
ISSN 0091-1798 (print)
ISSN 2168-894X (online)

THE ANNALS
of

PROBABILITY
AN OFFICIAL JOURNAL OF THE

INSTITUTE OF MATHEMATICAL STATISTICS

Vol. 53, No. 3—May 2025

Articles

Boundary touching probability and nested-path exponent for nonsimple CLE
MORRIS ANG, XIN SUN, PU YU AND ZIJIE ZHUANG 797

The three-dimensional stochastic Zakharov system
SEBASTIAN HERR, MICHAEL RÖCKNER, MARTIN SPITZ AND DENG ZHANG 848

A stochastic analysis of subcritical Euclidean fermionic field theories
FRANCESCO C. DE VECCHI, LUCA FRESTA AND MASSIMILIANO GUBINELLI 906

Exact phase transitions for stochastic block models and reconstruction on trees
ELCHANAN MOSSEL, ALLAN SLY AND YOUNGTAK SOHN 967

Universality of directed polymers in the intermediate disorder regime
JULIAN RANSFORD 1019

Recurrence and transience of multidimensional elephant random walks . . . . . . . SHUO QIN 1049
Fluctuations and correlations in weakly asymmetric simple exclusion on a ring subject to

an atypical current . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . BENOIT DAGALLIER 1079
Scaling limits of planar maps under the Smith embedding

FEDERICO BERTACCO, EWAIN GWYNNE AND SCOTT SHEFFIELD 1138



THE ANNALS OF PROBABILITY Vol. 53, No. 3, pp. 797–1198 May 2025



INSTITUTE OF MATHEMATICAL STATISTICS

(Organized September 12, 1935)

The purpose of the Institute is to foster the development and dissemination of the theory and
applications of statistics and probability.

The Annals of Probability [ISSN 0091-1798 (print); ISSN 2168-894X (online)], Volume 53, Number 3,
May 2025. Published bimonthly by the Institute of Mathematical Statistics, 9760 Smith Road, Waite Hill, OH
44094, USA. Periodicals postage paid at Cleveland, Ohio, and at additional mailing offices.

POSTMASTER: Send address changes to The Annals of Probability, Institute of Mathematical Statistics, Dues
and Subscriptions Office, PO Box 729, Middletown, MD 21769, USA.

Copyright © 2025 by the Institute of Mathematical Statistics
Printed in the United States of America

IMS OFFICERS

President: Tony Cai, Department of Statistics and Data Science, University of Pennsylvania, Philadelphia, PA
19104-6304, USA

President-Elect: Kavita Ramanan, Division of Applied Mathematics, Brown University, Providence, RI 02912,
USA

Past President: Michael Kosorok, Department of Biostatistics and Department of Statistics and Operations
Research, University of North Carolina, Chapel Hill, Chapel Hill, NC 27599, USA

Executive Secretary: Peter Hoff, Department of Statistical Science, Duke University, Durham, NC 27708-0251,
USA

Treasurer: Jiashun Jin, Department of Statistics, Carnegie Mellon University, Pittsburgh, PA 15213-3890, USA

Program Secretary: Annie Qu, Department of Statistics, University of California, Irvine, Irvine, CA 92697-3425,
USA

IMS EDITORS

The Annals of Statistics. Editors: Hans-Georg Müller, Department of Statistics, University of California, Davis,
Davis, CA 95616, USA. Harrison Zhou, Department of Statistics and Data Science, Yale University, New
Haven, CT 06520, USA

The Annals of Applied Statistics. Editor-in-Chief : Lexin Li, Department of Biostatistics and Epidemiology, Uni-
versity of California, Berkeley, Berkeley, CA 94720-7360, USA

The Annals of Probability. Editors: Paul Bourgade, Courant Institute of Mathematical Sciences, New York Univer-
sity, New York, NY 10012-1185, USA. Julien Dubedat, Department of Mathematics, Columbia University,
New York, NY 10027, USA

The Annals of Applied Probability. Editors: Jian Ding, School of Mathematical Sciences, Peking University,
100871, Bejing, China. Claudio Landim, IMPA, 22461-320, Rio de Janeiro, Brazil

Statistical Science. Editor: Moulinath Banerjee, Department of Statistics, University of Michigan, Ann Arbor, MI
48109, USA

