAL POSTERIOR ESTIMATION WITH AUTOREGRESSIVE TILING
FOR DETECTING OBJECTS IN ASTRONOMICAL IMAGES

BY JEFFREY REGIER?
Department of Statistics, University of Michigan, ®regier @umich.edu

Upcoming astronomical surveys will produce petabytes of high-resolu-
tion images of the night sky, providing information about billions of stars
and galaxies. Detecting and characterizing the astronomical objects in these
images is a fundamental task in astronomy—and a challenging one, as most
of these objects are faint and many visually overlap with other objects. We
propose an amortized variational inference procedure to solve this instance
of small-object detection. Our key innovation is a family of spatially autore-
gressive variational distributions that partition and order the latent space ac-
cording to a K-color checkerboard pattern. By construction, the conditional
independencies of this variational family mirror those of the posterior distri-
bution. We fit the variational distribution, which is parameterized by a con-
volutional neural network, using neural posterior estimation (NPE) to mini-
mize an expectation of the forward KL divergence. Using images from the
Sloan Digital Sky Survey, the proposed method achieves state-of-the-art per-
formance. We further demonstrate that the proposed autoregressive structure
greatly improves posterior calibration.
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DO LARGE LANGUAGE MODELS (REALLY) NEED STATISTICAL
FOUNDATIONS?

By WEUIE Su?

Department of Statistics and Data Science, University of Pennsylvania, ®suw @wharton.upenn.edu

