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JOHANNES ALT, LÁSZLÓ ERDŐS, TORBEN KRÜGER AND DOMINIK SCHRÖDER 963

On the nature of the Swiss cheese in dimension 3
AMINE ASSELAH AND BRUNO SCHAPIRA 1002

Constructing a solution of the (2 + 1)-dimensional KPZ equation
SOURAV CHATTERJEE AND ALEXANDER DUNLAP 1014



THE ANNALS OF PROBABILITY Vol. 48, No. 2, pp. 527–1055 March 2020



INSTITUTE OF MATHEMATICAL STATISTICS

(Organized September 12, 1935)

The purpose of the Institute is to foster the development and dissemination of the theory and
applications of statistics and probability.

The Annals of Probability [ISSN 0091-1798 (print); ISSN 2168-894X (online)], Volume 48, Number 2,
March 2020. Published bimonthly by the Institute of Mathematical Statistics, 3163 Somerset Drive, Cleveland,
Ohio 44122, USA. Periodicals postage paid at Cleveland, Ohio, and at additional mailing offices.

POSTMASTER: Send address changes to The Annals of Probability, Institute of Mathematical Statistics, Dues
and Subscriptions Office, 9650 Rockville Pike, Suite L 2310, Bethesda, Maryland 20814-3998, USA.

Copyright © 2020 by the Institute of Mathematical Statistics
Printed in the United States of America

IMS OFFICERS

President: Susan Murphy, Department of Statistics, Harvard University, Cambridge, Massachusetts 02138-2901,
USA

President-Elect: Regina Y. Liu, Department of Statistics, Rutgers University, Piscataway, New Jersey 08854-8019,
USA

Past President: Xiao-Li Meng, Department of Statistics, Harvard University, Cambridge, Massachusetts
02138-2901, USA

Executive Secretary: Edsel Peña, Department of Statistics, University of South Carolina, Columbia, South
Carolina 29208-001, USA

Treasurer: Zhengjun Zhang, Department of Statistics, University of Wisconsin, Madison, Wisconsin 53706-1510,
USA

Program Secretary: Ming Yuan, Department of Statistics, Columbia University, New York, NY 10027-5927, USA

IMS EDITORS

The Annals of Statistics. Editors: Richard J. Samworth, Statistical Laboratory, Centre for Mathematical Sciences,
University of Cambridge, Cambridge, CB3 0WB, UK. Ming Yuan, Department of Statistics, Columbia
University, New York, NY 10027, USA

The Annals of Applied Statistics. Editor-in-Chief : Karen Kafadar, Department of Statistics, University of Virginia,
Heidelberg Institute for Theoretical Studies, Charlottesville, VA 22904-4135, USA

The Annals of Probability. Editor: Amir Dembo, Department of Statistics and Department of Mathematics, Stan-
ford University, Stanford, California 94305, USA

The Annals of Applied Probability. Editors: François Delarue, Laboratoire J. A. Dieudonné, Université de Nice
Sophia-Antipolis, France-06108 Nice Cedex 2. Peter Friz, Institut für Mathematik, Technische Universität
Berlin, 10623 Berlin, Germany and Weierstrass-Institut für Angewandte Analysis und Stochastik, 10117
Berlin, Germany

Statistical Science. Editor: Sonia Petrone, Department of Decision Sciences, Università Bocconi, 20100 Milano
MI, Italy

The IMS Bulletin. Editor: Vlada Limic, UMR 7501 de l’Université de Strasbourg et du CNRS, 7 rue René
Descartes, 67084 Strasbourg Cedex, France



The Annals of Probability
2020, Vol. 48, No. 2, 527–573
https://doi.org/10.1214/19-AOP1385
© Institute of Mathematical Statistics, 2020

