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DECAY OF CONVOLVED DENSITIES VIA LAPLACE TRANSFORM

BY SERGEY G. BOBKOVa

School of Mathematics, University of Minnesota, abobkov@math.umn.edu

Upper pointwise bounds are considered for convolution of bounded den-
sities in terms of the associated Laplace and Legendre transforms. Applica-
tions of these bounds are illustrated in the central limit theorem with respect
to the Rényi divergence.
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UNIVERSALITY OF APPROXIMATE MESSAGE PASSING WITH
SEMIRANDOM MATRICES

BY RISHABH DUDEJA1,a, YUE M. LU2,c AND SUBHABRATA SEN1,b

1Department of Statistics, Harvard University, ard2714@columbia.edu, bsubhabratasen@fas.harvard.edu
2John A. Paulson School of Engineering and Applied Sciences, Harvard University, cyuelu@seas.harvard.edu

Approximate Message Passing (AMP) is a class of iterative algorithms
that have found applications in many problems in high-dimensional statis-
tics and machine learning. In its general form, AMP can be formulated as
an iterative procedure driven by a matrix M. Theoretical analyses of AMP
typically assume strong distributional properties on M, such as M has i.i.d.
sub-Gaussian entries or is drawn from a rotational invariant ensemble. How-
ever, numerical experiments suggest that the behavior of AMP is universal as
long as the eigenvectors of M are generic. In this paper we take the first step
in rigorously understanding this universality phenomenon. In particular, we
investigate a class of memory-free AMP algorithms (proposed by Çakmak
and Opper for mean-field Ising spin glasses) and show that their asymptotic
dynamics is universal on a broad class of semirandom matrices. In addition to
having the standard rotational invariant ensemble as a special case, the class
of semirandom matrices that we define in this work also includes matrices
constructed with very limited randomness. One such example is a randomly
signed version of the sine model, introduced by Marinari, Parisi, Potters, and
Ritort for spin glasses with fully deterministic couplings.
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[28] ERDŐS, L., SCHLEIN, B. and YAU, H.-T. (2009). Local semicircle law and complete delocalization for

Wigner random matrices. Comm. Math. Phys. 287 641–655. MR2481753 https://doi.org/10.1007/
s00220-008-0636-9
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We use generalized Ray–Knight theorems, introduced by B. Tóth in
1996, together with techniques developed for excited random walks as main
tools for establishing positive and negative results concerning convergence of
some classes of diffusively scaled self-interacting random walks (SIRW) to
Brownian motions perturbed at extrema (BMPE). Tóth’s work studied two
classes of SIRWs: asymptotically free and polynomially self-repelling walks.
For both classes Tóth has shown, in particular, that the distribution function
of a scaled SIRW observed at independent geometric times converges to that
of a BMPE indicated by the generalized Ray–Knight theorem for this SIRW.
The question of weak convergence of one-dimensional distributions of scaled
SIRW remained open. In this paper, on the one hand, we prove a full func-
tional limit theorem for a large class of asymptotically free SIRWs, which in-
cludes the asymptotically free walks considered by Tóth. On the other hand,
we show that rescaled polynomially self-repelling SIRWs do not converge to
the BMPE predicted by the corresponding generalized Ray–Knight theorems
and hence do not converge to any BMPE.
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ON STRONG SOLUTIONS OF ITÔ’S EQUATIONS WITH Dσ AND b IN
MORREY CLASSES CONTAINING Ld

BY N.V. KRYLOVa
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We consider Itô uniformly nondegenerate equations with time indepen-
dent coefficients, the diffusion coefficient in W1

2+ε,loc, and the drift in a Mor-
rey class containing Ld . We prove the unique strong solvability in the class
of admissible solutions for any starting point. The result is new even if the
diffusion is constant.
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We study diffusion processes that are stopped or reflected on the bound-
ary of a domain. The generator of the process is assumed to contain two
parts: the main part that degenerates on the boundary in a direction orthog-
onal to the boundary and a small nondegenerate perturbation. The behavior
of such processes determines the stabilization of solutions to the correspond-
ing parabolic equations with a small parameter. Metastability effects arise in
this case: the asymptotics of solutions, as the size of the perturbation tends to
zero, depends on the time scale. Initial-boundary value problems with both
the Dirichlet and the Neumann boundary conditions are considered. We also
consider periodic homogenization for operators with degeneration.
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[13] HAS’MINSKIĬ, R. Z. (1958). Diffusion processes and elliptic equations degenerating at the boundary of a
region. Teor. Veroyatn. Primen. 3 430–451. MR0101559

