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A CENTRAL LIMIT THEOREM FOR THE KPZ EQUATION

BY MARTIN HAIRER1 AND HAO SHEN
University of Warwick

We consider the KPZ equation in one space dimension driven by a sta-
tionary centred space—time random field, which is sufficiently integrable and
mixing, but not necessarily Gaussian. We show that, in the weakly asymmet-
ric regime, the solution to this equation considered at a suitable large scale
and in a suitable reference frame converges to the Hopf—Cole solution to the
KPZ equation driven by space—time Gaussian white noise. While the limit-
ing process depends only on the integrated variance of the driving field, the
diverging constants appearing in the definition of the reference frame also
depend on higher order moments.
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THE SHARP THRESHOLD FOR THE DUARTE MODEL
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The class of critical bootstrap percolation models in two dimensions was
recently introduced by Bollobds, Smith and Uzzell, and the critical threshold
for percolation was determined up to a constant factor for all such models
by the authors of this paper. Here, we develop and refine the techniques in-
troduced in that paper in order to determine a sharp threshold for the Duarte
model. This resolves a question of Mountford from 1995, and is the first result
of its type for a model with drift.
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LEVY PROCESSES
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A cylindrical Lévy process does not enjoy a cylindrical version of the
semimartingale decomposition which results in the need to develop a com-
pletely novel approach to stochastic integration. In this work, we introduce
a stochastic integral for random integrands with respect to cylindrical Lévy
processes in Hilbert spaces. The space of admissible integrands consists of
caglad, adapted stochastic processes with values in the space of Hilbert—
Schmidt operators. Neither the integrands nor the integrator is required to
satisfy any moment or boundedness condition. The integral process is char-
acterised as an adapted, Hilbert space valued semimartingale with cadlag tra-
jectories.
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We prove a central limit theorem under diffusive scaling for the displace-
ment of a random walk on Z¢ in stationary and ergodic doubly stochastic
random environment, under the .7 _|-condition imposed on the drift field.
The condition is equivalent to assuming that the stream tensor of the drift
field be stationary and square integrable. This improves the best existing re-
sult [Fluctuations in Markov Processes—Time Symmetry and Martingale Ap-
proximation (2012) Springer], where it is assumed that the stream tensor is
in max{2+8.d} with § > 0. Our proof relies on an extension of the relaxed
sector condition of [Bull. Inst. Math. Acad. Sin. (N.S.) 7 (2012) 463-476],
and is technically rather simpler than existing earlier proofs of similar re-
sults by Oelschlédger [Ann. Probab. 16 (1988) 1084—1126] and Komorowski,
Landim and Olla [Fluctuations in Markov Processes—Time Symmetry and
Martingale Approximation (2012) Springer].
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A LEADER-ELECTION PROCEDURE USING RECORDS

BY GEROLD ALSMEYER*!, ZAKHAR KABLUCHKO*
AND ALEXANDER MARYNYCH'2

University of Miinster* and Taras Shevchenko National University of Kyiv'

