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CONFORMAL GROWTH RATES AND SPECTRAL GEOMETRY
ON DISTRIBUTIONAL LIMITS OF GRAPHS

BY JAMES R. LEE

Paul G. Allen School of Computer Science and Engineering, University of Washington, jrl@cs.washington.edu

For a unimodular random graph (G,ρ), we consider deformations of its
intrinsic path metric by a (random) weighting of its vertices. This leads to
the notion of the conformal growth exponent of (G,ρ), which is the best
asymptotic degree of volume growth of balls that can be achieved by such
a reweighting. Under moment conditions on the degree of the root, we show
that the conformal growth exponent of a unimodular random graph bounds its
almost sure spectral dimension. This has interesting consequences for many
low-dimensional models.

The consequences in dimension two are particularly strong. It establishes
that models like the uniform infinite planar triangulation (UIPT) and quadran-
gulation (UIPQ) almost surely have spectral dimension at most two. It also
establishes a conjecture of Benjamini and Schramm (Electron. J. Probab. 6
(2001) no. 23) by extending their recurrence theorem from planar graphs to
arbitrary families of H -minor-free graphs. More generally, it strengthens the
work of Gurel-Gurevich and Nachmias (Ann. of Math. (2) 177 (2013) 761–
781) who established recurrence for distributional limits of planar graphs
when the degree of the root has exponential tails.

We further present a general method for proving subdiffusivity of the ran-
dom walk on a large class of models, including UIPT and UIPQ, using only
the volume growth profile of balls in the intrinsic metric.

REFERENCES

[1] ABRAHAM, I., GAVOILLE, C., GUPTA, A., NEIMAN, O. and TALWAR, K. (2014). Cops, robbers, and
threatening skeletons: Padded decomposition for minor-free graphs. In Symposium on Theory of Com-
puting, STOC 2014, New York, NY, USA, May 31–June 03, 2014 79–88.

[2] AIZENMAN, M. and WARZEL, S. (2006). The canopy graph and level statistics for random operators on
trees. Math. Phys. Anal. Geom. 9 291–333. MR2329431 https://doi.org/10.1007/s11040-007-9018-3

[3] ALDOUS, D. and LYONS, R. (2007). Processes on unimodular random networks. Electron. J. Probab. 12
1454–1508. MR2354165 https://doi.org/10.1214/EJP.v12-463

[4] AMBJØRN, J., ANAGNOSTOPOULOS, K. N., JENSEN, L., ICHIHARA, T. and WATABIKI, Y. (1998). Quan-
tum geometry and diffusion. J. High Energy Phys. 11 Paper 22, 16 pp. MR1667363 https://doi.org/10.
1088/1126-6708/1998/11/022

[5] AMBJØRN, J., DURHUUS, B. and JONSSON, T. (1997). Quantum Geometry: A Statistical Field Theory
Approach. Cambridge Monographs on Mathematical Physics. Cambridge Univ. Press, Cambridge.
MR1465433 https://doi.org/10.1017/CBO9780511524417

[6] AMBJØRN, J., NIELSEN, J. L., ROLF, J., BOULATOV, D. and WATABIKI, Y. (1998). The spectral dimension
of 2D quantum gravity. J. High Energy Phys. 2 Paper 10, 8 pp. MR1613966 https://doi.org/10.1088/
1126-6708/1998/02/010

[7] ANGEL, O. (2003). Growth and percolation on the uniform infinite planar triangulation. Geom. Funct. Anal.
13 935–974. MR2024412 https://doi.org/10.1007/s00039-003-0436-5

[8] ANGEL, O., BARLOW, M. T., GUREL-GUREVICH, O. and NACHMIAS, A. (2016). Boundaries of pla-
nar graphs, via circle packings. Ann. Probab. 44 1956–1984. MR3502598 https://doi.org/10.1214/
15-AOP1014

MSC2020 subject classifications. 60-XX, 60D05, 60J10, 52C26.
Key words and phrases. Unimodular random graphs, uniform infinite planar triangulation, random walk, spec-

tral dimension.

https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/20-AOP1480
http://www.imstat.org
mailto:jrl@cs.washington.edu
http://www.ams.org/mathscinet-getitem?mr=2329431
https://doi.org/10.1007/s11040-007-9018-3
http://www.ams.org/mathscinet-getitem?mr=2354165
https://doi.org/10.1214/EJP.v12-463
http://www.ams.org/mathscinet-getitem?mr=1667363
https://doi.org/10.1088/1126-6708/1998/11/022
http://www.ams.org/mathscinet-getitem?mr=1465433
https://doi.org/10.1017/CBO9780511524417
http://www.ams.org/mathscinet-getitem?mr=1613966
https://doi.org/10.1088/1126-6708/1998/02/010
http://www.ams.org/mathscinet-getitem?mr=2024412
https://doi.org/10.1007/s00039-003-0436-5
http://www.ams.org/mathscinet-getitem?mr=3502598
https://doi.org/10.1214/15-AOP1014
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1088/1126-6708/1998/11/022
https://doi.org/10.1088/1126-6708/1998/02/010
https://doi.org/10.1214/15-AOP1014


[9] ANGEL, O., HUTCHCROFT, T., NACHMIAS, A. and RAY, G. (2018). Hyperbolic and parabolic uni-
modular random maps. Geom. Funct. Anal. 28 879–942. MR3820434 https://doi.org/10.1007/
s00039-018-0446-y