AN ALMOST SURE KPZ RELATION FOR SLE AND BROWNIAN MOTION

BY EWAIN GWYNNE1,*, NINA HOLDEN2 AND JASON MILLER1,**

1Department of Mathematics, University of Cambridge, *eg558@cam.ac.uk; **jpmiller@statslab.cam.ac.uk
2Department of Mathematics, ETH Zürich, nina.holden@eth-its.ethz.ch

The peanosphere construction of Duplantier, Miller and Sheffield pro-
vides a means of representing a γ -Liouville quantum gravity (LQG) sur-
face, γ ∈ (0,2), decorated with a space-filling form of Schramm’s SLEκ ,
κ = 16/γ 2 ∈ (4,∞), η as a gluing of a pair of trees which are encoded by a
correlated two-dimensional Brownian motion Z. We prove a KPZ-type for-
mula which relates the Hausdorff dimension of any Borel subset A of the
range of η, which can be defined as a function of η (modulo time parameter-
ization) to the Hausdorff dimension of the corresponding time set η−1(A).
This result serves to reduce the problem of computing the Hausdorff dimen-
sion of any set associated with an SLE, CLE or related processes in the inte-
rior of a domain to the problem of computing the Hausdorff dimension of a
certain set associated with a Brownian motion. For many natural examples,
the associated Brownian motion set is well known. As corollaries, we obtain
new proofs of the Hausdorff dimensions of the SLEκ curve for κ �= 4; the
double points and cut points of SLEκ for κ > 4; and the intersection of two
flow lines of a Gaussian free field. We obtain the Hausdorff dimension of the
set of m-tuple points of space-filling SLEκ for κ > 4 and m ≥ 3 by computing
the Hausdorff dimension of the so-called (m − 2)-tuple π/2-cone times of a
correlated planar Brownian motion.
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We consider a random geometric graph G(χn, rn), given by connecting
two vertices of a Poisson point process χn of intensity n on the d-dimensional
unit torus whenever their distance is smaller than the parameter rn. The model
is conditioned on the rare event that the number of edges observed, |E|, is
greater than (1 + δ)E(|E|), for some fixed δ > 0. This article proves that
upon conditioning, with high probability there exists a ball of diameter rn
which contains a clique of at least

√
2δE(|E|)(1 − ε) vertices, for any given

ε > 0. Intuitively, this region contains all the “excess” edges the graph is
forced to contain by the conditioning event, up to lower order corrections.
As a consequence of this result, we prove a large deviations principle for the
upper tail of the edge count of the random geometric graph. The rate function
of this large deviation principle turns out to be nonconvex.
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THE MAXIMAL FLOW FROM A COMPACT CONVEX SUBSET TO
INFINITY IN FIRST PASSAGE PERCOLATION ON Z

d
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We consider the standard first passage percolation model on Z
d with a

distribution G on R
+ that admits an exponential moment. We study the maxi-

mal flow between a compact convex subset A of Rd and infinity. The study of
maximal flow is associated with the study of sets of edges of minimal capac-
ity that cut A from infinity. We prove that the rescaled maximal flow between
nA and infinity φ(nA)/nd−1 almost surely converges toward a deterministic
constant depending on A. This constant corresponds to the capacity of the
boundary ∂A of A and is the integral of a deterministic function over ∂A.
This result was shown in dimension 2 and conjectured for higher dimensions
by Garet in (Annals of Applied Probability 19 (2009) 641–660).
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HITTING PROBABILITIES OF A BROWNIAN FLOW WITH RADIAL DRIFT
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We consider a stochastic flow φt (x,ω) in R
n with initial point φ0(x,ω) =

x, driven by a single n-dimensional Brownian motion, and with an outward
radial drift of magnitude F(‖φt (x)‖)

‖φt (x)‖ , with F nonnegative, bounded and Lip-
schitz. We consider initial points x lying in a set of positive distance from
the origin. We show that there exist constants C∗, c∗ > 0 not depending on
n, such that if F > C∗n then the image of the initial set under the flow has
probability 0 of hitting the origin. If 0 ≤ F ≤ c∗n3/4, and if the initial set
has a nonempty interior, then the image of the set has positive probability of
hitting the origin.

