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THE TWO-DIMENSIONAL CONTINUUM RANDOM FIELD ISING MODEL

BY ADAM BOWDITCHa AND RONGFENG SUNb

Department of Mathematics, National University of Singapore, aa.m.bowditch@gmail.com, bmatsr@nus.edu.sg

In this paper, we construct the two-dimensional continuum random field
Ising model via scaling limits of a random field perturbation of the critical
two-dimensional Ising model with diminishing disorder strength. Further-
more, we show that almost surely with respect to the continuum random field
given by a white noise, the law of the magnetisation field is singular with re-
spect to that of the two-dimensional continuum pure Ising model constructed
by Camia, Garban and Newman (Ann. Probab. 43 (2015) 528–571).
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MAXIMUM AND COUPLING OF THE SINE-GORDON FIELD

BY ROLAND BAUERSCHMIDTa AND MICHAEL HOFSTETTERb

Statistical Laboratory, DPMMS, University of Cambridge, arb812@cam.ac.uk, bmh901@cam.ac.uk

For 0 < β < 6π , we prove that the distribution of the centred maximum
of the ε-regularised continuum sine-Gordon field on the two-dimensional
torus converges to a randomly shifted Gumbel distribution as ε → 0. Our
proof relies on a strong coupling at all scales of the sine-Gordon field with
the Gaussian free field, of independent interest, and extensions of existing
methods for the maximum of the lattice Gaussian free field.
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Consider CLE4 in the unit disk, and let � be the loop of the CLE4 sur-
rounding the origin. Schramm, Sheffield and Wilson determined the law of
the conformal radius seen from the origin of the domain surrounded by �.
We complement their result by determining the law of the extremal distance
between � and the boundary of the unit disk. More surprisingly, we also com-
pute the joint law of these conformal radius and extremal distance. This law
involves first and last hitting times of a one-dimensional Brownian motion.
Similar techniques also allow us to determine joint laws of some extremal
distances in a critical Brownian loop-soup cluster.
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This article studies the inhomogeneous geometric polynuclear growth
model; the distribution of which is related to Schur functions. We explain a
method to derive its distribution functions in both space-like and time-like
directions, focusing on the two-time distribution. Asymptotics of the two-
time distribution in the KPZ-scaling limit is then considered, extending to
two times several single-time distributions in the KPZ universality class.
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THE DIRICHLET–FERGUSON DIFFUSION ON THE SPACE OF
PROBABILITY MEASURES OVER A CLOSED RIEMANNIAN MANIFOLD
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IST Austria, alorenzo.delloschiavo@ist.ac.at

We construct a recurrent diffusion process with values in the space of
probability measures over an arbitrary closed Riemannian manifold of di-
mension d ≥ 2. The process is associated with the Dirichlet form defined by
integration of the Wasserstein gradient w.r.t. the Dirichlet–Ferguson measure,
and is the counterpart on multidimensional base spaces to the modified mas-
sive Arratia flow over the unit interval described in V. Konarovskyi and M.-K.
von Renesse (Comm. Pure Appl. Math. 72 (2019) 764–800). Together with
two different constructions of the process, we discuss its ergodicity, invari-
ant sets, finite-dimensional approximations, and Varadhan short-time asymp-
totics.
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This article is concerned with stochastic differential equations driven by
a d dimensional fractional Brownian motion with Hurst parameter H > 1/4
and understood in the rough paths sense. Whenever the coefficients of the
equation satisfy a uniform hypoellipticity condition, we establish a sharp lo-
cal estimate on the associated control distance function and a sharp local
lower estimate on the density of the solution. Our methodology relies heavily
on the rough paths structure of the equation.

REFERENCES

[1] BAUDOIN, F., FENG, Q. and OUYANG, C. (2020). Density of the signature process of fBM. Trans. Amer.
Math. Soc. 373 8583–8610. MR4177269 https://doi.org/10.1090/tran/8165

[2] BAUDOIN, F. and HAIRER, M. (2007). A version of Hörmander’s theorem for the fractional Brow-
nian motion. Probab. Theory Related Fields 139 373–395. MR2322701 https://doi.org/10.1007/
s00440-006-0035-0

[3] BAUDOIN, F., NUALART, E., OUYANG, C. and TINDEL, S. (2016). On probability laws of solutions to
differential systems driven by a fractional Brownian motion. Ann. Probab. 44 2554–2590. MR3531675
https://doi.org/10.1214/15-AOP1028

[4] BAUDOIN, F., OUYANG, C. and ZHANG, X. (2015). Varadhan estimates for rough differential equa-
tions driven by fractional Brownian motions. Stochastic Process. Appl. 125 634–652. MR3293297
https://doi.org/10.1016/j.spa.2014.09.012

[5] BEN AROUS, G. and WANG, J. Very rare events for diffusion processes in short time. Preprint. Available at
arXiv:1901.10025.