[10] ANGEL, O. and SCHRAMM, O. (2003). Uniform infinite planar triangulations. Comm. Math. Phys. 241
191–213. MR2013797 https://doi.org/10.1007/978-1-4419-9675-6_16

[11] BALL, K. (1992). Markov chains, Riesz transforms and Lipschitz maps. Geom. Funct. Anal. 2 137–172.
MR1159828 https://doi.org/10.1007/BF01896971

[12] BARLOW, M. T. (2004). Which values of the volume growth and escape time exponent are possible for a
graph? Rev. Mat. Iberoam. 20 1–31. MR2076770 https://doi.org/10.4171/RMI/378

[13] BARLOW, M. T., COULHON, T. and KUMAGAI, T. (2005). Characterization of sub-Gaussian heat ker-
nel estimates on strongly recurrent graphs. Comm. Pure Appl. Math. 58 1642–1677. MR2177164
https://doi.org/10.1002/cpa.20091

[14] BENJAMINI, I. and CURIEN, N. (2011). On limits of graphs sphere packed in Euclidean space and applica-
tions. European J. Combin. 32 975–984. MR2825530 https://doi.org/10.1016/j.ejc.2011.03.016

[15] BENJAMINI, I. and CURIEN, N. (2012). Ergodic theory on stationary random graphs. Electron. J. Probab.
17 no. 93, 20 pp. MR2994841 https://doi.org/10.1214/EJP.v17-2401

[16] BENJAMINI, I. and CURIEN, N. (2013). Simple random walk on the uniform infinite planar quad-
rangulation: Subdiffusivity via pioneer points. Geom. Funct. Anal. 23 501–531. MR3053754
https://doi.org/10.1007/s00039-013-0212-0

[17] BENJAMINI, I. and PAPASOGLU, P. (2011). Growth and isoperimetric profile of planar graphs. Proc. Amer.
Math. Soc. 139 4105–4111. MR2823055 https://doi.org/10.1090/S0002-9939-2011-10810-4

[18] BENJAMINI, I. and SCHRAMM, O. (2001). Recurrence of distributional limits of finite planar graphs. Elec-
tron. J. Probab. 6 no. 23, 13 pp. MR1873300 https://doi.org/10.1214/EJP.v6-96

[19] BISWAL, P., LEE, J. R. and RAO, S. (2010). Eigenvalue bounds, spectral partitioning, and metrical defor-
mations via flows. J. ACM 57 Art. 13, 23 pp. MR2665882 https://doi.org/10.1145/1706591.1706593

[20] BLAKLEY, G. R. and ROY, P. (1965). A Hölder type inequality for symmetric matrices with nonnegative
entries. Proc. Amer. Math. Soc. 16 1244–1245. MR0184950 https://doi.org/10.2307/2035908

[21] BONK, M. (2006). Quasiconformal geometry of fractals. In International Congress of Mathematicians. Vol.
II 1349–1373. Eur. Math. Soc., Zürich. MR2275649

[22] BONK, M. and KLEINER, B. (2002). Quasisymmetric parametrizations of two-dimensional metric spheres.
Invent. Math. 150 127–183. MR1930885 https://doi.org/10.1007/s00222-002-0233-z

[23] BONK, M. and KLEINER, B. (2005). Conformal dimension and Gromov hyperbolic groups with 2-sphere
boundary. Geom. Topol. 9 219–246. MR2116315 https://doi.org/10.2140/gt.2005.9.219

[24] BOURDON, M. and PAJOT, H. (2003). Cohomologie lp et espaces de Besov. J. Reine Angew. Math. 558
85–108. MR1979183 https://doi.org/10.1515/crll.2003.043

[25] BOURGAIN, J. (1985). On Lipschitz embedding of finite metric spaces in Hilbert space. Israel J. Math. 52
46–52. MR0815600 https://doi.org/10.1007/BF02776078

[26] CANNON, J. W. (1994). The combinatorial Riemann mapping theorem. Acta Math. 173 155–234.
MR1301392 https://doi.org/10.1007/BF02398434

[27] CHASSAING, P. and DURHUUS, B. (2006). Local limit of labeled trees and expected volume growth
in a random quadrangulation. Ann. Probab. 34 879–917. MR2243873 https://doi.org/10.1214/
009117905000000774

[28] DING, J., LEE, J. R. and PERES, Y. (2013). Markov type and threshold embeddings. Geom. Funct. Anal.
23 1207–1229. MR3077911 https://doi.org/10.1007/s00039-013-0234-7

[29] DRMOTA, M. (2009). Random Trees: An Interplay Between Combinatorics and Probability. SpringerWien-
NewYork, Vienna. MR2484382 https://doi.org/10.1007/978-3-211-75357-6

[30] EBRAHIMNEJAD, F. and LEE, J. R. (2021). On planar graphs of uniform polynomial growth. Probab.
Theory Related Fields 180 955–984. MR4288335 https://doi.org/10.1007/s00440-021-01045-5

[31] FAKCHAROENPHOL, J. and TALWAR, K. (2003). An improved decomposition theorem for graphs ex-
cluding a fixed minor. In Approximation, Randomization, and Combinatorial Optimization. Lec-
ture Notes in Computer Science 2764 36–46. Springer, Berlin. MR2080779 https://doi.org/10.1007/
978-3-540-45198-3_4

[32] FITZNER, R. and VAN DER HOFSTAD, R. (2017). Mean-field behavior for nearest-neighbor percolation in
d > 10. Electron. J. Probab. 22 Paper No. 43, 65 pp. MR3646069 https://doi.org/10.1214/17-EJP56

