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INVARIANCE PRINCIPLE FOR VARIABLE SPEED
RANDOM WALKS ON TREES

BY SIVA ATHREYA∗,1, WOLFGANG LÖHR† AND ANITA WINTER†

Indian Statistical Institute∗ and University of Duisburg-Essen†

We consider stochastic processes on complete, locally compact tree-like
metric spaces (T , r) on their “natural scale” with boundedly finite speed mea-
sure ν. Given a triple (T , r, ν) such a speed-ν motion on (T , r) can be char-
acterized as the unique strong Markov process which if restricted to compact
subtrees satisfies for all x, y ∈ T and all positive, bounded measurable f ,

E
x
[∫ τy

0
dsf (Xs)

]
= 2

∫
T

ν(dz)r
(
y, c(x, y, z)

)
f (z) < ∞,(0.1)

where c(x, y, z) denotes the branch point generated by x, y, z. If (T , r) is a
discrete tree, X is a continuous time nearest neighbor random walk which
jumps from v to v′ ∼ v at rate 1

2 · (ν({v}) · r(v, v′))−1. If (T , r) is path-
connected, X has continuous paths and equals the ν-Brownian motion which
was recently constructed in [Trans. Amer. Math. Soc. 365 (2013) 3115–3150].
In this paper, we show that speed-νn motions on (Tn, rn) converge weakly
in path space to the speed-ν motion on (T , r) provided that the underlying
triples of metric measure spaces converge in the Gromov–Hausdorff-vague
topology introduced in [Stochastic Process. Appl. 126 (2016) 2527–2553].
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SHARP DIMENSION FREE QUANTITATIVE ESTIMATES FOR THE
GAUSSIAN ISOPERIMETRIC INEQUALITY1

BY MARCO BARCHIESI, ALESSIO BRANCOLINI AND VESA JULIN

Università di Napoli “Federico II”, University of Münster
and University of Jyväskylä

We provide a full quantitative version of the Gaussian isoperimetric in-
equality: the difference between the Gaussian perimeter of a given set and a
half-space with the same mass controls the gap between the norms of the cor-
responding barycenters. In particular, it controls the Gaussian measure of the
symmetric difference between the set and the half-space oriented so to have
the barycenter in the same direction of the set. Our estimate is independent
of the dimension, sharp on the decay rate with respect to the gap and with
optimal dependence on the mass.
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RANDOM CURVES, SCALING LIMITS AND
LOEWNER EVOLUTIONS

BY ANTTI KEMPPAINEN∗,1,2 AND STANISLAV SMIRNOV†,‡,2

University of Helsinki∗, Université de Genève†

and Saint Petersburg State University‡

In this paper, we provide a framework of estimates for describing 2D
scaling limits by Schramm’s SLE curves. In particular, we show that a weak
estimate on the probability of an annulus crossing implies that a random curve
arising from a statistical mechanics model will have scaling limits and those
will be well described by Loewner evolutions with random driving forces.
Interestingly, our proofs indicate that existence of a nondegenerate observ-
able with a conformally-invariant scaling limit seems sufficient to deduce the
required condition.

Our paper serves as an important step in establishing the convergence of
Ising and FK Ising interfaces to SLE curves; moreover, the setup is adapted
to branching interface trees, conjecturally describing the full interface picture
by a collection of branching SLEs.
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We consider the ferromagnetic Ising model on a sequence of graphs Gn

converging locally weakly to a rooted random tree. Generalizing [Probab.
Theory Related Fields 152 (2012) 31–51], under an appropriate “continuity”
property, we show that the Ising measures on these graphs converge locally
weakly to a measure, which is obtained by first picking a random tree, and
then the symmetric mixture of Ising measures with + and − boundary con-
ditions on that tree. Under the extra assumptions that Gn are edge-expanders,
we show that the local weak limit of the Ising measures conditioned on pos-
itive magnetization is the Ising measure with + boundary condition on the
limiting tree. The “continuity” property holds except possibly for countable
many choices of β, which for limiting trees of minimum degree at least three,
are all within certain explicitly specified compact interval. We further show
the edge-expander property for (most of) the configuration model graphs cor-
responding to limiting (multi-type) Galton–Watson trees.
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In this paper, we consider a mean-field stochastic differential equa-
tion, also called the McKean–Vlasov equation, with initial data (t, x) ∈
[0, T ] × R

d , whose coefficients depend on both the solution X
t,x
s and its

law. By considering square integrable random variables ξ as initial condi-
tion for this equation, we can easily show the flow property of the solution