REFERENCES

[1] CIESIELSKI, Z. and TAYLOR, S. J. (1962). First passage times and sojourn times for Brownian motion
in space and the exact Hausdorff measure of the sample path. Trans. Amer. Math. Soc. 103 434–450.
MR0143257 https://doi.org/10.2307/1993838

[2] DALANG, R. C., KHOSHNEVISAN, D. and NUALART, E. (2007). Hitting probabilities for systems of non-
linear stochastic heat equations with additive noise. ALEA Lat. Am. J. Probab. Math. Stat. 3 231–271.
MR2365643

[3] DALANG, R. C. and SANZ-SOLÉ, M. (2010). Criteria for hitting probabilities with applications to sys-
tems of stochastic wave equations. Bernoulli 16 1343–1368. MR2759182 https://doi.org/10.3150/
09-BEJ247

[4] DALANG, R. C. and SANZ-SOLÉ, M. (2015). Hitting probabilities for nonlinear systems of stochastic
waves. Mem. Amer. Math. Soc. 237 v+75. MR3401290 https://doi.org/10.1090/memo/1120

[5] DURRETT, R. (2010). Probability: Theory and Examples, 4th ed. Cambridge Series in Statistical and Prob-
abilistic Mathematics 31. Cambridge Univ. Press, Cambridge. MR2722836 https://doi.org/10.1017/
CBO9780511779398

[6] IKEDA, N. and WATANABE, S. (1989). Stochastic Differential Equations and Diffusion Processes, 2nd ed.
North-Holland Mathematical Library 24. North-Holland, Amsterdam; Kodansha, Tokyo. MR1011252

[7] KATORI, M. (2015). Bessel Processes, Schramm-Loewner Evolution, and the Dyson Model. SpringerBriefs
in Mathematical Physics 11. Springer, Singapore. MR3445783

[8] KUNITA, H. (1990). Stochastic Flows and Stochastic Differential Equations. Cambridge Studies in Ad-
vanced Mathematics 24. Cambridge Univ. Press, Cambridge. MR1070361

[9] LAWLER, G. F. (2005). Conformally Invariant Processes in the Plane. Mathematical Surveys and Mono-
graphs 114. Amer. Math. Soc., Providence, RI. MR2129588

[10] MÖRTERS, P. and PERES, Y. (2010). Brownian Motion. Cambridge Series in Statistical and Proba-
bilistic Mathematics 30. Cambridge Univ. Press, Cambridge. MR2604525 https://doi.org/10.1017/
CBO9780511750489

[11] MUELLER, C. (1997). Long time existence for the wave equation with a noise term. Ann. Probab. 25 133–
151. MR1428503 https://doi.org/10.1214/aop/1024404282

[12] MUELLER, C. and PARDOUX, E. (1999). The critical exponent for a stochastic PDE to hit zero. In Stochastic
Analysis, Control, Optimization and Applications. Systems Control Found. Appl. 325–338. Birkhäuser,
Boston, MA. MR1702968

[13] MUELLER, C. and TRIBE, R. (2002). Hitting properties of a random string. Electron. J. Probab. 7 no. 10,
29. MR1902843 https://doi.org/10.1214/EJP.v7-109

MSC2010 subject classifications. Primary 60H10; secondary 37C10, 60J45, 60J60.
Key words and phrases. Stochastic flow, stochastic differential equations, hitting, Bessel process.