The IMS Bulletin. Editor: Tati Howell, bulletin@imstat.org

mailto:bulletin@imstat.org


The Annals of Probability
2025, Vol. 53, No. 3, 797–847
https://doi.org/10.1214/24-AOP1722
© Institute of Mathematical Statistics, 2025

BOUNDARY TOUCHING PROBABILITY AND NESTED-PATH EXPONENT
FOR NONSIMPLE CLE

BY MORRIS ANG1,a, XIN SUN2,b, PU YU3,c AND ZIJIE ZHUANG4,d

1Department of Mathematics, University of California San Diego, amoang@ucsd.edu
2Beijing International Center for Mathematical Research, Peking University, bxinsun@bicmr.pku.edu.cn

3Department of Mathematics, Massachusetts Institute of Technology, cpuyu1516@mit.edu
4Department of Statistics and Data Science, The Wharton School, University of Pennsylvania, dzijie123@wharton.upenn.edu

The conformal loop ensemble (CLE) has two phases: for κ ∈ (8/3,4],
the loops are simple and do not touch each other or the boundary; for
κ ∈ (4,8), the loops are nonsimple and may touch each other and the
boundary. For κ ∈ (4,8), we derive the probability that the loop surround-
ing a given point touches the domain boundary. We also obtain the law of
the conformal radius of this loop seen from the given point conditioned
on the loop touching the boundary or not, refining a result of Schramm–
Sheffield–Wilson (Comm. Math. Phys. (2009) 288 43–53). As an applica-
tion, we exactly evaluate the CLE counterpart of the nested-path exponent
for the Fortuin–Kasteleyn (FK) random cluster model recently introduced
by Song–Tan–Zhang–Jacobsen–Nienhuis–Deng (J. Phys. A 55 (2022) Paper
No. 204002). This exponent describes the asymptotic behavior of the num-
ber of nested open paths in the open cluster containing the origin when the
cluster is large. For Bernoulli percolation, which corresponds to κ = 6, the
exponent was derived recently in Song–Jacobsen–Nienhuis–Sportiello–Deng
(2023) by a color switching argument. For κ �= 6 and, in particular, for the
FK-Ising case, our formula appears to be new. Our derivation begins with
Sheffield’s construction of CLE from which the quantities of interest can be
expressed by radial SLE. We solve the radial SLE problem using the coupling
between SLE and Liouville quantum gravity, along with the exact solvability
of Liouville conformal field theory.
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THE THREE-DIMENSIONAL STOCHASTIC ZAKHAROV SYSTEM
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We study the three-dimensional stochastic Zakharov system in the en-
ergy space, where the Schrödinger equation is driven by linear multiplica-
tive noise and the wave equation is driven by additive noise. We prove the
well-posedness of the system up to the maximal existence time and provide a
blow-up alternative. We further show that the solution exists at least as long
as it remains below the ground state. Two main ingredients of our proof are
refined rescaling transformations and the normal form method. Moreover, in
contrast to the deterministic setting, our functional framework also incorpo-
rates the local smoothing estimate for the Schrödinger equation in order to
control lower-order perturbations arising from the noise. Finally, we prove a
regularization by noise result, which states that finite time blowup before any
given time can be prevented with high probability by adding sufficiently large
nonconservative noise. The key point of its proof is an estimate in Strichartz
spaces for solutions of a Schrödinger type equation with a nonlocal potential
involving the free wave.
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Building on previous work on the stochastic analysis for Grassmann ran-
dom variables, we introduce a forward–backward stochastic differential equa-
tion (FBSDE), which provides a stochastic quantisation of Grassmann mea-
sures. Our method is inspired by the so-called continuous renormalisation
group, but avoids the technical difficulties encountered in the direct study of
the flow equation for the effective potentials. As an application, we construct
a family of weakly coupled subcritical Euclidean fermionic field theories and
prove exponential decay of correlations.
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In this paper we continue to rigorously establish the predictions in ground
breaking work in statistical physics by Decelle, Krzakala, Moore, Zdeborová
(Phys. Rev. E 84 (2011) 066106) regarding the block model, in particular, in
the case of q = 3 and q = 4 communities.

We prove that, for q = 3 and q = 4, there is no computational-statistical
gap if the average degree is above some constant by showing it is information
theoretically impossible to detect below the Kesten–Stigum bound.

