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PLANAR BROWNIAN MOTION AND GAUSSIAN MULTIPLICATIVE CHAOS

BY ANTOINE JEGO

Faculty of Mathematics, University of Vienna, antoine.jego@univie.ac.at

We construct the analogue of Gaussian multiplicative chaos measures for
the local times of planar Brownian motion by exponentiating the square root
of the local times of small circles. We also consider a flat measure supported
on points whose local time is within a constant of the desired thickness level
and show a simple relation between the two objects. Our results extend those
of (Ann. Probab. 22 (1994) 566–625), and in particular, cover the entire L1-
phase or subcritical regime. These results allow us to obtain a nondegenerate
limit for the appropriately rescaled size of thick points, thereby considerably
refining estimates of (Acta Math. 186 (2001) 239–270).
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BOUNDING THE NUMBER OF SELF-AVOIDING WALKS:
HAMMERSLEY–WELSH WITH POLYGON INSERTION

BY HUGO DUMINIL-COPIN1, SHIRSHENDU GANGULY2, ALAN HAMMOND3 AND

IOAN MANOLESCU4

1Institut des Hautes Études Scientifiques, duminil@ihes.ch
2Department of Statistics, University of California, Berkeley, sganguly@berkeley.edu

3Departments of Mathematics and Statistics, University of California, Berkeley, alanmh@stat.berkeley.edu
4University of Fribourg, ioan.manolescu@unifr.ch

Let cn = cn(d) denote the number of self-avoiding walks of length n

starting at the origin in the Euclidean nearest-neighbour lattice Z
d . Let μ =

limn c
1/n
n denote the connective constant of Zd . In 1962, Hammersley and

Welsh (Quart. J. Math. Oxford Ser. (2) 13 (1962) 108–110) proved that, for
each d ≥ 2, there exists a constant C > 0 such that cn ≤ exp(Cn1/2)μn for
all n ∈ N. While it is anticipated that cnμ−n has a power-law growth in n,
the best-known upper bound in dimension two has remained of the form n1/2

inside the exponential.
The natural first improvement to demand for a given planar lattice is a

bound of the form cn ≤ exp(Cn1/2−ε)μn, where μ denotes the connective
constant of the lattice in question. We derive a bound of this form for two
such lattices, for an explicit choice of ε > 0 in each case. For the hexagonal
lattice H, the bound is proved for all n ∈ N; while for the Euclidean lattice
Z

2, it is proved for a set of n ∈N of limit supremum density equal to one.
A power-law upper bound on cnμ−n for H is also proved, contingent on

a nonquantitative assertion concerning this lattice’s connective constant.
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ELLIPTIC STOCHASTIC QUANTIZATION
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We prove an explicit formula for the law in zero of the solution of a class
of elliptic SPDE in R

2. This formula is the simplest instance of dimensional
reduction, discovered in the physics literature by Parisi and Sourlas (Phys.
Rev. Lett. 43 (1979) 744–745), which links the law of an elliptic SPDE in
d + 2 dimension with a Gibbs measure in d dimensions. This phenomenon is
similar to the relation between a R