[33] GANGULY, S. and LEE, J. R. (2020). Chemical subdiffusivity of critical 2D percolation. Preprint.
[34] GRIGORÝAN, A., NETRUSOV, Y. and YAU, S.-T. (2004). Eigenvalues of elliptic operators and geometric

applications. In Surveys in Differential Geometry. Vol. IX. Surv. Differ. Geom. 9 147–217. Int. Press,
Somerville, MA. MR2195408 https://doi.org/10.4310/SDG.2004.v9.n1.a5

[35] GUREL-GUREVICH, O. and NACHMIAS, A. (2013). Recurrence of planar graph limits. Ann. of Math. (2)
177 761–781. MR3010812 https://doi.org/10.4007/annals.2013.177.2.10

http://www.ams.org/mathscinet-getitem?mr=3820434
https://doi.org/10.1007/s00039-018-0446-y
http://www.ams.org/mathscinet-getitem?mr=2013797
https://doi.org/10.1007/978-1-4419-9675-6_16
http://www.ams.org/mathscinet-getitem?mr=1159828
https://doi.org/10.1007/BF01896971
http://www.ams.org/mathscinet-getitem?mr=2076770
https://doi.org/10.4171/RMI/378
http://www.ams.org/mathscinet-getitem?mr=2177164
https://doi.org/10.1002/cpa.20091
http://www.ams.org/mathscinet-getitem?mr=2825530
https://doi.org/10.1016/j.ejc.2011.03.016
http://www.ams.org/mathscinet-getitem?mr=2994841
https://doi.org/10.1214/EJP.v17-2401
http://www.ams.org/mathscinet-getitem?mr=3053754
https://doi.org/10.1007/s00039-013-0212-0
http://www.ams.org/mathscinet-getitem?mr=2823055
https://doi.org/10.1090/S0002-9939-2011-10810-4
http://www.ams.org/mathscinet-getitem?mr=1873300
https://doi.org/10.1214/EJP.v6-96
http://www.ams.org/mathscinet-getitem?mr=2665882
https://doi.org/10.1145/1706591.1706593
http://www.ams.org/mathscinet-getitem?mr=0184950
https://doi.org/10.2307/2035908
http://www.ams.org/mathscinet-getitem?mr=2275649
http://www.ams.org/mathscinet-getitem?mr=1930885
https://doi.org/10.1007/s00222-002-0233-z
http://www.ams.org/mathscinet-getitem?mr=2116315
https://doi.org/10.2140/gt.2005.9.219
http://www.ams.org/mathscinet-getitem?mr=1979183
https://doi.org/10.1515/crll.2003.043
http://www.ams.org/mathscinet-getitem?mr=0815600
https://doi.org/10.1007/BF02776078
http://www.ams.org/mathscinet-getitem?mr=1301392
https://doi.org/10.1007/BF02398434
http://www.ams.org/mathscinet-getitem?mr=2243873
https://doi.org/10.1214/009117905000000774
http://www.ams.org/mathscinet-getitem?mr=3077911
https://doi.org/10.1007/s00039-013-0234-7
http://www.ams.org/mathscinet-getitem?mr=2484382
https://doi.org/10.1007/978-3-211-75357-6
http://www.ams.org/mathscinet-getitem?mr=4288335
https://doi.org/10.1007/s00440-021-01045-5
http://www.ams.org/mathscinet-getitem?mr=2080779
https://doi.org/10.1007/978-3-540-45198-3_4
http://www.ams.org/mathscinet-getitem?mr=3646069
https://doi.org/10.1214/17-EJP56
http://www.ams.org/mathscinet-getitem?mr=2195408
https://doi.org/10.4310/SDG.2004.v9.n1.a5
http://www.ams.org/mathscinet-getitem?mr=3010812
https://doi.org/10.4007/annals.2013.177.2.10
https://doi.org/10.1007/s00039-018-0446-y
https://doi.org/10.1214/009117905000000774
https://doi.org/10.1007/978-3-540-45198-3_4


[36] GWYNNE, E. and HUTCHCROFT, T. (2020). Anomalous diffusion of random walk on random pla-
nar maps. Probab. Theory Related Fields 178 567–611. MR4146545 https://doi.org/10.1007/
s00440-020-00986-7

[37] GWYNNE, E. and MILLER, J. (2017). Random walk on random planar maps: Spectral dimension, resistance,
and displacement. Preprint. Available at arXiv:1711.00836.

[38] HEINONEN, J. (2001). Lectures on Analysis on Metric Spaces. Universitext. Springer, New York.
MR1800917 https://doi.org/10.1007/978-1-4613-0131-8

[39] HERSCH, J. (1970). Quatre propriétés isopérimétriques de membranes sphériques homogènes. C. R. Acad.
Sci. Paris, Sér. A–B 270 A1645–A1648. MR0292357

[40] IMRICH, W. (1984). Explicit construction of regular graphs without small cycles. Combinatorica 4 53–59.
MR0739413 https://doi.org/10.1007/BF02579157

[41] KELNER, J. A., LEE, J. R., PRICE, G. N. and TENG, S.-H. (2011). Metric uniformization and spec-
tral bounds for graphs. Geom. Funct. Anal. 21 1117–1143. MR2846385 https://doi.org/10.1007/
s00039-011-0132-9

[42] KLEIN, P., PLOTKIN, S. A. and RAO, S. (1993). Excluded minors, network decomposition, and multicom-
modity flow. In 25th Annual ACM Symposium on Theory of Computing 682–690.