Motivated by the open problem of finding the asymptotic distributional
behavior of the number of collisions in a Poisson—Dirichlet coalescent, the
following version of a stochastic leader-election algorithm is studied. Con-
sider an infinite family of persons, labeled by 1,2, 3, ..., who generate i.i.d.
random numbers from an arbitrary continuous distribution. Those persons
who have generated a record value, that is, a value larger than the values of
all previous persons, stay in the game, all others must leave. The remain-
ing persons are relabeled by 1,2, 3, ... maintaining their order in the first
round, and the election procedure is repeated independently from the past
and indefinitely. We prove limit theorems for a number of relevant function-
als for this procedure, notably the number of rounds 7' (M) until all persons
among 1, ..., M, except the first one, have left (as M — 00). For example,
we show that the sequence (T (M) —log™ M) 3 <N, where log* denotes the it-
erated logarithm, is tight, and study its weak subsequential limits. We further
provide an appropriate and apparently new kind of normalization (based on
tetrations) such that the original labels of persons who stay in the game until
round n converge (as n — 00) to some random non-Poissonian point process
and study its properties. The results are applied to describe all subsequential
distributional limits for the number of collisions in the Poisson—Dirichlet co-
alescent, thus providing a complete answer to the open problem mentioned
above.
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We identify a necessary and sufficient condition for a Lévy white noise
to be a tempered distribution. More precisely, we show that if the Lévy mea-
sure associated with this noise has a positive absolute moment, then the Lévy
white noise almost surely takes values in the space of tempered distributions.
If the Lévy measure does not have a positive absolute moment of any order,
then the event on which the Lévy white noise is a tempered distribution has
probability zero.
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Let p € [1, oo]. Consider the projection of a uniform random vector from
a suitably normalized £7 ball in R” onto an independent random vector from
the unit sphere. We show that sequences of such random projections, when
suitably normalized, satisfy a large deviation principle (LDP) as the dimen-
sion n goes to oo, which can be viewed as an annealed LDP. We also establish
a quenched LDP (conditioned on a fixed sequence of projection directions)
and show that for p € (1, co] (but not for p = 1), the corresponding rate func-
tion is “universal,” in the sense that it coincides for “almost every” sequence
of projection directions. We also analyze some exceptional sequences of di-
rections in the “measure zero” set, including the sequence of directions corre-
sponding to the classical Cramér’s theorem, and show that those sequences of
directions yield LDPs with rate functions that are distinct from the universal
rate function of the quenched LDP. Lastly, we identify a variational formula
that relates the annealed and quenched LDPs, and analyze the minimizer of
this variational formula. These large deviation results complement the cen-
tral limit theorem for convex sets, specialized to the case of sequences of £7
balls.
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In this paper, we present some new limit theorems for power variation of
kth order increments of stationary increments Lévy driven moving averages.
In the infill asymptotic setting, where the sampling frequency converges to
zero while the time span remains fixed, the asymptotic theory gives novel
results, which (partially) have no counterpart in the theory of discrete mov-
ing averages. More specifically, we show that the first-order limit theory and
the mode of convergence strongly depend on the interplay between the given
order of the increments k > 1, the considered power p > 0, the Blumenthal—
Getoor index S € [0, 2) of the driving pure jump Lévy process L and the be-
haviour of the kernel function g at O determined by the power «. First-order
asymptotic theory essentially comprises three cases: stable convergence to-
wards a certain infinitely divisible distribution, an ergodic type limit theorem
and convergence in probability towards an integrated random process. We
also prove a second-order limit theorem connected to the ergodic type result.
When the driving Lévy process L is a symmetric S-stable process, we obtain
two different limits: a central limit theorem and convergence in distribution
towards a (k — «) B-stable totally right skewed random variable.
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EQUILIBRIUM FLUCTUATION OF THE ATLAS MODEL

BY AMIR DEMBO! AND LI-CHENG TSAI®
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We study the fluctuation of the Atlas model, where a unit drift is assigned
to the lowest ranked particle among a semi-infinite (Z4-indexed) system of
otherwise independent Brownian particles, initiated according to a Poisson
point process on R . In this context, we show that the joint law of ranked

particles, after being centered and scaled by t_%, converges as t — o0 to the
Gaussian field corresponding to the solution of the Additive Stochastic Heat
Equation (ASHE) on R with the Neumann boundary condition at zero. This
allows us to express the asymptotic fluctuation of the lowest ranked parti-
cle in terms of a fractional Brownian Motion (fBM). In particular, we prove
a conjecture of Pal and Pitman [Ann. Appl. Probab. 18 (2008) 2179-2207]
about the asymptotic Gaussian fluctuation of the ranked particles.
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This paper studies the nonlinear one-dimensional stochastic heat equa-
tion driven by a Gaussian noise which is white in time and which has the co-
variance of a fractional Brownian motion with Hurst parameter H € (%, %)
in the space variable. The existence and uniqueness of the solution u are
proved assuming the nonlinear coefficient o («) is differentiable with a Lips-
chitz derivative and o (0) = 0.
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We show that the thermodynamic limit of the ground state energy in the
mixed p-spin model can be identified as a variational problem. This gives a
natural generalization of the Parisi formula at zero temperature.
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On a probability space (2, .4, Q), we consider two filtrations F C G and
a G stopping time O such that the G predictable processes coincide with [
predictable processes on (0, 6]. In this setup, it is well known that, for any
F semimartingale X, the process X ¢ stopped “right before 6”) is a G
semimartingale. Given a positive constant 7', we call f an invariance time if
there exists a probability measure P equivalent to Q on F7 such that, for any
(F, P) local martingale X, X = isa (G, Q) local martingale. We characterize
invariance times in terms of the (F, Q) Azéma supermartingale of 6 and we
derive a mild and tractable invariance time sufficiency condition. We discuss
invariance times in mathematical finance and BSDE applications.