d+1 dimensional parabolic SPDE and its
R

d dimensional invariant measure. As such, dimensional reduction of elliptic
SPDEs can be considered a sort of elliptic stochastic quantisation procedure
in the sense of Nelson (Phys. Rev. 150 (1966) 1079–1085) and Parisi and
Wu (Sci. Sin. 24 (1981) 483–496). Our proof uses in a fundamental way the
representation of the law of the SPDE as a supersymmetric quantum field
theory. Dimensional reduction for the supersymmetric theory was already es-
tablished by Klein et al. (Comm. Math. Phys. 94 (1984) 459–482). We fix a
subtle gap in their proof and also complete the dimensional reduction pic-
ture by providing the link between the elliptic SPDE and the supersymmetric
model. Even in our d = 0 context the arguments are nontrivial and a non-
supersymmetric, elementary proof seems only to be available in the Gaussian
case.
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We consider the model of Brownian motion indexed by the Brownian
tree. For every r ≥ 0 and every connected component of the set of points
where Brownian motion is greater than r , we define the boundary size of
this component, and we then show that the collection of these boundary sizes
evolves when r varies like a well-identified growth-fragmentation process.
We then prove that the same growth-fragmentation process appears when
slicing a Brownian disk at height r and considering the perimeters of the
resulting connected components.
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It is well known (see Dvoretzky, Erdős and Kakutani (Bull. Res. Council
Israel Sect. F 7F (1958) 175–180) and Le Gall (J. Funct. Anal. 71 (1987)
246–262)) that a planar Brownian motion (Bt )t≥0 has points of infinite mul-
tiplicity, and these points form a dense set on the range. Our main result is the
construction of a family of random measures, denoted by {Mα∞}0<α<2, that
are supported by the set of the points of infinite multiplicity. We prove that for
any α ∈ (0,2), almost surely the Hausdorff dimension of Mα∞ equals 2 − α,
and Mα∞ is supported by the set of thick points defined in Bass, Burdzy and
Khoshnevisan (Ann. Probab. 22 (1994) 566–625) as well as by that defined
in Dembo, Peres, Rosen and Zeitouni (Acta Math. 186 (2001) 239–270).
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We consider slow/fast systems where the slow system is driven by frac-
tional Brownian motion with Hurst parameter H > 1

2 . We show that unlike

in the case H = 1
2 , convergence to the averaged solution takes place in prob-

ability and the limiting process solves the ‘naïvely’ averaged equation. Our
proof strongly relies on the recently obtained stochastic sewing lemma.
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We prove that for any metric, which one can associate with a Liouville
quantum gravity (LQG) surface for γ ∈ (0,2) satisfying certain natural ax-
ioms, its geodesics exhibit the following confluence property. For any fixed
point z, a.s. any two γ -LQG geodesics started from distinct points other than
z must merge into each other and subsequently coincide until they reach z.
This is analogous to the confluence of geodesics property for the Brownian
map proven by Le Gall (Acta Math. 205 (2010) 287–360). Our results ap-
ply for the subsequential limits of Liouville first passage percolation and are
an important input in the proof of the existence and uniqueness of the LQG
metric for all γ ∈ (0,2).

REFERENCES

[1] BETTINELLI, J. and MIERMONT, G. (2017). Compact Brownian surfaces I: Brownian disks. Probab. Theory
Related Fields 167 555–614. MR3627425 https://doi.org/10.1007/s00440-016-0752-y

[2] BURAGO, D., BURAGO, Y. and IVANOV, S. (2001). A Course in Metric Geometry. Graduate Studies in
Mathematics 33. Amer. Math. Soc., Providence, RI. MR1835418 https://doi.org/10.1090/gsm/033

[3] DING, J., DUBÉDAT, J., DUNLAP, A. and FALCONET, H. (2019). Tightness of Liouville first passage per-
colation for γ ∈ (0,2). ArXiv e-prints.

[4] DING, J. and GWYNNE, E. (2018). The fractal dimension of Liouville quantum gravity: Universality, mono-
tonicity, and bounds. Comm. Math. Phys. To appear.

[5] DUBÉDAT, J., FALCONET, H., GWYNNE, E., PFEFFER, J. and SUN, X. (2019). Weak LQG metrics and
Liouville first passage percolation. ArXiv e-prints.

[6] DUPLANTIER, B. and SHEFFIELD, S. (2011). Liouville quantum gravity and KPZ. Invent. Math. 185 333–
393. MR2819163 https://doi.org/10.1007/s00222-010-0308-1

[7] GWYNNE, E. and MILLER, J. (2019). Local metrics of the Gaussian free field. ArXiv e-prints.
[8] GWYNNE, E. and MILLER, J. (2019). Existence and uniqueness of the Liouville quantum gravity metric

for γ ∈ (0,2). ArXiv e-prints.
[9] GWYNNE, E., MILLER, J. and SHEFFIELD, S. (2018). The Tutte embedding of the Poisson–Voronoi tessel-

lation of the Brownian disk converges to
√

8/3-Liouville quantum gravity. ArXiv e-prints.
[10] GWYNNE, E. and PFEFFER, J. (2019). KPZ formulas for the Liouville quantum gravity metric. ArXiv e-

prints.
[11] KAHANE, J.-P. (1985). Sur le chaos multiplicatif. Ann. Sci. Math. Québec 9 105–150. MR0829798
[12] LE GALL, J.-F. (2010). Geodesics in large planar maps and in the Brownian map. Acta Math. 205 287–360.