[43] KLEINER, B. (2006). The asymptotic geometry of negatively curved spaces: Uniformization, geometrization
and rigidity. In International Congress of Mathematicians. Vol. II 743–768. Eur. Math. Soc., Zürich.
MR2275621

[44] KOREVAAR, N. (1993). Upper bounds for eigenvalues of conformal metrics. J. Differential Geom. 37 73–93.
MR1198600

[45] KOZMA, G. and NACHMIAS, A. (2009). The Alexander–Orbach conjecture holds in high dimensions. In-
vent. Math. 178 635–654. MR2551766 https://doi.org/10.1007/s00222-009-0208-4

[46] KRIKUN, M. (2008). Local structure of random quadrangulations. Preprint. Available at
arXiv:math/0512304.

[47] LE GALL, J.-F. and MÉNARD, L. (2010). Scaling limits for the uniform infinite quadrangulation. Illinois
J. Math. 54 1163–1203. MR2928350

[48] LEE, J. R. (2016). Separators in region intersection graphs. Preprint. Available at arXiv:1608.01612.
[49] LEE, J. R. (2018). Discrete uniformizing metrics on distributional limits of sphere packings. Geom. Funct.

Anal. 28 1091–1130. MR3820440 https://doi.org/10.1007/s00039-018-0442-2
[50] LEE, J. R., GHARAN, S. O. and TREVISAN, L. (2014). Multiway spectral partitioning and higher-order

Cheeger inequalities. J. ACM 61 Art. 37, 30 pp. MR3293072 https://doi.org/10.1145/2665063
[51] LEE, J. R. and NAOR, A. (2005). Extending Lipschitz functions via random metric partitions. Invent. Math.

160 59–95. MR2129708 https://doi.org/10.1007/s00222-004-0400-5
[52] LYONS, R. and OVEIS GHARAN, S. (2018). Sharp bounds on random walk eigenvalues via spectral embed-

ding. Int. Math. Res. Not. IMRN 24 7555–7605. MR3892273 https://doi.org/10.1093/imrn/rnx082
[53] LYONS, R. and PERES, Y. (2016). Probability on Trees and Networks. Cambridge Series in Statistical

and Probabilistic Mathematics 42. Cambridge Univ. Press, New York. Available at http://pages.iu.edu/
~rdlyons/. MR3616205 https://doi.org/10.1017/9781316672815

[54] MÉNARD, L. (2010). The two uniform infinite quadrangulations of the plane have the same law. Ann. Inst.
Henri Poincaré Probab. Stat. 46 190–208. MR2641776 https://doi.org/10.1214/09-AIHP313

[55] MÉNARD, L. (2016). Volumes in the uniform infinite planar triangulation: From skeletons to generating
functions. Preprint. Available at arXiv:1604.00908.

[56] MULHOLLAND, H. P. and SMITH, C. A. B. (1959). An inequality arising in genetical theory. Amer. Math.
Monthly 66 673–683. MR0110721 https://doi.org/10.2307/2309342

[57] NACHMIAS, A. (2017). Personal communication.
[58] PANSU, P. (1989). Métriques de Carnot–Carathéodory et quasiisométries des espaces symétriques de rang

un. Ann. of Math. (2) 129 1–60. MR0979599 https://doi.org/10.2307/1971484
[59] ROBERTSON, N. and SEYMOUR, P. D. (2004). Graph minors. XX. Wagner’s conjecture. J. Combin. Theory

Ser. B 92 325–357. MR2099147 https://doi.org/10.1016/j.jctb.2004.08.001
[60] ROHDE, S. (2011). Oded Schramm: From circle packing to SLE. Ann. Probab. 39 1621–1667. MR2884870

https://doi.org/10.1214/10-AOP590
[61] SCHOEN, R. and YAU, S.-T. (1994). Lectures on Differential Geometry. Conference Proceedings and Lec-

ture Notes in Geometry and Topology, I. International Press, Cambridge, MA. MR1333601

http://www.ams.org/mathscinet-getitem?mr=4146545
https://doi.org/10.1007/s00440-020-00986-7
http://arxiv.org/abs/arXiv:1711.00836
http://www.ams.org/mathscinet-getitem?mr=1800917
https://doi.org/10.1007/978-1-4613-0131-8
http://www.ams.org/mathscinet-getitem?mr=0292357
http://www.ams.org/mathscinet-getitem?mr=0739413
https://doi.org/10.1007/BF02579157
http://www.ams.org/mathscinet-getitem?mr=2846385
https://doi.org/10.1007/s00039-011-0132-9
http://www.ams.org/mathscinet-getitem?mr=2275621
http://www.ams.org/mathscinet-getitem?mr=1198600
http://www.ams.org/mathscinet-getitem?mr=2551766
https://doi.org/10.1007/s00222-009-0208-4
http://arxiv.org/abs/arXiv:math/0512304
http://www.ams.org/mathscinet-getitem?mr=2928350
http://arxiv.org/abs/arXiv:1608.01612
http://www.ams.org/mathscinet-getitem?mr=3820440
https://doi.org/10.1007/s00039-018-0442-2
http://www.ams.org/mathscinet-getitem?mr=3293072
https://doi.org/10.1145/2665063
http://www.ams.org/mathscinet-getitem?mr=2129708
https://doi.org/10.1007/s00222-004-0400-5
http://www.ams.org/mathscinet-getitem?mr=3892273
https://doi.org/10.1093/imrn/rnx082
http://pages.iu.edu/~rdlyons/
http://www.ams.org/mathscinet-getitem?mr=3616205
https://doi.org/10.1017/9781316672815
http://www.ams.org/mathscinet-getitem?mr=2641776
https://doi.org/10.1214/09-AIHP313
http://arxiv.org/abs/arXiv:1604.00908
http://www.ams.org/mathscinet-getitem?mr=0110721
https://doi.org/10.2307/2309342
http://www.ams.org/mathscinet-getitem?mr=0979599
https://doi.org/10.2307/1971484
http://www.ams.org/mathscinet-getitem?mr=2099147
https://doi.org/10.1016/j.jctb.2004.08.001
http://www.ams.org/mathscinet-getitem?mr=2884870
https://doi.org/10.1214/10-AOP590
http://www.ams.org/mathscinet-getitem?mr=1333601
https://doi.org/10.1007/s00440-020-00986-7
https://doi.org/10.1007/s00039-011-0132-9
http://pages.iu.edu/~rdlyons/