http://www.imstat.org/aop/
https://doi.org/10.1214/19-AOP1368
http://www.imstat.org
mailto:JongJun.Lee@UTSouthwestern.edu
mailto:carl.e.mueller@rochester.edu
mailto:e.neumann@imperial.ac.uk
http://www.ams.org/mathscinet-getitem?mr=0143257
https://doi.org/10.2307/1993838
http://www.ams.org/mathscinet-getitem?mr=2365643
http://www.ams.org/mathscinet-getitem?mr=2759182
https://doi.org/10.3150/09-BEJ247
http://www.ams.org/mathscinet-getitem?mr=3401290
https://doi.org/10.1090/memo/1120
http://www.ams.org/mathscinet-getitem?mr=2722836
https://doi.org/10.1017/CBO9780511779398
http://www.ams.org/mathscinet-getitem?mr=1011252
http://www.ams.org/mathscinet-getitem?mr=3445783
http://www.ams.org/mathscinet-getitem?mr=1070361
http://www.ams.org/mathscinet-getitem?mr=2129588
http://www.ams.org/mathscinet-getitem?mr=2604525
https://doi.org/10.1017/CBO9780511750489
http://www.ams.org/mathscinet-getitem?mr=1428503
https://doi.org/10.1214/aop/1024404282
http://www.ams.org/mathscinet-getitem?mr=1702968
http://www.ams.org/mathscinet-getitem?mr=1902843
https://doi.org/10.1214/EJP.v7-109
http://www.ams.org/mathscinet/msc/msc2010.html
https://doi.org/10.3150/09-BEJ247
https://doi.org/10.1017/CBO9780511779398
https://doi.org/10.1017/CBO9780511750489


[14] NUALART, E. and VIENS, F. (2009). The fractional stochastic heat equation on the circle: Time regularity
and potential theory. Stochastic Process. Appl. 119 1505–1540. MR2513117 https://doi.org/10.1016/j.
spa.2008.07.009

[15] TSIRELSON, B. and WERNER, W. (2004). Lectures on Probability Theory and Statistics (J. Picard, ed.).
Lecture Notes in Math. 1840. Springer, Berlin. Lectures from the 32nd Probability Summer School
held in Saint-Flour, July 7–24, 2002. MR2079670 https://doi.org/10.1007/b96719

http://www.ams.org/mathscinet-getitem?mr=2513117
https://doi.org/10.1016/j.spa.2008.07.009
http://www.ams.org/mathscinet-getitem?mr=2079670
https://doi.org/10.1007/b96719
https://doi.org/10.1016/j.spa.2008.07.009


The Annals of Probability
2020, Vol. 48, No. 2, 672–713
https://doi.org/10.1214/19-AOP1370
© Institute of Mathematical Statistics, 2020

RANDOM MOMENT PROBLEMS UNDER CONSTRAINTS
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We investigate moment sequences of probability measures on subsets
of the real line under constraints of certain moments being fixed. This cor-
responds to studying sections of nth moment spaces, that is, the spaces of
moment sequences of order n. By equipping these sections with the uni-
form or more general probability distributions, we manage to give for large
n precise results on the (probabilistic) barycenters of moment space sections
and the fluctuations of random moments around these barycenters. The mea-
sures associated to the barycenters belong to the Bernstein–Szegő class and
show strong universal behavior. We prove Gaussian fluctuations and moder-
ate and large deviations principles. Furthermore, we demonstrate how fixing
moments by a constraint leads to breaking the connection between random
moments and random matrices.
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We show that the centred maximum of the four-dimensional membrane
model on a box of sidelength N converges in distribution. To do so, we use
a criterion of Ding, Roy and Zeitouni (Ann. Probab. 45 (2017) 3886–3928)
and prove sharp estimates for the Green’s function of the discrete Bilaplacian.
These estimates are the main contribution of this work and might also be of
independent interest. To derive them, we use estimates for the approximation
quality of finite difference schemes as well as results for the Green’s function
of the continuous Bilaplacian.
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We consider the zero-range process with arbitrary bounded monotone
rates on the complete graph, in the regime where the number of sites di-
verges while the density of particles per site converges. We determine the
asymptotics of the mixing time from any initial configuration, and establish
the cutoff phenomenon. The intuitive picture is that the system separates into
a slowly evolving solid phase and a quickly relaxing liquid phase: as time
passes, the solid phase dissolves into the liquid phase, and the mixing time
is essentially the time at which the system becomes completely liquid. Our
proof uses the path coupling technique of Bubley and Dyer, and the analysis
of a suitable hydrodynamic limit. To the best of our knowledge, even the or-
der of magnitude of the mixing time was unknown, except in the special case
of constant rates.
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We prove that at any inverse temperature β and on any transitive
amenable graph, the automorphism-invariant Gibbs states of the ferromag-
netic Ising model are convex combinations of the plus and minus states. The
theorem is equivalent with the differentiability of the free energy with respect
to the temperature at any temperature. This is obtained for a general class
of interactions, that is automorphism-invariant and irreducible coupling con-
stants. The proof uses the random current representation of the Ising model.
The result is novel when the graph is not Zd , or when the graph is Z