MR2746349 https://doi.org/10.1007/s11511-010-0056-5
[13] LE GALL, J.-F. (2013). Uniqueness and universality of the Brownian map. Ann. Probab. 41 2880–2960.

MR3112934 https://doi.org/10.1214/12-AOP792
[14] MIERMONT, G. (2013). The Brownian map is the scaling limit of uniform random plane quadrangulations.

Acta Math. 210 319–401. MR3070569 https://doi.org/10.1007/s11511-013-0096-8
[15] MILLER, J. and QIAN, W. (2018). The geodesics in Liouville quantum gravity are not Schramm–Loewner

evolutions. ArXiv e-prints.
[16] MILLER, J. and SHEFFIELD, S. (2015). Liouville quantum gravity and the Brownian map I: The QLE(8/3,0)

metric. Invent. Math. To appear.
[17] MILLER, J. and SHEFFIELD, S. (2015). An axiomatic characterization of the Brownian map. ArXiv e-prints.
[18] MILLER, J. and SHEFFIELD, S. (2016). Liouville quantum gravity and the Brownian map II: Geodesics and

continuity of the embedding. ArXiv e-prints.

MSC2010 subject classifications. 60J67, 60G52.
Key words and phrases. Liouville quantum gravity, Gaussian free field, LQG metric, Liouville first passage

percolation, confluence of geodesics.

http://www.imstat.org/aop/
https://doi.org/10.1214/19-AOP1409
http://www.imstat.org
mailto:eg558@cam.ac.uk
mailto:jpmiller@statslab.cam.ac.uk
http://www.ams.org/mathscinet-getitem?mr=3627425
https://doi.org/10.1007/s00440-016-0752-y
http://www.ams.org/mathscinet-getitem?mr=1835418
https://doi.org/10.1090/gsm/033
http://www.ams.org/mathscinet-getitem?mr=2819163
https://doi.org/10.1007/s00222-010-0308-1
http://www.ams.org/mathscinet-getitem?mr=0829798
http://www.ams.org/mathscinet-getitem?mr=2746349
https://doi.org/10.1007/s11511-010-0056-5
http://www.ams.org/mathscinet-getitem?mr=3112934
https://doi.org/10.1214/12-AOP792
http://www.ams.org/mathscinet-getitem?mr=3070569
https://doi.org/10.1007/s11511-013-0096-8
http://www.ams.org/mathscinet/msc/msc2010.html


[19] MILLER, J. and SHEFFIELD, S. (2016). Liouville quantum gravity and the Brownian map III: The conformal
structure is determined. ArXiv e-prints.

[20] MILLER, J. and SHEFFIELD, S. (2016). Imaginary geometry I: Interacting SLEs. Probab. Theory Related
Fields 164 553–705. MR3477777 https://doi.org/10.1007/s00440-016-0698-0

[21] MILLER, J. and SHEFFIELD, S. (2016). Quantum Loewner evolution. Duke Math. J. 165 3241–3378.
MR3572845 https://doi.org/10.1215/00127094-3627096

[22] MILLER, J. and SHEFFIELD, S. (2017). Imaginary geometry IV: Interior rays, whole-plane reversibility,
and space-filling trees. Probab. Theory Related Fields 169 729–869. MR3719057 https://doi.org/10.
1007/s00440-017-0780-2

[23] PITT, L. D. (1982). Positively correlated normal variables are associated. Ann. Probab. 10 496–499.
MR0665603

[24] POLYAKOV, A. M. (1981). Quantum geometry of bosonic strings. Phys. Lett. B 103 207–210. MR0623209
https://doi.org/10.1016/0370-2693(81)90743-7