X
t,ξ
s of this new equation. Associating it with a process X

t,x,Pξ
s which co-

incides with X
t,ξ
s , when one substitutes ξ for x, but which has the advan-

tage to depend on ξ only through its law Pξ , we characterize the function

V (t, x,Pξ ) = E[	(X
t,x,Pξ

T ,P
X

t,ξ
T

)] under appropriate regularity conditions

on the coefficients of the stochastic differential equation as the unique clas-
sical solution of a nonlocal partial differential equation of mean-field type,
involving the first- and the second-order derivatives of V with respect to its
space variable and the probability law. The proof bases heavily on a pre-
liminary study of the first- and second-order derivatives of the solution of
the mean-field stochastic differential equation with respect to the probabil-
ity law and a corresponding Itô formula. In our approach, we use the notion
of derivative with respect to a probability measure with finite second mo-
ment, introduced by Lions in [Cours au Collège de France: Théorie des jeu à
champs moyens (2013)], and we extend it in a direct way to the second-order
derivatives.
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A LOWER BOUND FOR DISCONNECTION BY SIMPLE
RANDOM WALK

BY XINYI LI

ETH Zürich

We consider simple random walk on Z
d , d ≥ 3. Motivated by the work

of A.-S. Sznitman and the author in [Probab. Theory Related Fields 161
(2015) 309–350] and [Electron. J. Probab. 19 (2014) 1–26], we investigate
the asymptotic behavior of the probability that a large body gets disconnected
from infinity by the set of points visited by a simple random walk. We de-
rive asymptotic lower bounds that bring into play random interlacements.
Although open at the moment, some of the lower bounds we obtain possi-
bly match the asymptotic upper bounds recently obtained in [Disconnection,
random walks, and random interlacements (2014)]. This potentially yields
special significance to the tilted walks that we use in this work, and to the
strategy that we employ to implement disconnection.
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[6] ČERNÝ, J. and TEIXEIRA, A. Q. (2012). From Random Walk Trajectories to Random Inter-
lacements. Ensaios Matemáticos 23. Sociedade Brasileira de Matemática, Rio de Janeiro.
MR3014964

[7] DEMUTH, M. and VAN CASTEREN, J. A. (2000). Stochastic Spectral Theory for Selfadjoint
Feller Operators: A Functional Integration Approach. Birkhäuser, Basel. MR1772266

[8] DEUSCHEL, J.-D. and STROOCK, D. W. (1989). Large Deviations. Pure and Applied Mathe-
matics 137. Academic Press, Boston, MA. MR0997938

[9] DREWITZ, A., RÁTH, B. and SAPOZHNIKOV, A. (2014). An Introduction to Random Inter-
lacements. Springer, Cham. MR3308116

[10] DREWITZ, A., RÁTH, B. and SAPOZHNIKOV, A. (2014). Local percolative properties of
the vacant set of random interlacements with small intensity. Ann. Inst. Henri Poincaré
Probab. Stat. 50 1165–1197. MR3269990

MSC2010 subject classifications. Primary 60F10, 60K35; secondary 60J27, 82B43.
Key words and phrases. Large deviations, random walk, random interlacements.

http://www.imstat.org/aop/
http://dx.doi.org/10.1214/15-AOP1077
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=1228050
http://www.stat.berkeley.edu/users/aldous/RWG/book.pdf
http://www.ams.org/mathscinet-getitem?mr=1668115
http://www.ams.org/mathscinet-getitem?mr=3129800
http://www.ams.org/mathscinet-getitem?mr=2884219
http://www.ams.org/mathscinet-getitem?mr=3014964
http://www.ams.org/mathscinet-getitem?mr=1772266
http://www.ams.org/mathscinet-getitem?mr=0997938
http://www.ams.org/mathscinet-getitem?mr=3308116
http://www.ams.org/mathscinet-getitem?mr=3269990
http://www.ams.org/mathscinet/msc/msc2010.html
http://www.stat.berkeley.edu/users/aldous/RWG/book.pdf