MSC2020 subject classifications. 35B40, 35K20, 35K65, 35B27, 60J60, 60F10.
Key words and phrases. Equations with degeneration on the boundary, stabilization in parabolic equations,

metastability, asymptotic problems for PDEs.

https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/23-AOP1631
http://www.imstat.org
mailto:mif@umd.edu
mailto:koralov@umd.edu
https://mathscinet.ams.org/mathscinet-getitem?mr=2800902
https://doi.org/10.1007/s00440-010-0264-0
http://arxiv.org/abs/arXiv:2205.00326
https://mathscinet.ams.org/mathscinet-getitem?mr=3549716
https://doi.org/10.1016/j.spa.2016.05.003
https://mathscinet.ams.org/mathscinet-getitem?mr=0877726
https://doi.org/10.1080/17442508708833440
https://mathscinet.ams.org/mathscinet-getitem?mr=0977501
https://doi.org/10.1137/0520018
https://mathscinet.ams.org/mathscinet-getitem?mr=1702965
https://mathscinet.ams.org/mathscinet-getitem?mr=0833742
https://doi.org/10.1515/9781400881598
https://mathscinet.ams.org/mathscinet-getitem?mr=3652517
https://doi.org/10.1007/s10955-017-1777-z
https://mathscinet.ams.org/mathscinet-getitem?mr=4437713
https://doi.org/10.1016/j.jde.2022.05.029
https://mathscinet.ams.org/mathscinet-getitem?mr=4443194
https://mathscinet.ams.org/mathscinet-getitem?mr=2953753
https://doi.org/10.1007/978-3-642-25847-3
https://mathscinet.ams.org/mathscinet-getitem?mr=0101559
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1515/9781400881598
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We develop techniques to study the phase transition for planar Gaus-
sian percolation models that are not (necessarily) positively correlated. These
models lack the property of positive associations (also known as the ‘FKG in-
equality’), and hence many classical arguments in percolation theory do not
apply. More precisely, we consider a smooth stationary centred planar Gaus-
sian field f and, given a level � ∈ R, we study the connectivity properties of
the excursion set {f ≥ −�}. We prove the existence of a phase transition at the
critical level �crit = 0 under only symmetry and (very mild) correlation decay
assumptions, which are satisfied by the random plane wave for instance. As a
consequence, all nonzero level lines are bounded almost surely, although our
result does not settle the boundedness of zero level lines (‘no percolation at
criticality’).

To show our main result: (i) we prove a general sharp threshold criterion,
inspired by works of Chatterjee, that states that ‘sharp thresholds are equiv-
alent to the delocalisation of the threshold location’; (ii) we prove threshold
delocalisation for crossing events at large scales—at this step we obtain a
sharp threshold result but without being able to locate the threshold—and (iii)
to identify the threshold, we adapt Tassion’s RSW theory replacing the FKG
inequality by a sprinkling procedure. Although some arguments are specific
to the Gaussian setting, many steps are very general and we hope that our
techniques may be adapted to analyse other models without FKG.
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We construct explicit one-parameter families of stationary measures for
the Kardar–Parisi–Zhang equation in half-space with Neumann boundary
conditions at the origin, as well as for the log-gamma polymer model in
a half-space. The stationary measures are stochastic processes that depend
on the boundary condition as well as a parameter related to the drift at in-
finity. They are expressed in terms of exponential functionals of Brownian
motions and gamma random walks. We conjecture that these constitute all
extremal stationary measures for these models. The log-gamma polymer re-
sult is proved through a symmetry argument related to half-space Whittaker
processes which we expect may be applicable to other integrable models. The
KPZ result comes as an intermediate disorder limit of the log-gamma polymer
result and confirms the conjectural description of these stationary measures
from Barraquand and Le Doussal (2021). To prove the intermediate disorder
limit, we provide a general half-space polymer convergence framework that
extends works of (J. Stat. Phys. 181 (2020) 2372–2403; Electron. J. Probab.
27 (2022) Paper No. 45; Ann. Probab. 42 (2014) 1212–1256).
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Ballistic deposition is a classical model for interface growth in which
unit blocks fall down vertically at random on the different sites of Z and stick
to the interface at the first point of contact, causing it to grow. We consider
an alternative version of this model in which the blocks have random heights
which are i.i.d. and heavy tailed, and where each block sticks to the interface
at the first point of contact with probability p (otherwise, it falls straight down
until it lands on a block belonging to the interface). We study scaling limits
of the resulting interface for the different values of p and show that there is a
phase transition as p goes from 1 to 0.
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MOST TRANSIENT RANDOM WALKS HAVE INFINITELY MANY CUT
TIMES
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We prove that if (Xn)n≥0 is a random walk on a transient graph such that
the Green’s function decays at least polynomially along the random walk,
then (Xn)n≥0 has infinitely many cut times almost surely. This condition
applies in particular to any graph of spectral dimension strictly larger than 2.
In fact, our proof applies to general (possibly nonreversible) Markov chains
satisfying a similar decay condition for the Green’s function that is sharp for
birth–death chains. We deduce that a conjecture of Diaconis and Freedman
(Ann. Probab. 8 (1980) 115–130) holds for the same class of Markov chains,
and resolve a conjecture of Benjamini, Gurel-Gurevich, and Schramm (Ann.
Probab. 39 (2011) 1122–1136) on the existence of infinitely many cut times
for random walks of positive speed.
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GLOBAL INFORMATION FROM LOCAL OBSERVATIONS OF THE NOISY
VOTER MODEL ON A GRAPH