d but
endowed with infinite-range interactions, or even Z

2 with finite-range inter-
actions.

Among the other corollaries of this result, we can list continuity of the
magnetization at any noncritical temperature and the uniqueness of FK-Ising
infinite-volume measures at any temperature.
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We consider random walk in a space-time random potential, also known
as directed random polymer measures, on the planar square lattice with
nearest-neighbor steps and general i.i.d. weights on the vertices. We con-
struct covariant cocycles and use them to prove new results on existence,
uniqueness/nonuniqueness, and asymptotic directions of semi-infinite poly-
mer measures (solutions to the Dobrushin–Lanford–Ruelle equations). We
also prove nonexistence of covariant or deterministically directed bi-infinite
polymer measures. Along the way, we prove almost sure existence of Buse-
mann function limits in directions where the limiting free energy has some
regularity.
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Probabilistic models of directed polymers in random environment have
received considerable attention in recent years. Much of this attention has
focused on integrable models. In this paper, we introduce some new compu-
tational tools that do not require integrability. We begin by defining a new
kind of abstract limit object, called “partitioned subprobability measure,” to
describe the limits of endpoint distributions of directed polymers. Inspired
by a recent work of Mukherjee and Varadhan on large deviations of the oc-
cupation measure of Brownian motion, we define a suitable topology on the
space of partitioned subprobability measures and prove that this topology is
compact. Then using a variant of the cavity method from the theory of spin
glasses, we show that any limit law of a sequence of endpoint distributions
must satisfy a fixed point equation on this abstract space, and that the limit-
ing free energy of the model can be expressed as the solution of a variational
problem over the set of fixed points. As a first application of the theory, we
prove that in an environment with finite exponential moment, the endpoint
distribution is asymptotically purely atomic if and only if the system is in
the low temperature phase. The analogous result for a heavy-tailed environ-
ment was proved by Vargas in 2007. As a second application, we prove a
subsequential version of the longstanding conjecture that in the low tempera-
ture phase, the endpoint distribution is asymptotically localized in a region of
stochastically bounded diameter. All our results hold in arbitrary dimensions,
and make no use of integrability.
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We consider a subcritical Gaussian multiplicative chaos (GMC) measure
defined on the unit interval [0,1] and prove an exact formula for the frac-
tional moments of the total mass of this measure. Our formula includes the
case where log-singularities (also called insertion points) are added in 0 and
1, the most general case predicted by the Selberg integral. The idea to per-
form this computation is to introduce certain auxiliary functions resembling
holomorphic observables of conformal field theory that will be solutions of
hypergeometric equations. Solving these equations then provides nontrivial
relations that completely determine the moments we wish to compute. We
also include a detailed discussion of the so-called reflection coefficients ap-
pearing in tail expansions of GMC measures and in Liouville theory. Our
theorem provides an exact value for one of these coefficients. Lastly, we men-
tion some additional applications to small deviations for GMC measures, to
the behavior of the maximum of the log-correlated field on the interval and to
random hermitian matrices.
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TRANSITION FROM TRACY–WIDOM TO GAUSSIAN FLUCTUATIONS OF
EXTREMAL EIGENVALUES OF SPARSE ERDŐS–RÉNYI GRAPHS