REFERENCES

Accialo, B., FONTANA, C. and KARDARAS, C. (2016). Arbitrage of the first kind and filtra-
tion enlargements in semimartingale financial models. Stochastic Process. Appl. 126 1761-1784.
MR3483736

ACCIAIO, B. and PENNER, I. (2016). Characterization of max-continuous local martingales vanish-
ing at infinity. Electron. Commun. Probab. 21 Paper No. 71, 10. MR3564218

AKSAMIT, A., CHOULLI, T., DENG, J. and JEANBLANC, M. (2013). Non-arbitrage up to random
horizon for semimartingale models. arXiv:1310.1142.

AKSAMIT, A., CHOULLI, T., DENG, J. and JEANBLANC, M. (2014). Non-arbitrage under a class
of honest times. arXiv:1404.0410.

AZEMA, J. (1972). Quelques applications de la théorie générale des processus. Invent. Math. 18
293-336.

BICHUCH, M., CAPPONI, A. and STURM, S. (2015). Arbitrage-free pricing of XVA—Part I: Frame-
work and explicit examples, followed by Part II: PDE representation and numerical analysis.
arXiv:1501.05893 and arXiv:1502.06106.

BIELECKI, T. R., JEANBLANC, M. and RUTKOWSKI, M. (2009). Credit Risk Modeling. Osaka
University CSFI Lecture Notes Series 2. Osaka Univ. Press, Osaka.

BIELECKI, T. R. and RUTKOWSKI, M. (2001). Credit risk modelling: Intensity based approach. In
Option Pricing, Interest Rates and Risk Management (E. Jouini, J. Cvitanic and M. Musiela, eds.).
Handb. Math. Finance 399-457. Cambridge Univ. Press, Cambridge. MR1848558

Bo, L. and CAPPONI, A. (2015). Counterparty risk for CDS: Default clustering effects. J. Bank.
Financ. 52 29-42.

BREMAUD, P. and YOR, M. (1978). Changes of filtrations and of probability measures. Z. Wahrsch.
Verw. Gebiete 45 269-295. MR0511775

BRIGO, D., CAPPONI, A. and PALLAVICINI, A. (2014). Arbitrage-free bilateral counterparty risk
valuation under collateralization and application to credit default swaps. Math. Finance 24 125—
146.

MSC2010 subject classifications. Primary 60G07; secondary 60G44.
Key words and phrases. Random time, enlargement of filtration, measure change, mathematical
finance.


http://www.imstat.org/aop/
https://doi.org/10.1214/17-AOP1174
http://www.imstat.org
http://www.ams.org/mathscinet-getitem?mr=3483736
http://www.ams.org/mathscinet-getitem?mr=3564218
http://arxiv.org/abs/arXiv:1310.1142
http://arxiv.org/abs/arXiv:1404.0410
http://arxiv.org/abs/arXiv:1501.05893
http://arxiv.org/abs/arXiv:1502.06106
http://www.ams.org/mathscinet-getitem?mr=1848558
http://www.ams.org/mathscinet-getitem?mr=0511775
http://www.ams.org/mathscinet/msc/msc2010.html

COLLIN-DUFRESNE, P., GOLDSTEIN, R. and HUGONNIER, J. (2004). A general formula for valu-
ing defaultable securities. Econometrica 72 1377-1407.

CREPEY, S. and SONG, S. (2015). BSDE:s of counterparty risk. Stochastic Process. Appl. 125 3023—
3052. MR3343286

CREPEY, S. and SONG, S. (2016). Counterparty risk and funding: Immersion and beyond. Finance
Stoch. 20 901-930. MR3551856

DELLACHERIE, C. and MEYER, P.-A. (1975). Probabilités et Potentiel. Hermann, Paris.
MR0488194

DELLACHERIE, C., MAISONNEUVE, B. and MEYER, P.-A. (1992). Probabilités et Potentiel,
Chapitres XVII-XXIV. Hermann, Paris.

DUFFIE, D., SCHRODER, M. and SKIADAS, C. (1996). Recursive valuation of defaultable securities
and the timing of resolution of uncertainty. Ann. Appl. Probab. 6 1075-1090. MR1422978

FISHER, T., PUuLIDO, S. and RUF, J. (2015). Financial models with defaultable numraires.
arXiv:1511.04314.

FONTANA, C., JEANBLANC, M. and SONG, S. (2014). On arbitrages arising with honest times.
Finance Stoch. 18 515-543. MR3232015

HE, S. W., WANG, J. G. and YAN, J. A. (1992). Semimartingale Theory and Stochastic Calculus.
CRC Press, Boca Raton, FL. MR1219534

JAacoD, J. (1979). Calcul Stochastique et Problemes de Martingales. Lecture Notes in Math. 714.
Springer, Berlin. MR0542115

JAcoD, J. (1987). Grossissement Initial, Hypothése (H) et Théoréme de Girsanov. Lecture Notes in
Math. 1118. Springer, Berlin.

