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Consider a uniform rooted Cayley tree Tn with n vertices and let m cars
arrive sequentially, independently, and uniformly on its vertices. Each car
tries to park on its arrival node, and if the spot is already occupied, it drives
towards the root of the tree and parks as soon as possible. Lackner and Pan-
holzer (J. Combin. Theory Ser. A 142 (2016) 1–28) established a phase tran-
sition for this process when m ≈ n

2 . In this work, we couple this model with
a variant of the classical Erdős–Rényi random graph process. This enables
us to describe the phase transition for the size of the components of parked
cars using a modification of the multiplicative coalescent which we name the
frozen multiplicative coalescent. The geometry of critical parked clusters is
also studied. Those trees are very different from Bienaymé–Galton–Watson
trees and should converge towards the growth-fragmentation trees canoni-
cally associated to the 3/2-stable process that already appeared in the study
of random planar maps.
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[73] RÁTH, B. and TÓTH, B. (2009). Erdős–Rényi random graphs + forest fires = self-organized criticality.
Electron. J. Probab. 14 1290–1327. MR2511285 https://doi.org/10.1214/EJP.v14-653

[74] REMBART, F. and WINKEL, M. (2018). Recursive construction of continuum random trees. Ann. Probab.
46 2715–2748. MR3846837 https://doi.org/10.1214/17-AOP1237

[75] RÉNYI, A. (1959). Some remarks on univalent functions. Bulgar. Akad. Nauk. Izv. Mat. Inst. 3 111–121.
MR0109890

[76] ROSSIGNOL, R. (2021). Scaling limit of dynamical percolation on critical Erdős–Rényi random graphs.
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We investigate the stationary measure π of SDEs driven by additive frac-
tional noise with any Hurst parameter and establish that π admits a smooth
Lebesgue density obeying both Gaussian-type lower and upper bounds. The
proofs are based on a novel representation of the stationary density in terms
of a Wiener–Liouville bridge, which proves to be of independent interest:
We show that it also allows to obtain Gaussian bounds on the nonstation-
ary density, which extend previously known results in the additive setting.
In addition, we study a parameter-dependent version of the SDE and prove
smoothness of the stationary density, jointly in the parameter and the spa-
tial coordinate. With this, we revisit the fractional averaging principle of Li
and Sieber (Ann. Appl. Probab. 32 (2022) 3964–4003) and remove an ad hoc
assumption on the limiting coefficients. Avoiding any use of Malliavin cal-
culus in our arguments, we can prove our results under minimal regularity
requirements.

REFERENCES

[1] ARNOLD, L. (1998). Random Dynamical Systems. Springer Monographs in Mathematics. Springer, Berlin.
MR1723992 https://doi.org/10.1007/978-3-662-12878-7

[2] ASSARAF, R., JOURDAIN, B., LELIÈVRE, T. and ROUX, R. (2018). Computation of sensitivities for the
invariant measure of a parameter dependent diffusion. Stoch. Partial Differ. Equ. Anal. Comput. 6
125–183. MR3818403 https://doi.org/10.1007/s40072-017-0105-6

[3] BAUDOIN, F. and COUTIN, L. (2007). Volterra bridges and applications. Markov Process. Related Fields
13 587–596. MR2357390

[4] BAUDOIN, F., NUALART, E., OUYANG, C. and TINDEL, S. (2016). On probability laws of solutions to
differential systems driven by a fractional Brownian motion. Ann. Probab. 44 2554–2590. MR3531675
https://doi.org/10.1214/15-AOP1028

[5] BAUDOIN, F., OUYANG, C. and TINDEL, S. (2014). Upper bounds for the density of solutions to stochastic
differential equations driven by fractional Brownian motions. Ann. Inst. Henri Poincaré Probab. Stat.
50 111–135. MR3161525 https://doi.org/10.1214/12-AIHP522

[6] BESALÚ, M., KOHATSU-HIGA, A. and TINDEL, S. (2016). Gaussian-type lower bounds for the density
of solutions of SDEs driven by fractional Brownian motions. Ann. Probab. 44 399–443. MR3456342
https://doi.org/10.1214/14-AOP977