[25] RHODES, R. and VARGAS, V. (2014). Gaussian multiplicative chaos and applications: A review. Probab.
Surv. 11 315–392. MR3274356 https://doi.org/10.1214/13-PS218

[26] SCHRAMM, O. and SHEFFIELD, S. (2013). A contour line of the continuum Gaussian free field. Probab.
Theory Related Fields 157 47–80. MR3101840 https://doi.org/10.1007/s00440-012-0449-9

[27] SHEFFIELD, S. (2007). Gaussian free fields for mathematicians. Probab. Theory Related Fields 139 521–
541. MR2322706 https://doi.org/10.1007/s00440-006-0050-1

http://www.ams.org/mathscinet-getitem?mr=3477777
https://doi.org/10.1007/s00440-016-0698-0
http://www.ams.org/mathscinet-getitem?mr=3572845
https://doi.org/10.1215/00127094-3627096
http://www.ams.org/mathscinet-getitem?mr=3719057
https://doi.org/10.1007/s00440-017-0780-2
http://www.ams.org/mathscinet-getitem?mr=0665603
http://www.ams.org/mathscinet-getitem?mr=0623209
https://doi.org/10.1016/0370-2693(81)90743-7
http://www.ams.org/mathscinet-getitem?mr=3274356
https://doi.org/10.1214/13-PS218
http://www.ams.org/mathscinet-getitem?mr=3101840
https://doi.org/10.1007/s00440-012-0449-9
http://www.ams.org/mathscinet-getitem?mr=2322706
https://doi.org/10.1007/s00440-006-0050-1
https://doi.org/10.1007/s00440-017-0780-2


The Annals of Probability
2020, Vol. 48, No. 4, 1902–1920
https://doi.org/10.1214/19-AOP1410
© Institute of Mathematical Statistics, 2020

FROM NONLINEAR FOKKER–PLANCK EQUATIONS TO SOLUTIONS OF
DISTRIBUTION DEPENDENT SDE

BY VIOREL BARBU1 AND MICHAEL RÖCKNER2

1Octav Mayer Institute of Mathematics, Romanian Academy, vbarbu41@gmail.com
2Fakultät für Mathematik, Universität Bielefeld, roeckner@math.uni-bielefeld.de

We construct weak solutions to the McKean–Vlasov SDE

dX(t) = b

(
X(t),

dLX(t)

dx

(
X(t)

))
dt + σ

(
X(t),

dLX(t)

dt

(
X(t)

))
dW(t)

on R
d for possibly degenerate diffusion matrices σ with X(0) having a given

law, which has a density with respect to Lebesgue measure, dx. Here, LX(t)

denotes the law of X(t). Our approach is to first solve the corresponding non-
linear Fokker–Planck equations and then use the well-known superposition
principle to obtain weak solutions of the above SDE.
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Pólya urns are urns where at each unit of time a ball is drawn and re-
placed with some other balls according to its colour. We introduce a more
general model: the replacement rule depends on the colour of the drawn ball
and the value of the time (modp). We extend the work of Flajolet et al.
on Pólya urns: the generating function encoding the evolution of the urn is
studied by methods of analytic combinatorics. We show that the initial par-
tial differential equations lead to ordinary linear differential equations which
are related to hypergeometric functions (giving the exact state of the urns at
time n). When the time goes to infinity, we prove that these periodic Pólya
urns have asymptotic fluctuations which are described by a product of gen-
eralized gamma distributions. With the additional help of what we call the
density method (a method which offers access to enumeration and random
generation of poset structures), we prove that the law of the southeast corner
of a triangular Young tableau follows asymptotically a product of generalized
gamma distributions. This allows us to tackle some questions related to the
continuous limit of random Young tableaux and links with random surfaces.
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Ornstein and Shields (Advances in Math. 10 (1973) 143–146) proved
that Brownian motion reflected on a bounded region is an infinite entropy
Bernoulli flow, and, thus, Ornstein theory yielded the existence of a measure-
preserving isomorphism between any two such Brownian motions. For fixed
h > 0, we construct by elementary methods, isomorphisms with almost surely
finite coding windows between Brownian motions reflected on the intervals
[0, qh] for all positive rationals q.