The Annals of Probability
2021, Vol. 49, No. 6, 2732–2829
https://doi.org/10.1214/21-AOP1506
© Institute of Mathematical Statistics, 2021

LIOUVILLE QUANTUM GRAVITY AND THE BROWNIAN MAP II:
GEODESICS AND CONTINUITY OF THE EMBEDDING

BY JASON MILLER1 AND SCOTT SHEFFIELD2

1Department of Mathematics, University of Cambridge, jpmiller@statslab.cam.ac.uk
2Department of Mathematics, Massachusetts Institute of Technology, sheffield@math.mit.edu

We endow the
√

8/3-Liouville quantum gravity sphere with a metric
space structure and show that the resulting metric measure space agrees in
law with the Brownian map. Recall that a Liouville quantum gravity sphere
is a priori naturally parameterized by the Euclidean sphere S2. Previous work
in this series used quantum Loewner evolution (QLE) to construct a metric
dQ on a countable dense subset of S2. Here, we show that dQ a.s. extends
uniquely and continuously to a metric dQ on all of S2. Letting d denote
the Euclidean metric on S2, we show that the identity map between (S2, d)

and (S2, dQ) is a.s. Hölder continuous in both directions. We establish sev-
eral other properties of (S2, dQ), culminating in the fact that (as a random
metric measure space) it agrees in law with the Brownian map. We establish
analogous results for the Brownian disk and plane. Our proofs involve new
estimates on the size and shape of QLE balls and related quantum surfaces,
as well as a careful analysis of (S2, dQ) geodesics.
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We investigate structural properties of large, sparse random graphs
through the lens of sampling convergence (Borgs et al. (Ann. Probab. 47
(2019) 2754–2800). Sampling convergence generalizes left convergence to
sparse graphs, and describes the limit in terms of a graphex. We introduce
a notion of sampling convergence for sequences of multigraphs, and estab-
lish the graphex limit for the configuration model, a preferential attachment
model, the generalized random graph and a bipartite variant of the configura-
tion model. The results for the configuration model, preferential attachment
model and bipartite configuration model provide necessary and sufficient con-
ditions for these random graph models to converge. The limit for the configu-
ration model and the preferential attachment model is an augmented version
of an exchangeable random graph model introduced by Caron and Fox (J. R.
Stat. Soc. Ser. B. Stat. Methodol. 79 (2017) 1295–1366).
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In this paper we study homogenization problem for strong Markov pro-
cesses on R

d having infinitesimal generators

Lf (x) =
∫
Rd

(
f (x + z) − f (x) − 〈∇f (x), z

〉
1{|z|≤1}

)
k(x, z)�(dz)

+ 〈
b(x),∇f (x)

〉
, f ∈ C2

b

(
R

d )

in periodic media, where � is a nonnegative measure on R
d that does not

charge the origin 0, satisfies
∫
Rd (1 ∧ |z|2)�(dz) < ∞ and can be singular

with respect to the Lebesgue measure on R
d . Under a proper scaling we show

the scaled processes converge weakly to Lévy processes on R
d . The results

are a counterpart of the celebrated work (Asymptotic Analysis for Periodic
Structures (1978) North-Holland; Ann. Probab. 13 (1985) 385–396) in the
jump-diffusion setting. In particular, we completely characterize the homog-
enized limiting processes when b(x) is a bounded continuous multivariate
1-periodic R

d -valued function, k(x, z) is a nonnegative bounded continuous
function that is multivariate 1-periodic in both x and z variables and, in spher-
ical coordinate z = (r, θ) ∈R+ × S

d−1,

1{|z|>1}�(dz) = 1{r>1}�0(dθ)
dr

r1+α

with α ∈ (0,∞) and �0 being any finite measure on the unit sphere S
d−1 in

R
d . Different phenomena occur depending on the values of α; there are five

cases: α ∈ (0,1), α = 1, α ∈ (1,2), α = 2 and α ∈ (2,∞).
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Mean-field spin glasses are families of random energy functions (Hamil-
tonians) on high-dimensional product spaces. In this paper, we consider the
case of Ising mixed p-spin models,; namely, Hamiltonians HN : 
N → R

on the Hamming hypercube 
N = {±1}N , which are defined by the prop-
erty that {HN(σ )}σ∈
N

is a centered Gaussian process with covariance
E{HN(σ 1)HN(σ 2)} depending only on the scalar product 〈σ 1,σ 2〉.