[7] BOGACHEV, V. I. (1998). Gaussian Measures. Mathematical Surveys and Monographs 62. Amer. Math.
Soc., Providence, RI. MR1642391 https://doi.org/10.1090/surv/062

[8] BOGACHEV, V. I., VERETENNIKOV, A. Y. and SHAPOSHNIKOV, S. V. (2015). Differentiability of invariant
measures of diffusions with respect to a parameter. Dokl. Akad. Nauk 460 507–511. MR3410620
https://doi.org/10.1134/s106456241501024x

[9] CASS, T., HAIRER, M., LITTERER, C. and TINDEL, S. (2015). Smoothness of the density for solutions to
Gaussian rough differential equations. Ann. Probab. 43 188–239. MR3298472 https://doi.org/10.1214/
13-AOP896

[10] CATELLIER, R. and GUBINELLI, M. (2016). Averaging along irregular curves and regularisation of ODEs.
Stochastic Process. Appl. 126 2323–2366. MR3505229 https://doi.org/10.1016/j.spa.2016.02.002

[11] CHERIDITO, P., KAWAGUCHI, H. and MAEJIMA, M. (2003). Fractional Ornstein–Uhlenbeck processes.
Electron. J. Probab. 8 no. 3. MR1961165 https://doi.org/10.1214/EJP.v8-125

MSC2020 subject classifications. 60G22, 60H10, 37A25.
Key words and phrases. Fractional Brownian motion, parameter-dependent SDE, smoothness of the invariant

density, Girsanov theorem, Wiener–Liouville bridge, Gaussian-type bounds, smooth density.

https://imstat.org/journals-and-publications/annals-of-probability/
https://doi.org/10.1214/23-AOP1638
http://www.imstat.org
mailto:xue-mei.li@epfl.ch
mailto:j.sieber19@imperial.ac.uk
mailto:fabien.panloup@univ-angers.fr
https://mathscinet.ams.org/mathscinet-getitem?mr=1723992
https://doi.org/10.1007/978-3-662-12878-7
https://mathscinet.ams.org/mathscinet-getitem?mr=3818403
https://doi.org/10.1007/s40072-017-0105-6
https://mathscinet.ams.org/mathscinet-getitem?mr=2357390
https://mathscinet.ams.org/mathscinet-getitem?mr=3531675
https://doi.org/10.1214/15-AOP1028
https://mathscinet.ams.org/mathscinet-getitem?mr=3161525
https://doi.org/10.1214/12-AIHP522
https://mathscinet.ams.org/mathscinet-getitem?mr=3456342
https://doi.org/10.1214/14-AOP977
https://mathscinet.ams.org/mathscinet-getitem?mr=1642391
https://doi.org/10.1090/surv/062
https://mathscinet.ams.org/mathscinet-getitem?mr=3410620
https://doi.org/10.1134/s106456241501024x
https://mathscinet.ams.org/mathscinet-getitem?mr=3298472
https://doi.org/10.1214/13-AOP896
https://mathscinet.ams.org/mathscinet-getitem?mr=3505229
https://doi.org/10.1016/j.spa.2016.02.002
https://mathscinet.ams.org/mathscinet-getitem?mr=1961165
https://doi.org/10.1214/EJP.v8-125
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://doi.org/10.1214/13-AOP896


[12] DECREUSEFOND, L. and ÜSTÜNEL, A. S. (1999). Stochastic analysis of the fractional Brownian motion.
Potential Anal. 10 177–214. MR1677455 https://doi.org/10.1023/A:1008634027843

[13] DEYA, A., PANLOUP, F. and TINDEL, S. (2019). Rate of convergence to equilibrium of fractional
driven stochastic differential equations with rough multiplicative noise. Ann. Probab. 47 464–518.
MR3909974 https://doi.org/10.1214/18-AOP1265

[14] FERNIQUE, X. (1970). Intégrabilité des vecteurs gaussiens. C. R. Acad. Sci. Paris Sér. A-B 270 A1698–
A1699. MR0266263