[11] DURRETT, R. (1984). Brownian Motion and Martingales in Analysis. Wadsworth International
Group, Belmont, CA. MR0750829

[12] ETHIER, S. N. and KURTZ, T. G. (1986). Markov Processes: Characterization and Conver-
gence. Wiley, New York. MR0838085

[13] EVANS, L. C. (2010). Partial Differential Equations, 2nd ed. Graduate Studies in Mathematics
19. Amer. Math. Soc., Providence, RI. MR2597943

[14] FUKUSHIMA, M., OSHIMA, Y. and TAKEDA, M. (2011). Dirichlet Forms and Symmetric
Markov Processes, extended ed. de Gruyter Studies in Mathematics 19. de Gruyter,
Berlin. MR2778606

[15] GILBARG, D. and TRUDINGER, N. S. (1998). Elliptic Partial Differential Equations of Second
Order, 2nd ed. Springer, Berlin.

[16] HAEMERS, W. H. (1995). Interlacing eigenvalues and graphs. Linear Algebra Appl. 226/228
593–616. MR1344588

[17] KEILSON, J. (1979). Markov Chain Models—Rarity and Exponentiality. Applied Mathematical
Sciences 28. Springer, New York. MR0528293

[18] KHAS’MINSKII, R. Z. (1959). On positive solutions of the equation U + V u = 0. Theory
Probab. Appl. 4 309–318. MR0123373

[19] LAWLER, G. F. (1991). Intersections of Random Walks. Birkhäuser, Boston, MA. MR1117680
[20] LAWLER, G. F. and LIMIC, V. (2010). Random Walk: A Modern Introduction. Cambridge

Studies in Advanced Mathematics 123. Cambridge Univ. Press, Cambridge. MR2677157
[21] LEVIN, D. A., PERES, Y. and WILMER, E. L. (2009). Markov Chains and Mixing Times.

Amer. Math. Soc., Providence, RI. MR2466937
[22] LI, X. and SZNITMAN, A.-S. (2014). A lower bound for disconnection by random interlace-

ments. Electron. J. Probab. 19 1–26. MR3164770
[23] LI, X. and SZNITMAN, A.-S. (2015). Large deviations for occupation time profiles of random

interlacements. Probab. Theory Related Fields 161 309–350. MR3304754
[24] POPOV, S. and TEIXEIRA, A. (2015). Soft local times and decoupling of random interlace-

ments. J. Eur. Math. Soc. (JEMS) 17 2545–2593. MR3420516
[25] PORT, S. C. and STONE, C. J. (1978). Brownian Motion and Classical Potential Theory. Aca-

demic Press, New York. MR0492329
[26] RUDIN, W. (1976). Principles of Mathematical Analysis, 3rd ed. McGraw-Hill Book, New

York. MR0385023
[27] SALOFF-COSTE, L. (1997). Lectures on finite Markov chains. In Lectures on Probability The-

ory and Statistics (Saint-Flour, 1996). Lecture Notes in Math. 1665 301–413. Springer,
Berlin. MR1490046

[28] SIDORAVICIUS, V. and SZNITMAN, A.-S. (2010). Connectivity bounds for the vacant set of
random interlacements. Ann. Inst. Henri Poincaré Probab. Stat. 46 976–990. MR2744881

[29] SZNITMAN, A.-S. (2014). Disconnection, random walks, and random interlacements. Preprint.
Available at arXiv:1412.3960.

[30] SZNITMAN, A.-S. (2010). Vacant set of random interlacements and percolation. Ann. of Math.
(2) 171 2039–2087. MR2680403

[31] SZNITMAN, A.-S. (2012). An isomorphism theorem for random interlacements. Electron.
Commun. Probab. 17 1–9. MR2892408

[32] SZNITMAN, A.-S. (2012). Decoupling inequalities and interlacement percolation on G × Z.
Invent. Math. 187 645–706. MR2891880

[33] SZNITMAN, A.-S. (2015). Disconnection and level-set percolation for the Gaussian free field.
J. Math. Soc. Japan 67 1801–1843. MR3417515