BY JIAOYANG HUANG*, BENJAMIN LANDON** AND HORNG-TZER YAU†

Department of Mathematics, Harvard University, *jiaoyang@math.harvard.edu; **landon@math.harvard.edu;
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We consider the statistics of the extreme eigenvalues of sparse random
matrices, a class of random matrices that includes the normalized adjacency
matrices of the Erdős–Rényi graph G(N,p). Tracy–Widom fluctuations of
the extreme eigenvalues for p 
 N−2/3 was proved in (Probab. Theory Re-
lated Fields 171 (2018) 543–616; Comm. Math. Phys. 314 (2012) 587–640).
We prove that there is a crossover in the behavior of the extreme eigenval-
ues at p ∼ N−2/3. In the case that N−7/9 � p � N−2/3, we prove that
the extreme eigenvalues have asymptotically Gaussian fluctuations. Under a
mean zero condition and when p = CN−2/3, we find that the fluctuations
of the extreme eigenvalues are given by a combination of the Gaussian and
the Tracy–Widom distribution. These results show that the eigenvalues at the
edge of the spectrum of sparse Erdős–Rényi graphs are less rigid than those
of random d-regular graphs (Bauerschmidt et al. (2019)) of the same average
degree.
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We prove edge universality for a general class of correlated real symmet-
ric or complex Hermitian Wigner matrices with arbitrary expectation. Our
theorem also applies to internal edges of the self-consistent density of states.
In particular, we establish a strong form of band rigidity which excludes mis-
matches between location and label of eigenvalues close to internal edges in
these general models.
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[23] ERDŐS, L., SCHLEIN, B. and YAU, H.-T. (2011). Universality of random matrices and local relaxation
flow. Invent. Math. 185 75–119. MR2810797 https://doi.org/10.1007/s00222-010-0302-7
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We study scenarii linked with the Swiss cheese picture in dimension 3
obtained when two random walks are forced to meet often, or when one ran-
dom walk is forced to squeeze its range. In the case of two random walks, we
show that they most likely meet in a region of optimal density. In the case of
one random walk, we show that a small range is reached by a strategy uni-
form in time. Both results rely on an original inequality estimating the cost of
visiting sparse sites, and in the case of one random walk on the precise large
deviation principle of van den Berg, Bolthausen and den Hollander (Ann. of
Math. (2) 153 (2001) 355–406), including their sharp estimates of the rate
functions in the neighborhood of the origin.
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The (d + 1)-dimensional KPZ equation is the canonical model for the
growth of rough d-dimensional random surfaces. A deep mathematical under-
standing of the KPZ equation for d = 1 has been achieved in recent years, and
the case d ≥ 3 has also seen some progress. The most physically relevant case
of d = 2, however, is not very well understood mathematically, largely due to
the renormalization that is required: in the language of renormalization group
analysis, the d = 2 case is neither ultraviolet superrenormalizable like the
d = 1 case nor infrared superrenormalizable like the d ≥ 3 case. Moreover,
unlike in d = 1, the Cole–Hopf transform is not directly usable in d = 2 be-
cause solutions to the multiplicative stochastic heat equation are distributions
rather than functions. In this article, we show the existence of subsequential
scaling limits as ε → 0 of Cole–Hopf solutions of the (2 + 1)-dimensional
KPZ equation with white noise mollified to spatial scale ε and nonlinearity

multiplied by the vanishing factor | log ε|− 1
2 . We also show that the scaling

limits obtained in this way do not coincide with solutions to the linearized
equation, meaning that the nonlinearity has a nonvanishing effect. We thus
propose our scaling limit as a notion of KPZ evolution in 2 + 1 dimensions.
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