The proof is based on showing that, for the broadcast process on Galton–
Watson trees, reconstruction is impossible for q = 3 and q = 4 if the average
degree is sufficiently large. This improves on the result of Sly (Ann. Probab.
39 (2011) 1365–1406), who proved similar results for regular trees for q = 3.
Our analysis of the critical case q = 4 provides a detailed picture showing
that the tightness of the Kesten–Stigum bound in the antiferromagnetic case
depends on the average degree of the tree.

Our results prove conjectures of Decelle, Krzakala, Moore, Zdeborová
(Phys. Rev. E 84 (2011) 066106), Moore (Bull. Eur. Assoc. Theor. Comput.
Sci. EATCS 121 (2017) 26–61), Abbe and Sandon (Comm. Pure Appl. Math.
71 (2018) 1334–1406) and Ricci-Tersenghi, Semerjian, and Zdeborová (Phys.
Rev. E 99 (2019) 042109). Our proofs are based on a new general coupling
of the tree and graph processes and on a refined analysis of the broadcast
process on the tree.
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UNIVERSALITY OF DIRECTED POLYMERS IN THE INTERMEDIATE
DISORDER REGIME

BY JULIAN RANSFORDa

Department of Mathematics, University of Toronto, ajulian.ransford@mail.utoronto.ca

Krishnan and Quastel (Ann. Appl. Probab. 28 (2018) 3736–3764)
showed that the fluctuations of Seppäläinen’s log-gamma polymer converge
in law to the Tracy–Widom GUE distribution in the intermediate disorder
regime. This regime corresponds to taking the inverse temperature β to de-
pend on the length of the polymer 2n, with β = n−α for some α < 1/4. They
also conjectured that this should hold for directed polymers with general i.i.d
weights. We prove that their conjecture is true for any 1/5 < α < 1/4.
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RECURRENCE AND TRANSIENCE OF MULTIDIMENSIONAL ELEPHANT
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University, asq646@nyu.edu

We prove a conjecture by Bertoin that the multidimensional elephant ran-
dom walk on Z

d is transient in dimensions d ≥ 3. We show that it undergoes
a phase transition in dimensions d = 1,2 between recurrence and transience
at p = (2d + 1)/(4d).
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FLUCTUATIONS AND CORRELATIONS IN WEAKLY ASYMMETRIC
SIMPLE EXCLUSION ON A RING SUBJECT TO AN ATYPICAL CURRENT

BY BENOIT DAGALLIERa

Courant Institute of Mathematical Sciences, NYU, adagallier@ceremade.dauphine.fr

We consider the weakly asymmetric simple exclusion process on a ring,
driven out of equilibrium by tilting the dynamics so as to enforce a macro-
scopic current of particles on a large time interval. In this current-biased dy-
namics, the tilt by the current makes the dynamics nonlocal, nonhomoge-
neous and induces long-range correlations. We compute the correlation struc-
ture in the large time, large size limit for a certain range of asymmetry and
current strength, recovering heuristic results of Bodineau et al. (J. Stat. Phys.
133 (2008) 1013–1031). In addition, in this range of parameters, we charac-
terise the full dynamics of fluctuations around the optimal density profile in
the current-biased dynamics. The key ingredient at the microscopic scale is a
precise relative entropy estimate at the level of correlations. We also discuss
how to remove the (technical) restriction on the range of parameters.
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SCALING LIMITS OF PLANAR MAPS UNDER THE SMITH EMBEDDING

BY FEDERICO BERTACCO1,a, EWAIN GWYNNE2,b AND SCOTT SHEFFIELD3,c

1Department of Mathematics, Imperial College London, af.bertacco20@imperial.ac.uk
2Department of Mathematics, University of Chicago, bewain@uchicago.edu

3Department of Mathematics, Massachusetts Institute of Technology, csheffield@math.mit.edu

The Smith embedding of a finite planar map with two marked vertices,
possibly with conductances on the edges, is a way of representing the map
as a tiling of a finite cylinder by rectangles. In this embedding, each edge of
the planar map corresponds to a rectangle, and each vertex corresponds to a
horizontal segment. Given a sequence of finite planar maps embedded in an
infinite cylinder such that the random walk on both the map and its planar
dual converges to Brownian motion modulo time change, we prove that the a
priori embedding is close to an affine transformation of the Smith embedding
at large scales. By applying this result, we prove that the Smith embeddings of
mated-CRT maps with the sphere topology converge to γ -Liouville quantum
gravity (γ -LQG).
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