BY ITAI BENJAMINIa, HAGAI HELMAN TOVb AND MAKSIM ZHUKOVSKIIc

Weizmann Institute of Science, aitai.benjamini@weizmann.ac.il, bhagai.helman@gmail.com, czhukmax@gmail.com

We observe the outcome of the discrete time noisy voter model at a single
vertex of a graph. We show that certain pairs of graphs can be distinguished
by the frequency of repetitions in the sequence of observations. We prove
that this statistic is asymptotically normal and that it distinguishes between
(asymptotically) almost all pairs of finite graphs. We conjecture that the noisy
voter model distinguishes between any two graphs other than stars.

REFERENCES

[1] BENJAMINI, I., HELMAN TOV, H. and ZHUKOVSKII, M. (2022). Global information from local observa-
tions of the noisy voter model on a graph. Available at arXiv:2207.01224v1.

[2] BENJAMINI, I., KOZMA, G., LOVÁSZ, L., ROMIK, D. and TARDOS, G. (2006). Waiting for a bat to fly
by (in polynomial time). Combin. Probab. Comput. 15 673–683. MR2248320 https://doi.org/10.1017/
S0963548306007590

[3] BENJAMINI, I. and LOVÁSZ, L. (2002). Global information from local observation. In Proceedings of The
43rd Annual IEEE Symposium on Foundations of Computer Science 701–710.

[4] BILLINGSLEY, P. (1995). Probability and Measure, 3rd ed. Wiley Series in Probability and Mathematical
Statistics. Wiley, New York. MR1324786

[5] CARTWRIGHT, D. and HARARY, F. (1956). Structural balance: A generalization of Heider’s theory. Psychol.
Rev. 63 277.

[6] CLIFFORD, P. and SUDBURY, A. (1973). A model for spatial conflict. Biometrika 60 581–588. MR0343950
https://doi.org/10.1093/biomet/60.3.581

[7] DONNELLY, P. and WELSH, D. (1983). Finite particle systems and infection models. Math. Proc. Cam-
bridge Philos. Soc. 94 167–182. MR0704809 https://doi.org/10.1017/S0305004100060989

[8] FELLER, W. (1950). An Introduction to Probability Theory and Its Applications. Vol. I. Wiley, New York,
NY. MR0038583

[9] GOLDREICH, O. (2017). Introduction to Property Testing. Cambridge Univ. Press, Cambridge. MR3837126
https://doi.org/10.1017/9781108135252

[10] GRANOVSKY, B. L. and MADRAS, N. (1995). The noisy voter model. Stochastic Process. Appl. 55 23–43.
MR1312146 https://doi.org/10.1016/0304-4149(94)00035-R

[11] HASSIN, Y. and PELEG, D. (2001). Distributed probabilistic polling and applications to proportionate agree-
ment. Inform. and Comput. 171 248–268. MR1872781 https://doi.org/10.1006/inco.2001.3088

[12] HERSCHKORN, S. J. (1995). On the modular value and fractional part of a random variable. Probab. Engrg.
Inform. Sci. 9 551–562. MR1378823 https://doi.org/10.1017/S0269964800004058

[13] LIGGETT, T. M. (2005). Interacting Particle Systems. Classics in Mathematics. Springer, Berlin.
MR2108619 https://doi.org/10.1007/b138374

[14] LYONS, R. and PERES, Y. (2016). Probability on Trees and Networks. Cambridge Series in Statistical
and Probabilistic Mathematics 42. Cambridge Univ. Press, New York. MR3616205 https://doi.org/10.
1017/9781316672815