[34] TEIXEIRA, A. and WINDISCH, D. (2011). On the fragmentation of a torus by random walk.
Comm. Pure Appl. Math. 64 1599–1646. MR2838338

http://www.ams.org/mathscinet-getitem?mr=0750829
http://www.ams.org/mathscinet-getitem?mr=0838085
http://www.ams.org/mathscinet-getitem?mr=2597943
http://www.ams.org/mathscinet-getitem?mr=2778606
http://www.ams.org/mathscinet-getitem?mr=1344588
http://www.ams.org/mathscinet-getitem?mr=0528293
http://www.ams.org/mathscinet-getitem?mr=0123373
http://www.ams.org/mathscinet-getitem?mr=1117680
http://www.ams.org/mathscinet-getitem?mr=2677157
http://www.ams.org/mathscinet-getitem?mr=2466937
http://www.ams.org/mathscinet-getitem?mr=3164770
http://www.ams.org/mathscinet-getitem?mr=3304754
http://www.ams.org/mathscinet-getitem?mr=3420516
http://www.ams.org/mathscinet-getitem?mr=0492329
http://www.ams.org/mathscinet-getitem?mr=0385023
http://www.ams.org/mathscinet-getitem?mr=1490046
http://www.ams.org/mathscinet-getitem?mr=2744881
http://arxiv.org/abs/arXiv:1412.3960
http://www.ams.org/mathscinet-getitem?mr=2680403
http://www.ams.org/mathscinet-getitem?mr=2892408
http://www.ams.org/mathscinet-getitem?mr=2891880
http://www.ams.org/mathscinet-getitem?mr=3417515
http://www.ams.org/mathscinet-getitem?mr=2838338


The Annals of Probability
2017, Vol. 45, No. 2, 932–964
DOI: 10.1214/15-AOP1078
© Institute of Mathematical Statistics, 2017

RANDOM CURVES ON SURFACES INDUCED FROM THE
LAPLACIAN DETERMINANT

BY ADRIEN KASSEL1 AND RICHARD KENYON2

ETH Zürich and Brown University

We define natural probability measures on finite multicurves (finite col-
lections of pairwise disjoint simple closed curves) on curved surfaces. These
measures arise as universal scaling limits of probability measures on cycle-
rooted spanning forests (CRSFs) on graphs embedded on a surface with a
Riemannian metric, in the limit as the mesh size tends to zero. These in turn
are defined from the Laplacian determinant and depend on the choice of a
unitary connection on the surface.

Wilson’s algorithm for generating spanning trees on a graph generalizes
to a cycle-popping algorithm for generating CRSFs for a general family of
weights on the cycles. We use this to sample the above measures. The sam-
pling algorithm, which relates these measures to the loop-erased random
walk, is also used to prove tightness of the sequence of measures, a key step
in the proof of their convergence.

We set the framework for the study of these probability measures and their
scaling limits and state some of their properties.
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WHEN DOES A DISCRETE-TIME RANDOM WALK IN R
n

ABSORB THE ORIGIN INTO ITS CONVEX HULL?

BY KONSTANTIN TIKHOMIROV AND PIERRE YOUSSEF

University of Alberta

We connect this question to a problem of estimating the probability that
the image of certain random matrices does not intersect with a subset of the
unit sphere S

n−1. In this way, the case of a discretized Brownian motion is
related to Gordon’s escape theorem dealing with standard Gaussian matrices.
We show that for the random walk BMn(i), i ∈ N, the convex hull of the first
Cn steps (for a sufficiently large universal constant C) contains the origin
with probability close to one. Moreover, the approach allows us to prove that
with high probability the π/2-covering time of certain random walks on S

n−1

is of order n. For certain spherical simplices on S
n−1, we prove an extension

of Gordon’s theorem dealing with a broad class of random matrices; as an
application, we show that Cn steps are sufficient for the standard walk on Zn