Large language models (LLMs) represent a new paradigm for process-
ing unstructured data, with applications across an unprecedented range of do-
mains. In this paper we address, through two arguments, whether the devel-
opment and application of LLMs would genuinely benefit from foundational
contributions from the statistics discipline. First, we argue affirmatively, be-
ginning with the observation that LLMs are inherently statistical models due
to their profound data dependency and stochastic generation processes, where
statistical insights are naturally essential for handling variability and uncer-
tainty. Second, we argue that the persistent black-box nature of LLMs—
stemming from their immense scale, architectural complexity, and devel-
opment practices often prioritizing empirical performance over theoretical
interpretability—renders closed-form or purely mechanistic analyses gener-
ally intractable, thereby necessitating statistical approaches due to their flexi-
bility and often demonstrated effectiveness. To substantiate these arguments,
the paper outlines several research areas—including alignment, watermark-
ing, uncertainty quantification, evaluation, and data mixture optimization—
where statistical methodologies are critically needed and are already begin-
ning to make valuable contributions. We conclude with a discussion suggest-
ing that statistical research concerning LLMs will likely form a diverse “mo-
saic” of specialized topics, rather than deriving from a single unifying theory,
and highlight the importance of timely engagement by our statistics commu-
nity in LLM research.
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Brain-computer interfaces (BCIs) enable direct communication between
the brain and computers, providing critical tools for people with disabilities
to communicate with the world. The performance of BCIs is often evalu-
ated using BCI-utility, a comprehensive metric that balances both accuracy
and speed in communication. This paper introduces a Bayesian reinforce-
ment learning framework to optimize the BCl-utility of the P300 BCI, a
BCI system that identifies a user’s intended character on a virtual keyboard
by analyzing EEG responses to stimuli. We construct confidence scores for
each character based on EEG responses and then propose a unified learn-
ing framework that explicitly maximizes BCI utility. It integrates two key
components: an early stopping policy and a dynamic stimulus selection pol-
icy. The early stopping policy is optimized using an actor-critic algorithm,
while a Gaussian process-based Bayesian model is developed to learn tran-
sition dynamics to guide the selection of the next stimulus. The proposed
framework effectively addresses critical implementation challenges, includ-
ing pauses between characters, double-target issues, and delays caused by the
time required for EEG responses. Extensive simulations under varying signal-
to-noise ratios (SNRs) and evaluations on recorded human EEG data demon-
strate that our method significantly improves BCI-utility compared to existing
approaches. This work highlights the potential of reinforcement learning to
improve the performance and usability of P300 BCI systems.
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Latent variable models are popularly used to measure latent embedding
factors from large-scale assessment data. Beyond understanding these latent
factors, the covariate effect on responses controlling for latent factors is also
of great scientific interest and has wide applications, such as evaluating the
fairness of educational testing, where the covariate effect reflects whether a
test question is biased toward certain individual characteristics (e.g., gender
and race), taking into account their latent abilities. However, the large sam-
ple sizes and high-dimensional responses pose challenges to developing effi-
cient methods and drawing valid inferences. Moreover, to accommodate the
commonly encountered discrete responses, generalized latent factor models
are often assumed, adding further complexity. To address these challenges,
we consider a covariate-adjusted generalized factor model and develop novel
and interpretable conditions to address the identifiability issue. Based on the
identifiability conditions, we propose a joint maximum likelihood estimation
method and establish estimation consistency and asymptotic normality results
for the covariate effects. Furthermore, we derive estimation and inference re-
sults for latent factors and the factor loadings. We illustrate the finite sample
performance of the proposed method through extensive numerical studies and
an educational assessment dataset from the Programme for International Stu-
dent Assessment (PISA).
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The allocation of limited resources to a large number of potential candi-
dates presents a pervasive challenge. In the context of ranking and selecting
top candidates from heteroscedastic units, conventional methods often result
in overrepresentations of subpopulations, and this issue is further exacerbated
in large-scale settings where thousands of candidates are considered simul-
taneously. In particular, we consider this problem in ranking schools based
on socioeconomic performance gaps in standardized testing. To address this
challenge, we propose a new multiple comparison framework that incorpo-
rates a modified power notion to prioritize the selection of important effects
and employs a novel ranking metric to assess the relative importance of units.
We develop both oracle and data-driven algorithms and demonstrate their ef-
fectiveness in controlling the error rates and achieving optimality. We evalu-
ate the numerical performance of our proposed method using simulated and
real data. The results show that our framework enables a more balanced selec-
tion of effects that are both statistically significant and practically important
and results in an objective and relevant ranking scheme that is well-suited to
practical scenarios.
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Use of standard random forests may not guarantee reliable small area
estimates unless a rich source of predictors explains the between-area hetero-
geneity. We propose mixed effects random forests with area random effects
for small area estimation of general parameters. A new fitting algorithm with
an embedded bootstrap-bias correction for the random forest residual vari-
ance is presented. Point estimators of small area parameters are constructed
using a smearing estimator of the area-specific distribution function. Non-
parametric block bootstrap is used for MSE estimation. The methodology is
evaluated using household consumption data from Mozambique to derive dis-
trict estimates of head count ratio and poverty gap. Comparisons to the empir-
ical best predictor under a linear mixed model and to a synthetic estimator un-
der the random forest are presented. Estimates are further contrasted to 2023
World Bank estimates and to design-unbiased direct estimates. The results
show: (a) the advantages from including random effects in random forests,
(b) the importance of data transformations for machine learning methods, (c)
robustness properties of random forest-type methods, and (d) the importance
of bias correcting the naive estimator of the random forest residual variance.
Our conclusions demonstrate that a black-box approach to using machine
learning methods should be avoided.
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Education is a key driver of social and economic mobility, yet dispari-
ties in attainment persist, particularly in low- and middle-income countries
(LMICs). Existing indicators, such as mean years of schooling for adults
aged 25 and older (MYS25) and expected years of schooling (EYS), offer a
snapshot of an educational system, but lack either cohort-specific or temporal
granularity. To address these limitations, we introduce the ultimate years of
schooling (UYS)—a birth cohort-based metric targeting the final educational
attainment of any individual cohort, including those with ongoing school-
ing trajectories. As with many attainment indicators, we propose to estimate
UYS with cross-sectional household surveys. However, for younger cohorts,
estimation fails, because these individuals are right-censored leading to se-
vere downward bias. To correct for this, we propose to reframe educational
attainment as a time-to-event process and deploy discrete-time survival mod-
els that explicitly account for censoring in the observations. At the national
level, we estimate the parameters of the model using survey-weighted lo-
gistic regression, while for finer spatial resolutions, where sample sizes are
smaller, we embed the discrete-time survival model within a Bayesian spa-
tiotemporal framework to improve stability and precision. Applying our pro-
posed methods to data from the 2022 Tanzania Demographic and Health Sur-
veys, we estimate female educational trajectories corrected for censoring bi-
ases and reveal substantial subnational disparities. By providing a dynamic,
bias-corrected, and spatially disaggregated measure, our approach enhances
education monitoring; it equips policymakers and researchers with a more
precise tool for monitoring current progress toward education goals and for
designing future targeted policy interventions in LMICs.
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In this paper our objective is to identify the risk factors associated with
adolescent marijuana use in Washington State, utilizing data from the 2018
and 2021 Healthy Youth Survey (HYS). Despite the survey’s assurance of
anonymity, the possibility of over- or underreporting exists due to various
reasons, such as fear of being exposed, social stigma, and peer pressure. We
are also interested in identifying factors that are associated with the occur-
rence of misreport. To achieve these goals, we develop a full Bayesian frame-
work with a two-level latent linear regression model. The top level is for the
true marijuana use response, and the second level is for the occurrence of
misreporting. An informative prior is designed to seamlessly incorporate the
domain knowledge or prior information while minimizing the risk of prior
misspecification. We propose a partially collapsed Gibbs sampling algorithm
with a Metropolis—Hastings step to sample the regression coefficients. Simu-
lation studies have been conducted to demonstrate the superior performance
of the proposed method over alternative approaches. Our analysis of HYS
data discovers multiple factors for identifying at-risk adolescents and inform-
ing future prevention efforts.