[15] FONTBONA, J. and PANLOUP, F. (2017). Rate of convergence to equilibrium of fractional driven stochastic
differential equations with some multiplicative noise. Ann. Inst. Henri Poincaré Probab. Stat. 53 503–
538. MR3634264 https://doi.org/10.1214/15-AIHP724

[16] FRIEDMAN, A. (1975). Stochastic Differential Equations and Applications. Vol. 1. Probability and Mathe-
matical Statistics, Vol. 28. Academic Press, New York. MR0494490

[17] GALEATI, L. (2023). Nonlinear Young differential equations: A review. J. Dynam. Differential Equations
35 985–1046. MR4594437 https://doi.org/10.1007/s10884-021-09952-w

[18] GASBARRA, D., SOTTINEN, T. and VALKEILA, E. (2007). Gaussian bridges. In Stochastic Analysis
and Applications. Abel Symp. 2 361–382. Springer, Berlin. MR2397795 https://doi.org/10.1007/
978-3-540-70847-6_15

[19] GENG, X., OUYANG, C. and TINDEL, S. (2022). Precise local estimates for differential equations
driven by fractional Brownian motion: Hypoelliptic case. Ann. Probab. 50 649–687. MR4399160
https://doi.org/10.1214/21-aop1542

[20] GENG, X., OUYANG, C. and TINDEL, S. (2022). Precise local estimates for differential equations
driven by fractional Brownian motion: Hypoelliptic case. Ann. Probab. 50 649–687. MR4399160
https://doi.org/10.1214/21-aop1542

[21] HAIRER, M. (2005). Ergodicity of stochastic differential equations driven by fractional Brownian motion.
Ann. Probab. 33 703–758. MR2123208 https://doi.org/10.1214/009117904000000892

[22] HAIRER, M. and OHASHI, A. (2007). Ergodic theory for SDEs with extrinsic memory. Ann. Probab. 35
1950–1977. MR2349580 https://doi.org/10.1214/009117906000001141

[23] HAIRER, M. and PILLAI, N. S. (2011). Ergodicity of hypoelliptic SDEs driven by fractional Brownian
motion. Ann. Inst. Henri Poincaré Probab. Stat. 47 601–628. MR2814425 https://doi.org/10.1214/
10-AIHP377

[24] HAIRER, M. and PILLAI, N. S. (2013). Regularity of laws and ergodicity of hypoelliptic SDEs driven by
rough paths. Ann. Probab. 41 2544–2598. MR3112925 https://doi.org/10.1214/12-AOP777

[25] HARDY, G. H. and LITTLEWOOD, J. E. (1928). Some properties of fractional integrals. I. Math. Z. 27
565–606. MR1544927 https://doi.org/10.1007/BF01171116

[26] HU, Y. and NUALART, D. (2007). Differential equations driven by Hölder continuous functions of order
greater than 1/2. In Stochastic Analysis and Applications. Abel Symp. 2 399–413. Springer, Berlin.
MR2397797 https://doi.org/10.1007/978-3-540-70847-6_17

[27] LÉVY, P. (1951). Wiener’s random function, and other Laplacian random functions. In Proceedings of the
Second Berkeley Symposium on Mathematical Statistics and Probability, 1950 171–187. Univ. Cali-
fornia Press, Berkeley-Los Angeles, CA. MR0044774

[28] LI, X.-M. (2018). Perturbation of conservation laws and averaging on manifolds. In Computation and
Combinatorics in Dynamics, Stochastics and Control. Abel Symp. 13 499–550. Springer, Cham.
MR3967395

[29] LI, X.-M. and SIEBER, J. (2022). Slow-fast systems with fractional environment and dynamics. Ann. Appl.
Probab. 32 3964–4003. MR4498200 https://doi.org/10.1214/22-aap1779

[30] LIFSHITS, M. A., LINDE, W. and SHI, Z. (2006). Small deviations of Riemann–Liouville processes in
Lq -spaces with respect to fractal measures. Proc. Lond. Math. Soc. (3) 92 224–250. MR2192391
https://doi.org/10.1017/S002461150501556X