REFERENCES

[1] BLUM, J. R. and HANSON, D. L. (1963). On the isomorphism problem for Bernoulli schemes. Bull. Amer.
Math. Soc. 69 221–223. MR0143862 https://doi.org/10.1090/S0002-9904-1963-10924-6

[2] DEIJFEN, M. and MEESTER, R. (2006). Generating stationary random graphs on Z with prescribed indepen-
dent, identically distributed degrees. Adv. in Appl. Probab. 38 287–298. MR2264945 https://doi.org/10.
1239/aap/1151337072

[3] DEL JUNCO, A. (1981). Finitary codes between one-sided Bernoulli shifts. Ergodic Theory Dynam. Systems
1 285–301 (1982). MR0662471 https://doi.org/10.1017/s0143385700001267

[4] DEL JUNCO, A. (1990). Bernoulli shifts of the same entropy are finitarily and unilaterally isomorphic. Er-
godic Theory Dynam. Systems 10 687–715. MR1091422 https://doi.org/10.1017/S014338570000585X

[5] DURRETT, R. (2010). Probability: Theory and Examples, 4th ed. Cambridge Series in Statistical and Prob-
abilistic Mathematics 31. Cambridge Univ. Press, Cambridge. MR2722836 https://doi.org/10.1017/
CBO9780511779398

[6] FELDMAN, J. and SMORODINSKY, M. (1971). Bernoulli flows with infinite entropy. Ann. Math. Stat. 42
381–382. MR0280678 https://doi.org/10.1214/aoms/1177693526

[7] HARVEY, N., HOLROYD, A. E., PERES, Y. and ROMIK, D. (2007). Universal finitary codes with exponen-
tial tails. Proc. Lond. Math. Soc. (3) 94 475–496. MR2308235 https://doi.org/10.1112/plms/pdl018

[8] HARVEY, N. and PERES, Y. (2011). An invariant of finitary codes with finite expected square root
coding length. Ergodic Theory Dynam. Systems 31 77–90. MR2755922 https://doi.org/10.1017/
S014338570900090X

[9] HOLROYD, A. E., LYONS, R. and SOO, T. (2011). Poisson splitting by factors. Ann. Probab. 39 1938–1982.
MR2884878 https://doi.org/10.1214/11-AOP651

[10] HOLROYD, A. E., PEMANTLE, R., PERES, Y. and SCHRAMM, O. (2009). Poisson matching. Ann. Inst.
Henri Poincaré Probab. Stat. 45 266–287. MR2500239 https://doi.org/10.1214/08-AIHP170

[11] HOLROYD, A. E. and PERES, Y. (2005). Extra heads and invariant allocations. Ann. Probab. 33 31–52.
MR2118858 https://doi.org/10.1214/009117904000000603

[12] KALIKOW, S. and WEISS, B. (1992). Explicit codes for some infinite entropy Bernoulli shifts. Ann. Probab.
20 397–402. MR1143427

[13] KALLENBERG, O. (2002). Foundations of Modern Probability, 2nd ed. Probability and Its Applications
(New York). Springer, New York. MR1876169 https://doi.org/10.1007/978-1-4757-4015-8

[14] KEANE, M. and SMORODINSKY, M. (1977). A class of finitary codes. Israel J. Math. 26 352–371.
MR0450514 https://doi.org/10.1007/BF03007652

[15] KEANE, M. and SMORODINSKY, M. (1979). Bernoulli schemes of the same entropy are finitarily isomor-
phic. Ann. of Math. (2) 109 397–406. MR0528969 https://doi.org/10.2307/1971117

[16] KEANE, M. and SMORODINSKY, M. (1979). Finitary isomorphisms of irreducible Markov shifts. Israel J.
Math. 34 281–286 (1980). MR0570887 https://doi.org/10.1007/BF02760609

MSC2010 subject classifications. 37A35, 60G15, 60G55, 60J10.
Key words and phrases. Ornstein theory, reflected Brownian motions, renewal point processes, finitary isomor-

phisms.