The asymptotic value of the optimum maxσ∈
N
HN(σ ) was character-

ized in terms of a variational principle known as the Parisi formula, first
proved by Talagrand and, in a more general setting, by Panchenko. The struc-
ture of superlevel sets is extremely rich and has been studied by a number of
authors. Here, we ask whether a near optimal configuration σ can be com-
puted in polynomial time.

We develop a message passing algorithm whose complexity per-iteration
is of the same order as the complexity of evaluating the gradient of HN , and
characterize the typical energy value it achieves. When the p-spin model HN

satisfies a certain no-overlap gap assumption, for any ε > 0, the algorithm
outputs σ ∈ 
N such that HN(σ ) ≥ (1 − ε)maxσ ′ HN(σ ′), with high proba-
bility. The number of iterations is bounded in N and depends uniquely on ε.
More generally, regardless of whether the no-overlap gap assumption holds,
the energy achieved is given by an extended variational principle, which gen-
eralizes the Parisi formula.
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In this article we obtain a superexponential rate of convergence in total
variation between the traces of the first m powers of a n × n random unitary
matrices and a 2m-dimensional Gaussian random variable. This generalizes
previous results in the scalar case to the multivariate setting, and we also give
the precise dependence on the dimensions m and n in the estimates with ex-
plicit constants. We are especially interested in the regime where m grows
with n and our main result basically states that if m 
 √

n, then the rate
of convergence in the Gaussian approximation is �( n

m + 1)−1 times a cor-
rection. We also show that the Gaussian approximation remains valid for all
m 
 n2/3 without a fast rate of convergence.
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ON THE REAL DAVIES’ CONJECTURE
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We show that every matrix A ∈ R
n×n is, at least, δ‖A‖-close to a real

matrix A + E ∈ R
n×n whose eigenvectors have condition number, at most,

Õn(δ−1). In fact, we prove that, with high probability, taking E to be a suf-
ficiently small multiple of an i.i.d. real sub-Gaussian matrix of bounded den-
sity suffices. This essentially confirms a speculation of Davies and of Banks,
Kulkarni, Mukherjee and Srivastava, who recently proved such a result for
i.i.d. complex Gaussian matrices.

Along the way we also prove nonasymptotic estimates on the minimum
possible distance between any two eigenvalues of a random matrix whose
entries have arbitrary means; this part of our paper may be of independent
interest.
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We show that the law of the three-dimensional uniform spanning tree
(UST) is tight under rescaling in a space whose elements are measured, rooted
real trees, continuously embedded into Euclidean space. We also establish
that the relevant laws actually converge along a particular scaling sequence.
The techniques that we use to establish these results are further applied to
obtain various properties of the intrinsic metric and measure of any limit-
ing space, including showing that the Hausdorff dimension of such is given
by 3/β, where β ≈ 1.624 . . . is the growth exponent of three-dimensional
loop-erased random walk. Additionally, we study the random walk on the
three-dimensional uniform spanning tree, deriving its walk dimension (with
respect to both the intrinsic and Euclidean metric) and its spectral dimension,
demonstrating the tightness of its annealed law under rescaling, and deducing
heat kernel estimates for any diffusion that arises as a scaling limit.
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We show that as T → ∞, for all t ∈ [T ,2T ] outside of a set of measure
o(T ),

∫ logθ T

− logθ T

∣∣∣∣ζ
(

1

2
+ it + ih

)∣∣∣∣
β

dh = (logT )fθ (β)+o(1),

for some explicit exponent fθ (β), where θ > −1 and β > 0. This proves an
extended version of a conjecture of Fyodorov and Keating (Philos. Trans. R.
Soc. Lond. Ser. A Math. Phys. Eng. Sci. 372 (2014) 20120503, 32). In partic-
ular, it shows that, for all θ > −1, the moments exhibit a phase transition at
a critical exponent βc(θ), below which fθ (β) is quadratic and above which
fθ (β) is linear. The form of the exponent fθ also differs between mesoscopic
intervals (−1 < θ < 0) and macroscopic intervals (θ > 0), a phenomenon that
stems from an approximate tree structure for the correlations of zeta. We also
prove that, for all t ∈ [T ,2T ] outside a set of measure o(T ),

max
|h|≤logθ T

∣∣∣∣ζ
(

1

2
+ it + ih

)∣∣∣∣ = (logT )m(θ)+o(1),

for some explicit m(θ). This generalizes earlier results of Najnudel (Probab.
Theory Related Fields 172 (2018) 387–452) and Arguin et al. (Comm. Pure
Appl. Math. 72 (2019) 500–535) for θ = 0. The proofs are unconditional,
except for the upper bounds when θ > 3, where the Riemann hypothesis is
assumed.
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ON STRONG SOLUTIONS OF ITÔ’S EQUATIONS WITH σ ∈ W 1
d AND

b ∈ Ld

BY N. V. KRYLOV

School of Mathematics, University of Minnesota, nkrylov@umn.edu

We consider Itô uniformly nondegenerate equations with time indepen-
dent coefficients, the diffusion coefficient in W1

d,loc and the drift in Ld . We
prove the unique strong solvability for any starting point and prove that, as
a function of the starting point, the solutions are Hölder continuous with any
exponent < 1. We also prove that if we are given a sequence of coefficients
converging in an appropriate sense to the original ones, then the solutions of
approximating equations converge to the solution of the original one.
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CONVERGENCE OF THE RANDOM ABELIAN SANDPILE
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We prove that Abelian sandpiles with random initial states converge al-
most surely to unique scaling limits. The proof follows the Armstrong–Smart
program for stochastic homogenization of uniformly elliptic equations.