[6] BISMUT, J.-M. (1984). Large Deviations and the Malliavin Calculus. Progress in Mathematics 45.
Birkhäuser, Inc., Boston, MA. MR0755001

[7] CASS, T. and FRIZ, P. (2010). Densities for rough differential equations under Hörmander’s condition. Ann.
of Math. (2) 171 2115–2141. MR2680405 https://doi.org/10.4007/annals.2010.171.2115

[8] CASS, T., HAIRER, M., LITTERER, C. and TINDEL, S. (2015). Smoothness of the density for solutions to
Gaussian rough differential equations. Ann. Probab. 43 188–239. MR3298472 https://doi.org/10.1214/
13-AOP896

[9] COUTIN, L. and QIAN, Z. (2002). Stochastic analysis, rough path analysis and fractional Brownian motions.
Probab. Theory Related Fields 122 108–140. MR1883719 https://doi.org/10.1007/s004400100158

[10] DAVIE, A. M. (2008). Differential equations driven by rough paths: An approach via discrete approximation.
Appl. Math. Res. Express. AMRX 2008 Art. ID abm009, 40 pp. MR2387018

[11] DECREUSEFOND, L. and ÜSTÜNEL, A. S. (1999). Stochastic analysis of the fractional Brownian motion.
Potential Anal. 10 177–214. MR1677455 https://doi.org/10.1023/A:1008634027843

[12] FRIZ, P. K. and VICTOIR, N. (2006). A variation embedding theorem and applications. J. Funct. Anal. 239
631–637. MR2261341 https://doi.org/10.1016/j.jfa.2005.12.021

[13] FRIZ, P. K. and VICTOIR, N. B. (2010). Multidimensional Stochastic Processes as Rough Paths: Theory and
Applications. Cambridge Studies in Advanced Mathematics 120. Cambridge Univ. Press, Cambridge.
MR2604669 https://doi.org/10.1017/CBO9780511845079

[14] GENG, X., OUYANG, C. and TINDEL, S. (2019). Precise local estimates for hypoelliptic differential equa-
tions driven by fractional Brownian motion. Preprint. Available at arXiv:1907.00171.

MSC2020 subject classifications. 60H10, 60H07, 60G15.
Key words and phrases. Rough paths, Malliavin calculus, fractional Brownian motion.

https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/21-AOP1542
http://www.imstat.org
mailto:xi.geng@unimelb.edu.au
mailto:couyang@math.uic.edu
mailto:stindel@purdue.edu
http://www.ams.org/mathscinet-getitem?mr=4177269
https://doi.org/10.1090/tran/8165
http://www.ams.org/mathscinet-getitem?mr=2322701
https://doi.org/10.1007/s00440-006-0035-0
http://www.ams.org/mathscinet-getitem?mr=3531675
https://doi.org/10.1214/15-AOP1028
http://www.ams.org/mathscinet-getitem?mr=3293297
https://doi.org/10.1016/j.spa.2014.09.012
http://arxiv.org/abs/arXiv:1901.10025
http://www.ams.org/mathscinet-getitem?mr=0755001
http://www.ams.org/mathscinet-getitem?mr=2680405
https://doi.org/10.4007/annals.2010.171.2115
http://www.ams.org/mathscinet-getitem?mr=3298472
https://doi.org/10.1214/13-AOP896
http://www.ams.org/mathscinet-getitem?mr=1883719
https://doi.org/10.1007/s004400100158
http://www.ams.org/mathscinet-getitem?mr=2387018
http://www.ams.org/mathscinet-getitem?mr=1677455
https://doi.org/10.1023/A:1008634027843
http://www.ams.org/mathscinet-getitem?mr=2261341
https://doi.org/10.1016/j.jfa.2005.12.021
http://www.ams.org/mathscinet-getitem?mr=2604669
https://doi.org/10.1017/CBO9780511845079
http://arxiv.org/abs/arXiv:1907.00171
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1007/s00440-006-0035-0
https://doi.org/10.1214/13-AOP896


[15] GENG, X., OUYANG, C. and TINDEL, S. (2020). Precise local estimates for differential equations driven
by fractional Brownian motion: Elliptic case. Preprint.