http://www.imstat.org/aop/
https://doi.org/10.1214/19-AOP1412
http://www.imstat.org
mailto:zemer.kosloff@mail.huji.ac.il
mailto:math@terrysoo.com
http://www.ams.org/mathscinet-getitem?mr=0143862
https://doi.org/10.1090/S0002-9904-1963-10924-6
http://www.ams.org/mathscinet-getitem?mr=2264945
https://doi.org/10.1239/aap/1151337072
http://www.ams.org/mathscinet-getitem?mr=0662471
https://doi.org/10.1017/s0143385700001267
http://www.ams.org/mathscinet-getitem?mr=1091422
https://doi.org/10.1017/S014338570000585X
http://www.ams.org/mathscinet-getitem?mr=2722836
https://doi.org/10.1017/CBO9780511779398
http://www.ams.org/mathscinet-getitem?mr=0280678
https://doi.org/10.1214/aoms/1177693526
http://www.ams.org/mathscinet-getitem?mr=2308235
https://doi.org/10.1112/plms/pdl018
http://www.ams.org/mathscinet-getitem?mr=2755922
https://doi.org/10.1017/S014338570900090X
http://www.ams.org/mathscinet-getitem?mr=2884878
https://doi.org/10.1214/11-AOP651
http://www.ams.org/mathscinet-getitem?mr=2500239
https://doi.org/10.1214/08-AIHP170
http://www.ams.org/mathscinet-getitem?mr=2118858
https://doi.org/10.1214/009117904000000603
http://www.ams.org/mathscinet-getitem?mr=1143427
http://www.ams.org/mathscinet-getitem?mr=1876169
https://doi.org/10.1007/978-1-4757-4015-8
http://www.ams.org/mathscinet-getitem?mr=0450514
https://doi.org/10.1007/BF03007652
http://www.ams.org/mathscinet-getitem?mr=0528969
https://doi.org/10.2307/1971117
http://www.ams.org/mathscinet-getitem?mr=0570887
https://doi.org/10.1007/BF02760609
http://www.ams.org/mathscinet/msc/msc2010.html
https://doi.org/10.1239/aap/1151337072
https://doi.org/10.1017/CBO9780511779398
https://doi.org/10.1017/S014338570900090X


[17] KING, J. L. F. (2012). Entropy in ergodic theory. In Mathematics of Complexity and Dynamical Systems.
Vols. 1–3 205–224. Springer, New York. MR3220671 https://doi.org/10.1007/978-1-4614-1806-1_14

[18] KOLMOGOROV, A. N. (1959). Entropy per unit time as a metric invariant of automorphisms. Dokl. Akad.
Nauk SSSR 124 754–755. MR0103255

[19] LIND, D. A. (1982). Ergodic group automorphisms are exponentially recurrent. Israel J. Math. 41 313–320.
MR0657863 https://doi.org/10.1007/BF02760537

[20] MEŠALKIN, L. D. (1959). A case of isomorphism of Bernoulli schemes. Dokl. Akad. Nauk SSSR 128 41–44.
MR0110782

[21] ORNSTEIN, D. (1970). Bernoulli shifts with the same entropy are isomorphic. Adv. Math. 4 337–352.
MR0257322 https://doi.org/10.1016/0001-8708(70)90029-0

[22] ORNSTEIN, D. (2013). Newton’s laws and coin tossing. Notices Amer. Math. Soc. 60 450–459. MR3052869
https://doi.org/10.1090/noti974

[23] ORNSTEIN, D. S. and SHIELDS, P. C. (1973). Mixing Markov shifts of kernel type are Bernoulli. Adv.
Math. 10 143–146. MR0322137 https://doi.org/10.1016/0001-8708(73)90102-3

[24] RUDOLPH, D. J. (1978). Counting the relatively finite factors of a Bernoulli shift. Israel J. Math. 30 255–
263. MR0508268 https://doi.org/10.1007/BF02761074

[25] RUDOLPH, D. J. (1978). If a finite extension of a Bernoulli shift has no finite rotation factors, it is Bernoulli.
Israel J. Math. 30 193–206. MR0508264 https://doi.org/10.1007/BF02761070