[15] MCCULLOCH, W. S. and PITTS, W. (1943). A logical calculus of the ideas immanent in nervous activity.
Bull. Math. Biophys. 5 115–133. MR0010388 https://doi.org/10.1007/bf02478259

[16] MCKAY, B. D. and WORMALD, N. C. (1997). The degree sequence of a random graph. I. The
models. Random Structures Algorithms 11 97–117. MR1610253 https://doi.org/10.1002/(SICI)
1098-2418(199709)11:2<97::AID-RSA1>3.3.CO;2-E

[17] MITYAGIN, B. S. (2020). The zero set of a real analytic function. Math. Notes 107 529–530.
[18] NACHMIAS, A. and SHAPIRA, A. (2010). Testing the expansion of a graph. Inform. and Comput. 208 309–

314. MR2640834 https://doi.org/10.1016/j.ic.2009.09.002

MSC2020 subject classifications. Primary 60C05, 60G50; secondary 60K35, 05C80.
Key words and phrases. Noisy voter model, random walks, graphs, random graphs.

https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/23-AOP1637
http://www.imstat.org
mailto:itai.benjamini@weizmann.ac.il
mailto:hagai.helman@gmail.com
mailto:zhukmax@gmail.com
http://arxiv.org/abs/arXiv:2207.01224v1
https://mathscinet.ams.org/mathscinet-getitem?mr=2248320
https://doi.org/10.1017/S0963548306007590
https://mathscinet.ams.org/mathscinet-getitem?mr=1324786
https://mathscinet.ams.org/mathscinet-getitem?mr=0343950
https://doi.org/10.1093/biomet/60.3.581
https://mathscinet.ams.org/mathscinet-getitem?mr=0704809
https://doi.org/10.1017/S0305004100060989
https://mathscinet.ams.org/mathscinet-getitem?mr=0038583
https://mathscinet.ams.org/mathscinet-getitem?mr=3837126
https://doi.org/10.1017/9781108135252
https://mathscinet.ams.org/mathscinet-getitem?mr=1312146
https://doi.org/10.1016/0304-4149(94)00035-R
https://mathscinet.ams.org/mathscinet-getitem?mr=1872781
https://doi.org/10.1006/inco.2001.3088
https://mathscinet.ams.org/mathscinet-getitem?mr=1378823
https://doi.org/10.1017/S0269964800004058
https://mathscinet.ams.org/mathscinet-getitem?mr=2108619
https://doi.org/10.1007/b138374
https://mathscinet.ams.org/mathscinet-getitem?mr=3616205
https://doi.org/10.1017/9781316672815
https://mathscinet.ams.org/mathscinet-getitem?mr=0010388
https://doi.org/10.1007/bf02478259
https://mathscinet.ams.org/mathscinet-getitem?mr=1610253
https://doi.org/10.1002/(SICI)1098-2418(199709)11:2<97::AID-RSA1>3.3.CO;2-E
https://mathscinet.ams.org/mathscinet-getitem?mr=2640834
https://doi.org/10.1016/j.ic.2009.09.002
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1017/S0963548306007590
https://doi.org/10.1017/9781316672815
https://doi.org/10.1002/(SICI)1098-2418(199709)11:2<97::AID-RSA1>3.3.CO;2-E


[19] NAKATA, T., IMAHAYASHI, H. and YAMASHITA, M. (1999). Probabilistic local majority voting for
the agreement problem on finite graphs. In Computing and Combinatorics (Tokyo, 1999). Lecture
Notes in Computer Science 1627 330–338. Springer, Berlin. MR1730349 https://doi.org/10.1007/
3-540-48686-0_33

[20] PYMAR, R. and RIVERA, N. (2021). On the stationary distribution of the noisy voter model. Available at
https://arxiv.org/pdf/2112.01478.pdf.

[21] SAWYER, S. (1977). Rates of consolidation in a selectively neutral migration model. Ann. Probab. 5 486–
493. MR0446585 https://doi.org/10.1214/aop/1176995811

https://mathscinet.ams.org/mathscinet-getitem?mr=1730349
https://doi.org/10.1007/3-540-48686-0_33
https://arxiv.org/pdf/2112.01478.pdf
https://mathscinet.ams.org/mathscinet-getitem?mr=0446585
https://doi.org/10.1214/aop/1176995811
https://doi.org/10.1007/3-540-48686-0_33


The Annals of Probability

Future Issues
Parking on Cayley trees & frozen Erdős–Rényi
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