Using simple random walk estimates, we prove an analogous result for the
divisible sandpile and identify its scaling limit as exactly that of the averaged
divisible sandpile. As a corollary, this gives a new quantitative proof of known
results on the stabilizability of Abelian sandpiles.
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eigenvalues of critical Erdős–Rényi graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1347–1401

ANGEL, O., CROYDON, D. A., HERNANDEZ-TORRES, S. AND SHIRAISHI, D.
Scaling limits of the three-dimensional uniform spanning tree and associ-
ated random walk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3032–3105

ARGUIN, LOUIS-PIERRE, OUIMET, FRÉDÉRIC AND RADZIWIŁŁ, MAKSYM.
Moments of the Riemann zeta function on short intervals of the critical line 3106–3141

ARMSTRONG, SCOTT AND SERFATY, SYLVIA. Local laws and rigidity for
Coulomb gases at any temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46–121

ATHREYA, SIVA, JOSEPH, MATHEW AND MUELLER, CARL. Small ball proba-
bilities and a support theorem for the stochastic heat equation . . . . . . . . . . . 2548–2572

AU, BENSON, CÉBRON, GUILLAUME, DAHLQVIST, ANTOINE, GABRIEL,
FRANCK AND MALE, CAMILLE. Freeness over the diagonal for large ran-
dom matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157–179

BAILLEUL, ISMAËL, CATELLIER, RÉMI AND DELARUE, FRANÇOIS. Propaga-
tion of chaos for mean field rough differential equations . . . . . . . . . . . . . . . . 944–996

BAKHTIN, YURI AND CHEN, HONG-BIN. Atypical exit events near a repelling
equilibrium. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1257–1285

BANERJEE, SAYAN AND BURDZY, KRZYSZTOF. Rates of convergence to equi-
librium for potlatch and smoothing processes . . . . . . . . . . . . . . . . . . . . . . . . . . 1129–1163

BASU, RIDDHIPRATIM, GANGULY, SHIRSHENDU AND HAMMOND, ALAN.
Fractal geometry of Airy2 processes coupled via the Airy sheet . . . . . . . . . . 485–505

BECKMAN, ERIN, COOK, KEISHA, EIKMEIER, NICOLE, HERNANDEZ-
TORRES, SARAI AND JUNGE, MATTHEW. Chase-escape with death on
trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2530–2547

BEFFARA, VINCENT, PELTOLA, EVELIINA AND WU, HAO. On the uniqueness
of global multiple SLEs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 400–434

BERGGREN, TOMAS. Domino tilings of the Aztec diamond with doubly periodic
weightings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1965–2011

BHAMIDI, SHANKAR, NAM, DANNY, NGUYEN, OANH AND SLY, ALLAN.
Survival and extinction of epidemics on random graphs with general de-
gree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244–286

BHATTACHARYA, BHASWAR B., BHATTACHARYA, SOHOM AND GANGULY,
SHIRSHENDU. Spectral edge in sparse random graphs: Upper and lower
tail large deviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1847–1885

BHATTACHARYA, SOHOM, GANGULY, SHIRSHENDU AND BHATTACHARYA,
BHASWAR B. Spectral edge in sparse random graphs: Upper and lower tail
large deviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1847–1885

iii



BORGS, CHRISTIAN, CHAYES, JENNIFER T., DHARA, SOUVIK AND SEN,
SUBHABRATA. Limits of sparse configuration models and beyond:
Graphexes and MultiGraphexes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2830–2873

BORODIN, ALEXEI AND BUFETOV, ALEXEY. Color-position symmetry in in-
teracting particle systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1607–1632

BOU-RABEE, AHMED. Convergence of the random Abelian sandpile . . . . . . . . . 3168–3196
BUFETOV, ALEXEY AND BORODIN, ALEXEI. Color-position symmetry in in-

teracting particle systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1607–1632
BURACZEWSKI, DARIUSZ, IKSANOV, ALEXANDER AND MALLEIN, BASTIEN.

On the derivative martingale in a branching random walk . . . . . . . . . . . . . . . 1164–1204
BURDZY, KRZYSZTOF AND BANERJEE, SAYAN. Rates of convergence to equi-

librium for potlatch and smoothing processes . . . . . . . . . . . . . . . . . . . . . . . . . . 1129–1163
CANNIZZARO, GIUSEPPE, ERHARD, DIRK AND SCHÖNBAUER, PHILIPP. 2D

anisotropic KPZ at stationarity: Scaling, tightness and nontriviality . . . . . . 122–156
CATELLIER, RÉMI, DELARUE, FRANÇOIS AND BAILLEUL, ISMAËL. Propaga-

tion of chaos for mean field rough differential equations . . . . . . . . . . . . . . . . 944–996
CÉBRON, GUILLAUME, DAHLQVIST, ANTOINE, GABRIEL, FRANCK, MALE,

CAMILLE AND AU, BENSON. Freeness over the diagonal for large random
matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157–179

CHAYES, JENNIFER T., DHARA, SOUVIK, SEN, SUBHABRATA AND BORGS,
CHRISTIAN. Limits of sparse configuration models and beyond: Graphexes
and MultiGraphexes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2830–2873