REFERENCES

SUBSTANCE ABUSE AND MENTAL HEALTH SERVICES ADMINISTRATION (2021). Preventing marijuana use
among youth SAMHSA Publication No. PEP21-06-01-001. Technical Report, National Mental Health and
Substance Use Policy Laboratory.

ALBERT, J. H. and CHIB, S. (1993). Bayesian analysis of binary and polychotomous response data. J. Amer.
Statist. Assoc. 88 669—679. MR1224394

BALCOMBE, K., BAILEY, A., CHALAK, A. and FRASER, 1. (2007). Bayesian estimation of willingness-to-pay
where respondents mis-report their preferences. Oxf. Bull. Econ. Stat. 69 413-438.

BALCOMBE, K. and FRASER, 1. (2009). Dichotomous-choice contingent valuation with ‘dont know’ responses
and misreporting. J. Appl. Econometrics 24 1137-1152. MR2750282 https://doi.org/10.1002/jae.1109

BOLLINGER, C. R. and DAVID, M. H. (1997). Modeling discrete choice with response error: Food stamp partici-
pation. J. Amer. Statist. Assoc. 92 827-835.

BOLLINGER, C. R. and DAviD, M. H. (2001). Estimation with response error and nonresponse: Food-
stamp participation in the SIPP. J. Bus. Econom. Statist. 19 129-141. MR1963279 https://doi.org/10.1198/
073500101316970368

BOLLINGER, C. R. and VAN HASSELT, M. (2017). Bayesian moment-based inference in a regression model with
misclassification error. J. Econometrics 200 282-294. MR3684979 https://doi.org/10.1016/j.jeconom.2017.06.
011

BUONACCORSL J. P. (2010). Measurement Error: Models, Methods, and Applications. Interdisciplinary Statistics.
CRC Press, Boca Raton, FL. MR2682774 https://doi.org/10.1201/9781420066586

CARROLL, R. J., RUPPERT, D., STEFANSKI, L. A. and CRAINICEANU, C. M. (2006). Measurement Error in
Nonlinear Models: A Modern Perspective, 2nd ed. Monographs on Statistics and Applied Probability 105.
CRC Press/CRC, Boca Raton, FL. MR2243417 https://doi.org/10.1201/9781420010138

CELEUX, G., HURN, M. and ROBERT, C. P. (2000). Computational and inferential difficulties with mixture pos-
terior distributions. J. Amer. Statist. Assoc. 95 957-970. MR1804450 https://doi.org/10.2307/2669477

Key words and phrases. Bayesian analysis, latent variable, Markov chain Monte Carlo, posterior predictive
distribution.