to absorb the origin into its convex hull with a high probability. Finally, we
prove that the aforementioned bound is sharp in the following sense: for some
universal constant c > 1, the convex hull of the n-dimensional Brownian mo-
tion conv{BMn(t) : t ∈ [1, cn]} does not contain the origin with probability
close to one.
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MIXING TIMES FOR A CONSTRAINED ISING PROCESS ON
THE TORUS AT LOW DENSITY
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We study a kinetically constrained Ising process (KCIP) associated with
a graph G and density parameter p; this process is an interacting particle
system with state space {0,1}G, the location of the particles. The number of
particles at stationarity follows the Binomial(|G|,p) distribution, conditioned
on having at least one particle. The “constraint” in the name of the process
refers to the rule that a vertex cannot change its state unless it has at least one
neighbour in state “1”. The KCIP has been proposed by statistical physicists
as a model for the glass transition, and more recently as a simple algorithm
for data storage in computer networks. In this note, we study the mixing time
of this process on the torus G = Z

d
L, d ≥ 3, in the low-density regime p = c

|G|
for arbitrary 0 < c < ∞; this regime is the subject of a conjecture of Aldous
and is natural in the context of computer networks. Our results provide a
counterexample to Aldous’ conjecture, suggest a natural modification of the
conjecture, and show that this modification is correct up to logarithmic fac-
tors. The methods developed in this paper also provide a strategy for tackling
Aldous’ conjecture for other graphs.
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DISCRETE MALLIAVIN–STEIN METHOD: BERRY–ESSEEN
BOUNDS FOR RANDOM GRAPHS AND PERCOLATION1

BY KAI KROKOWSKI, ANSELM REICHENBACHS AND CHRISTOPH THÄLE

Ruhr University Bochum

A new Berry–Esseen bound for nonlinear functionals of nonsymmet-
ric and nonhomogeneous infinite Rademacher sequences is established. It is
based on a discrete version of the Malliavin–Stein method and an analysis
of the discrete Ornstein–Uhlenbeck semigroup. The result is applied to sub-
graph counts and to the number of vertices having a prescribed degree in the
Erdős–Rényi random graph. A further application deals with a percolation
problem on trees.
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CONVERGENCE AND REGULARITY OF PROBABILITY LAWS
BY USING AN INTERPOLATION METHOD

BY VLAD BALLY AND LUCIA CARAMELLINO

Université Paris-Est and Università di Roma Tor Vergata

Fournier and Printems [Bernoulli 16 (2010) 343–360] have recently es-
tablished a methodology which allows to prove the absolute continuity of the
law of the solution of some stochastic equations with Hölder continuous coef-
ficients. This is of course out of reach by using already classical probabilistic
methods based on Malliavin calculus. By employing some Besov space tech-
niques, Debussche and Romito [Probab. Theory Related Fields 158 (2014)
575–596] have substantially improved the result of Fournier and Printems. In
our paper, we show that this kind of problem naturally fits in the framework
of interpolation spaces: we prove an interpolation inequality (see Proposi-
tion 2.5) which allows to state (and even to slightly improve) the above ab-
solute continuity result. Moreover, it turns out that the above interpolation
inequality has applications in a completely different framework: we use it
in order to estimate the error in total variance distance in some convergence
theorems.
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CLIMBING DOWN GAUSSIAN PEAKS

BY ROBERT J. ADLER1 AND GENNADY SAMORODNITSKY2

Technion—Israel Institute of Technology and Cornell University

How likely is the high level of a continuous Gaussian random field on an
Euclidean space to have a “hole” of a certain dimension and depth? Questions
of this type are difficult, but in this paper we make progress on questions
shedding new light in existence of holes. How likely is the field to be above
a high level on one compact set (e.g., a sphere) and to be below a fraction
of that level on some other compact set, for example, at the center of the
corresponding ball? How likely is the field to be below that fraction of the
level anywhere inside the ball? We work on the level of large deviations.
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EXTREMAL CUTS OF SPARSE RANDOM GRAPHS

BY AMIR DEMBO1, ANDREA MONTANARI2 AND SUBHABRATA SEN3

Stanford University

For Erdős–Rényi random graphs with average degree γ , and uniformly
random γ -regular graph on n vertices, we prove that with high proba-
bility the size of both the Max-Cut and maximum bisection are n(

γ
4 +

P∗
√

γ
4 + o(

√
γ )) + o(n) while the size of the minimum bisection is n(

γ
4 −

P∗
√

γ
4 + o(

√
γ )) + o(n). Our derivation relates the free energy of the

anti-ferromagnetic Ising model on such graphs to that of the Sherrington–
Kirkpatrick model, with P∗ ≈ 0.7632 standing for the ground state energy of
the latter, expressed analytically via Parisi’s formula.