[16] GESS, B., OUYANG, C. and TINDEL, S. (2020). Density bounds for solutions to differential equations
driven by Gaussian rough paths. J. Theoret. Probab. 33 611–648. MR4091589 https://doi.org/10.1007/
s10959-019-00967-0

[17] INAHAMA, Y. and PEI, B. (2020). Positivity of the density for rough differential equations. Preprint. Avail-
able at arXiv:2006.09631.

[18] KUSUOKA, S. and STROOCK, D. (1984). Applications of the Malliavin calculus. I. In Stochastic Anal-
ysis (Katata/Kyoto, 1982). North-Holland Math. Library 32 271–306. North-Holland, Amsterdam.
MR0780762 https://doi.org/10.1016/S0924-6509(08)70397-0

[19] KUSUOKA, S. and STROOCK, D. (1985). Applications of the Malliavin calculus. II. J. Fac. Sci., Univ. Tokyo,
Sect. 1A, Math. 32 1–76. MR0783181

[20] KUSUOKA, S. and STROOCK, D. (1987). Applications of the Malliavin calculus. III. J. Fac. Sci., Univ.
Tokyo, Sect. 1A, Math. 34 391–442. MR0914028

[21] LYONS, T. J. (1994). Differential equations driven by rough signals. I. An extension of an inequality of L. C.
Young. Math. Res. Lett. 1 451–464. MR1302388 https://doi.org/10.4310/MRL.1994.v1.n4.a5

[22] LYONS, T. J. (1998). Differential equations driven by rough signals. Rev. Mat. Iberoam. 14 215–310.
MR1654527 https://doi.org/10.4171/RMI/240

[23] MALLIAVIN, P. (1978). Stochastic calculus of variation and hypoelliptic operators. In Proceedings of the In-
ternational Symposium on Stochastic Differential Equations (Res. Inst. Math. Sci., Kyoto Univ., Kyoto,
1976) 195–263. Wiley, New York. MR0536013

[24] MILNOR, J. W. (1997). Topology from the Differentiable Viewpoint. Princeton Landmarks in Mathematics.
Princeton Univ. Press, Princeton, NJ. MR1487640

[25] MONTGOMERY, R. (2002). A Tour of Subriemannian Geometries, Their Geodesics and Applica-
tions. Mathematical Surveys and Monographs 91. Amer. Math. Soc., Providence, RI. MR1867362
https://doi.org/10.1090/surv/091

[26] NEUENKIRCH, A., NOURDIN, I., RÖSSLER, A. and TINDEL, S. (2009). Trees and asymptotic expansions
for fractional stochastic differential equations. Ann. Inst. Henri Poincaré Probab. Stat. 45 157–174.
MR2500233 https://doi.org/10.1214/07-AIHP159

[27] NUALART, D. (2006). The Malliavin Calculus and Related Topics, 2nd ed. Probability and Its Applications
(New York). Springer, Berlin. MR2200233

[28] PIPIRAS, V. and TAQQU, M. S. (2000). Integration questions related to fractional Brownian motion. Probab.
Theory Related Fields 118 251–291. MR1790083 https://doi.org/10.1007/s440-000-8016-7

[29] YOUNG, L. C. (1936). An inequality of the Hölder type, connected with Stieltjes integration. Acta Math. 67
251–282. MR1555421 https://doi.org/10.1007/BF02401743

http://www.ams.org/mathscinet-getitem?mr=4091589
https://doi.org/10.1007/s10959-019-00967-0
http://arxiv.org/abs/arXiv:2006.09631
http://www.ams.org/mathscinet-getitem?mr=0780762
https://doi.org/10.1016/S0924-6509(08)70397-0
http://www.ams.org/mathscinet-getitem?mr=0783181
http://www.ams.org/mathscinet-getitem?mr=0914028
http://www.ams.org/mathscinet-getitem?mr=1302388
https://doi.org/10.4310/MRL.1994.v1.n4.a5
http://www.ams.org/mathscinet-getitem?mr=1654527
https://doi.org/10.4171/RMI/240
http://www.ams.org/mathscinet-getitem?mr=0536013
http://www.ams.org/mathscinet-getitem?mr=1487640
http://www.ams.org/mathscinet-getitem?mr=1867362
https://doi.org/10.1090/surv/091
http://www.ams.org/mathscinet-getitem?mr=2500233
https://doi.org/10.1214/07-AIHP159
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=1790083
https://doi.org/10.1007/s440-000-8016-7
http://www.ams.org/mathscinet-getitem?mr=1555421
https://doi.org/10.1007/BF02401743
https://doi.org/10.1007/s10959-019-00967-0