[31] MANDELBROT, B. B. and VAN NESS, J. W. (1968). Fractional Brownian motions, fractional noises and
applications. SIAM Rev. 10 422–437. MR0242239 https://doi.org/10.1137/1010093

[32] NOURDIN, I. and SIMON, T. (2006). On the absolute continuity of one-dimensional SDEs driven by a
fractional Brownian motion. Statist. Probab. Lett. 76 907–912. MR2268434 https://doi.org/10.1016/j.
spl.2005.10.021

[33] NUALART, D. and OUKNINE, Y. (2002). Regularization of differential equations by fractional noise.
Stochastic Process. Appl. 102 103–116. MR1934157 https://doi.org/10.1016/S0304-4149(02)00155-2

[34] NUALART, D. and SAUSSEREAU, B. (2009). Malliavin calculus for stochastic differential equations
driven by a fractional Brownian motion. Stochastic Process. Appl. 119 391–409. MR2493996
https://doi.org/10.1016/j.spa.2008.02.016

https://mathscinet.ams.org/mathscinet-getitem?mr=1677455
https://doi.org/10.1023/A:1008634027843
https://mathscinet.ams.org/mathscinet-getitem?mr=3909974
https://doi.org/10.1214/18-AOP1265
https://mathscinet.ams.org/mathscinet-getitem?mr=0266263
https://mathscinet.ams.org/mathscinet-getitem?mr=3634264
https://doi.org/10.1214/15-AIHP724
https://mathscinet.ams.org/mathscinet-getitem?mr=0494490
https://mathscinet.ams.org/mathscinet-getitem?mr=4594437
https://doi.org/10.1007/s10884-021-09952-w
https://mathscinet.ams.org/mathscinet-getitem?mr=2397795
https://doi.org/10.1007/978-3-540-70847-6_15
https://mathscinet.ams.org/mathscinet-getitem?mr=4399160
https://doi.org/10.1214/21-aop1542
https://mathscinet.ams.org/mathscinet-getitem?mr=4399160
https://doi.org/10.1214/21-aop1542
https://mathscinet.ams.org/mathscinet-getitem?mr=2123208
https://doi.org/10.1214/009117904000000892
https://mathscinet.ams.org/mathscinet-getitem?mr=2349580
https://doi.org/10.1214/009117906000001141
https://mathscinet.ams.org/mathscinet-getitem?mr=2814425
https://doi.org/10.1214/10-AIHP377
https://mathscinet.ams.org/mathscinet-getitem?mr=3112925
https://doi.org/10.1214/12-AOP777
https://mathscinet.ams.org/mathscinet-getitem?mr=1544927
https://doi.org/10.1007/BF01171116
https://mathscinet.ams.org/mathscinet-getitem?mr=2397797
https://doi.org/10.1007/978-3-540-70847-6_17
https://mathscinet.ams.org/mathscinet-getitem?mr=0044774
https://mathscinet.ams.org/mathscinet-getitem?mr=3967395
https://mathscinet.ams.org/mathscinet-getitem?mr=4498200
https://doi.org/10.1214/22-aap1779
https://mathscinet.ams.org/mathscinet-getitem?mr=2192391
https://doi.org/10.1017/S002461150501556X
https://mathscinet.ams.org/mathscinet-getitem?mr=0242239
https://doi.org/10.1137/1010093
https://mathscinet.ams.org/mathscinet-getitem?mr=2268434
https://doi.org/10.1016/j.spl.2005.10.021
https://mathscinet.ams.org/mathscinet-getitem?mr=1934157
https://doi.org/10.1016/S0304-4149(02)00155-2
https://mathscinet.ams.org/mathscinet-getitem?mr=2493996
https://doi.org/10.1016/j.spa.2008.02.016
https://doi.org/10.1007/978-3-540-70847-6_15
https://doi.org/10.1214/10-AIHP377
https://doi.org/10.1016/j.spl.2005.10.021