REFERENCES

[1] ALON, N. (1997). On the edge-expansion of graphs. Combin. Probab. Comput. 6 145–152.
MR1447810

[2] ANDERSON, G. W., GUIONNET, A. and ZEITOUNI, O. (2009). An Introduction to Random
Matrices. Cambridge Univ. Press, Cambridge.

[3] AUFFINGER, A. and CHEN, W. (2015). The Parisi formula has a unique minimizer. Comm.
Math. Phys. 335 1429–1444. MR3320318

[4] BAYATI, M., GAMARNIK, D. and TETALI, P. (2013). Combinatorial approach to the interpo-
lation method and scaling limits in sparse random graphs. Ann. Probab. 41 4080–4115.
MR3161470

[5] BOLLOBÁS, B. (1988). The isoperimetric number of random regular graphs. European J. Com-
bin. 9 241–244. MR0947025

[6] BOLLOBÁS, B. (2001). Random Graphs, 2nd ed. Cambridge Studies in Advanced Mathematics
73. Cambridge Univ. Press, Cambridge. MR1864966

[7] BOUCHERON, S., LUGOSI, G. and MASSART, P. (2013). Concentration Inequalities:
A Nonasymptotic Theory of Independence. Oxford Univ. Press, Oxford. MR3185193

[8] CHVÁTAL, V. (1979). The tail of the hypergeometric distribution. Discrete Math. 25 285–287.
MR0534946

[9] COJA-OGHLAN, A. (2007). On the Laplacian eigenvalues of Gn,p . Combin. Probab. Comput.
16 923–946. MR2351691

[10] COPPERSMITH, D., GAMARNIK, D., HAJIAGHAYI, M. T. and SORKIN, G. B. (2004). Ran-
dom MAXSAT, random MAXCUT, and their phase transitions. Random Structures Algo-
rithms 24 502–545. MR2060633

[11] CRISANTI, A. and RIZZO, T. (2002). Analysis of the ∞-replica symmetry breaking solution
of the Sherrington–Kirkpatrick model. Phys. Rev. E (3) 65 046137, 9. MR1918001

[12] DAUDÉ, H., MARTÍNEZ, C., RASENDRAHASINA, V. and RAVELOMANANA, V. (2012). The
MAX-CUT of sparse random graphs. In Proceedings of the Twenty-Third Annual ACM-
SIAM Symposium on Discrete Algorithms 265–271. ACM, New York. MR3205214

MSC2010 subject classifications. 05C80, 68R10, 82B44.
Key words and phrases. Max-cut, bisection, Erdős–Rényi graph, regular graph, Ising model, spin
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POLY-ADIC FILTRATIONS, STANDARDNESS,
COMPLEMENTABILITY AND MAXIMALITY

BY CHRISTOPHE LEURIDAN

Institut Fourier

Given some essentially separable filtration (Zn)n≤0 indexed by the non-
positive integers, we define the notion of complementability for the filtrations
contained in (Zn)n≤0. We also define and characterize the notion of maximal-
ity for the poly-adic sub-filtrations of (Zn)n≤0. We show that any poly-adic
sub-filtration of (Zn)n≤0 which can be complemented by a Kolmogorovian
filtration is maximal in (Zn)n≤0. We show that the converse is false, and we
prove a partial converse, which generalizes Vershik’s lacunary isomorphism
theorem for poly-adic filtrations.
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LOCALITY OF PERCOLATION FOR ABELIAN CAYLEY GRAPHS1

BY SÉBASTIEN MARTINEAU AND VINCENT TASSION
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We prove that the value of the critical probability for percolation on an
Abelian Cayley graph is determined by its local structure. This is a partial
positive answer to a conjecture of Schramm: the function pc defined on the
set of Cayley graphs of Abelian groups of rank at least 2 is continuous for the
Benjamini–Schramm topology. The proof involves group-theoretic tools and
a new block argument.
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BEHAVIOR OF THE GENERALIZED ROSENBLATT PROCESS AT
EXTREME CRITICAL EXPONENT VALUES1