https://imstat.org/journals-and-publications/annals-of-applied-statistics/
https://doi.org/10.1214/26-AOAS2146
https://www.imstat.org
https://orcid.org/0000-0001-9230-2273
mailto:jiaying.wang2@wsu.edu
mailto:weinings@uci.edu
mailto:yuan.wang@wsu.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=1224394
https://mathscinet.ams.org/mathscinet-getitem?mr=2750282
https://doi.org/10.1002/jae.1109
https://mathscinet.ams.org/mathscinet-getitem?mr=1963279
https://doi.org/10.1198/073500101316970368
https://doi.org/10.1198/073500101316970368
https://mathscinet.ams.org/mathscinet-getitem?mr=3684979
https://doi.org/10.1016/j.jeconom.2017.06.011
https://doi.org/10.1016/j.jeconom.2017.06.011
https://mathscinet.ams.org/mathscinet-getitem?mr=2682774
https://doi.org/10.1201/9781420066586
https://mathscinet.ams.org/mathscinet-getitem?mr=2243417
https://doi.org/10.1201/9781420010138
https://mathscinet.ams.org/mathscinet-getitem?mr=1804450
https://doi.org/10.2307/2669477

DAVERN, M., KLERMAN, J. A., ZIEGENFUSS, J., LYNCH, V. and GREENBERG, G. (2009). A partially corrected
estimate of medicaid enrollment and uninsurance: Results from an imputational model developed off linked
survey and administrative data. J. Econ. Soc. Meas. 34 219-240.

DIEBOLT, J. and ROBERT, C. P. (1994). Estimation of finite mixture distributions through Bayesian sampling. J.
Roy. Statist. Soc. Ser. B, Methodol. 56 363-375. MR1281940

GREENE, W., HARRIS, M. N., SRIVASTAVA, P. and ZHAO, X. (2018). Misreporting and econometric modelling
of zeros in survey data on social bads: An application to cannabis consumption. Health Econ. 27 372-389.

GUSTAFSON, P. (2005). On model expansion, model contraction, identifiability and prior information: Two il-
lustrative scenarios involving mismeasured variables. Statist. Sci. 20 111-140. MR2183445 https://doi.org/10.
1214/088342305000000098

GUSTAFSON, P. (2009). What are the limits of posterior distributions arising from nonidentified models and
why should we care? J. Amer. Statist. Assoc. 104 1682—1695. MR2750585 https://doi.org/10.1198/jasa.2009.
tm08603

GUSTAFSON, P. (2010). Bayesian inference for partially identified models. Int. J. Biostat. 6 17. MR2602560
https://doi.org/10.2202/1557-4679.1206

GUSTAFSON, P. (2015). Bayesian Inference for Partially Identified Models: Exploring the Limits of Limited Data.
Monographs on Statistics and Applied Probability 141. CRC Press, Boca Raton, FL. MR3642458

HAHN, P. R, MURRAY, J. S. and MANOLOPOULOU, I. (2016). A Bayesian partial identification approach to
inferring the prevalence of accounting misconduct. J. Amer. Statist. Assoc. 111 14-26. MR3494635 https://
doi.org/10.1080/01621459.2015.1084307

HAUSMAN, J. A., ABREVAYA, J. and SCOTT-MORTON, F. M. (1998). Misclassification of the dependent vari-
able in a discrete-response setting. J. Econometrics 87 239-269. MR1649270 https://doi.org/10.1016/S0304-
4076(98)00015-3

HEALTHY YOUTH SURVEY (2024). AskHYS. Available at http://www.askhys.net.

JONES, G., JOHNSON, W. O., HANSON, T. E. and CHRISTENSEN, R. (2010). Identifiability of models for multiple
diagnostic testing in the absence of a gold standard. Biometrics 66 855—-863. MR2758221 https://doi.org/10.
1111/j.1541-0420.2009.01330.x

LEWBEL, A. (2000). Identification of the binary choice model with misclassification. Econometric Theory 16
603-609. MR1790293 https://doi.org/10.1017/S0266466600164060

LITTLE, R. J. A. (1988). A test of missing completely at random for multivariate data with missing values. J.
Amer. Statist. Assoc. 83 1198-1202. MR0997603

MCFADDEN, D. L. (1984). Econometric analysis of qualitative response models. Handb. Econom. 2 1395-1457.

MCGLOTHLIN, A., STAMEY, J. D. and SEAMAN, J. W. JR. (2008). Binary regression with misclassified response
and covariate subject to measurement error: A Bayesian approach. Biom. J. 50 123—-134. MR2414643 https:/
doi.org/10.1002/bimj.200710402

MEYER, B. D. and MITTAG, N. (2017). Misclassification in binary choice models. J. Econometrics 200 295-311.
MR3684980 https://doi.org/10.1016/j.jeconom.2017.06.012

MEYER, B. D., MITTAG, N. and GEORGE, R. M. (2020). Errors in survey reporting and imputation and their
effects on estimates of food stamp program participation. J. Hum. Resour. 0818-9704R2.