[35] PANLOUP, F. and RICHARD, A. (2020). Sub-exponential convergence to equilibrium for Gaussian driven
stochastic differential equations with semi-contractive drift. Electron. J. Probab. 25 Paper No. 62.
MR4112766 https://doi.org/10.1214/20-ejp464

[36] PARDOUX, E. and VERETENNIKOV, A. Y. (2001). On the Poisson equation and diffusion approximation. I.
Ann. Probab. 29 1061–1085. MR1872736 https://doi.org/10.1214/aop/1015345596

[37] PARDOUX, È. and VERETENNIKOV, A. Y. (2003). On Poisson equation and diffusion approximation. II.
Ann. Probab. 31 1166–1192. MR1988467 https://doi.org/10.1214/aop/1055425774

[38] PARDOUX, E. and VERETENNIKOV, A. Y. (2005). On the Poisson equation and diffusion approximation.
III. Ann. Probab. 33 1111–1133. MR2135314 https://doi.org/10.1214/009117905000000062

[39] REVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd ed. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 293. Springer,
Berlin. MR1725357 https://doi.org/10.1007/978-3-662-06400-9

[40] SAMKO, S. G., KILBAS, A. A. and MARICHEV, O. I. (1993). Fractional Integrals and Derivatives. Gordon
& Breach, Yverdon. MR1347689

[41] VERETENNIKOV, A. Y. (2011). On Sobolev solutions of Poisson equations in R
d with a parameter. J. Math.

Sci. 179 48–79. MR3014098 https://doi.org/10.1007/s10958-011-0582-5

https://mathscinet.ams.org/mathscinet-getitem?mr=4112766
https://doi.org/10.1214/20-ejp464
https://mathscinet.ams.org/mathscinet-getitem?mr=1872736
https://doi.org/10.1214/aop/1015345596
https://mathscinet.ams.org/mathscinet-getitem?mr=1988467
https://doi.org/10.1214/aop/1055425774
https://mathscinet.ams.org/mathscinet-getitem?mr=2135314
https://doi.org/10.1214/009117905000000062
https://mathscinet.ams.org/mathscinet-getitem?mr=1725357
https://doi.org/10.1007/978-3-662-06400-9
https://mathscinet.ams.org/mathscinet-getitem?mr=1347689
https://mathscinet.ams.org/mathscinet-getitem?mr=3014098
https://doi.org/10.1007/s10958-011-0582-5


The Annals of Probability
2023, Vol. 51, No. 6, 2086–2130
https://doi.org/10.1214/23-AOP1639
© Institute of Mathematical Statistics, 2023

LOEWNER EVOLUTION DRIVEN BY COMPLEX BROWNIAN MOTION

BY EWAIN GWYNNE1,a JOSHUA PFEFFER2,c AND MINJAE PARK1,b

1Department of Mathematics, University of Chicago, aewain@uchicago.edu, bminjaep@uchicago.edu
2Department of Mathematics, Columbia University, cpfeffer@math.columbia.edu

We study the Loewner evolution whose driving function is Wt = B1
t +

iB2
t , where (B1,B2) is a pair of Brownian motions with a given covari-

ance matrix. This model can be thought of as a generalization of Schramm–
Loewner evolution (SLE) with complex parameter values. We show that our
Loewner evolutions behave very differently from ordinary SLE. For example,
if neither B1 nor B2 is identically equal to zero, then the set of points dis-
connected from ∞ by the Loewner hull has nonempty interior at each time.
We also show that our model exhibits three phases analogous to the phases
of SLE: a phase where the hulls have zero Lebesgue measure, a phase where
points are swallowed but not hit by the hulls and a phase where the hulls
are space-filling. The phase boundaries are expressed in terms of the signs
of explicit integrals. These boundaries have a simple closed form when the
correlation of the two Brownian motions is zero.
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We consider invasion percolation on the complete graph Kn, started from
some number k(n) of distinct source vertices. The outcome of the process is
a forest consisting of k(n) trees, each containing exactly one source. Let Mn

be the size of the largest tree in this forest. Logan, Molloy and Pralat (2018)
proved that if k(n)/n1/3 → 0 then Mn/n → 1 in probability. In this paper,
we prove a complementary result: if k(n)/n1/3 → ∞, then Mn/n → 0 in
probability. This establishes the existence of a phase transition in the structure
of the invasion percolation forest around k(n) � n1/3.