BY SHUYANG BAI AND MURAD S. TAQQU

Boston University

The generalized Rosenblatt process is obtained by replacing the single
critical exponent characterizing the Rosenblatt process by two different expo-
nents living in the interior of a triangular region. What happens to that gener-
alized Rosenblatt process as these critical exponents approach the boundaries
of the triangle? We show by two different methods that on each of the two
symmetric boundaries, the limit is non-Gaussian. On the third boundary, the
limit is Brownian motion. The rates of convergence to these boundaries are
also given. The situation is particularly delicate as one approaches the corners
of the triangle, because the limit process will depend on how these corners
are approached. All limits are in the sense of weak convergence in C[0,1].
These limits cannot be strengthened to convergence in L2(
).
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SYNCHRONIZATION BY NOISE FOR ORDER-PRESERVING
RANDOM DYNAMICAL SYSTEMS

BY FRANCO FLANDOLI, BENJAMIN GESS1 AND MICHAEL SCHEUTZOW

Università di Pisa, Max-Planck Institute for Mathematics in the Sciences and
Technische Universität Berlin

We provide sufficient conditions for weak synchronization/stabilization
by noise for order-preserving random dynamical systems on Polish spaces.
That is, under these conditions we prove the existence of a weak point attrac-
tor consisting of a single random point. This generalizes previous results in
two directions: First, we do not restrict to Banach spaces, and second, we do
not require the partial order to be admissible nor normal. As a second main
result and application, we prove weak synchronization by noise for stochastic
porous media equations with additive noise.

REFERENCES

[1] AMANN, H. (1976). Fixed point equations and nonlinear eigenvalue problems in ordered Ba-
nach spaces. SIAM Rev. 18 620–709. MR0415432

[2] ARNOLD, L. (1998). Random Dynamical Systems. Springer, Berlin. MR1723992
[3] ARNOLD, L. and CHUESHOV, I. (1998). Order-preserving random dynamical systems: Equi-

libria, attractors, applications. Dynam. Stability Systems 13 265–280. MR1645467
[4] ARNOLD, L., CRAUEL, H. and WIHSTUTZ, V. (1983). Stabilization of linear systems by noise.

SIAM J. Control Optim. 21 451–461. MR0696907
[5] BAXENDALE, P. H. (1991). Statistical equilibrium and two-point motion for a stochastic flow

of diffeomorphisms. In Spatial Stochastic Processes. Progress in Probability 19 189–218.
Birkhäuser, Boston, MA. MR1144097

[6] BÉNILAN, P. (1972). Solutions intégrales d’équations d’évolution dans un espace de Banach.
C. R. Acad. Sci. Paris Sér. A-B 274 A47–A50. MR0300164

[7] BEYN, W., GESS, B., LESCOT, P. and RÖCKNER, M. (2011). The global random attractor for
a class of stochastic porous media equations. Comm. Partial Differential Equations 36
446–469. MR2763333

[8] CARABALLO, T., CHUESHOV, I. D. and KLOEDEN, P. E. (2007). Synchronization of a
stochastic reaction-diffusion system on a thin two-layer domain. SIAM J. Math. Anal.
38 1489–1507. MR2286016

[9] CARABALLO, T., CRAUEL, H., LANGA, J. A. and ROBINSON, J. C. (2007). The effect of
noise on the Chafee–Infante equation: A nonlinear case study. Proc. Amer. Math. Soc.
135 373–382. MR2255283

[10] CARABALLO, T., KLOEDEN, P. E. and SCHMALFUSS, B. (2006). Stabilization of stationary
solutions of evolution equations by noise. Discrete Contin. Dyn. Syst. Ser. B 6 1199–1212.
MR2240740

MSC2010 subject classifications. Primary 37B25; secondary 37G35, 37H15.
Key words and phrases. Synchronization, random dynamical system, random attractor, order-

preserving RDS, stochastic differential equation, statistical equilibrium.