MURPHY, S. M. and ROSENMAN, R. (2019). The “real” number of Washington state adolescents using marijuana,
and why: A misclassification analysis. Subst. Use Misuse 54 89-96.

MWALILI, S. M., LESAFFRE, E. and DECLERCK, D. (2005). A Bayesian ordinal logistic regression model to
correct for interobserver measurement error in a geographical oral health study. J. R. Stat. Soc., Ser. C 54
77-93. MR2134599 https://doi.org/10.1111/j.1467-9876.2005.00471.x

NARANJO, L., MARTIN, J., PEREZ, C. J. and RUFO, M. J. (2014). Addressing misclassification for binary data:
Probit and t-link regressions. J. Stat. Comput. Simul. 84 2187-2213. MR3223620 https://doi.org/10.1080/
00949655.2013.787424

NARANJO, L., PEREZ, C. J., MARTIN, J., MUTSVARI, T. and LESAFFRE, E. (2019). A Bayesian approach for mis-
classified ordinal response data. J. Appl. Stat. 46 2198-2215. MR3983556 https://doi.org/10.1080/02664763.
2019.1582613

WASHINGTON STATE DEPARTMENT OF HEALTH (2022). Washington State healthy youth survey 2021: Analytic
Report. Washington State Department of Health.

PARK, T. and VAN DYK, D. A. (2009). Partially collapsed Gibbs samplers: Illustrations and applications. J. Com-
put. Graph. Statist. 18 283-305. MR2749833 https://doi.org/10.1198/jcgs.2009.08108

PAULINO, C. D., SILVA, G. and ACHCAR, J. A. (2005). Bayesian analysis of correlated misclassified binary data.
Comput. Statist. Data Anal. 49 1120-1131. MR2143061 https://doi.org/10.1016/j.csda.2004.07.004

POON, W.-Y. and WANG, H.-B. (2010). Bayesian analysis of multivariate probit models with surrogate outcome
data. Psychometrika 75 498-520. MR2719940 https://doi.org/10.1007/s11336-010-9164-6


https://mathscinet.ams.org/mathscinet-getitem?mr=1281940
https://mathscinet.ams.org/mathscinet-getitem?mr=2183445
https://doi.org/10.1214/088342305000000098
https://doi.org/10.1214/088342305000000098
https://mathscinet.ams.org/mathscinet-getitem?mr=2750585
https://doi.org/10.1198/jasa.2009.tm08603
https://doi.org/10.1198/jasa.2009.tm08603
https://mathscinet.ams.org/mathscinet-getitem?mr=2602560
https://doi.org/10.2202/1557-4679.1206
https://mathscinet.ams.org/mathscinet-getitem?mr=3642458
https://mathscinet.ams.org/mathscinet-getitem?mr=3494635
https://doi.org/10.1080/01621459.2015.1084307
https://doi.org/10.1080/01621459.2015.1084307
https://mathscinet.ams.org/mathscinet-getitem?mr=1649270
https://doi.org/10.1016/S0304-4076(98)00015-3
https://doi.org/10.1016/S0304-4076(98)00015-3
http://www.askhys.net
https://mathscinet.ams.org/mathscinet-getitem?mr=2758221
https://doi.org/10.1111/j.1541-0420.2009.01330.x
https://doi.org/10.1111/j.1541-0420.2009.01330.x
https://mathscinet.ams.org/mathscinet-getitem?mr=1790293
https://doi.org/10.1017/S0266466600164060
https://mathscinet.ams.org/mathscinet-getitem?mr=0997603
https://mathscinet.ams.org/mathscinet-getitem?mr=2414643
https://doi.org/10.1002/bimj.200710402
https://doi.org/10.1002/bimj.200710402
https://mathscinet.ams.org/mathscinet-getitem?mr=3684980
https://doi.org/10.1016/j.jeconom.2017.06.012
https://mathscinet.ams.org/mathscinet-getitem?mr=2134599
https://doi.org/10.1111/j.1467-9876.2005.00471.x
https://mathscinet.ams.org/mathscinet-getitem?mr=3223620
https://doi.org/10.1080/00949655.2013.787424
https://doi.org/10.1080/00949655.2013.787424
https://mathscinet.ams.org/mathscinet-getitem?mr=3983556
https://doi.org/10.1080/02664763.2019.1582613
https://doi.org/10.1080/02664763.2019.1582613
https://mathscinet.ams.org/mathscinet-getitem?mr=2749833
https://doi.org/10.1198/jcgs.2009.08108
https://mathscinet.ams.org/mathscinet-getitem?mr=2143061
https://doi.org/10.1016/j.csda.2004.07.004
https://mathscinet.ams.org/mathscinet-getitem?mr=2719940
https://doi.org/10.1007/s11336-010-9164-6