JEANBLANC, M. and LE CAM, Y. (2009). Progressive enlargement of filtrations with initial times.
Stochastic Process. Appl. 119 2523-2543. MR2532211

JEANBLANC, M. and SONG, S. (2011). An explicit model of default time with given survival prob-
ability. Stochastic Process. Appl. 121 1678-1704. MR2811019

JEANBLANC, M. and SONG, S. (2015). Martingale representation property in progressively enlarged
filtrations. Stochastic Process. Appl. 125 4242-4271. MR3385602

JEULIN, T. (1980). Semi-Martingales et Grossissement D’une Filtration. Lecture Notes in Math.
833. Springer, Berlin. MR0604176

JEULIN, T. and YOR, M. (1978). Grossissement d’une filtration et semi-martingales: Formules ex-
plicites. In Séminaire de Probabilités, XII (Univ. Strasbourg, Strasbourg, 1976/1977). Lecture
Notes in Math. 649 78-97. Springer, Berlin. MR0519998

KARATZAS, 1. and KARDARAS, C. (2007). The numéraire portfolio in semimartingale financial
models. Finance Stoch. 11 447-493.

KARDARAS, C. (2014). On the characterisation of honest times that avoid all stopping times.
Stochastic Process. Appl. 124 373-384. MR3131298

KARDARAS, C. (2015). On the stochastic behaviour of optional processes up to random times. Ann.
Appl. Probab. 25 429-464. MR3313744

KUSUOKA, S. and NAKASHIMA, T. (2012). A remark on credit risk models and copula. Adv. Math.
Econ. 16 53-84.

LARSSON, M. and RUF, J. (2014). Convergence of local supermartingales and Novikov—Kazamaki
type conditions for processes with jumps. arXiv:1411.6229.

LEE, J. and CAPRIOTTI, L. (2015). Wrong way risk done right. Risk Mag. September 74-79.

L1, L. and RUTKOWSKI, M. (2014). Progressive enlargements of filtrations with pseudo-honest
times. Ann. Appl. Probab. 24 1509-1553. MR3211003

MANSUY, R. and YOR, M. (2006). Random Times and Enlargements of Filtrations in a Brownian
Setting. Lecture Notes in Math. 1873. Springer, Berlin. MR2200733

NIKEGHBALI, A. and YOR, M. (2005). A definition and some characteristic properties of pseudo-
stopping times. Ann. Probab. 33 1804-1824. MR2165580


http://www.ams.org/mathscinet-getitem?mr=3343286
http://www.ams.org/mathscinet-getitem?mr=3551856
http://www.ams.org/mathscinet-getitem?mr=0488194
http://www.ams.org/mathscinet-getitem?mr=1422978
http://arxiv.org/abs/arXiv:1511.04314
http://www.ams.org/mathscinet-getitem?mr=3232015
http://www.ams.org/mathscinet-getitem?mr=1219534
http://www.ams.org/mathscinet-getitem?mr=0542115
http://www.ams.org/mathscinet-getitem?mr=2532211
http://www.ams.org/mathscinet-getitem?mr=2811019
http://www.ams.org/mathscinet-getitem?mr=3385602
http://www.ams.org/mathscinet-getitem?mr=0604176
http://www.ams.org/mathscinet-getitem?mr=0519998
http://www.ams.org/mathscinet-getitem?mr=3131298
http://www.ams.org/mathscinet-getitem?mr=3313744
http://arxiv.org/abs/arXiv:1411.6229
http://www.ams.org/mathscinet-getitem?mr=3211003
http://www.ams.org/mathscinet-getitem?mr=2200733
http://www.ams.org/mathscinet-getitem?mr=2165580

NIKEGHBALI, A. and YOR, M. (2006). Doob’s maximal identity, multiplicative decompositions and
enlargements of filtrations. Illinois J. Math. 50 791-814. MR2247846

REVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd ed. Springer,
Berlin. MR1725357

SCHONBUCHER, P. (1999). A Libor market model with default risk. Working Paper, Univ. Bonn.

SCHONBUCHER, P. (2004). A measure of survival. Risk Mag. 17 79-85.

SCHONBUCHER, P. J. and SCHUBERT, D. (2001). Copula-dependent default risk in intensity models.
ssrn.301968 (Working paper, Univ. Bonn).

SONG, S. (1987). Grossissements de filtrations et problemes connexes Ph.D. thesis, Univ. Paris 6.