CHEN, HONG-BIN AND BAKHTIN, YURI. Atypical exit events near a repelling
equilibrium. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1257–1285

CHEN, XIA, DEYA, AURÉLIEN, OUYANG, CHENG AND TINDEL, SAMY. Mo-
ment estimates for some renormalized parabolic Anderson models . . . . . . . 2599–2636

CHEN, XIN, CHEN, ZHEN-QING, KUMAGAI, TAKASHI AND WANG, JIAN. Pe-
riodic homogenization of nonsymmetric Lévy-type processes . . . . . . . . . . . 2874–2921

CHEN, XINXING, DAGARD, VICTOR, DERRIDA, BERNARD, HU, YUEYUN,
LIFSHITS, MIKHAIL AND SHI, ZHAN. The Derrida–Retaux conjecture on
recursive models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 637–670

CHEN, ZHEN-QING, KUMAGAI, TAKASHI, WANG, JIAN AND CHEN, XIN. Pe-
riodic homogenization of nonsymmetric Lévy-type processes . . . . . . . . . . . 2874–2921

CHOUK, KHALIL AND VAN ZUIJLEN, WILLEM. Asymptotics of the eigenvalues
of the Anderson Hamiltonian with white noise potential in two dimensions 1917–1964

COOK, KEISHA, EIKMEIER, NICOLE, HERNANDEZ-TORRES, SARAI, JUNGE,
MATTHEW AND BECKMAN, ERIN. Chase-escape with death on trees . . . . 2530–2547

CORSINI, BENOÎT AND ADDARIO-BERRY, LOUIGI. The height of Mallows
trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2220–2271

CORWIN, IVAN, GHOSAL, PROMIT AND HAMMOND, ALAN. KPZ equation
correlations in time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 832–876

COSTE, SIMON AND SALEZ, JUSTIN. Emergence of extended states at zero in
the spectrum of sparse random graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2012–2030

COUPIER, DAVID, SAHA, KUMARJIT, SARKAR, ANISH AND TRAN, VIET

CHI. The 2d-directed spanning forest converges to the Brownian web . . . . 435–484
CRANE, EDWARD, RÁTH, BALÁZS AND YEO, DOMINIC. Age evolution in the

mean field forest fire model via multitype branching processes . . . . . . . . . . 2031–2075



CROYDON, D. A., HERNANDEZ-TORRES, S., SHIRAISHI, D. AND ANGEL, O.
Scaling limits of the three-dimensional uniform spanning tree and associ-
ated random walk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3032–3105

CRYAN, MARY, GUO, HENG AND MOUSA, GIORGOS. Modified log-Sobolev
inequalities for strongly log-concave distributions . . . . . . . . . . . . . . . . . . . . . . 506–525

DAGARD, VICTOR, DERRIDA, BERNARD, HU, YUEYUN, LIFSHITS, MIKHAIL,
SHI, ZHAN AND CHEN, XINXING. The Derrida–Retaux conjecture on re-
cursive models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 637–670

DAHLQVIST, ANTOINE, GABRIEL, FRANCK, MALE, CAMILLE, AU, BENSON

AND CÉBRON, GUILLAUME. Freeness over the diagonal for large random
matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157–179

DALANG, ROBERT C., MUELLER, CARL AND XIAO, YIMIN. Polarity of al-
most all points for systems of nonlinear stochastic heat equations in the
critical dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2573–2598

DARIO, PAUL AND GU, CHENLIN. Quantitative homogenization of the parabolic
and elliptic Green’s functions on percolation clusters . . . . . . . . . . . . . . . . . . . 556–636

DAUVERGNE, DUNCAN AND VIRÁG, BÁLINT. Bulk properties of the Airy line
ensemble . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1738–1777

DELARUE, FRANÇOIS, BAILLEUL, ISMAËL AND CATELLIER, RÉMI. Propaga-
tion of chaos for mean field rough differential equations . . . . . . . . . . . . . . . . 944–996

DERRIDA, BERNARD, HU, YUEYUN, LIFSHITS, MIKHAIL, SHI, ZHAN,
CHEN, XINXING AND DAGARD, VICTOR. The Derrida–Retaux conjec-
ture on recursive models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 637–670

DEUSCHEL, JEAN-DOMINIQUE, ORENSHTEIN, TAL AND PERKOWSKI, NICO-
LAS. Additive functionals as rough paths . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1450–1479

DEYA, AURÉLIEN, OUYANG, CHENG, TINDEL, SAMY AND CHEN, XIA. Mo-
ment estimates for some renormalized parabolic Anderson models . . . . . . . 2599–2636

DHARA, SOUVIK, SEN, SUBHABRATA, BORGS, CHRISTIAN AND CHAYES,
JENNIFER T. Limits of sparse configuration models and beyond: Graphexes
and MultiGraphexes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2830–2873

DIMITROV, EVGENI AND MATETSKI, KONSTANTIN. Characterization of Brow-
nian Gibbsian line ensembles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2477–2529

DING, JIAN, FUKUSHIMA, RYOKI, SUN, RONGFENG AND XU, CHANGJI. Dis-
tribution of the random walk conditioned on survival among quenched
Bernoulli obstacles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206–243

DUBACH, GUILLAUME AND PELED, YUVAL. On words of non-Hermitian ran-
dom matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1886–1916

DUCATEZ, RAPHAËL, KNOWLES, ANTTI AND ALT, JOHANNES. Extremal
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