RAGHUNATHAN, T. E., LEPKOWSKI, J. M., VAN HOEWYK, J., SOLENBERGER, P. et al. (2001). A multivariate
technique for multiply imputing missing values using a sequence of regression models. Surv. Methodol. 27
85-96.

TAMER, E. (2010). Partial identification in econometrics. Ann. Rev. Econ. 2 167-195.

TANNER, M. A. and WONG, W. H. (1987). The calculation of posterior distributions by data augmentation. J.
Amer. Statist. Assoc. 82 528-550. MR0898357

TENNEKOON, V. and ROSENMAN, R. (2016). Systematically misclassified binary dependent variables. Comm.
Statist. Theory Methods 45 2538-2555. MR3483333 https://doi.org/10.1080/03610926.2014.887105

TOURANGEAU, R. and YAN, T. (2007). Sensitive questions in surveys. Psychol. Bull. 133 859.

VAN BUUREN, S. (2007). Multiple imputation of discrete and continuous data by fully conditional specification.
Stat. Methods Med. Res. 16 219-242. MR2371007 https://doi.org/10.1177/0962280206074463

VAN DYK, D. A. and PARK, T. (2008). Partially collapsed Gibbs samplers: Theory and methods. J. Amer. Statist.
Assoc. 103 790-796. MR2524010 https://doi.org/10.1198/016214508000000409

VAN HASSELT, M., BOLLINGER, C. R. and BRAY, J. W. (2022). A Bayesian approach to account for misclassifi-
cation in prevalence and trend estimation. J. Appl. Econometrics 37 351-367. MR4400207 https://doi.org/10.
1002/jae.2879

WANG, J., SHEN, W. and WANG, Y. (2026). Supplement to “A partially collapsed Gibbs sampling algorithm for
regression with misreported response.” https://doi.org/10.1214/26-A0AS2146SUPP


https://mathscinet.ams.org/mathscinet-getitem?mr=0898357
https://mathscinet.ams.org/mathscinet-getitem?mr=3483333
https://doi.org/10.1080/03610926.2014.887105
https://mathscinet.ams.org/mathscinet-getitem?mr=2371007
https://doi.org/10.1177/0962280206074463
https://mathscinet.ams.org/mathscinet-getitem?mr=2524010
https://doi.org/10.1198/016214508000000409
https://mathscinet.ams.org/mathscinet-getitem?mr=4400207
https://doi.org/10.1002/jae.2879
https://doi.org/10.1002/jae.2879
https://doi.org/10.1214/26-AOAS2146SUPP

The Annals of Applied Statistics

2026, Vol. 20, No. 1, 873-892
https://doi.org/10.1214/25-A0AS2132

© Institute of Mathematical Statistics, 2026
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Player attribution in American football remains an open problem due to
the complex nature of 22 players interacting on the field, but the granularity of
player tracking data provides ample opportunity for novel approaches. In this
work we introduce the first public framework to evaluate spatial and trajectory
tracking data of players relative to a baseline distribution of “ghost” defend-
ers. We demonstrate our framework in the context of modeling the nearest de-
fender positioning at the moment of catch. In particular, we provide estimates
of how much better or worse their observed positioning and trajectory com-
pared to the expected play value of ghost defenders. Our framework leverages
multidimensional tracking data features through flexible random forests for
conditional density estimation in two ways: (1) to model the distribution of
receiver yards gained enabling the estimation of within-play expected value
and (2) to model the 2D spatial distribution of baseline ghost defenders. We
present novel metrics for measuring player and team performance based on
tracking data, and discuss challenges that remain in extending our framework
to other aspects of American football.
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