SONG, S. (2013). Local solution method for the problem of enlargement of filtration.
arXiv:1302.2862.

SONG, S. (2016a). From Doob’s maximal identity to Azema supermartingale. arXiv:1602.04480.

SONG, S. (2016b). Local martingale deflators for asset processes stopped at a default time s* or just
before st~ . arXiv:1405.4474v4.

YOEURP, C. (1985). Théoreme de Girsanov généralisé et grossissement d’une filtration. In
Grossissements de filtrations: exemples et applications. Lecture Notes Math. 1118 172-196.
Springer, Berlin.

YOR, M. (1978). Grossissement d’une filtration et semi-martingales: Théorémes généraux. In Sémi-
naire de Probabilités, Volume XII of. Lecture Notes in Math. 649 61-69. Springer, Berlin.
MRO0519996


http://www.ams.org/mathscinet-getitem?mr=2247846
http://www.ams.org/mathscinet-getitem?mr=1725357
http://arxiv.org/abs/arXiv:1302.2862
http://arxiv.org/abs/arXiv:1602.04480
http://arxiv.org/abs/arXiv:1405.4474v4
http://www.ams.org/mathscinet-getitem?mr=0519996

The Annals of Probability

2017, Vol. 45, No. 6B, 4675-4699
https://doi.org/10.1214/17-AOP1175

© Institute of Mathematical Statistics, 2017

ASYMPTOTIC EXPANSION OF THE INVARIANT MEASURE FOR
BALLISTIC RANDOM WALK IN THE LOW DISORDER REGIME!
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By DAVID CAMPOS2 AND ALEJANDRO F. RAMIREZ
Universidad de Costa Rica and Pontificia Universidad Catolica de Chile

We consider a random walk in random environment in the low disorder
regime on 74, that is, the probability that the random walk jumps from a
site x to a nearest neighboring site x + e is given by p(e) + €&(x, e), where
p(e) is deterministic, {{£(x,e) :|lel1 =1}:x € Zd} are i.i.d. and e > 0O is a
parameter, which is eventually chosen small enough. We establish an asymp-
totic expansion in ¢ for the invariant measure of the environmental process
whenever a ballisticity condition is satisfied. As an application of our expan-
sion, we derive a numerical expression up to first order in ¢ for the invariant
measure of random perturbations of the simple symmetric random walk in
dimensions d =2.
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POLARITY OF POINTS FOR GAUSSIAN RANDOM FIELDS
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We show that for a wide class of Gaussian random fields, points are polar
in the critical dimension. Examples of such random fields include solutions
of systems of linear stochastic partial differential equations with determinis-
tic coefficients, such as the stochastic heat equation or wave equation with
space—time white noise, or colored noise in spatial dimensions £ > 1. Our
approach builds on a delicate covering argument developed by M. Talagrand
[Ann. Probab. 23 (1995) 767-775; Probab. Theory Related Fields 112 (1998)
545-563] for the study of fractional Brownian motion, and uses a harmoniz-
able representation of the solutions of these stochastic PDEs.
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INTERLACEMENT IS INFINITE!
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For the model of two-dimensional random interlacements in the critical
regime (i.e., « = 1), we prove that the vacant set is a.s. infinite, thus solving
an open problem from [Commun. Math. Phys. 343 (2016) 129-164]. Also, we
prove that the entrance measure of simple random walk on annular domains
has certain regularity properties; this result is useful when dealing with soft
local times for excursion processes.
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Existence conditions of permanental distributions are deeply connected
to existence conditions of multivariate negative binomial distributions. The
aim of this paper is twofold. It answers several questions generated by recent
works on this subject, but it also goes back to the roots of this field and fixes
existing gaps in older papers concerning conditions of infinite divisibility for
these distributions.
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Vladas Pipiras

Originating from the authors’ own graduate
course at the University of North Carolina, this
material has been thoroughly tried and tested
over many years, making the book perfect for
a two-term course or for self-study. It provides
a concise introduction that covers all of the
measure theory and probability most useful for
statisticians, including Lebesgue integration, limit
theorems in probability, martingales, and some
theory of stochastic processes. Readers can test
their understanding of the material through the
300 exercises provided.

The book is especially useful for graduate students
in statistics and related fields of application
(biostatistics, econometrics, finance, meteorology,
machine learning, and so on) who want to shore
up their mathematical foundation. The authors
establish common ground for students of varied
interests which will serve as a firm ‘take-off point’
for them as they specialize in areas that exploit
mathematical machinery.
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