The Annals of Probability
2022, Vol. 50, No. 2, 688–734
https://doi.org/10.1214/21-AOP1543
© Institute of Mathematical Statistics, 2022

HYPERCONTRACTIVITY AND LOWER DEVIATION ESTIMATES IN
NORMED SPACES

BY GRIGORIS PAOURIS1,a, KONSTANTIN TIKHOMIROV2,b AND PETROS VALETTAS3,c

1Department of Mathematics, Texas A&M University, agrigorios.paouris@gmail.com
2Department of Mathematics, Georgia Institute of Technology, bktikhomirov6@gatech.edu

3Departments of Mathematics and EE&CS, University of Missouri-Columbia, cvalettasp@missouri.edu

We consider the problem of estimating small ball probabilities P{f (G) ≤
δEf (G)} for subadditive, positively homogeneous functions f with respect
to the Gaussian measure. We establish estimates that depend on global param-
eters of the underlying function, which take into account analytic and statisti-
cal measures, such as the variance and the L1-norms of its partial derivatives.
This leads to dimension-dependent bounds for small ball and lower small
deviation estimates for seminorms when the linear structure is appropriately
chosen to optimize the aforementioned parameters. Our bounds are best pos-
sible up to numerical constants. In all regimes, ‖G‖∞ = maxi≤n |gi | arises
as an extremal case in this study. The proofs exploit the convexity and hyper-
contractivity properties of the Gaussian measure.
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CONCENTRATION INEQUALITIES FOR LOG-CONCAVE DISTRIBUTIONS
WITH APPLICATIONS TO RANDOM SURFACE FLUCTUATIONS
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School of Mathematical Sciences, Tel Aviv University, amagazinov-al@yandex.ru, bpeledron@tauex.tau.ac.il

We derive two concentration inequalities for linear functions of log-
concave distributions: an enhanced version of the classical Brascamp–Lieb
concentration inequality and an inequality quantifying log-concavity of
marginals in a manner suitable for obtaining variance and tail probability
bounds.

These inequalities are applied to the statistical mechanics problem of es-
timating the fluctuations of random surfaces of the ∇ϕ type. The classical
Brascamp–Lieb inequality bounds the fluctuations whenever the interaction
potential is uniformly convex. We extend these bounds to the case of convex
potentials whose second derivative vanishes only on a zero measure set, when
the underlying graph is a d-dimensional discrete torus. The result applies, in
particular, to potentials of the form U(x) = |x|p with p > 1 and answers
a question discussed by Brascamp–Lieb–Lebowitz (In Statistical Mechan-
ics (1975) 379–390, Springer). Additionally, new tail probability bounds are
obtained for the family of potentials U(x) = |x|p +x2, p > 2. This result an-
swers a question mentioned by Deuschel and Giacomin (Stochastic Process.
Appl. 89 (2000) 333–354).
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ON MULTIPLE SLE FOR THE FK–ISING MODEL

BY KONSTANTIN IZYUROVa

Department of Mathematics and Statistics, University of Helsinki, akonstantin.izyurov@helsinki.fi

We prove the convergence of multiple interfaces in the critical planar
q = 2 random cluster model and provide an explicit description of the scaling
limit. Remarkably, the expression for the partition function of the resulting
multiple SLE16/3 coincides with the bulk spin correlation in the critical Ising
model in the half-plane, after formally replacing a position of each spin and
its complex conjugate with a pair of points on the real line. As a corollary
we recover Belavin–Polyakov–Zamolodchikov equations for the spin corre-
lations.
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MCKEAN–VLASOV OPTIMAL CONTROL: THE DYNAMIC PROGRAMMING
PRINCIPLE
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We study the McKean–Vlasov optimal control problem with common
noise which allow the law of the control process to appear in the state dy-
namics under various formulations: strong and weak ones, Markovian or
non-Markovian. By interpreting the controls as probability measures on an
appropriate canonical space with two filtrations, we then develop the classi-
cal measurable selection, conditioning and concatenation arguments in this
new context, and establish the dynamic programming principle under general
conditions.
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