[26] RUDOLPH, D. J. (1978). If a two-point extension of a Bernoulli shift has an ergodic square, then it is
Bernoulli. Israel J. Math. 30 159–180. MR0508261 https://doi.org/10.1007/BF02760837

[27] RUDOLPH, D. J. (1981). A characterization of those processes finitarily isomorphic to a Bernoulli shift.
In Ergodic Theory and Dynamical Systems, I (College Park, Md., 1979–80). Progr. Math. 10 1–64.
Birkhäuser, Boston, MA. MR0633760

[28] SERAFIN, J. (2006). Finitary codes, a short survey. In Dynamics & Stochastics. Institute of Mathemat-
ical Statistics Lecture Notes—Monograph Series 48 262–273. IMS, Beachwood, OH. MR2306207
https://doi.org/10.1214/lnms/1196285827
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We study random two-dimensional spanning forests in the plane that can
be viewed both in the discrete case and in their appropriately taken scaling
limits as a uniformly chosen spanning tree with some Poissonian deletion of
edges or points. We show how to relate these scaling limits to a stationary
distribution of a natural coalescent-type Markov process on a state space of
abstract graphs with real-valued edge weights. This Markov process can be
interpreted as a renormalization flow.

This provides a model for which one can rigorously implement the for-
malism proposed by the third author in order to relate the law of the scaling
limit of a critical model to a stationary distribution of such a renormaliza-
tion/Markov process. When starting from any two-dimensional lattice with
constant edge weights, the Markov process does indeed converge in law to
this stationary distribution that corresponds to a scaling limit of UST with
Poissonian deletions.

The results of this paper heavily build on the convergence in distribution
of branches of the UST to SLE2 (a result by Lawler, Schramm and Werner)
as well as on the convergence of the suitably renormalized length of the loop-
erased random walk to the “natural parametrization” of the SLE2 (a recent
result by Lawler and Viklund).
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In this paper, we study random walks on dynamical random environ-
ments in 1 + 1 dimensions. Assuming that the environment is invariant under
space-time shifts and fulfills a mild mixing hypothesis, we establish a law of
large numbers and a concentration inequality around the asymptotic speed.
The mixing hypothesis imposes a polynomial decay rate of covariances on
the environment with sufficiently high exponent but does not impose uniform
mixing. Examples of environments for which our methods apply include the
contact process and Markovian environments with a positive spectral gap,
such as the East model. For the East model, we also obtain that the distin-
guished zero satisfies a law of large numbers with strictly positive speed.
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We study the algorithmic thresholds for principal component analysis of
Gaussian k-tensors with a planted rank-one spike, via Langevin dynamics and
gradient descent. In order to efficiently recover the spike from natural initial-
izations, the signal-to-noise ratio must diverge in the dimension. Our proof
shows that the mechanism for the success/failure of recovery is the strength
of the “curvature” of the spike on the maximum entropy region of the ini-
tial data. To demonstrate this, we study the dynamics on a generalized family
of high-dimensional landscapes with planted signals, containing the spiked
tensor models as specific instances. We identify thresholds of signal-to-noise
ratios above which order 1 time recovery succeeds; in the case of the spiked
tensor model, these match the thresholds conjectured for algorithms such as
approximate message passing. Below these thresholds, where the curvature of
the signal on the maximal entropy region is weak, we show that recovery from
certain natural initializations takes at least stretched exponential time. Our ap-
proach combines global regularity estimates for spin glasses with pointwise
estimates to study the recovery problem by a perturbative approach.
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FINITELY DEPENDENT PROCESSES ARE FINITARY

BY YINON SPINKA

Department of Mathematics, University of British Columbia, yinon@math.ubc.ca

We show that any finitely dependent invariant process on a transitive
amenable graph is a finitary factor of an i.i.d. process. With an additional as-
sumption on the geometry of the graph, namely that no two balls with differ-
ent centers are identical, we further show that the i.i.d. process may be taken
to have entropy arbitrarily close to that of the finitely dependent process. As
an application, we give an affirmative answer to a question of Holroyd (Ann.
Inst. Henri Poincaré Probab. Stat. 53 (2017) 753–765).
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