Our arguments rely on the connection between invasion percolation and
critical percolation, and on a coupling between multisource invasion percola-
tion with differently-sized source sets. A substantial part of the proof is de-
voted to showing that, with high probability, a certain fragmentation process
on large random binary trees leaves no components of macroscopic size.
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A Poisson system is a Poisson point process and a group action, together
forming a measure-preserving dynamical system. Ornstein and Weiss proved
Poisson systems over many amenable groups were isomorphic in their 1987
paper. We consider Poisson systems over nondiscrete, noncompact, locally
compact Polish groups, and we prove by construction all Poisson systems
over such a group are finitarily isomorphic, producing examples of isomor-
phisms for nonamenable group actions. As a corollary, we prove Poisson sys-
tems and products of Poisson systems are finitarily isomorphic.

For a Poisson system over a group belonging to a slightly more restrictive
class than above, we further prove it splits into two Poisson systems whose
intensities sum to the intensity of the original, generalizing the same result for
Poisson systems over Euclidean space proved by Holroyd, Lyons and Soo.
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We establish a precise three-term asymptotic expansion, with an optimal
estimate of the error term, for the rightmost eigenvalue of an n × n random
matrix with independent identically distributed complex entries as n tends to
infinity. All terms in the expansion are universal.
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[29] ERDŐS, L., KNOWLES, A. and YAU, H.-T. (2013). Averaging fluctuations in resolvents of random band
matrices. Ann. Henri Poincaré 14 1837–1926.
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We prove that in wide generality the critical curve of the activated ran-
dom walk model is a continuous function of the deactivation rate, and we
provide a bound on its slope, which is uniform with respect to the choice of
the graph. Moreover, we derive strict monotonicity properties for the prob-
ability of a wide class of “increasing” events, extending previous results of
(Invent. Math. 188 (2012) 127–150). Our proof method is of independent in-
terest and can be viewed as a reformulation of the ‘essential enhancements’
technique, which was introduced for percolation, in the framework of abelian
networks.
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The critical 2d stochastic heat flow (SHF) is a stochastic process of ran-
dom measures on R

2, recently constructed in (Invent. Math. 233 (2023) 325–
460). We show that this process falls outside the class of Gaussian multiplica-
tive chaos (GMC), in the sense that it cannot be realised as the exponential
of a (generalised) Gaussian field. We achieve this by deriving strict lower
bounds on the moments of the SHF that are of independent interest.
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Place an A-particle at each site of a graph independently with probability
p, and otherwise place a B-particle. A- and B-particles perform independent
continuous time random walks at rates λA and λB , respectively, and annihi-
late upon colliding with a particle of opposite type. Bramson and Lebowitz
studied the setting λA = λB in the early 1990s. Despite recent progress,
many basic questions remain unanswered when λA �= λB . For the critical
case p = 1/2 on low-dimensional integer lattices, we give a lower bound on
the expected number of particles at the origin that matches physicists’ pre-
dictions. For the process with λB = 0 on the integers and on the bidirected
regular tree, we give sharp upper and lower bounds for the expected total
occupation time of the root at and approaching criticality.
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SCALING LIMIT OF THE FLEMING–VIOT MULTICOLOR PROCESS

BY OLIVER TOUGHa

Department of Mathematics, University of Bath, aokt24@bath.ac.uk

We consider the N -particle Fleming–Viot process associated to a nor-
mally reflected diffusion with soft catalyst killing. The Fleming–Viot multi-
color process is obtained by attaching genetic information to the particles in
the Fleming–Viot process. We establish that, after rescaling time by t 	→ Nt ,
this genetic information converges to the (very different) Fleming–Viot pro-
cess from population genetics, as N → ∞. An extension is provided to dy-
namics given by Brownian motion with hard catalyst killing at the boundary
of its domain.
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