http://www.imstat.org/aop/
http://dx.doi.org/10.1214/16-AOP1088
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=0415432
http://www.ams.org/mathscinet-getitem?mr=1723992
http://www.ams.org/mathscinet-getitem?mr=1645467
http://www.ams.org/mathscinet-getitem?mr=0696907
http://www.ams.org/mathscinet-getitem?mr=1144097
http://www.ams.org/mathscinet-getitem?mr=0300164
http://www.ams.org/mathscinet-getitem?mr=2763333
http://www.ams.org/mathscinet-getitem?mr=2286016
http://www.ams.org/mathscinet-getitem?mr=2255283
http://www.ams.org/mathscinet-getitem?mr=2240740
http://www.ams.org/mathscinet/msc/msc2010.html


[11] CARABALLO, T. and ROBINSON, J. C. (2004). Stabilisation of linear PDEs by Stratonovich
noise. Systems Control Lett. 53 41–50. MR2077187

[12] CÉPA, E. (1998). Problème de Skorohod multivoque. Ann. Probab. 26 500–532. MR1626174
[13] CÉPA, E. and JACQUOT, S. (1998). Ergodicité d’inégalités variationnelles stochastiques.

Stochastics Stochastics Rep. 63 41–64. MR1639776
[14] CHEKROUN, M. D., SIMONNET, E. and GHIL, M. (2011). Stochastic climate dynamics:

Random attractors and time-dependent invariant measures. Phys. D 240 1685–1700.
MR2844645

[15] CHUESHOV, I. (2002). Monotone Random Systems Theory and Applications. Lecture Notes in
Math. 1779. Springer, Berlin. MR1902500

[16] CHUESHOV, I. and SCHEUTZOW, M. (2004). On the structure of attractors and invariant mea-
sures for a class of monotone random systems. Dyn. Syst. 19 127–144. MR2060422

[17] CHUESHOV, I. and SCHMALFUSS, B. (2010). Master-slave synchronization and invariant man-
ifolds for coupled stochastic systems. J. Math. Phys. 51 102702, 23. MR2761307

[18] CRAUEL, H. (1991). Markov measures for random dynamical systems. Stochastics Stochastics
Rep. 37 153–173. MR1148346

[19] CRAUEL, H. (2002). Random Probability Measures on Polish Spaces. Stochastics Monographs
11. Taylor & Francis, London. MR1993844

[20] CRAUEL, H. and FLANDOLI, F. (1994). Attractors for random dynamical systems. Probab.
Theory Related Fields 100 365–393. MR1305587

[21] CRUCIFIX, M. (2013). Why could ice ages be unpredictable? Climate of the Past 9 2253–2267.
[22] DÍAZ, G. and DIAZ, I. (1979). Finite extinction time for a class of nonlinear parabolic equa-

tions. Comm. Partial Differential Equations 4 1213–1231. MR0546642
[23] EFENDIEV, M. and ZELIK, S. (2008). Finite- and infinite-dimensional attractors for porous

media equations. Proc. Lond. Math. Soc. (3) 96 51–77. MR2392315
[24] FLANDOLI, F., GESS, B. and SCHEUTZOW, M. (2014). Synchronization by noise. Available

at arXiv:1411.1340.
[25] GESS, B. (2013). Random attractors for degenerate stochastic partial differential equations.

J. Dynam. Differential Equations 25 121–157. MR3027636
[26] GHIL, M., CHEKROUN, M. D. and SIMONNET, E. (2008). Climate dynamics and fluid

mechanics: Natural variability and related uncertainties. Phys. D 237 2111–2126.
MR2449886

[27] HAIRER, M. (2005). Ergodicity of stochastic differential equations driven by fractional Brow-
nian motion. Ann. Probab. 33 703–758. MR2123208

[28] HOMBURG, A. J. (2013). Synchronization in iterated function systems. Available at
arXiv:1303.6054.

[29] JÄGER, T. and KELLER, G. (2016). Random minimality and continuity of invariant graphs in
random dynamical systems. Trans. Amer. Math. Soc. 368 6643–6662. MR3461046

[30] KAMAE, T., KRENGEL, U. and O’BRIEN, G. L. (1977). Stochastic inequalities on partially
ordered spaces. Ann. Probab. 5 899–912. MR0494447

[31] KELLER, G., JAFRI, H. H. and RAMASWAMY, R. (2013). Nature of weak generalized syn-
chronization in chaotically driven maps. Phys. Rev. E 87 042913.
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